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1. Introduction

This is a continuation of the study [25] of the coefficient sheaf of Ginzburg,
Kapranov and Vasserot’s axiomatic equivariant elliptic cohomology for a finite
group G. This cohomology theory, based on an elliptic curve E over a scheme
S, is a cohomological functor with some natural properties from the homotopy
category of finite G-CW-complexes to the category of coherent modules over
the structure sheaf Oy (g ) of the moduli scheme M (E,G) (denoted by x¢ in
[4]) of G-coverings of the elliptic curve E. (Here we restrict our attention to a
finite group, not considering general compact Lie groups.)

In [25] we studied the case that S is a Z[1/(6|G|)]-scheme, while this note
deals with an opposite case; namely the case that G is a finite p-group P and
that S is a Z/p"-scheme for a prime p greater than 3 and a positive integer r.
More precisely, we consider the case that the elliptic curve E is the Weierstrass
family Eyniv ®Z/p" defined by the equation y? = 423 — gox — g3 over the scheme
S =M()®Z/p" = Spec(Z/p"[g2, 93, A™1]) (A = g3 — 27¢3). Then our main
result constructs the moduli scheme M (Euniy ® Z/p", P) as an affine scheme
explicitly (Theorem 2.2) as in the case considered in [25], which provides a
description of the group of the global sections of the coefficient sheaf of an
equivariant elliptic cohomology based on Fyniy ® Z/p" for a finite p-group P
(Corollaries 2.3 and 2.4). A g-expansion of every (invariant) global section of
the coefficient sheaf could be called a (generalized) mod p” Thompson series.
We hope that this paper together with [25] would shed some light on a (global)
aspect of Hopkins-Kuhn-Ravenel character theory for elliptic cohomology from
the view point of moduli of Galois coverings of elliptic curves.

In Section 2 we recall the definition of the coeflicient sheaf of axiomatic
equivariant elliptic cohomology and state our results. In Section 3 we study
moduli problem of P-coverings of p-ordinary elliptic curves by similar method
proving Theorem 2.3 in [25] and construct the moduli scheme M ((Eyniv ®
Z/p")°*4, P) as an affine scheme (Theorem 2.1). Here (Euny ® Z/p")°™ =

(Buniv®Z/p") X vyez/pr (M(1)QZ/p")", (M(1)QZ/p")™! = Spec(Z/p"[g2,
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g3, A7, Ep__ll}) and E,_ is the Eisenstein series. In Section 4 we prove The-
orem 2.2 by using Theorem 2.1 with taking account of P-coverings of super-
singular elliptic curves. In the Appendix we give a brief account of 'y (n)ith-
modular forms over Z[1/6]-algebras for the convenience of the reader.

2. Notation and statement of results

As in [25], for a finite group G, we denote by 7!(X,G) the set of isomor-
phism classes of G-coverings of a locally noetherian scheme X. (As in [25] all
schemes are assumed to be locally noetherian.)

Let E — S be an elliptic curve over a locally noetherian scheme S equipped
with a section 7 : S — EF and wg denote the invertible sheaf i*Q}E/S on S. Let
(Sch/S) and (Sets) denote the category of locally noetherian S-schemes and
the one of sets respectively. Let

WE’G : (Sch/S) — (Sets)
be the functor defined by
Tpa(T) =7"(Er,G) (VT € (Sch/S))

where Er = E xg T. Let M(E,G) denote the coarse moduli scheme in the
sense of [25, Definition 2.1] (if it exists) and pg ¢ : M(E,G) — S be the S-
scheme structure on M(FE,G). Let wp ¢ denote the invertible sheaf pf cwr
on M(E,G). Then the coefficient sheaf of an equivariant elliptic cohomology
ElI%(?), based on an elliptic curve E, on finite G-CW-complexes is defined by

WOk (k even)
ElL(pt) = { “EG ’
0 (k odd).

(As remarked in [25] we should have non-trivial ElI9(pt) in general if S is not
a Z[1/|G|]-scheme.)

For a fixed prime p (in this note, greater than 3), let Rj(p") =
R*(T1(p™)®1th) be the graded ring of T'y (p™)2*h-modular forms (I'go(p™)2rith-
modular forms in [10, Chapter II]) over Z[1/6] (see the Appendix). Partic-
ularly Rj(1) is the graded ring of I'(1)-modular forms over Z[1/6]; Ri(1) =
R (1) = Z[1/6][g2, g A1) (A = g} — 2743). Lot My (p) = M(I'y (7)) =
SpecR;(p™). For a fixed positive integer r, let R} (p"), = Ri(p™) ® Z/p" and
My(p"), = My(p") @ Z/p" = Spec(R;(p")r). Let Riy, = Z/p"[g2,93, A7,
Ep__ll], where E,_; is the Eisenstein series, and M = (M (1) ® Z/p")°™d =
SpecR;,q,. Let Euniy ® Z/p" and EX, . = (Buniv ® Z/p")° be the ellip-
tic curves defined by the same Weierstrass equation 3% = 42> — gox — g3 over
M(1), = M;(1), and M2™ respectively.

Let C1(P) denote the quotient set of Hom(Z/|P|, P) divided by the obvious
conjugation action of P. Then we have an action of (Z/|P|)* on Cy(P) by using
a canonical action of (Z/|P|)* on Z/|P| given by

(0,9) = g7 (Vo € (Z/|P|)",Vg € P).
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Let R*(EgS, ., P) denote the graded ring of all (Z/|P|)*-equivariant maps
Map z, p))« (C1(P), Ri(|P]),) from C1(P) to R{(|P|), with obvious ring struc-
ture and grade. Here the action of (Z/|P])* on Ri(|P|), is a canonical one
described in Section 3. Let R*(Eunivy ® Z/p", P) be the graded subring of
R*(ESE?V,T’P) defined by R*(Euniv ® Z/prvp) = {f € R*(ngl(iimﬂp) | f(e) €

R*(1)}, where e denotes the conjugacy class of the trivial homomorphism.
With the above notation we have

Theorem 2.1.
M(E®, ., P) = SpecR*(EXY  P).

univ,rs univ,r»

Theorem 2.2.
M(Euniv & Z/pTv P) = SpeCR*(Euniv ® Z/prv P)

(Note that a coarse moduli scheme does not commute with base change in
general and hence that Theorem 2.1 is not an obvious consequence of Theorem
2.2.)

From these results we can describe the group of the global sections of
coefficient sheaf of an equivariant elliptic cohomology based on Eg, . and
Euniv ® Z/p" for a finite p-group P. But the arguments are completely anal-
ogous to those for Eyuniv[1/|G]] dealed with in [25] and so we will only give
their statements. Let (EN")% (pt) and (EIl® Z/p")%(pt) denote the group of
all global sections of the coefficient sheaf of an equivariant elliptic cohomology
based on Eﬁfl‘-}v,r and Fyniy ® Z/p" for a finite p-group P respectively. Then we
have

Corollary 2.3.  For every integer k there are isomorphisms

(B (pt) — R (B3, P)

univ,r’

and
(Bl ® Z/p") & (pt) — R*(Euniv @ Z/p", P).

The first isomorphism is R*(EQL, ., P)-linear and the second one is R* (Eyniv®
Z/p", P)-linear. Both isomorphisms are canonically determined by choosing a
nowhere vanishing invariant differential on E°  and Euniy ® Z/p" respec-

univ,r
tively.

3 0 X
We can make wgora (resp. wg, . 0z/pr,p) iNto an (R4 ,.)* (resp.

univ,r, P
RY(1))-equivariant invertible sheaf by choosing a nowhere vanishing invari-
ant differential on Eﬁfl‘iiv,r (resp. FEuniv ® Z/p"), say, wuniv = dz/y. Then we
have

Corollary 2.4.  The isomorphisms above, associated with wyniv, tnduce
isomorphisms

(B2 (pt) (Rorar)* =, ph(perd P

univ,r?
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and

(Bl @ Z/p") 2 (pt)* D7 =5 R¥(Byiy © Z/p", P)

respectively.

3. Moduli of P-coverings of p-ordinary elliptic curves

In this section we will give a sketch proof of Theorem 2.1 without de-
tailed arguments. It would be easy to complete all the arguments by con-

sulting Sections 3 and 4 of [25]. Let EJY == EYS Xy Mi(|P]), and
R*(ES;?VWP) = Map(Cy(P), R;(|P|),), where the M?2"-scheme structure of

M;(|P]), is a standard one (see below Proposition 3.2). (From now on we will
often suppress subscript r from our notation.) Then we have

Theorem 3.1.
M(E®, ., P)=SpecR*(EXY | P).

univ,rs univ,r’

The proof of this result is completely parallel to that of Theorem 3.1 in
[25]; Only changes needed are the following.

The Z/n x Z/n-covering E(«a) of an elliptic curve E with naive level n
structure « played a fundamental role in [25]. Here we need to replace it by
the Z/p"-covering F(1) of an elliptic curve E with I'; (p”)**-structure ¢+ over
Z/p"-scheme constructed as follows.

Let E be an elliptic curve over a Z /p"-scheme T with 'y (p™)2rith

-structure
L pipn — E[p"].

Let E' = E/t(upn) and

7 E— E
be the projection. Dualizing, we get a homomorphism

n:E —E
whose kernel is, by Cartier-Nishi duality (see [11, 2.8] and [6, Sections 2.6.3
and 2.6.4]), isomorphic to (Z/p™)r via an isomorphism

V(Z)p")r — Kern

which is canonically determined by ¢. It is easy to see that this

n:E —E
is a Z/p™-covering of F with Z/p™-action on E’ given by the composition

lE/ x1!

£ XT (Z/pn)T £’ XT Kerwt e E/,

where the second morphism is induced by the group scheme structure on E’.
This is the desired Z/p"-covering E(¢). With this notation Proposition 3.7 in
[25] is now replaced by
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Proposition 3.2.  Let T be a connected Z/p"-scheme and E be an el-
liptic curve over T with 'y (| P|)* " -structure v. Then there is a canonical map

0(E,.): m(E,P) — C1(P)

such that:

(1) It is bijective if T = SpecK with K algebraically closed field (of char-
acteristic p).

(2) It is natural with respect to arbitrary base change T' — T with T’
connected.

The rest of the proof of Theorem 3.1 goes as that of Theorem 3.1 in [25]
and is left to the reader.

Next to deduce Thereom 2.1 from 3.1 is again done by very similar ar-
gument of deducing Theorem 2.3 from Theorem 3.1 in [25] by replacing the
G Lo (Z/n)-covering

by the following (Z/p™)*-covering (and hence the relevant group GLs(Z/n) by

(Z/p")%).

First note that we have a canonical (Z/p™)*-action on Rj(p™) defined by
(0, f) — f(ngl?vvf‘)uniVa UﬁlLuniV) (Vo € (Z/p")*,Yf € Ri(p")),

where typiv is a fixed T'y(p™)2 1t structure on E2'Y and o~ liyny is the one
given by the composition

a Luniv ord n
Hpn Hpn Euniv } :

This action induces a canonical action on M;(p™). We also have a canonical
injection

Roq — Ri(p") (f = f(Esfl?v,‘:}uniV)),

since the existence of a I'y (p™)®*"-structure on an elliptic curve over a Z/p"-
scheme implies that the curve is p-ordinary (fiber-by-fiber ordinary) and the
Eisenstein series F,_; gives Hasse invariant after mod p reduction (see [6,
Section 2.9.1] and [9, 2.0 and 2.1]). Hence we have a canonical morphism

M, (pn) _ Mord

and we can prove that this morphism is Galois with Galois group (Z/p™)*
acting on M;(p™) as defined above (cf. [11, 4.9] and [6, Section 2.9.2]). Now
we also get an induced action of (Z/p")* on M4 = M(ESY,, P) given, on
the coordinate ring, by

(0, f) = ofo™" (V] € RY(EG,, P)).

univ>
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Let M4 be a quotient of M})fd by this action; explicitly given by M4 =
SpecR*(E*Y,, P). Then MY has a unique M°"d-scheme structure such that

the diagram:

Crord ord
Y fEL—

l l

‘2\41 (pn) Mord

is commutative.
The rest of the proof is again left to the reader.

4. P-coverings of non-p-ordinary elliptic curves and the proof of
Theorem 2.2

The purpose of this section is to prove Theorem 2.2. We begin with the
following result about P-coverings of non-p-ordinary elliptic curves.

Proposition 4.1.  Let E be an elliptic curve over a connected Z/p"-
scheme T and X — E be a P-covering of E. If E has a supersingular fiber
then there is a finite etale (necessarily) surjective Z/p"-morphism T — T with
T’ connected such that the P-covering Xo+ = X xg Epv — Ep = E xp T s
trivial. In particular if E has a supersingular fiber then the P-covering X — Ef
1s trivial for every geometric point t — T.

The proof of this result is very similar to that of Proposition 3.8 in [25] by
the fact that

Homong (71'1 (E), P) =*

for any supersingular elliptic curve F over an algebraically closed field of char-
acteristic p (see Appendix B of [25]); so we will omit it.

Let Mp = SpecR*(Euniv ® Z/p", P). Then it is easy to see that Mp is
obtained by glueing M4 = M(E'{ , P) and M(1) together along the open

univ’

subscheme M° ie., Mp = M(ES | P) Uppora M(1). Here M is regarded

univ?

as an open subscheme of M(E | P) via the ring homomorphism

univ’

RY(Ed,, P) — Riwa = RI(IP)@/17D" (f = f(e)).

univ’

Now we define a natural transformation

W(?) 7 () = 7p,, wzp,p(7) — h(?) = (Sch/M(1))(?, Mp)

as follows. For an M (1)-scheme T let T5UPsin8 = {t € T'|( Eypiy): is supersingu-
lar}. Then for a connected M (1)-scheme T with T5%Psing = () i.e., T is actually
an M°"d-scheme, we define

W(T) : 7 (T) — h(T)
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by the composition

ord
7(T) = 7l (T) L0, pord(1y —— R(T),
where

PO(2) s mha(?) = mhow p(2) — B(2) = (Seh/ME) (2, M)

univ’

is a natural transformation which makes M@ into a coarse moduli scheme for

nl 4 and the second map is an obvious inclusion. If T5UPSing =£ () then we define
W(T): 7(T) — W(T)
by the composition
mH(T) — (Sch/M(1))(T, M(1)) — h(T),

where the middle set consits of a single element. Then we can easily prove
that the above v uniquely extends to a natural transformation on (Sch/M (1))
by Proposition 4.1 and it is clear that the resulting 1 is bijective on every
geometric point of M (1) by Theorem 2.1 and Proposition 4.1. To see that this
(Mp,1) is actually a coarse moduli scheme for 7! let N be an M (1)-scheme
together with a natural transformation

W(2) 57 (2) — B(2) = (Seh/M(1) (2, ).
Let N4 = N x M) M °ord then for any M 9-scheme T the natural map
(W)™ (T) = (Sel/MO™)(T, N°) — (D)
is bijective. Therefore there is a unique natural transformation on (Sch/M°*d)
()" (2) 7 (2) — (W)"()
such that for any M°d-scheme T, /(T is factored into

pr) s w () D ey = (),
Thus there is a unique M°4-morphism
xord : pperd —, yord
such that
((x°o)y ) (T) = (¥")(T)
for any M°"d-scheme T'. Let

Xsupsing . M(l) - N
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denote the M (1)-morphism ((¢'(M(1)))(trivial class). Then it is easy to see
that x°'¥ and yS"P*"8 coincide on the open subscheme M°™ and hence they
define an M (1)-morphism

X: Mp = MZY Uppora M(1) — N.

Now we can easily prove that this x is a unique M (1)-morphism with the
property that (xo)¥ = v’ on (Sch/M (1)) by using Theorem 2.1 and Proposition
4.1.

arith

Appendix A. Review of I';(n)*"*"-moduli problem over Z[1/6]

In this appendix we will give a brief account of I'; (n)**'-modular forms
in the sense of Katz [10, Chapter II]. Our main references are [10, Chapter
IT], [11] and [6, Chapter I-III]; particularly Hida’s recent book [6] contains
most necessary information about scheme theory. For simplicity we exclude
characteristic 2 and 3 which does not matter in this note.

Let FE be an elliptic curve over a (not necessarily locally noetherian) scheme
S. For a positive integer n let E[n] denote the kernel of multiplication by n
map on F:

[n]: E— E.
Then a I'y(n)**h-structure on E is an inclusion of group schemes over S:
Lt pin,s — Eln].

For arbitrary scheme S a I'y(n)®*"-test object over S is a triple (E,w, t)
consisting of an elliptic curve E over S, a nowhere vanishing invariant differ-
ential w on £ and a I'y(n)**-structure + on E; particularly a T'y(1)2h_test
object is nothing but a I'(1)-test object (E,w). Let M(I';(n)2*")g denote the
functor from (Sch/S) to (Sets) defined by

M(T'1(n)™) (T = the set of isomorphism classes of

'y ()™ test objects over T.
Then we have

Theorem A.1 ([10, 2.5]).  The functor M(T1(n)™™)z0 6 is repre-
sentable by an affine Z[1/6]-scheme M (I'y(n)ith).

It is clear that for any Z[1/6]-scheme S, the scheme M (T'y(n)®th)g =
M (T1(n)™*) Xgpeczi1/6) S represents the functor M(I'y(n) ).

Now in Appendix A of [25] we have already seen that the functor
M(T(n)*™) 1 /6 from (Sch/Z[1/6]) to (Sets), defined by

M(I‘(n)amh)z[ 1(T") = the set of isomorphism classes of

1
5
[ (n)™_test objects over T,
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is representable by an affine scheme M (T'(n)**") = SpecR*(I'(n)**"). Then
we have a canonical action of p,zne = Homzp g1gp(Z/n, i) on
M (T(n)2i*h) defined by

A (B,w, 0)) = (B,w, A7),
where the T'(n)**h_structure on E: A~!3 is given by
(ATIB) (¢ m) = BCA™™, m).
This action yields a coaction
¢ RE(D ()™ — Z[g][t)/(t" — 1) ® R*(L(n)™*")

of the Hopf algebra associated with the affine group scheme p,, z[1,6) on the
coordinate ring R*(T'(n)>h) of M (T'(n)*th) and let R*(T'y(n)*") denote the
graded subring of R*(T'(n)**") consisting of all primitive elements with respect
to this coaction. Let M (I';(n)**") be a quotient of M (I'(n)®*h) by the ac-
tion of i, z[1/6) above; explicitly given by M (I'y(n)*") = SpecR* (I'y (n)>th).
Then we can prove that this M (I';(n)®) actually represents the functor
M(T1(n)™ ™) 71,6 by the facts that: (1) The restriction of a universal
['(n)**h_structure Buniv:

ﬂuniv |Nn,R* (I(n)arith) : :u'n,R* (D (n)arith)

- (,un X Z/”)R*(F(n)arith) — Euniv[n] QR R* (F(n)arith)

descends to a I'y (n)* ™ _structure on Eypniy @ R*([';(n)31h):
Luniv * Pn, R*(T'y (r)orith) Funiv [n] Q@ R* (Fl(n)amth).

(2) Every T'y(n)®*h_structure on any elliptic curve E over a scheme S extends

to a I'(n)* M gtructure after some finite etale surjective base change S’ — S by

self-duality of E[n] (see [11, 2.8 and 8.10] and [6, Sections 2.6.3 and 2.6.4]). (3)

The set of such T'(n)** _structures is principal homogeneous under the action

of 1, (S’) above. We omit the details.

For any Z[1/6]-algebra R, the graded ring R*(I'i(n)h)p =
R*(T'1(n)®h) @ R is, by definition, the graded ring of I'; (n)**"-modular forms
over R. For any I'y(n)**_test object (E,w,t) over any R-algebra B we have
a unique R-algebra homomorphism

R* (Fl (n)arith)R -5 B

classifying (E,w, t) and we denote the image of an element f of R*(T'y(n)*th) g

under this homomorphism, the value of f on (E,w,t), by f(E,w,t).

Remark A.2. Over any Z[1/n]-scheme, T'y(n)**h_structure on an el-
liptic curve is the same as Drinfeld style I'; (n)-structure but slightly different
in general. For example, over F,,, all supersingular elliptic curves are automat-
ically excluded in T'y (p)**"-moduli problem (cf. [6, Section 2.9]).
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