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Analyticity of solutions of the Korteweg-de
Vries equation

By

Shigeo TARAMA

Abstract

We consider the analytic smoothing effect for the KdV equation.
That is to say, if the initial data given at ¢ = 0 decays very rapidly, the
solution to the Cauchy problem becomes analytic with respect to the
space variable for t > 0. In this paper we show this effect by using the
inverse scattering method which transforms the KdV equation to a linear
dispersive equation whose analytic smoothing effect is shown through the
properties of the Airy function.

1. Introduction

The smoothing effect is one of the important properties of the dispersive
equations such as the Schrodinger equation and the KdV equation. This ef-
fect says that solutions gain smoothness if the initial data decays rapidity. In
this paper we treat only the analytic smoothing effect, that is to say, the phe-
nomenon that solutions become analytic with respect to the space variables.

There are already many works on this analytic smoothing effect for linear
dispersive equations and also for nonlinear dispersive equations (see for example
de Bouard, Hayashi and Kato [1], Hayashi and Kato [5], [6], Kato-Ogawa [7] for
nonlinear case). But concerning the KdV equation, comparing to the results
on its linearlized equation, we have still problems to be studied. (See also
Craig, Kappeler and Strauss [3] for smoothing effect for the general KdV-type
equation.)

First consider the linear dispersive equation

(1.1) Qv(t x)+ Aa—sv(t z)=0
’ ot 7’ oz

with a positive constant A.
The fundamental solution E 4(¢, x) to the Cauchy problem for (1.1) is given
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by

11Ai< x) t>0,
Ea(t,z) = { 3413 \(3A%)3
o(x), t=0,

where the function Ai(w) is the Airy function defined by
. 1 Rl 1.3
Ai(w) / w3z 5,

:% .

Then we see that any solution v(¢, ) of the equation (1.1) belonging to
C([0,4+o0), L?(R)) has the following expression: for t > 0

(1.2) v(t,x) = /_OO Ea(t,z —w)v(0,w)dw.

The Airy function defined above has a holomorphic extension on the whole
complex plane and the following estimates (see Ch. 4 §4 of Olver [14]): for any
Cy>0and v >0,

2 3
(1.3) |4i(z)] < Ce™3"C2)and | AT (2)] < Clz|ze 37

when |arg z| < m — v and |z| > Cp, while

3 !
(1.4) |Ai(—2)| < Ce3ISE2 and  |Ai (—2)| < C|z|2e318G2)I
when |arg z| < 37 — v and |z| > Cj.
Since )
%(x—i—zy)% > 51'% for x > |y|
and

Sz +iy)%| < 2z|zly|  for x> |y,

then it follows from (1.3) and (1.4) that when ¢ belongs a compact interval in
(0,00) and |y| <1 we get

_1 3
Lx+iy Ce=C1t 222 2 >1,
(1.5) ‘Az( )| < I 1
(3At)3 Cel2t [yl|x| , < -1
and
1 3
L T+ Clz|ze=Crt 222 1 >1,
(1.6) ‘Az’(ix )| QO™ w2
(3At)3 Cla|zeC2t 2lvllelz 0 < 1.

Therefore we see from (1.2) that if v(0, z) has the estimate, with § > 0,

1

Y
10(0, )| < Ce™%*?  for x > 0,
C for x < 0,
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then the solution v(¢,z) is real analytic with respect to x. For by choosing

i
dp < 2’57225 we see that for any zo € R, on {z +iy € C; |(x + iy) — zo| < o}
EA(t,x —w+iy)v(0,w) is uniformly integrable with respect to the variable w.
More generally

Proposition 1.1.  If v(x) is given by

o) = (45~ 1) Rla).

where a continuous function R(x) has the estimate, with 6 > 0,
1
Ce= 02 orx >0,
R <4
Ce*t for x <0,

then the function v(t,z) defined by

v(t,x) = /_00 Ea(t,z — w)v(w)dw

is real analytic with respect to x when t > 0.

More precisely, if t > 0, v(t,x) has the analytic extension on {(x + iy) :
x €R and |y| < 0y } with some §g > 0 and satisfies, if x + iy belongs to the
set above, x > 1 and t belongs to a compact interval in (0,00),

(1.7) lu(t, z + iy)| < Coe=C1l=l?,

Proof. First note that from (1.5) and (1.6) we see
—/ Es(t,z — w)R(w)dw + / O EA(t,r —w)R(w)dw.

Then we see the analyticity of v(t,z + iy) in {(z +iy) : € R and |y| < do }

when g satisfies
1

t2
1) <—5
0 < dg 40,

In order to show (1.7) we consider the estimate of

/ 0:E4(t,x — w)R(w)dw.

The estimate of the other term follows similarly. Let be t; > t5 > 0 and assume
t1 >t >ty |yl <1and z>1. We see that for w > x + 1

O Ea(t,z + iy —w)v(w <C;v—w%ecﬂx_wlét_%‘yleﬂslw‘%
v AL, Yy =

and forO<w <z -1

3 _1 1
[0:Ea(t,x + iy — w)v(w)| < Cla — w|26—01\m w] 277 ,—dlw| 2
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and for w <0

O EA(t,x + iy —w)v(w <Cm—w%efcl‘17w|%f%ec‘wl
xT A 9 y =

When x > 1, we obtain

2|w|%2\wf:c\%+|x|% for w>z+1,
|$\%§\w—$\%+|w|% for z+1>w>0,
lz] + |w| = |w — z| for w<0.

1

Then we see that if > 1, |t —w| > 1 and |y| < (%)6,

1 1
102 Ea(t, + iy — whv(w)] < Clo — w|2 e~ Cllemwl+al2)

while for | — w| < 1, we obtain form z > 1
1
8, Ea(t,z + iy — w)v(w)| < Ce™l712

1
Then when |y| < (47;)d we obtain

o 1
‘/ D Ea(t, x4 iy — w)v(w)dw| < Coe 11217,
— 00

O

Now we consider the nonlinear case. According to Bourgain [2] (see also
Kenig, Ponce and Vega [10], [11] ) the Cauchy problem for the KdV equation

3

0 13}
(1.8) Eu(x,t) - 6u(w,t)%u(x,t) + ﬁu(a:,t) =0,

u(z,0) = up(x)

is L2-well posed, that is to say, for any ug(x) € L?(R) there exists one and
only one solution belonging to { u(t,z) € L?*(R?) ; (1 + |7 — §3|)b@(7, ) €
L?(R?) for any ¢(t) € C§°(R)} with b > £, which implies u(t,z) € C([0, ),
L?*(R)). Furthermore when the initial data ugn,(z) € L?(R) converges to
up,00(2) in L%(R), its solution converges to the solution with the initial data
up,00 (@) in C([0, 00), LA(R)).

In this paper we show that the analytic smoothing effect, that is similar
to the one discussed above for the linear equation, holds for the KdV equation.

Theorem 1.1.  If the real-valued initial data ug(z) € L*(R) satisfies

/00 (1 + |z])|uo(z)|dx < o0

— 00
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and with some positive constant §
o0 1
(D) | )P < o
0

then the solution to the Cauchy problem (1.8) becomes analytic with respect to
the variable x for t > 0.

Since through the inverse scattering method we can transform the KdV
equation to the linear dispersive equation for which the analytic smoothing
effect can be seen by the argument above, we use this method to prove Theorem.
In the next two sections we review the inverse scattering method following
Marchenko [12]. Then we study the properties of scattering data for the Strum-
Liouville operator with a potential satisfying the decay condition (D). After one
section is devoted to the proof of two lemmas, we complete the proof of Theorem
in Section 6.

In the following we use the following notations; we denote by S the set of all
rapidly decreasing smooth functions on R, by C§°(R) the set of all compactly
supported smooth functions on R and by L?(D) [resp. L°°(D) ] the space
of square integrable functions on D [ resp. the space of essentially bounded
measurable functions on D ] whose norm is denoted by || - [|z2(p) [resp. || -
|z (py]. But in the case where D = R it is denoted by | - [|2 [resp. || - [[oo]-
We denote by C* the upper half plane {A € C : I\ > 0}. In order to denote
several constants we use the same notation. Then they may be different line
by line.

2. Review of Scattering theory 1. Transformation operator.

In this and next section we review the scattering theory for the Strum-
Liouville operator on the full line and its relation with the KdV equation fol-
lowing Marchenko [12] (see also Melin [13]).

We denote by P(1) the space of real valued measurable functions ¢(z) on
R satisfying

oo
/ (1+|zD|g(z)| dz < 00
— o0
whose value is the norm of g(x) in P(1).

Let L) be the Strum-Liouville operator with a potential ¢(x) € P(1)

defined by

2

(2.1) Lo = =75 +al@).
We denote by et (z,\) and e~ (z,\) with A € R\ {0} the soluitons of
(2.2) Loy f =N f

satisfying the following asymptotic behavior respectively;

(2.3) et(z,\) — e and e"'/(a:7 A) — ide!M
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as ¢ — oo and
e (z,A) = e and e (z,\) — ireN®
as T — —o0.
These Jost solutions e*(z,\) and e~ (2, \) can be represented by the fol-
lowing way;
(2.4) et (x,A) = e + / K*(,y)e™ dy,
(2.5) N = [ K @y

where K (z,y) [resp. K~ (z,y) ] is a solution of the integral equation;

(2.6) KT (x,y) :%L;y q(s)ds—l—[s;y da/o ’ gla—B)KT(a—pB,a+p)dj
[resp.
(2.7) “ B N

Ko@) =5 [ " awds+ [T do [T aat HE @+ 50— p) s

Remark 1. We remark that K~ (—x,—y) satisfies the equation (2.6)
with ¢(—x) in the place of g(x).

Remark 2.  We remark also that K (z,y) and K~ (z,y) satisfy the
wave equation

2%[(“‘(30,1‘) = —q(x) and Z%K_(a:,x) = q(z).

In the following we show the existence of solutions of (2.6) and (2.7) and
their properties. First we note that for a ¢(z) € P(1), the non-increasing
function o(x) defined by

@8) o@) = [ latw)]dv

satisfies that for any z, € R

/ o(x)dx < 4o0.

o

For g(z) € P(1) we consider the operator Op*(q) defined by

Op (@) k(- (s0) = [ ~ da / " gla — B)k(a. B) dp.
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Lemma 2.1. Forv >0

(2.9) e 2lsmmnOp* (g)[k(-,-)](5,v))|
< 1 sup e~ 2el@=B=a(@) ko, B)],
2 4>, 0280

where
(2.10) o1(x) = /00 o(w)dw.

Proof. By definition, the function oy (z) is non-increasing. Then for v >
p=0,

|k(a, B)| < e2lorav)=ou(@)) gyp e=2er1(a=m=0u(@) |k (q, )]

v>y>0
Since
[ lata =15 =oa-v) - ota)
0
% (o1(a—v) ~ o1(a)
=——(01(la—v)—0
da 1 1 )
(oo} v 1
/ da/ gl = B)lHA eI D) g g = L),
s 0
Then we obtain the estimate (2.9). O

Remark 3. The proof of Lemma 2.1 implies that the estimate (2.9) is
still valid even if o1 (s) is replced by

/:de /:or(w)dw,

where r(z) € P(1) satifies r(z) > |q(z)].

For the later use, we note that for s; > so

/: q(s)ds

o1(s —v) —o1(s) = /Ov o(s —a)da

and o(s) is non-increasing, we have for v > 0 and s1 > s

< o(s2) —o(s1)

and that, since

0'1(82 — ’U) — 01(82) Z 01(81 — U) — 0'1(81).
We denote by D;, ., , where s, € R and v, > 0, the closed domain

D, v, ={(a,8) eERXR : aa>s,, v,>0>0}.
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For a function | € L*°(D;, 4, ), since (o1(a — 3) —o1(a)) > 0 on D, ,,, We see
from (2.9) that for any integer n > 0 and any (s,v) € D,

0,Vo

n 1 o1(s—v)—0o1(s
(Op+(q)) [l(a )](va) < 2762( ( ) ( ))Hl(a ')HL”(Ds,u)'

Then we obtain

Proposition 2.1.  For any function I(s,v) € L>(Ds, ., ), there exists
one and only one solution k™ (s,v) of the equation

(2.11) k*(s,0) = U(s,v) + Op(@)[k* (-, )](s,0) on D, v,
which satisties, for any (s,v) € Ds, v, ,
(2.12) [k (s,0)] < 26X E=I= 1 E|i( )| oo, -

Remark 4.  Since Op™(q)[k(,")](s,v) is continuous for any k(s,v) €
L*>®(Ds, 4,), kT(s,v) is continuous in Dy, if I(s,v) is continuous. In this
case Op™ (q)[k(-,-)](s,v) becomes continuously differentiable. Then k¥ (s,v) —
I(s,v) is continuously differentiable if I(s, v) is continuous. Furthermore if I(s, v)
admits bounded continuous derivatives and ¢(s) is continuous, k% (s,v) — (s, v)
admits second order continuous derivatives.

Next we show that the solution above kT (s,v) depends continuously on
q(z). First we note that for ¢;(x) and ¢2(z) in P(1),

e—2(51(s—v)— 01(8))|{Op (QI) Op )}[k‘( )](8 U)‘

/ dw/ 01 () — ()| dw

sup e~ 2(G1(a= )‘51(0‘))|k(a, B)l,
a>s v>6>0

where

(2.13) o = [ T / " (a1 (w)] + |z (w))dw

Hence it follows from Remark 2.3 that

e 21— =1 6D £ Op* (g1)" — Op™ (g2)" }[I(-, )] (s, 0)]

_2n1/ dx/ g1 () — o (w)|dw

sup e~ @=m-n@)(q, §).
a>s v>6>0

Hence we obtain
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Lemma 2.2.  For a function l(s,v) € L>(Ds, »,), let ki (s,v) and k3
(s,v) be solutions of the equations

Ky (s,0) =U(s,v) + Op(qu)[k] (- )](s,v)  on Dy,

and
k;(svv) = l(S,U) + Op(Q2)[k;_('a )](va) on Ds, v,

Then we see that for any (s,v) € Ds, ,
|kf—(8a U) - k;(sa U)|

<4/:dx/:°|ql<w>—q2<w>|dw

< 62(&1(3_”)_&1(3))Hl(',')HLoo(Dm)v

where 71(x) is defined by (2.13).
Therefore we see that the following proposition is valid.

Proposition 2.2.  When the kernel q in the equation (2.11) depends
continuously on a parameter t € [0,T] with some T > 0, that is to say q(x,t) €
C([0,T),P(1)), its solution k*(s,v,t) is a L(Ds, 4, )-valued continuous func-
tion on [0, T]. Furthermore in the case that q(x,t) € C([0,T],P(1)), kT (s,v,t)
is a L>(Ds, ,,)-valued C function on [0,T).

For a given ¢(z) € P(1) we denote by k (s,v) the solution of the equation

(214) (s, = [ ale)da+ Op(@)lky (s 0)

Then we see from Remark 4 that k (s, v) is continuous and kf (s, v)— 3 [~ q(z)
dx is continuously differentiable and it follows from (2.12) that for (s,v) €

DSO,UO

(2.15) \k;(s,v)\ < Cs,—p,0(8),

where o(s) is defined by (2.8) and a positive constant Cs,_,, depends only on
o1(So — v,) which is given by (2.10). Since

< o(s—v)sup|k(a,v)

a>s

/:o g(a—v)k(a,v)da

and

/Ov q(s — ﬁ)k‘(s,ﬁ)dﬂ‘ <o(s—wv) sup |k(s,3)],

0<p<w

we see that for (s,v) € Ds_

210 |50k} (o)

30RO ( ](5,0)| < o)
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where a positive constant Cs, _,, depends only on o1(s, — v,) and o (s, — v,).

We see from (2.14) that kf (252, ¥5%) satisfies (2.6), while it follows from

Remark 1.1 that K~ (z,y) is given by k;(f%ﬂ, ZY) where §(z) = q(—x).
That is to say, we see

r+y y—x

(2.17) K =i (31050
_ r+y r—y

(2.18) K~ (z,y) =k (- 5o )

We denote by AT [resp. A~] the subset of R? given by {(z,y) € R? ; y >
a} [resp. {(z,y) € R? ; y < x }] and by Af [resp. A7 ] {(z,y) e R?*; y >
T > T, } [resp. {({E,y) eR? s ys<z <, }]

Then Propositions 2.1 and 2.2, the estimates (2.15) and (2.16) and the

relations (2.17) and (2.18) imply the following;

Proposition 2.3.  For a g(z) € P(1), the equation (2.6) [resp. (2.7)]
has one and only one continuous solution KT (xz,y) on AT [resp. K™ (z,y)
on A~ | that is bounded on A} [resp. A ] for any x, € R. Furthermore
K*(z,y) — QY (%) and K~ (z,y) — Q™ (%) have first order continuous
derivatives where

(2.19) <|K+(:E,y)|+ 0

+

and for (z,y) € A,

o

(2.20) <|K(x, y)| +

o, (K(say)—@ <$;y>>’
o, (1w -a (S51))|) <cx, [ s

where the constant C’+ [resp C.] depends only on f s)|ds and f ds [~
lg(w)|dw [resp. [ |q(s)|ds and [*° ds [° |dw]

+
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When ¢, (z) — q(x) in P(1), we see that, letting be K, (z,y) [resp. K,, (z,
y)] the solution of (2.6) [resp. (2.7)] with q,(x) for q(x),

@20 [T UK )~ K )] + 10K () = 0K 2.

+ 10K} (2, y) — 0, K (z,y)|)dy — 0,

e [ K (@) — K- ()] + 10K (@,y) — 0K (2,)]

+ 10y K, (z,y) — 0y K~ (z,y)|)dy — 0.
Finally when q(z,t) € C([0,T],P(1)), K™ (x,y,t) and K~ (z,y,t), the solu-
tion of (2.6) and that of (2.7) respectively with q(x,t) for q(x), are continuously
differentiable with respect to the variable t and K*(0,y,t), 0, K*(0,y,t) and
0y K*(0,y,t) belong to C*([0,T], L*((0,+00)) and K~ (0,y,t), 0K (0,y,t)
and 0, K~ (0,y,t) belong to C*([0,T], L'((—o0,0)).

Remark 5. We see from (2.19) and (2.20) that

/ (E*(0, 9)] + 0K+ (0,5)] + 19, K+ (0,9))dy < C.,
0

0
(2.23) / (K~ (0,9)] + 0. (0, )] + 8,K~(0,9)))dy < C

— 00

with the constant C' depending only on [~ (1 + |z|)|g(z)|d .

3. Review of Scattering theory 2. Gelfand-Levitan-Marchenko
equation.

We continue the review of the scattering theory for the Strum-Liouville
operator. Since we see from (2.3) that for A € R\ {0} the solutions e*(z, \)
and et (x, —\) of the equation (2.2) are linearly independent, there exist a(\)
and ¢(\) such that

(3.1) e (z, =) = c(N)et (2, \) + a(Net(z, - N).
Since g() is real-valued, e%(z,\) = e*(z, —\). Then we have
(3.2) a(\) =a(=)\) and c(\) = c(=N).

Let W(f(-),g(-)) be the wronskian of f(z) and g(x) given by

W(f,9) = f'(x)g(x) — g () f (2)-

Since we see from (2.3) that W (e (-, \), e (-, —\)) = 2i), it follows from (3.1)
that

(3'3) a()‘) = —W(e"'(-,)\),e_(-,—/\)),

(3.4) c(N)

— 72i)\W(e+(-, =A), e (-, —=A)).
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By the integration by parts we see from (2.4) and (2.5) that

a(A) =1+ % (— /OO g(w)dw

— 0o

oo 0
+/ G*(y)e”ydy—/ G (y)e dy
0 —0o0
oo ) 0 )
+/ KI(O,y)e“ydy/ K= (0,y)e ?dy
0 —00

o) 0
*/ K*(O,y)e”ydy/ K;(O,y)e‘””dy>,
0 —00
where

G+(y) = K+(0ay) - K+(O’y) _K_(OaO)K+(an)7

€T

Gi(y) = Kﬁ(ory) _Ki(oﬁy) +K+(070)K7(05y)

T

On the other hand

1 oo ) 0 )
=gz ([ ey [ ey
21\ \ Jo oo
o 0
(3.6) +/ KJ(Ovy)e_”ydy/ K™ (0,y)e dy
0 —00

o 0
—/ K*(O,y)e’“ydy/ Kx(O,y)ff“ydy>,
0 —00
where

H*(y) = KF(0,y) + K, (0,9) — K~ (0,0)K7(0,y),

x

H_(y) = K:p_(oay) + Kz/_(()?y) + K+(0aO)K_(O7y)'

Taking into account (2.19), (2.20) and (3.5) we see that et (z,\) and e~ (x, —\)
are well-defined on the upper half plane Ct = {A € C : S\ > 0} and that
a(\) has the analytic extension on C* and satisfies on C*
C

(3.7) la(A) = 1] < -
R

If () belongs to C§°(R), then we see from (2.19) and (2.20) that K1(0,y),
K1 (0,y) and K5 (0,y) [resp. K~ (0,y), K, (0,y) and K, (0, y) ] vanish for large
y [resp. large negative y |. Furthermore K*(0,y) and K(0,y) are smooth.
Then Aa(A) and Ac(\) are entire analytic and we obtain

(3.8) IAZe(N)] < Cre=ISA,
Remark 6. In (3.6), the terms fi)oo H=(y)e~™dy, fi)oo K=(0,y)e" v

dy and f_ooo K (0,5)e"dy have the analytic extensions on the upper half
plane C* for any ¢(x) € P(1).
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The relations (3.3) and (3.4) imply that
(3.9) et (2, )) = a(Ne (2, \) — c(=Ne~ (z, —\),
(3.10) ez, —\) = a(=Ne~ (z, —A) — c(N)e~ (z, \).
Then we obtain from (3.1), (3.2), (3.9) and (3.10) that
(3.11) 1+ eV = |a(V)[%

Since the square of a zero of a()\) in CT is an eigenvalue of the operator
Lg(x) of (2.1), the zeros of a()) in C* lie on on the upper half line {z = iz ; = >
0}. Furthermore their number is finite (see LEMMA 3.5.2 of [12]). Let iu with
i > 0 be a zero of a(A\). Then et (x,4iu) and e~ (z, —iu) are linearly dependent.
Then there exists a constant ¢, such that
(3.12) e (z,—ip) = cyet(x,ip).

We see from (3.3) that

—2#(1/()\) = W(€+ (*T” i:““)a 6_(13, _i:u)) - W(8+ (J?, ilu’)r é_(xa _iﬂ))z

where
e (x, \) = OneT (z, \).
Since
d2
—og ¢ (@ i) + q(2)éT (2 ip) = —pPe (z,ip) + 2ipe” (w,ip),

we obtain

d .+/ . _ . -4+ . _/ .

6w ime e, —i) — € (a, im)e” (2, i)

= —2iﬂe+ (277 ilu’)e_ (:C, _UJ’)

Since é* (z,ip) and é* (x,iu) tend to zero as x — oo, we get

oo

W(é+(l‘, Zu)v e (J?, _’LM)) = QZ,U// et (J?, iﬂ)e_ (x, —’L/,é)d x.
Similarly we get

~W (et (x,ip), e (x, —ip)) = Qzﬂ/ et (z,ip)e” (z,—ip)dz.
Hence
~2pa i) = 2 | (e (o, ~inda
(3.13) T
= 2iucﬂ/ et (z,ip)’dx.
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If the potential g(x) belongs to C§°(R), we see that
2uc(ip) = W(et (-, —ip), e (-, —ip))
= 2uc,,

from which we see that the residue of Z((i\\% at A = i is equal to

c(ip) _; 1
(3.14) a'(ip) - ffooo e+(x,i,u)2da?.

In general, when we denote by {ip1,...,iun} (1 > -+ > ppr > 0) all the
zeros of a()\) in C*, we define R*(z) and F*(z) by

(3.15) R (z) = % / T (e,
where
_ V)

(3.16) 7“+()\) = mu
and

M
(3.17) Ff(z) =) (m])% " + R*(x),
where
(3.18) (m?)? = !

ffooo et (z,ip;)2dz

Remark 7. We see from (3.2), (3.5), (3.6) and (3.11), that r+(\) =
rT(=\) and
1
L+

Hence R*(x) is real valued and R (x) € L*(R).
It follows from (3.11) that for any A € R\ {0}

<

(3.19) Irt(\)] < 1.

On the other hand, (3.13) implies

mt)? =
(3.20) (m)? = e

Now that K (z,y) and F*(z) are defined, we derive the Gelfand-Levitan-
Marchenko equation. We see from (3.1) that

- e (z,—=A) =eF(z,-A) —e (2, - (et (z
(a(/\) 1) (z,=A) (z,=A) (z, =) +rT(Net(z,N).
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Since (ﬁ — 1De~(z,—M)e?¥ is a meromorphic function on C* whose poles
are ip; (j=1,...,M) and |(#/\) — e (x, —A\)e?| < C’I—/l\‘ for A € C* with
[A| > 2u7 and y > x, then we obtain for y > z

L e (z, —ip;)e MY
147) !

1> 1 _ w Moo
e | (g ~ D @R =Y o

oo =
M.
Wy o
:Z e (x, i )e M
j=1 a/ (ips;) T

M-

—(mf e (i)Y,

<.
Il
—_

where we used the boundedness of \al>\)| on {A € Ct; |\ < ‘“é”‘ (see
Marchenko [12, LEMMA 3.5.2 in Ch. 3, Sec. 5]). On the other hand since

et (x,—\) —e (x,-A) = / K(z,w)e” ™ dw,

where
K*(z,w), w>u=,

K (z,w), w<z

K(:E,w){

and
rT(N)et (2, \) = rF (Ve + r+()\)/ KT (z,w)e" dw,

we see that

1 [ .
[ (N - e W) = K(r)
™ —0o0
and
2i rT (Ve (z, =N)e d A = RT (z +y) + / RY(y +w)K (2, w)dw.
™ —00 xT

Therefore we obtain the Gelfand-Levitan-Marchenko equation; for y > x
Kt (z,y)+ Ff(z+y) + / Kt (z,w)F*(w+y)dw = 0.

Next let be u(t,r) € C'([0,00),8) a solution to Cauchy problem (1.8)
with a real initial data ug(z) € S. We can apply the argument above for the
potential u(¢, z). Hence we denote by K*(z,y,t), a(\,t), c(\,t), 7T () t) and
F*(z,t) the corresponding quantities.

Let M be operator given by

0

0
_ 9 2
M= 5 2(u(t, x) + 2X )8$ + uz(t, z).
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Then since u(t, ) satisfies KAV equation,

(321) [Ma Lu(t,m) - )‘2] = 4u$(t7 x)(Lu(t,m) - >\2)a
where [M, Ly 2) — A?] is the commuator of M and Lyt,z) — A2 = —88—; +
u(t, ) — A2

The solution e*(x, A, t) [resp. e~ (z, A, t) | of
(322) (Lu(t,x) - )‘Q)y =0
Az

satisfying y — e and 3/ — iA\e*® tend to zero when  — oo [resp. y — €’

and y' — iAe™* tend to zero when x — —oo], is given by
et (z, A\ t) = e + / KT (z,y,t)e dy
xr
[ resp.
e~ (z,\, 1) = e —l—/ K~ (z,y,t),e¥ dy].
o0

We see from (3.21) that Me™(z,\,t) and Me™(z, A, t) are solutions of the
equation (3.22). Proposition 2.3 implies

Me't(z, A, t) = ((—2u(t,z) — 4X*) (i — KT (z,2,1))
+ ux(t,x))ei‘”)‘ + /00 MK (z,y,t)e¥ dy,
Me™ (z, A1) = ((—2u(t,z) — 4N*)(iA + K~ (2, 3,t))

xT
+ Uy (t, x)) e +/ MK (z,y,t)e dy,
—o0

from which we obtain, by considering the asymptotic behavior, for any non-zero
AeR

(3.23) Met(z, M\ t) = —4iX3e™ (z, \ 1),

(3.24) Me™ (z, M\ t) = —4iX3e™ (x, A, 1).

Hence for any non-zero A € R

)
(3.25) a(n ) =0,
)

ac()\, t) = 8iX3c(\, t)
follow from (3.1) (see Marchenko [12, Ch. 4, Sec. 2]). Then we see that a(\,t)

is independent of ¢, hence its zeros in C* are also. Let i € CT be a zero of
a(A,t), then there exists a ¢, (t) such that

(3.26)

e (z, —ip, t) = c,(t)et (z,ip, t).
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By applying M to both sides above, it follows from (3.23) and (3.24) that

(3.27) %Cu(t) = 8u’c,(t).

Therefore we obtain from (3.25),(3.26), (3.27) and (3.20)
rr(A 1) = (), 0),
(m(B)e O = (m)* ()™ He.

Hence we see that

(3.28) ORY (2,t) + 802 R (x,t) =0

and
M s 1 [~ . s

(3.29)  Fl(a,t) =) (m})?(0)e¥st—rm" 4 > / @8N () 0) dA.
j=1 —oo

4. Strum-Liouville operator with a potential satisfying (D).

In this section we study that the behavior of functions F*(z) and R (z),
defined by (3.17) and (3.15), associated to a potential g(z) € P(1) N L*(R)
satisfying (D), i.e [;* |q(z)[?e®Ved 2 < oo.

First we consider the case where a real potential ¢(z) belongs to C§°(R). In

this case, as mentioned in Section 3, we see that r+(\) = 2((’;; is meromorphic

and has no poles on R. Let {ipuq,ipo, ... éu,} (1 > p2 > -+ > p, > 0) be
all the zeros of a(\) in C*. We see from (3.14) and (3.18) that the residue of
rT(N)et* at X = iu; is equal to

i(m;')ze*“jm,

from which, taking into account (3.7) and (3.8), we obtain for any 1 < k < v
and any o € (k, fur—1)

v

1 oco+tio )
@) et R @ = o [ g,
. 27T —oo+io
j=k
Now consider the case where a potential ¢(z) € P(1)N L?(R) satisfies (D).

We denote still by {ipy,iu, ... dun} (u1 > pe > -+ > ppr > 0) all the zeros
of a(\) in C*.

Proposition 4.1.  The function R™ (x) defined by (3.15) can be written
in the following way;
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where I%“‘(x) s continuous and bounded on R and satisfies, with some § > 0,
(4.2) |R* ()] < Ce™ V7 for x> 0.

Furthermore there exists a sequence {qn()}n=12... of real potentials belonging
to C§°(R) and converging to q(x) in L*(R) such that letting be Ff(x) the
function (3.17) derived from the potential q,(x), F.f(z) can be written in the
following way;

M
Ff(z) = ;(mg_nn)ze—u;mw I (4% + z) R (x),

where R (x) is continuous on R and satisfies the estimate uniformly with re-
spect to n; with C,C1,Cy > 0,

. Ce=C1VE >0,
(4.3) R, ()] < {Ceczll” z < 0.
Furthermore as n — oo,
(4.4) R} (z) — R*(x),
(4.5) u = wg
and
(4.6) (m§")? = ()%

Proof.  We define q(n)(2), q(n,m)(z) and g m.e)(r) with n,m > 0 and
0 < € < 1 by the followings;

0, x> 2"
q(n)(x) = {

q(z), x<2m,
q(n)(x)’ T > —m,
n,m)\L) =
(n,m) () {07 r<—m,

G () = / (0 my (@ — cy)dy,

where p(y) is a function in C§°((—1, 1)) satisfying p(y) > 0 and

/OO p(y)dy = 1.

— 00

Then the condition (D) implies that

/ |9(n) (x)|266|”‘§da: <C
0
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and
o0 n
| lat@) = quy @) Pda < Coxp(-a2%).
—00
On the other hand for any integer n > 0 there are m(n) and e(n) such that

/ ‘q(n) (y) - q(n,m(n),e(n))(y)|2dy < eXp(—62%)

and

i 1
/ (1 + |x|)|q(n) (y) - Q(n,m(n),e(n))(y)‘dy < ﬁ

Hence, letting be

(4.7) 4 (Z) = q(n,m(n),e(n)) (T),

we see that

(48) | apetas < c.

(49) | 14@) — aala)de < Conp(—2),
(4.10) |0 abla) - antldy 0 asn - o0
and

(4.11) gn(z) =0 forz >2" + 1.

We show that the sequence {g,,(z)}n=1,2,... of potentials given by (4.7) satisfies
the desired properties. We denote by a,(A) and ¢, (A\) the coefficients of (3.1)
associated with the operator L, ;) and by rF(X), R} (x) and F;f(z) (3.15),
(3.16) and (3.17) derived from a,(A) and ¢, (N).

From now on until the end of proof of Proposition 4.1, we use constants
without the suffix n in order to express constants independent of n. Let
{wg’”, . ,iu%}i} (,ugn) > > ,ug\’}i) be the set of a,(A\)’s zeros in C*. Since
we see that

(4.12) 1Lq, 2yt = La@yull2 < llgn — gll2llullo
and from Sobolev’s imbedding theorem that for any € > 0

(4.13) ||u||oo < E”Lq(w)U”Q + C€7q

|ull2,

we get from (4.9) the following estimates of ,ugcn).



20 Shigeo Tarama

Lemma 4.1.  For large n we have
(4.14) M, > M,
(4.15) " — il < Coexp(—62572) (1< k< M)
and
(4.16) ™| < Coexp(—62872) (k> M).

The proof of Lemma 4.1 is given in the next section. Now we assume
that n is large enough and that the estimates above (4.14), (4.15), (4.16)
and Cpexp(—022 %) < Lup hold. We remark that %(A) is analytic in {\ €
C; Cy exp(—(52%_2) <A< %/J/]\/[}.

Since ¢, (z) € C§°(R), we see from (4.1) that

oco+io

M ) 1
Z (n)+ 2 *IJ« I+7/ TI(}\)GiZ)\d)\,

j=1 2m —oo+i0

where )
€ {Co exp(—6277?), 2#1\4 :
We define R (x) by

| oot )
4.1 + n EXGN.
(4.17) Rt (2) = %/Mw 1)y

We have

M
n —u\" d ~
) = ;(mE- e (‘ia +") R (2).
It follows from (2.21), (2.22) and (4.10) that, for A € C¥, ef(x, ),
d%ej;(x A), €, (z,—A) and “Le; (z, —\) converge to e‘*‘(x A), et (a, /\), ~ (=,
and dm e~ (x,—A) respectively. Hence we obtain that on C+

—A)

(4.18) Aan (A) — Aa(X) compact uniformly as n — oo
and
C
4.19 an, 1<
(119) a0 =1 < 15

Similarly we see from (4.10) that on R
(4.20) Acn(A) = Ace(A) (n — o00).

Furthermore noting that (4.8) and Schwarz’s inequality imply

| G+ [T lawianetar <
0 T
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we obtain from (2.19)
(4.21) / (K (0,9)] + 1057 (0,9)] + 0, K7 (0,9) et ay < ©
0
and from (4.10) and (2.23)
0
(4.22) / (K (0,9)] + 10,52 (0,9)] +18, K- (0,9))dy < C.

Then we have the “almost analytic extension” of ¢, () in the following way;

Lemma 4.2.  There exists a smooth function é,(\) on C*\ {0} satis-
fying the followings;

(4.23) en(A) = cn(N) (0 <IN < C127%),
(4.24) [Aé,(N)| < C (0 <N,
(4.25) IArén(N)| < Ce™017o (0 < SN).
The proof of Lemma 4.2 is given in the next section.
Let be )
vy G (A
Noting that (4.23) implies that
) =1 () (co exp(—02272) < QA < 012—’2‘> ,
a5 o~ 5)\En(>\) n __ ].
+ 5—2 <)\ < =
O\ (M) V) Coexp(—92277) < QA< SHM |

we obtain by Cauchy’s integral theorem

(4.26)

cotic ~+>\ _ 00+12HM +)\
/ Tn( ?ezzAdA:/ 8)\T' ( ) Zm)‘d}\/\d}\—i-/ T ( ) zz)\d)\
ootic At D, A+i cotiljns A+

where

1
D, {)\E(C U<\5/\<2MM}
and o € [Coexp(—§2272), 01272 ].
In order to obtain the uniform estimate of the right hand side of (4.26),
we remark the followings. Since the number of zeros M, is that of eigenvalues

of Ly, (), we obtain

M, <2 +/ |xgn (z)|d

— 00
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(see for example Theorem 4.3.IT of [4] or Prob. 22 in Ch. XIII of [15])
(4.10) implies that {M,,} is bounded, say

(4.27) M, < M,.

Let be
(n)

A — iy,
k> ATy,

Then 5”8\‘5 is analytic for 0 < S\ < Z”TM Since

T (M <1 (SA=0),

we see from (3.11), (4.18) and (4.19) that
Fn(A)’ <1 onR,
an(A)
< fN="—"F
o) ‘ <C if< 5
and IO
= 1 Cc+ .
an()\)—> as A€ Ct — o0
Then the maximum principle implies that
I'n(N)
< Dy.
an()\)‘ <C on Dy

Since it follows from (4.16) and (4.27) that
ID,(\)| > C if C127% < Q)

we obtain

1 .
—‘ <C 028 <ga< MM

an(/\) 2
from which, noting (4.24) and (4.25), we draw
- 1 . ar
4.28 TN <O ifSA=10
(4.28) O < Oy =4
and
4.2 aai (V)] < “hn if 278 <A< EM
( 9) |Arn( )‘—C|A‘+le 1 1 2 SSAS 9

where we used the estimate; for d; > do > 0

. Then
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Since d\7 (A) = 0 if C127% > S\ > Cpexp(—62~2), we see that on D,

_ , C ]
~+ iz _ %2~
|OA7T (N)e™ ] < T |/\‘ < 53 x\s)\>
(4.30) 1 f|/\ exp(—2v/dox) if z >0,
<
- C
— i <0.
1_’_l/\‘exp< |1:|) ifz <0

It follows from (4.17), (4.26), (4.28) and (4.30) that

Cexp(—2v/dazx) if x>0,

(4.31) Ry (z)] <
Cexp ('uM |a:|) ifx <0,

which is just (4.3).

Next we show the convergence (4.4). Noting that, as n — oo,

I'y(A) =1 for A e R\ {0},
we see from (4.18), (4.19) and (4.20) that

1 [ rr(\)

(4.32) o | TaNE

e A\ — R (z) asn — oc.

n

Since in the strip 0 < SA < C127% we have
Lo (N7 (A) = Tn(N)r ()

that is analytic there, we see

(4.33) / T (A)?fz) e AN

— 00

=+ o cotigpunm F )\
:/ F,L(A)a”"" (,A)e””)‘d/\/\d)\—k/ T, (o)A
D n A+

ci27 2 Ati —ocotig
1

23

wc)\d)\

Since | [Ty<pey(1+br) — 1] < eXrsest IS [be]), we get from (4.16)

and (4.27),

n

n_o . _soR -2 p
Cn(A) = 1] < exp(CMye™®* "2%)CMe™* 2% on D, 3.

Thus we see that the difference between the right hand side of (4.33) and

3. 7t ) _ cotisum Ht A
/ aArn()\)en)\dA/\d/\+/ 2 n ( ) Zw}‘d)\
D

A+ A+

-z —oo+ig

c2
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converges to zero. Therefore from (4.26) and (4.32) we obtain (4.4). This and
(4.31) imply (4.2). Taking into account (3.20), we see from (4.15) that (4.5) and

(4.6) hold. Indeed, since e; (, iu§n)) and e,, (z, —i,ug»")) are linearly dependent,
we have

ef i)\ _ e (0 =in™)
e (0,ips™)) " e (0, —ip{™)

from which we obtain for 1 < j < M

c#;m — Cy, asm — oo.

While (4.18) and (4.15) imply that for 1 < 5 < M
@ (i) — a(ipsy):

Then we get (4.6). Thus the proof of Proposition 4.1 is completed except the
proof of two lemmas. |

5. Proof of Lemmas

In this section we give the proof of Lemmas 4.1 and 4.2.
First we prove Lemma 4.1, following T. Kato [8, Ch. V §4.3].

Lemma 5.1.  Let Ay and Ay be self-adjoint operators on a Hilbert space
X with the common domain X1. We assume that we have on X3

[Agu — Ayul| < v]Avu| + Cyljull

with 0 < v < 1. If (A —d, A + d) belongs to the resolvent set of Ay, where we
assume v|A| + C1 < d(1 —v), then X\ belongs to the resolvent set of As.

Proof. Indeed we see from the assumption that

I -4 < 5
and
42— Ay~ <1+ 2L
Then
(e = a0 - Ay < v (14 5) v 0
< 1.
Hence

(A= A)(A— A"V =T — (Ay — A))(A — Ap)~
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is an automorphism in X, which implies the assertion of Lemma 5.1. ]

We see from Ch. V, Thm. 4.3 in Kato [8] that the operator Ly, with
a potential g(xz) € P(1) N L?(R) is a self-adjoint operator on L*(R) with its
domain
H?*(R) = {u(x) € L*(R) ; u'(z),u"(x) € L*(R)}.

Since we obtain from Sobolev’s imbedding theorem

with a constant C; depending only on the norm ||g(-)||2, we see that all the
eigenvalues of L, () have a common lower bound, say, —A. Since only — ;>
(j =1,...,M) are eigenvalues of Ly, (4.9), (4.12), (4.13) with e = £ and
Lemma 5.1 imply that for large n the following set

(—A —1,—d) \Ur<jenr(—d — p;2,d — ;)

with d = Cexp(—62% ') belongs to the resolvent set of Ly (,). On the other
hand by (4.18) and Hurwitz theorem, on any neighborhood of iy; we can find
a zero of a, () for large n. Hence we see the assertion of Lemma 4.1 is valid.
q.e.d.

Next we prove Lemma 4.2. Taking into account the relation (3.6), Remark
6, (4.11), (4.21) and (4.22), we have only to prove the following lemma in order
to prove Lemma 4.2.

Lemma 5.2.  We assume that a function g(y) € L(]0,4+00)) satisfies
the following estimate:

“+o0 1
(5.1) / 9wl dy < +oo
0

with a positive constant 5. Then there exists a function g\ + ip) € C°(R?)
that satisfies

(5.2) G =900 onR,
(5.3) |(0x +i0,)) G\ + ip)| < Ceolul™ /0 - 9wl dy
and

(5.4) kel a(+ i < O | T leletay,

where

g\ = /Ooo g(y)e ¥ dy

and the positive constants above C, §; and Cy; depend on the constant § of
(5.1). Furthermore if g(y) = 0 for y > 2", then G(A + iu) = g(A + ipn) for

—no—>5

nl < 272725,
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Proof. Let x(y) be a function in C§°(R) satisfying 0 < x(y) < 1 and

() =" lyl <1,
00 iz
We define g(A + ip) by
975,
G +ip) = ZX 5 6™ )G (A + i),

where

1
Go( A+ ip) = / g(y)e WO gy,
0

271
Gn(\ +ip) :/ g(y)e AT Gy forn > 1.
2

n—1

First we remark that g,(\ 4+ iu) is an entier function.
Since for n > 1

~ . r—1 z i
(5.5) 050! Gn (A +ip)| < 27D exp (|pj2" — 627 )/ lg(y)]e® 1 dy
2

n—1

and

—_

(5.6) (2 F ™) =0 when |uf2" > $62°7,

then we see that §(\ + ip) is in C*°(R?) and that the estimate (5.4) is valid.
Furthermore we obtain

(Ox + 10,) G\ + i) = 22225 X (2" 16 ) Gn (N + ip).

7

Since X’(Q%M(S_ ) # 0 implies 52" < |pu|2™ < %5 * from which we obtain
52
- 25\ |’
it follows from (5.5) and (5.6) that for n > 1

—(5

nt5 + ~ .

27267 I (27F 1) ga (A + ip)|

nts g _59"50 —ghem i > syl %
<2 5 le e l|x()||Lee l9(y)|e”" dy.

2n-

Hence we obtain (5.3).
If g(y) = 0 for y > 2™, then

G +ip) = ZX T 101G (A + ).

Since x(2 237 o~ D=1 for |u| < we see g(A +ip) =
GO\ +ip) for |p| < 27876 O
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6. Proof of Theorem 1.2.

In this section we complete the proof of the main theorem. For any initial
data ug(x) € P(1) N L?(R) that satisfies the decay condition (D), according to
Proposition 4.1 we can find a sequence {ug ()} in C§°(R) so that

Uo.n () — ug(z) in L*(R)

and letting be FT(x) and F,f(z) functions given by (3.17) derived from the
potential ug(x) and uo () respectively we have

iw: e HaT <z;i+z>R+(m),

Jj=1

M ) d ~
() A R (—i% +i) Ry} (@),

Jj=1

where RT (z) and R} (x) satisfy (4.2) and (4.3) respectively and the convergence
(4.4), (4.5) and (4.6) are valid. Since the Cauchy problem (1.8) is well-posed
in the space S, the solution w,(t,x) to the problem (1.8) with the initial data
ug.»(z) belongs to C1([0,+00),S) (see Kato [9]). Then for ¢ > 0 the solution
un (t,2) can be expressed by the following way;

(6.1) up(t, ) = 72%K,T(x,x,t),

where Kt (z,y,t) satisfies the following Gelfand-Levitan-Marchenko equation
(6.2) Ff(z+y,t)+ K} (2,y,1) / Kz, w, t)EF (w+y,t)dw =0

with the function Ff(z,t) that is given by

M
(6.3) Ff(a,t) =3 (mimF)2em" et 4 g p),
=1

where R (x,t) is given by
(6.4) R} (z,t) = Es(t,x) * (—z% + z) R ().

Indeed, from (3.28) and (3.29), we obtain

My,
() ()
Fi(z,t) = Z(m;.”H)%’/‘j w8 | By(t,x) * R (x)
=1

Rf(z) = ! / Mei)‘z d\.

with
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o0

Noting Fs(t,z) = 5= [ ei@w+8tw”) gy we see

— 00

1 < CplW
Eg(t, J}) * th(x) = %/ elmw+8tw3 - ((w; dw.

Just as the derivation of (4.1), we see the right hand side is equal to

i>M a/n (Z:U']")) 27 —oco+io an(w)

oco+io
. 3 CplW
piTwt8tw cn(w) dw

with o € [Cpexp(—622~2), 2up]. Then it follows from (3.20) that Eg(t, ) =
R (x) is equal to

oo+io
= 37 (e e | B () + 2i / ) ixe gy

i>M ™ —oo+io an >\)

Hence we obtain (6.3).
It follows from (4.3), (4.4), (4.5) and (4.6) that F,\(z,t) converges to

M
(mF)2e T tSt 4 RY (a,1),
=1

<.

which we denote by F*(z,t), where
+ 4\ B
R (z,t) = Es(t,x) * —io +i | R™(x).

We remark that the Fourier transformation of R*(z,t) with respect to the
variable z is r+(A)e®®’t. It follows from Proposition 1.1 and the estimates
(4.2) and (4.3) that for ¢ > 0 F*(z,t) and F, (z,t) are real analytic on R
and that for any ¢; > tg > 0 and z, € R there exist positive constants d1, do
and C such that for t; > t > to, F'(x,t) and F;f(z,t) are holomorphic on
Bios, = {7z € C; Rz >z — 1 and |Sz] < &1 } and they satisfy the following
decay estimate on By s,;

(6.5) |EF(2,1)] < Cexp(—d|2|%) (2 € Byys,)
and
(6.6) |F*(2,t)] < Cexp(—62]2|2) (2 € Bag.s,)-

Furthermore we see from (4.4), (4.5) and (4.6) that
(6.7) Ff(z,t) = FT(2,t) on By, s,

Now we consider the Gelfand-Levitan-Marchenko equation.
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Lemma 6.1.  Fort > 0, the Gelfand-Levitan-Marchenko equation
68) Pyt + KM@t + [ K @u P pide =0

has a solution K¥(x,y,t). For anyt > 0 and g € R there exist a complex
neighborhood U of xqg such that K (x,x,t) and KT (z,z,t) have analytic con-
tinuations in U and KT (z,2,t) — KT (z,2,t) uniformly on any compact in

U.

Proof. Let be

Then (6.2) and (6.8) are equivalent to
~ 0 ~
(6.9) K (z,y,t)+ / Ff2z+w+y, ) K (v, w, t)dw+ F (22 +y,t) =0
0
and
(6.10) K"’(J:,y,t)—k/ Fre+w+y ) K (z,w,t)dw+Fr 2z +y,t) =0
0

respectively.
For any € R and ¢ > 0 we define the operator F},; on L*([0,0)) by

FakO)w) = | B Qo 4w+ g, k(w)dw.

Hence (6.10) is
K*(2,y.6) + Foa(K* (@, 0)(y) + FF (22 +y.1) = 0.
Since (6.6) implies that F'* (22 +w+y,t) € L?([0, +00) x [0, +00)) for any real

z and ¢t > 0, F,; is a compact operator on LQ([O, +00)). Furthermore I + Fj ;
is injective. Indeed if a real-valued k(y) € L?([0, +00)) satisfies

k(y) + Foi(k())(y) = 0,

then

(6.11) /Ooo |k(y)|*dy + /000 k(y) /000 Ft(2r +y+w,t)k(w)dwdy = 0.
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Since (m;-")2 > 0, we obtain
oo e o]
/ k(y) / FT(2z 4y +w, Hk(w)dwdy
0 0

> Ook(y) OOR+(2x+y+w,t)k(w)dwdy
o bl

— i ei(Zm)\+8)\3t)7,.+(>\)]A€2(7>\)d)\
21 J_
> - L [T o - n pa
- oo o ’
where -
k() = / e~ ME(y)dy.
0
Since

- 2 _i/oo 720 |2
| kwkay = 5= [ jiEnRa,
we see from (6.11) and (6.12) that

1 o0

2r ) o

(1= [N (=A)PdA < 0.

From (3.19) we see k(y) = 0, which implies that I + F; ; is injective. Therefore
I+ F, . is invertible (see Marchenko [12, Lemma 3.5.3 in Ch. 3, Sec. 5]). Then
K™ (x,y,t) given by

K+(£L',y,t) = (I+F1,t)_1(_F+(2x+ 7t))(y)

is a solution of (6.10). Since K (z,y,t) € L*([0,+00)) N L>=([0,+00)) for any
r € Rand t > 0, we see K,/ (z,y,t) € L*([0,+00)). Therefore the argument
above implies that

Kﬁr(%yaf) = (I + Fn’w,t)_l(_Frj(2x + -,t))(y),

where

Frat(k()(y) = /OOO EF 2z 4w+ y, t)k(w)dw.

Since for any ¢t > 0 and any zy € R there exists a complex neighborhood V
of xo such that F*(2z +w + y,t) is well-defined on V x [0, 400) x [0, +00)
and holomorphic with respect to the variable z, taking into account (6.6)
we see that the operator F, ; is £(L?([0,+00)), L?([0,+00)))-valued holomor-
phic function on V. Similarly we see that {F), ..} is a bounded family of
L(L3([0, +00)), L*(]0, +00)))-valued holomorphic functions on V. We obtain
from (6.5) and (6.7)

IEF (22 +w+y,t) = FT (22 + w4y, )12 ([0,400)x[0,400)) — O
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uniformly on any compact in V. Then we see that there exist a complex neigh-
borhood U of x(y and a large positive integer IV such that, if n > N and z € U,
I+ F.;and I+ F,, are invertible and their inverses form a bounded family
of L(L*([0,+00)), L*([0, +0)))-valued holomorphic functions on U. Therefore
(I+F, ) Y (F*(224-,1)(y) and (I+F,, ...) " (F,S(22++, 1)) (y) are L2(]0, +00))-

valued holomorphic function of z. Hence K (z,y,t) and KT (z,y,t) have ana-
lytic continuations in U as L?([0, +o0))-valued functions and for z € U

HK;L‘F(Z’ 'vt) - RJF(Zr '7t)||2 —0

uniformly on any compact in U. ~
Then F, (KT (z,-,t))(0) + F1(2z,t) and F, . +(K;F(z,,1))(0) + F, (22,t)
are holomorphic functions and

Fn,z,t(Rr—l_(z7 7t))(0) + Frj(2zvt) - z,t(R+(Z7 7t))(0) + F+(2Z,t)

uniformly on any compact in U. Hence K (2,0,t) and K*(z,0,t) are holo-
morphic and K, (z,0,t) — KT (2,0,t) uniformly on any compact in U. O

Lemma above and (6.1) imply that for ¢ > 0 solutions u,(¢,x) are real
analytic on R and converge to —%%K *(x,z,t), which is also real analytic on
R, uniformly on any compact in R. On the other hand, the Cauchy problem
(1.8) is L%-wellposed. Then wu,(t,x) converges to the solution u(t,z) to the

problem (1.8) with the initial data ug(z) in L?. Therefore we obtain

1d
tx)=——-—KT t).
u(t, ) = =3 7K (2,1
Hence we see that for ¢t > 0 u(t, z) is real analytic with respect to the variable
x. The proof of Theorem 1.1 is completed.
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