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GEOMETRIC RSK AND THE TODA LATTICE

NEIL O’CONNELL

ABSTRACT. We relate a continuous-time version of the geometric
RSK correspondence to the Toda lattice, in a way which can be
viewed as a semi-classical limit of a recent result by the author
which relates the continuous-time geometric RSK mapping, with
Brownian motion as input, to the quantum Toda lattice.

1. Introduction

The geometric RSK correspondence is a geometric lifting of the classical
RSK correspondence. It was introduced by Kirillov [25] and further studied
by Noumi and Yamada [33]. There is also a continuous-time version of the
geometric RSK mapping, which was introduced in [34] and substantially de-
veloped in [5], [6] in the context of Littelmann’s path model. In this setting,
an important role is a played by a mapping II,, (defined in the next section)
which takes as input a continuous path n(t),¢ > 0 in R™ with n(0) =0 and
returns a path II,,n(¢),¢ > 0, also in R™. In the paper [37] it was shown that,
if n(t) = /eB(t) + tA, where A € R™ and B is a standard Brownian motion in
R™, then I1,,n(t),t > 0 is a diffusion process in R” with infinitesimal generator
given in terms of the Hamiltonian of the open quantum Toda chain with n
particles. The aim of the present paper is to understand this result from the
point of view of the classical Toda lattice.

By considering the semiclassical limit (¢ — 0) of this result, it can be seen
(heuristically) from a result of Givental [20] (at least in the case A =0) that,
if n(t) =tA, then II,,n(t),t > 0 should define a solution to the classical Toda
flow (with opposite sign), and indeed this is the case. We will show it directly
in the classical (¢ = 0) setting by considering the continuous-time geometric
RSK mapping with deterministic input. The approach is very elementary
and mostly self-contained. Starting with the definition of the geometric RSK
mapping, we soon arrive at familiar objects in the general theory of the Toda
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lattice, thus providing further insight into the results of [37] from an integrable
systems point of view.
The main conclusion is that there is a precise sense in which

(1.1) classical Toda + noise = quantum Toda.

This statement requires some qualification, however. First, we consider both
the classical and quantum system in imaginary time. For the classical system
this means that the potential has a minus sign, that is, the Hamiltonian is

given by
1 n n—1
DI WL
i=1 i=1

For the quantum system, it means we consider normalised Hamiltonian
1 5
£ == nla) ™ (#2300 in o) = 50+ log -7,

where
n—1

— g LTi4+1—Tq
H=—-c¢A+ s Zzzl e

is the Hamiltonian of the quantum Toda lattice and 1) is a particular eigen-
function of H known as a (class one) GL(n,R)-Whittaker function. Moreover,
in the ‘equation’ (1.1), the noise must be added in a very particular way. It is
not simply a random perturbation of the classical Toda flow, but rather a ran-
dom perturbation of a particular construction of the Toda flow which is closely
related to the geometric RSK correspondence. Within this construction, the
perturbation is simply:

Add noise to the constants of motion.

It will be interesting to investigate to what extent this relation extends to
other integrable systems.

Along the way we observe the following curious fact. Consideration of
the geometric RSK mapping with Brownian motion as input gives rise to a
particular stochastic dynamics on triangles (the analogue of Gelfand-Tsetlin
patterns in this setting), as discussed in [37]. In that paper, another quite
different stochastic dynamics on triangles was also considered and shown to
have the same fixed-time distributions, and to bear the same relation to the
quantum Toda lattice. This latter dynamics can be interpreted as a geometric
lifting of Warren’s process [46], which in turn can be interpreted as a continu-
ous version of a shuffling algorithm which has played an important role in the
random tilings literature [32]. Similar dynamics on Gelfand-Tsetlin patterns,
constructed using a general prescription of Diaconis and Fill [14], have been
studied by Borodin and co-workers, see, for example, [7], [8]. It turns out that,
in the semi-classical limit we consider in this paper, both the ‘RSK type’ and
‘shuffling type’ of dynamics are equivalent.
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The outline of the paper is as follows. In the next section, we recall some
relevant background material on factorisations of matrices. In Section 3, we
define and recall some basic properties of the continuous-time geometric RSK
mapping. In Section 4, we recall some facts about Whittaker functions and the
quantum Toda lattice, which continue to play a role in the classical setting. In
Section 5, we recall some of the main results of [37] and in Section 6 we briefly
outline, at a heuristic level, what happens to these results in the semiclassical
limit. In Section 7, we recall some basic definitions and properties of the
opposite sign Toda lattice and, in Section 8, we formulate and prove the main
results of the paper.

2. Preliminaries

Let G = GL(n,C) and denote by B, N (resp. B_, N_) the subgroups of
upper (resp. lower) triangular and uni-triangular matrices in G. Throughout
this paper, an important role will be played by the totally positive part, which
we will denote by P, of the double Bruhat cell BN B_wyB_, where wy is a
representative in G of the longest element wg € S,,, as in [17], [4]. Concretely,

(2.1) P={beB:A}(b)>0,1<k<m<n},
where
(2.2) AR (b) = det[bijli<i<k,m—k+1<j<m-

In the following, we adopt the convention that AJ'(b) = 1. The quantities
AT(D),1 <k <m <n uniquely determine b € P, as follows. (See, for example,
[4] or [33, Proposition 1.5].) For a € C¥, define

al 1 0 e 0
0 ay 1 0
ek (a) = ;
Ap—1 1
0 ag

and denote by I the identity matrix of dimension k. For 1 <m <n and
w € C"~™FL ] define

=5 )

PROPOSITION 2.1. FEach element b€ P can be represented uniquely as a
product of the form
b:El(wl)---En(w")7
where w™ € (Rso)" ™% for each m. The w™ are given by
Am+i—1 b Am+i—2 b
wp = APy =R DR )
AT (D) AT TE(D)

l1<i<n—-m+1.
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This provides a natural (Gelfand—Tsetlin) parameterization of P by the set
of triangles
(2:3) T={X=(a]") eR"" V2 1<i<m<n},
obtained by setting
(2.4) o'+ =log AL(D).
We will denote the corresponding bijective mapping by f : P — 7. Note that
if we write X = (2") = f(b), the w™ of Proposition 2.1 are given, in terms of
the 27", by
m_ ew;n. m il

wy w;" = e

m4i—2 i
Ti-1 1<i<n—m+1.

The Weyl group associated with G is the symmetric group S,. Each el-
ement w € S,, has a representative w € G defined as follows. Denote the

standard generators for gl,, by h;, e; and f;. For example, for n =3,

1 0 0 0 0 O 0 0 0
hi=10 0 0], ho=10 1 0], hs=10 0 0],
0 0 0 0 0 O 0 0 1
01 0 0 0 O
e1=(0 0 0], eo=10 0 1],
0 0 O 0 0 O
0 0O 0 0 O
fi=(1 0 0], fo=10 0 0
0 0 O 01 0

For adjacent transpositions s; = (4,7 + 1), define
5; =exp(—e;)exp(fi)exp(—e;) = (I —e;)(I + f;)(I — ;).

In other words, s§; = goi((l) Bl) where ¢; is the natural embedding of SL(2)
into GL(n) given by h;, e; and f;. For example, when n =3,

0 -1 0 10 0
=1 0 0], &=[0o0 -1
0 0 1 01 0

Now let w=s;, ---s;, be a reduced decomposition and define w =35;, ---3;,.
Note that wo = @v whenever [(uv) =I(u) + [(v). Denote the longest element

of S,, by
1 2 e
w0<n n—1 --- 1)'

For n =2, wg=s1 and
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For n =3, wy = 515281 = S25155 is represented by

0 0 1
Wo = 515251 = 52515o=(0 -1 0
1 0 O

Denote the elementary lower uni-triangular Jacobi matrices by
lila)=I,+af;, 1<i<n-—1.

These matrices play a central role in parameterising of the set (N_)sq of
totally positive lower triangular matrices, see, for example, [4]. For u € C™,
1 <m < n, define

Lo () = L () lm—1 (m—1) - - - 1 (uq).
PROPOSITION 2.2. Fach L € (N_)sq can be written uniquely as a product
L=1Ly(u")La(u?) -+ Ly (u"")
where u™ € (Rso)™ for each m.
The next proposition is due to Berenstein, Fomin and Zelevinsky [4].

PROPOSITION 2.3. Let b€ P. Then bwg has a Gauss decomposition bwg =

LDU where AT (D)
D;; = A S

, 1<i1<n
A (b)

3

and L € (N_)xq is given by
L=Ly(u)Ly(u?) - Ly ("),
AT OART
COAPDATTIR)
Note that, if X = (z*) = f(b), then the D;; and u}" of Proposition 2.3 are
given by

1<i<m<n.

Dy=¢%, 1<i<n
and

mH1l_m .
ut=e%i1 7T 1 <i<m<n.

3. Geometric RSK in continuous time

In this section, we recall the definition and some basic properties of the
continuous-time geometric RSK mapping. Many of the results of this section
are essentially contained in the papers [5], [6], see also [37], [38]. For complete-
ness, we include direct proofs of all the main statements, which are adapted
to the present setting.

Let n: [0,00) = R™ be a continuous path with n(0) = 0. Denote the coor-
dinates of 7 by n1,...,7,, so that

nt) = (m),....n), t>0.
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0 Sj—18j-2 Si+1 54 t
FIGURE 1. A down-right path ¢ = (s;j_1,...,5;) € Q;;(1).

For 1 <i<j<n, set
Qlj(t) :{0<Sj,1 << S5 <t}

In the following, it will be helpful to think of elements ¢ € Q;;(t) as ‘down-
right paths’ in the semi-lattice R x Z starting at (0,7) and ending at (¢,1),
as shown in Figure 1. Write d¢ =ds;--- ds;j—, for the Euclidean measure on
Q;(t). For ¢ =(sj_1,...,8;) € Q;;(t), we define

Ey(¢) =m;(sj-1) + nj—1(sj-2) = nj—1(s5-1) + -+ mi(t) —mi(ss)-
For1<i<j<nandt>0, set

(3.1) i) =" b= [P,
Qi ()

Setting b;; = 0 for ¢ > j, this defines a path in the subgroup B of upper
triangular matrices in GL(n,C). If n is smooth, then b(t) = (b;;(t)), t >0,
satisfies the evolution equation

(3.2) b= (i),
with initial condition b(0) = I,,, where £(\) = ¢, is defined for A € C" by
A1 0 . 0
0 X 1 .. 0
(3.3) Ex= . :
A1 1
0 . An

For n =1, we define ey = A;.
The next proposition is a special case of [5, Proposition 3.11]. It shows
that b(t) € P for each ¢t > 0 and also makes clear the connection with Kirillov’s
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original definition of the geometric RSK mapping in terms on non-intersecting
lattice paths. For completeness, we include a direct proof which is adapted
to the present setting.

ProrosIiTION 3.1.
(3.4) A (b(t)) :/ (@04 +En(08) 4oy, ... dey,
Qi (t)

where the integral is with respect to the Euclidean measure on the set Q7' (t)
of k-tuples of non-intersecting down-right paths ¢1,...,¢x starting at (0,m —
kE+1),...,(0,m), respectively, and ending at (t,1),...,(t, k).

Proof. This is a straightforward variation of the Karlin—-McGregor/
Lindstrom—Gessel-Viennot formula, and is proved by a standard path-
switching argument, see, for example, [24, Section 1.2]. Let

Y(t) = (Ya(t),...,Yx(t)), t=0

be a collection of independent, unit-rate Poisson processes started at positions
(1,...,k). Then Y is a continuous time Markov chain with state space N¥.
Denote the transition probabilities of Y by

pe(y,y)=P(Y(s+t)=y[Y(s)=y), s,t>0.

For o € S}, and y € N*, write oy = (Yo(1),-++>Yo(k))- We note that Y enjoys
the strong Markov property and its law is Si-invariant, that is, p:(oy,oy’) =
pe(y,y’) for all o € Si. Let

T;=inf{t>0:Y(t)=Y;11(1)}, 1<i<n-—1,

and T'=min; 7T;. Fix t > 0 and let Z be an integrable, measurable ~function of
(Y(r),0 <r <t) which is invariant under the substitutions ¥ — Y where
for each 1,

}'}(z) (T) _ Y(T), T S E,
$;Y(r), r>T;,
with s; denoting the adjacent transposition (4,7 + 1).
We will first show that, for y € N* with ¢, < s <--- < yp,
(3.5) E[Z;T>tY(t)=y] =Y sgn(o)E[Z;Y(t) =0y
€Sk
Note that, since E[Z;T > t;Y(t) = oy] =0 unless o is the identity, this is
equivalent to
> sen(0)E[Z;T <Y (t) =oy] =0,
€Sk
or indeed
Z Z sgn(o)E[Z;T =T, <t;Y (t) =oy| =0.

i OESE
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It therefore suffices to show that, for each 1,
Z sgn(o)E[Z;T =T, <t;Y(t) = oy| =0.
€Sk

Now fix 7 and writeN)N’ =Y, Then, by the strong Markov property and
Sk-invariance of Y, Y has the same law as Y. Moreover,

Tj=inf{t>0:Y;(t)=Y;11(t)}, 1<j<n-—L
Thus,
E[Z;T:Ti <t;Y(t) :Uy} :E[Z;T:Ti <t:Y(t) :sigy}
:E[Z;T:Ti <t;Y(t) :siay},
and we conclude that

Z sgn(o)E[Z;T =T, <t;Y () = o]
o€Sk

= Z sgn(a)E[Z;T =T; <t;Y(t)= Siay]

o€Sk
=— Z sgn(s;o)E[Z;T =T; <t;Y (t) = sioy]
o€Sk
==Y sen(0)E[Z;T =T, <;Y(t) =0y,
g€Sk

as required.
To see that (3.5) implies the formula (3.4), we take

7 = eEn(?l)‘f‘"“"En(f/k)’
where Y(s) =Y (t —s), and y = (m — k + 1,...,m). Then, using the fact
that a collection of independent, identically distributed exponential random

variables, conditioned on the value of their sum is uniformly distributed in
the corresponding simplex, we can write:

E[Z;T>tY(t) =y]
=P(Y(t) :y)IQk,m(t)rk/Q ( )eEn(¢1>+~--+En<¢k> déy - by
m(t

and

=det[E [eE"(Y/i);Yi(t) =1y;]] 1<i,j<k

=det [P(Y; (t) = yj) |Qi,m7k+j (t)|_1bi,m7k+j (t)] 1<ij<k"
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Now, for each i < j,
i1

P =j) = =< )],
hence
P(Yilt) =) Qmorss (0] ="
and
P(Y (1) =)@k ()] " =",
which concludes the proof. O

In particular, X (¢) = («*(¢)) = f(b(t)),t > 0 defines a path in the set of
triangles 7. The mapping II: n+— (X (t),t > 0) was introduced and studied
in the papers [5], [6] and can be thought of as a continuous time version of
the geometric RSK correspondence introduced by Kirillov [25]. It also ap-
peared, in a different form (see below) in the paper [34]. For readers familiar
with the usual RSK correspondence, for each fixed ¢ > 0, the path (n(s),0 <
s <t) should be interpreted as the input ‘word’, the triangle X (¢) = («"(¢),
1<i<m<n) as the ‘P-tableau’, the path (2"(s),0 < s <t) as the ‘Q-
tableau’ and the vector z™(t) as their common ‘shape’.

The mapping II: n— (X (t),t > 0) defined above admits the following al-
ternative formulation which is, in fact, equivalent to the original definition

given in [34]. For i=1,...,n— 1, and continuous 7 : (0,00) — R"™, define
t
(Pap(®) =nte) + (tog [ e+ s} e - i)
0
where eq,...,e, denote the standard basis vectors in R™. Let II; denote the

identity mapping (II1n =n) and, for 2 <m <n, define
II,,=Pio---0P,,_101l,_1.

Now, for continuous 7 : [0,00) — R™ with 7(0) =0, define X (t) = (z"(¢)),

t>0, by

(3.6) () = (mn)i(t), 1<i<m<n.

Then it holds that IIn = (X (¢),t > 0). This follows from a more general
result [5, Theorem 3.5], which states that (e*1,...,e%n) is the diagonal part
in the Gauss decomposition of bwg, as well as the recursive nature of the
construction. For completeness, we will include a self-contained proof of this
fact in the following, see Proposition 3.4 below.

In [5], it was shown that the P; satisfy the braid relations, that is

PP\ P;=P 1 PP, i=1,...,n—1.
It follows that, for each w € S,,,
Pw =P - .Hl
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is well defined, where w =s;, ---s;, is any reduced decomposition of w as
a product of adjacent transpositions, where s; denotes the transposition
(i,i4+1). The above-defined II,, is in fact P,,, as can be seen using the
reduced decomposition 121321---n—1---21.

It is a straightforward consequence of (3.6) that, for smooth 7, the triangle

X = (z") evolves according to the dynamics

.1 .
(3.7) iy =11;
. m sm—1 zy —a ! .m . e .
Ty =]~ He2 T Ty =My — €' m Tm-1 2<m<n;
. m— m o am—1 m_gm—1 .
M =gl et et Tt T <i<m<n.

7 7
(For details, see Proposition 3.3.) Note that the initial value is singular.

We now will explain how, using the evolution equations (3.7), one can
‘insert” a path n into an arbitrary initial triangle £ € 7. In the language of
RSK, this corresponds to inserting a word into an arbitrary initial P-tableau.
For a smooth path 7, the dynamic (3.7) defines a flow on triangles which we
denote by Sy. In other words, if we set X (0) = ¢ and allow X (t) to evolve
according to (3.7), then X(¢) = S/¢. Similarly, we denote by R} the flow
on P defined by R}by = b(t), where b(t) is the solution to (3.2) with initial
condition b(0) = by. We will explain shortly how to extend the definitions of
the flows S} and R} to continuous paths 7, but first we make a note of the
important relation between them.

PROPOSITION 3.2. For smooth 1 : [0,00) — R™ with n(0) =0,
(3.8) Rl=f"1oS/of.

Proof. Let X(0) € T and, for ¢t >0, X(t) =S/ X(0) and b(t) = f~1(X(¢)).
Let us write A =1. We are required to show that b=e\b. We will prove
this by induction. Write 7T =T", f = f", P=P", e =&" to emphasize their
dependence on n and for m < n denote by S the flow defined on 7™ defined
in the same way as above by a smooth path 7 : [0,00) — R™.

Forn=1,b= e®1 50 @1 = A1 implies b=M\b, as required.

For general n, by Proposition 2.1 we can write

b=FEy(w") - E,(w"),

where

i l<i<n-—-m+1.
Define Y = (y7*) € 7"~ by y =27 1 <i<m <n—1. In other words,
Y is the triangle of size n — 1 obtained from X by removing z1,...,z". Define

¥ n

a smooth path 7 : [0,00) — R"~! by setting 7(0) =0 and 7 = v, where
(39) 1%} :)\1+a1, 1/2:)\2—a1+a2,
Un—1= )\n—l —Gp—2+ap-1,

it gt .
a; = e’ 1<i1<n—1.

mti—1__ m+i—2
T

m
wi’ =e'1; w;" = e
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Then, by (3.7), Y(t) = SFY(0). Moreover, from the definition of the w™
above, we can write

10 ... O

0
b= E1 (U}l)

: bt
0

where b1 = (f7=1)=1(Y). We note that w' = (¢*1,ay,...,a,_1) and so, by
(3.7),

(310) ’(i)l = ()\171)%, ()\2 - )\1 - al)w%, ey ()\n - /\n—l — an_l)w}l).
By the induction hypothesis, "1 = "~ (v)b"~1. Thus,
10 ... O 0 0 .. 0
N N
b:El (’LU ) bn—l +E1 (w ) En_l(l/)bn_l
0 0
0 0 0 10 0
W)+ B )| :
= |Fi(w )+ E(w .
: e (v) pnt
0 0
Note that F;(w') = diag(w?). It therefore suffices to show that
0 0 0
. .1 1 0 n 1
diag(vw') + By (w') : o =e"(AN)E (w'),
: e" Hv)
0
which is readily verified using (3.9) and (3.10). O

We will now explain how to extend the definition of the flow S} to con-
tinuous paths 7 : [0,00) — R™ with 7(0) = 0, by simply solving the equations
(3.7) in terms of n and then observing that 1 need not be smooth in order for
the solution to make sense.

Let £= (&™) €T and n: [0,00) = R™ continuous with 1(0) = 0. Denote by
I1¢7 the path X (¢) = (27*(t)),t >0 in T, defined as follows. Set u; = &1,

m m—1
= &M=,
i=1 i=1
and define

(3.11) ~(t) =0(6) + e
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For 2 <k <m <n, define

k—1 k-1
(3.12) =Y et =y e
i=1 i=1
Set
(3.13) x1(t) = (1),
and, for 2<m <n,
t
(3.14) o (t) = 7 (t) — log [e‘”ﬂri +/ e (8) =i (s) ds].
0
For2<m<mnand 1<k<m,
t
(3.15) @ (t) =y () — log [m + [ s ds] ,
0
where
t
(316) yzl(t) = .T;:L_l(t) + log |:erl7cn+1 +/ 6?/211(5)*93;:’_1(5) d8:| :
0

for 2 <m < n, writing y3 = o,
m t m m—1
(3.17) () =27 (t) +log {erz +/ evz (s)=21" " (s) ds}
0

The mapping II¢ can be written more compactly as follows. For r € R,

i=1,...,n—1, and continuous 7 : [0,00) — R™, define
t
(Pf??) (t) =n(t) + (1og [e_r + / eNit1(s)=ni(s) ds} ) (e; — €it1)-
0

Define TI§ by 1155 (t) = 7(t), where 7 is defined as above by (3.11). For 1 <
m <n, set
I, =P* 0.0 P'm oI5 .

Then 1157 = ((I15,7);, 1 <i <m < n).

PROPOSITION 3.3. Let n: [0,00) = R™ be a smooth path with n(0) = 0.
Then, fort>0,

Spe = 11€y (1),

Also, fort >0, IIn(t) evolves according to (3.7).

Proof. Let X(t) = (zI"(t)) be defined by (3.13)—(3.17). For convenience,
write Y7 (t) = m(t) and observe that, for 2 <k <m <n,
m—1

d m ¢ m m—1 m
(3.18) —log {e’”k +/ Vi (8) =2 (9) gg | = ek ~Ti1
dt .
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First note that @} =1); and, using (3.18),
x% = ".7m - emzi

for 2<m <n. For 2<m<n and 1 <k <m, by (3.15), (3.16) and (3.18),

m_ m-—1 m m—1 m_ m—1
I,Ln :yl’rcn — Tk T :i,;n—l + eTht1~ T — %k TT1

For 2 <m <mn, by (3.17) and (3.18),

. . _ m__ ,om—1
=g et T

We have thus shown that X(¢) satisfies (3.7), and it remains to check that
X(0) =¢.
It follows immediately from the definitions (3.11), (3.13) and (3.14) that
T (0) = pm + 17y =&
for 1<m<mn. For 2<m <n and 1 <k <m, from (3.15) and (3.16),
i (0) =y (0) + 7 =2 H0) — iy it = a2 TH0) + & - g0
for 2<m <mn, from (3.17),
27" (0) =" H(0) =5 = a7 T H0) + & - &
It follows that 27*(0) =& for 1 <i <m <n, as required.

The second claim also follows from the above argument, taking e "% =0
for 2<k<m<n. O

Thus, for £ € T, b€ P and continuous 7 : [0,00) = R™ with 1n(0) =0, we
define, for t > 0,

(3.19) SPe=1¢n(t),  Rib=f"'(S/f(b)).

Let 7 : [0,00) = R™ be a continuous path with n(0) = 0. Set b(t) = R}b(0)
with either 5(0) € P or b(0) =I. Then, for each ¢t > 0, b(t) € P and we can
define X (t) = (2"(t)) = f(b(t)). If b(0) = I then X (¢t) =IIn(t). If b(0) € P,
then X (t) = S7¢ =1I%n(t) where £ = f(b(0)). By Proposition 2.3, for each
t >0, b(t)wo has a Gauss decomposition

b(t)we = L(t)D(t)U(t),
where

Dii:(im', 1<i1<n
and L € (N_)s¢ is given by

L=Ly(u")Ly(u?) -+ Ly (u"1),
ul’ = 6”32:51*‘/”;”, 1<i<m<n.

For a square matrix A denote by II_(A) the strictly lower triangular part
of A. The next proposition is essentially a special case of [6, Proposition 6.4].
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PROPOSITION 3.4. If n is smooth, then L(t) and R(t) = D(t)U(t) satisfy
L=LI_(L 'e(nL), R=e(i")R.
Proof. We have b= ¢(1)b, hence
LR+ LR=¢(n)LR,
or, equivalently,
L7'L+RR™'=L"te(n)L.
Now, since RR™! is upper triangular and L1 is strictly lower triangular,
this implies
L' L=0_(L7'L+RR)=1_(L 'e(n)L),

proving the first claim. Similarly, the strictly upper triangular part of RR™!
must equal the strictly upper triangular part of L~te(n)L, Which Is just the
shift matrix £(0); also, since R = DU, the diagonal part of RR™! is DD~! =
diag(i™). Hence, RR™1 = diag(i™) + £(0) = ("), as required. O

4. Whittaker functions and the quantum Toda lattice
Following [20], [23], [18], for X = (z") € T and A € R™, we define, for n > 2,
(4.1) FX)= Y e

1<i<m<n

1 m__

—x" g —gmt!
i + e i
and
n m—1 m
(4.2) AAX)=Y"An (Z gl - x;”> + F(X).
m=1 i=1 i=1
If n=1, we set F(X) =0 and Fy(X) = -z
For some readers, the following graphical representation may be helpful for
understanding the above definition, and also for following some of the proofs
which will be given later. We view a triangle X = (2*) as an array:

The elements of this array are connected by arrows as shown, with the obvious
omissions at the boundary:
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m—1 m—1

T Ti—1
"
e
To an arrow a — b, we associated the weight e?~®. Then F(X) is just the
sum of the weights associated with the arrows in the diagram of X.
For z € R™, denote by T () the set of triangles X = (") € T with bottom
row 2" =x. Let € >0 and define

w,\(z):/ﬂz) e~ FA(X)/e H dx*.

1<i<m<n

These are eigenfunctions of the quantum Toda lattice with Hamiltonian
9 n—1
H=—-cA+- et

also known as GL(n,R)-Whittaker functions [28], [20], [23], [18], [22].

In [45], it was shown that, for each x € R", the function F(X) is strictly
convex and has a unique critical point on 7 (z), which is a minimum. This
property extends trivially to Fy(X), as we are simply adding a linear func-
tional. Denote the corresponding critical point by X3 (z). Note that, since
F(X) is strictly convex, X3(x) is a continuous function of \.

For X = (z*) € T and, for 1 <i <m <n, define I;" ={7"(X) and r}* =
rI"(X) as follows. For 1 <i<m <n,

3

m_ gmtl_gm 2l gm
li = e"itl i +e i i s
and, for 1 <m < mn,
gt

Similarly, for 1 <i<m <n,

P = T el | el el
and, for 1 <m <n,
] = et el
For each x € R™, the critical point X = X3 (x) of Fy on T (z) satisfies
(4.3) Am X)) = A1 +777(X), 1<i<m<n.

For A € R", denote by T\ the set of X = (2") € T which satisfy the critical
point equations (4.3). Note that each element X = (2*) € 7, is uniquely
determined by its bottom row z”, via X = X (2™).
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REMARK 4.1. The critical point equations (4.3) are closely related to the
geometric Bender—Knuth transformations introduced in [25]. These are bira-
tional involutions b, 1 <i <m < n defined on T as follows: if X = (zI") € T
then b"(X) is obtained from X by replacing =" with

L (X)
rm(X)’

7

=" +log

and leaving the other entries unchanged. Thus, X € 7y if, and only if, it
is invariant under all of the geometric Bender-Knuth transformations b7,
1 <i<m < n. We note that this implies, in particular, that each X € 7j is a
fixed point of the geometric lifting of Schutzenberger’s involution, defined in
[25] as a composition of geometric Bender-Knuth transformations.

5. Geometric RSK and Brownian motion

In this section, we recall some of the main results from [37] which relate the
continuous-time geometric RSK mapping, with Brownian motion as input, to
the quantum Toda lattice.

THEOREM 5.1 ([37]). If n(t) is a Brownian motion in R™ with n(0) =0,
infinitesimal variance € and drift A € R", then x(t) =1,n(t) is a diffusion
process in R™ with infinitesimal generator given by

0y == gia(e) (4 L A Jonto) = 30+ <Vl .

We note that in [37] this statement was proved in the case € =1, but this
is minor modification. In the case n = 2, it is equivalent to a Theorem of
Matsumoto and Yor [31]. The diffusion process with generator £y was first
introduced in [3], in the context of more general root systems.

In the paper [37], more general initial conditions were also considered, and
two quite different stochastic dynamics on triangles, namely:

(51) d(ﬂ% = dBl + )\1 dt;
m—1

dalt = dBy, + (Am — €™ " "m-1)dt, 2<m<m;
Az = da? e A, 2<m<ng
dzl" = d:z:lm_l + (61;1171;%1 4
and
(5.2) dal=dWl+ A dt;
Az = AW + (A — €™ n—"n-1) dt,  2<m <n;
Az = AW+ (A + €™ ) dt, 2<m <n;

-1 m—1

da* = dW™ + (A + e T em e Jdt, 1<i<m<n,
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where B;, W™, 1 <4 <m <n are independent one-dimensional Brownian mo-
tions (without drift) and, for the purposes of this discussion, each with infin-
itesimal variance €.

The first of these, (5.1), describes the (stochastic) evolution of IIn(t), or
[1¢7(¢) any initial condition & € T, where n(t) = B(t) +t), as can be seen, for
example, from the proof of Proposition 3.3 above. The second dynamic (5.2)
is a geometric lifting of Warren’s process [46].

THEOREM 5.2 ([37]). For each x € R", if the initial condition X(0) is
chosen at random according to the probability measure on T (x) with density
proportional to e 7>X)/e and X (t) evolves according to (5.1) or (5.2), then
x™(t),t >0 is a diffusion process with infinitesimal generator Ly, started at x.
Moreover, for each t >0, the conditional law of X (t) given x™(s),0 <s<t is
supported on T (z"(t)) with density proportional to e=">(X)/e,

This theorem can be represented as a commutative diagram, as follows.
Denote by Q7 the Markov semigroup associated with the diffusion with in-
finitesimal generator Ly, that is, @} = e*“*, by P} the Markov semigroup
associated with the Markov process defined by either (5.1) or (5.2), and de-
fine Markov kernels Yy from R™ to 7 and 7 from 7 to R"™, by

(2a)(@) = o (2)! /T PN px)y [ del

(w) 1<i<m<n
for suitable f: 7 — R and, writing X = (27") € T,

(79)(X) = g(a").
Then, according to Theorem 5.2, the following diagram commutes:
by

A
T —— R

o a

T
T — R

Theorem 5.1 is a generalisation of Pitman’s ‘2M — X’ theorem [43],
which states that, if X; is a standard one-dimensional Brownian motion and
M; = maxg<s<i X, then 2M — X is a three-dimensional Bessel process. Pit-
man’s theorem was generalised to the type A,_; case (from A;) in [10], [41]
and to arbitrary finite Coxeter groups in [5], [6]. For discrete versions, see
[35], [36], [30]. These generalisations are closely related to the RSK corre-
spondence, and also longest increasing subsequences, percolation and queues
[1], [2], [21]. Pitman’s theorem was extended to the geometric setting by Mat-
sumoto and Yor [31], and Theorem 5.1 can be regarded as a geometric lifting
of the generalisations of Pitman’s theorem for type A,_; given in [10], [41].
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It has been generalised to other types in [12]. A discrete-time version is given
in [13] (see also [40]) in the context of Kirillov’s geometric RSK mapping on
matrices, and a fully discrete g-version, in the context of Ruijenaars ¢-Toda
difference operators and g-Whittaker functions, in [39] (see also [9], [42]).

The second dynamics (5.2) is a geometric lifting of a process on Gelfand—
Tsetlin patterns introduced by Warren [46]. Nordenstam [32] showed that a
discrete version of Warren’s process is in fact closely related to a shuffling
algorithm which was previously studied in the random tilings literature [15],
[44], see also [8], [47], [7]. For some time now, it has been a natural question to
understand the relationship between these two types of dynamics. As we will
see, there is one setting in which the answer is simple: in the semi-classical
(¢ = 0) limit of Theorem 5.2, they are, in fact, equivalent!

6. A semi-classical limit

Theorem 5.1 can be restated as follows: if 7(¢) is a Brownian motion in R™
with 7(0) = 0, infinitesimal variance ¢ and drift A € R™, then x(¢) =II,,n(t) is
a weak solution to the stochastic differential equation

(6.1) dx =+/edW +eVlog(z)dt,

where W is a standard Brownian motion in R™. From the definition of 1y,
formally taking the limit in (6.1) as ¢ — 0 yields

where, in the notation of Section 4,
(6.3) uA(x):]:A(X:{(gc))

In the case A =0, this gradient flow is discussed by Givental [20], where it
is shown to be equivalent to the Toda flow (with opposite sign) on its most
degenerate iso-spectral manifold on which the eigenvalues of the Lax matrix
are all equal to zero. In fact, the corresponding statement holds true for any
A € R™, namely, that the gradient flow (6.2) describes the Toda flow on the
iso-spectral manifold corresponding to A. For more details, see Section 7 and
Theorem 8.5 below.

On the other hand, when e =0, n(t) = ¢t almost surely. This suggests that
the image of the path 7(¢) = tA under II,, defines a solution to the Toda flow
on the iso-spectral manifold corresponding to Aq,...,\,, and indeed this is
the case, as we will show in Theorem 8.5.

For more general initial conditions, in the context of Theorem 5.2, note
that when € =0, (5.1) becomes

-1 .
(6.4) &7 =A1;
_ m__ m—1

B =@ et T

)
-1 m m—1

. o mo_om m .
im =g Lpetii—e % —%0 J<i<m<n
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and (5.2) becomes

.1
(6.5) @7 =A1;
. 1 1
.m I‘mfl_l'm, .m (L‘m—.'L'm71
T = A + €™t 1 Tpy = Ay, —€"m Tm—1 2<m <mn;
. m=l_gm m_gm-1 .
T = Ay, + €% Ti —e% T 1<i<m<n.

Moreover, the fixed time marginals of the process X (t), which are the same
in either case, are concentrated on 7). As we will see, 7Ty is stable under both
of the flows defined by (6.4) and (6.5), and on T, they are in fact equivalent.
Moreover, we will show that if X (0) € 7, and X(¢) evolves according to ei-
ther/both, then z™(t) defines a solution to the Toda flow with opposite sign
on the iso-spectral manifold corresponding to A. This last statement can be
interpreted as a semi-classical limit of Theorem 5.2. From this, we will also
deduce the semi-classical limit of Theorem 5.1. For precise statements, see
Theorems 8.4 and 8.5 below.

7. The Toda lattice

The Toda lattice is completely integrable Hamiltonian system which has
been extensively studied in the literature, see, for example, the survey [26].
We will consider the Toda lattice with opposite sign, with Hamiltonian

n—1

(7.1) % i:pf _ Z Tt T
1=1 i=1

This is a special case of the indefinite Toda lattice [26], [27]. The equations
of motion are

7.2 I =—e"T M Ep =€ Fn1y
) i

By = —eTHITT L TSN =02 n—1.

Writing ¢; = e®i+1 =% for 1 <i<n—1, set

1 1 0 0
- p2 1 x 0

(7.3) M=| 0 T :
0

1

0 0 —Gqn—-1 Pn
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and
0 0 0
-q¢q 0 0
(7.4 Q=T1 (M)=
0 0
0 —qn-1 0
Then (M, Q) form a Lax pair, that is,
(7.5) M =[M,Q)

and (7.5) is equivalent to the equations of motion (7.2) or, equivalently,

(7.6) ¢ = (pi+1 —pi)gi, i=1,...,n—1;
P1=—q; Pn = qn-1;

f’i:%—i—l—%‘; 122,,7’1—1
In particular, the eigenvalues A1, ..., A\, of M form a complete set of integrals
of motion for the system. Denote by M the set of complex, tridiagonal,
Hessenberg matrices and by M the subset of those matrices with eigenvalues
given by A= (A1,...,An).

The relation to the usual Toda lattice with Hamiltonian

1 n n—1
syt e
i=1 i=1

is as follows. If xz(t) is a solution to the opposite sign Toda lattice which
can be analytically continued in the time variable ¢ then, formally at least,
&(t) = x(«t) defines a solution to the usual Toda lattice, that is

(77) &= 652*517 fn _ 765‘”7571,71;
éi:€§i+1—f1: _efi_éi—17 i=2....n—1.
To solve (7.5) for a given initial condition My € M we write, for each t > 0,
Mo =n(t)r(t),

where n(t) € N_ and r(t) € B, assuming for the moment that such a factori-
sation is possible. Then

M(t) =n(t)" Mon(t) = r(t) Mor(t) ™"

defines a solution to (7.5) with M (0) = My. The matrices n(t) and r(t) evolve
according to

n=nQ, 7= Pr,
where P =M — Q. Denote the corresponding flow on M by T}, so that

M(t) = TtMO~
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There may exist times at which the solution blows up, as discussed, for ex-
ample, in [16], [26], [27].

Finally, we recall an important result of Kostant [29], namely that for any
M € M, there is a unique L € N_ such that

M =L"1e,\L.
Thus, if My € My with My = Lalzs)\Lo, then we can write
M(t) = L) er L(1),
where L(t) = Lon(t) evolves according to L = LQ with L(0) = L.

8. Flows on triangles and upper triangular matrices

We consider two flows on T, which we denote by S;* and S’t)‘, and define by
(81) IL’l )\17

m—1 m m—1

i =g T e T =y — €T Tm-1 2 <m <n;
. o m o m—1 m_ m—1 .
Tt =" Lypeti—s "2 1<i<m<n
and
(82) .131 /\1,
. M=l _gm .m o™ gl
= Ay + €™ 1 Toy = Ay, —em " Tm—1 2<m < mn;
m—1__m m__m—1 .
= A e e cicm<n
respectively.

PROPOSITION 8.1. For each A\ € R™, T, is invariant under the flows S}
and S} and, moreover, on Ty these flows are equivalent.

Proof. We will first show that 7 is stable under the dynamics (8.1). By
(4.3), this is equivalent to showing that Ty is stable under the dynamics (8.2).
Suppose X € T,. Then it follows from (8.2), using (4.3), that

m-+41 m+1

(8.3) B = Apg1 + €% T8 —eih T 1< i<m<n.
Using (8.2) and (8.3) we have, for 1 <i <m <mn,

= (@ —am)en -

z" m+1 . Ltl z

i —|—( il X )e i+ i
m—1

)exi -z

m—+1 m m—+1 m+1 m

+ (6 R iy —e%i % )ex1+1 -
m
k3

1 m—1 m41 m41

m m—1 m—1
:(6931' “Ti-1 ¢ 1+1 —x7

—e¥ T eTit1 T
and
-m _( m __ .m 1) ] —9317_11 + (-m_ m+1) ™ —gmtt
r, = \Z; xl—l e Z; :Ci &
-1 -1 —1
— (ewzn —Z; __ ewzn—l 7m;nfl)ew;n7w;n—l
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+ (err+1_zyil _ em;vfgl»l_x;n)exzn_mzﬂiﬂ
—1 —1 141 1
— ew;n 71;”—1 i ez;n+1 79:;”
Similarly, for 1 <m < n, we obtain
== et = e

‘We conclude that l'z’»” = 77" for all 1 <7 <m < n, which shows that 7} is stable,
as required. O

The flow S} has a convenient representation in terms of the simple linear
flow on B defined by

R} = e
PROPOSITION 8.2. On T, S} = foR}o f~1.
Proof. This follows from Proposition 3.2, taking n(t) = tA. O

We will now explain how the restriction of the flow S7 to T, is related to
the Toda flow on M.
Define a map h: T — (N_)so, X = (2I") = L, by

L=1, (ul)Lg (uz) o Lpq (u™h),

where
m+l__m

ut=e%i1 T 1 <i<m<n.

Define another map gy : T — M, X = (2") — M, where M is defined by
(7.3) with
=€ 1<i<n-—1,

and p =p", where p/”*, 1 <i <m <n are defined by

m m—1 M —gmT m " —gn L,
P =D +e2 o pm:)\m_e n Tnely
_ m _ om—1 m__  m—1 .
Pt =pt T p eI et T 1<i<m.
Note that, if X € Ty, then by (4.3), we can write
n—1 n n n—1
p1= )\n +et T ) Pn = >\n - e1n—$n,1;

n—1 n n—1

i =M €% T e 1<i<n.

PROPOSITION 8.3. Let X = (z") €T, M =gx(X) and L=h(X). If X €
Ty, then

(8.4) M=L""'e,\L.

Proof. For ue C™, 1 <m < n, define

Kp(u) = <5m(§u) 0 ) ’

Infmfl
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where
1 0 0 0
up 1 0 0
5™ (u) = 0 wuy 1 0
0 0 upy 1
Note that
Lp(u)™t = K (—u)
Let X € T and define
U = 61?3:51_“55”, 1<i<m<n;
vt = ezyu‘r;ﬂ*l, 1<i<m<n;
= ST 1<i<m<n;
e I T L W S ¥
pr=p et T el el e,

For 2 <m <n, write N = (A1,...,A\m), Lm(u) = L7 (u), Kp(u) = K]} (u),

m m

LU =rm(ul) - Ly (u™ )

and
P 1 0 ... 0
—q 1 .. 0
m_| 0 - 5
M 0
: 1
0 ce 00 =gy Py
For v € C™ write
V1 1 0
0 v 1 0
em(v) =
Um—1 1
0 Um

First, we will show that X € T, implies (8.4). We prove this by induc-
tion.
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For m = 2, write ¢ = ¢}, p; = p?, u=uj, v=1ov{. Note that q = uv,
p1=A1 +u, po =Xy —u and, by (4.3), A\; +u= A2 +v. Then

(L&) (L@ = (_1u (1)) (Aol ;2> (i (1)>

_ )\1 + u ].
T\ —u\ —l—)\g()\g —u) Ao — U

:<)\1+u 1 )ZM(Q)’
—-q A2 —u

as required.
Now fix 2 <m < n. For A e C™ ™, write

0
A :
Hm(A) = 0
1
0 0

Note that

Lm—i—l(um)_l — K:rrLH_l (_um) _ 6m(_um)
and

u"vt =gt 1<i<m.
Also, since X € Ty, (4.3) implies

p71n+1 = A1 + 015 Pzﬁ = A1 — Upys

Pl = A o =, 1<i<mA+ 1
Hence,

M) Ly = L (™) T Hy (2™ (07)),
and so
(8.5) Lot (™) [MO D = X T ] L ()7
= H (™ (™)) Lot ()

Now, by (4.3),

Pt =Amt1 + Ut —ult, 1<i<m.

Using this, and
wvl =¢q;, 1<i<m,
the right-hand side of (8.5) becomes
Ho (™ (™)) LA (™) ™ = Hyp (MU = A1 1),
By the induction hypothesis,
M™ = (L) lem (xm) L)
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Hence, using
Hpp (8™ (A™) = A L) =™ (™) = A1 L
and
Hm((L(m))_lAL(m))
= [ )L )] T H (AL () L ),
we conclude that
M(m+1) — (L(m+1))—1€m+1 ()\m+1)L(m+1)’

as required.

Now we will show that (8.4) implies X € Ty, again by induction. Write
T=T",Tx="T," to emphasize their dependence on n. For 1 <m <n, write
Xm=(xt,... ™). O

REMARK 8.1. It can be shown that, in fact, X € 7, if, and only if,
Mm) — (L(m))—lem (A™) L™,
for each 2 <m <n.

In the next theorem, in the case A =0, the formula (8.7) and the gradient
flow representation (8.8) are due to Givental [20].

THEOREM 8.4. Let z,\ € R" and define X (t) = (z"(t)) = S} X (0) where

(2

X(0) € Ta. Let M(t) = gr(X(t)), b(t) = f~1(X(t)), and
L=1Li(u")Lo(u®) -+ Ly (u™),

where
m+1l__m R
u*=e%+1 TP 1 <i<m<n.

Let Q=TI_(M) and P=M — Q. Then:
(i) For allt>0,
M (t) = L(t) e L(t)
and we have the Gauss decompositions
b(t)wo = Lt)R(t), MO =n(t)r (D),
where n(t) = L(0)~*L(t), R(t) € B, r(t) = R(t)R(0)~! and these satisfy
L=L0Q, R=PR, n=nQ, 7= Pr.

In particular, M(t) defines a solution to the Toda flow on M.
(ii) The eigenvalues A1, ..., A\, are given by

m m—1
(8.6) M=d],  Ap=) @t - @, 2<m<n
=1 =1
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(iii) Writing x = z(t) = 2™ (t),

(8.7) FX)=(n—1a1+(n—3)d2+ -+ (1 —n)iy,
and

(8.8) & =—=Vyux(z).

Proof. (i) First note that, since b(t) € P for all ¢ > 0, by Proposition 2.3,
we have the Gauss decomposition b(t)wy = L(t)R(t) where L(t) is defined as
in the statement of the Theorem. It follows from Propositions 8.1 and 8.3 that
M (t) = L(t)"'exL(t) for all ¢t > 0. Thus, by Proposition 3.4, L = LQ, which
implies the Lax equation M = [M,Q]. We also have from Proposition 3.4 that
R = PR. Applying Proposition 8.3 at t =0, we have M (0) = L(0)"'exL(0);
it follows, using

L(t)R(t) = "> L(0) R(0),
that
MO = 1,(0)7 et L(0) = L(0) "' L(t)R(t)R(0) L.
Moreover, defining n(t) = L(0) "' L(t) and r(t) = R(¢t)R(0) "1, we have 1 = nQ
and 7 = Pr, as required.

Here is another, simple direct proof that x = 2™ satisfies the Toda equations

(7.2). For convenience, write y = 2"~ 1. First suppose 1 <i <n. By (8.2),

:bi — )\n + eyi*xi _ ewz‘*yz‘fl

and, by (8.3),
yi — >\n + eYi—Ti _ eri+1*yi’ yi—l — )\n + eYi—17Ti-1 _ oTiTYi-1
Hence,

B = (Y — @3)eV " 4 (Yimr — &))" TV
— (ewi_yi—l _ e$i+1—yi)eyi—wi + (eyi—l_ifi—l _ 62]1—11)6%—%71

—_ 76mi+171‘i + exifxiflh

For i =1, we have

T1= A, +e177, U1 = Ap + V17T — T2V
and hence
I = (yl — j;l)eylffl — 76127:61;
for i =n,
j«/-n — )\n _ el'n_ynfl’ y’nfl — )\n _ ewn_ynfl + eyn,fl_fl;n—l,

and we obtain
T, = (ynfl - in)exn_yn'71 = ex"_xnfl,
as required.
Part (ii) follows immediately from (8.1).
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(iii) We will prove (8.7) and (8.8) by induction. Write Yy, T=T", T\ =

v, FY and uY to emphasize their dependence on n. For 1 <m < n, write

A= (A1, ,Ap) and X™ = (2!,... 2™) € Tym. We will show that, for each
1<m<n,

(8.9) FMX™) =(m—1)a 4+ (m—3)a5 + -+ (1 — m)@
and
(8.10) @™ = =Vamuln (z™).

First, we show (8.9). For m =1, F(X) =0 and the result holds trivially. Let
m > 1 and write x = 2™ and y = 2™ L.

F? (XQ) =e"27Yl 4 YT,
By (8.2), 1 = A2 + ¥t and iy = Ay — "2~ Y, and so F?(X?) =iy — i9, as
required. Now suppose m > 2. Note that
Fr(X™) =FrH (X e,
where
EM=V17%1 L e®2 U1 ... ¥mTYm—1,
By the induction hypothesis,
FrHX™ ) =(m—2)j1 + (m—4)g2- - (2= m)fm—1.
Adding &, and using (8.3), then (8.2), gives
]:m(Xm) =(m—1)er™™
4+ (m—3)(e>7" — €™ V) 4. 4 (1 —m)(—e" Y1)
= (m—1):1'01+(m—3)m2+--~+(1—m)xm,

as required.
Now we will prove (8.10). For m =1, uy(z) = —A;x1 and the result holds
trivially. Let m > 1 and write z = 2™ and y = 2™ !. Set

8 Sm—I—a(Zyj sz>

and note that
ulm (1) = ul, L(y) + &
First, suppose 1 < ¢ < m. Note that

85/(’}” 85/\,” 8yj S I
i—1 i —Lq )\ .
Z 0y; 8% c

Jj=1
On the other hand, by the induction hypothesis and (8.3),

-1
8u7)\nm*1 (y> _ _y-j — _)\m —eYiTT | Tt Y — _85;\72” .
dy; Ay;
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Thus,

m—1 m—1 m—1
ou o o a(c/’ﬁ’z" s
Orur(r) = 3 L) 0 B 08 oimvis _ g _ 5

ﬁyj 8$1 e ayj 8331

j=1
= ePi Yi-1 _ p¥iTTi >\m — 71.2,’

as required. The cases i =1 and ¢ = m are similar. O

We note that, as this is a recursive construction, implicit in the statement
of Theorem 8.4 is the statement that, for each m <n, 2™ (¢) defines a solution
to the m-particle Toda flow on the iso-spectral manifold corresponding to
Alyenes Ame

Note, in particular, the above shows that T; o gy = gy © Sf‘ on 7Ty. To
summarise, if we let Py = f =7, then the following diagram commutes:

f (/)
Px Tx M
R} ‘ S ‘ T; ‘
f gx
P T M

In particular, the semi-classical limit of the commutative diagram shown at
the end of Section 6 is:

where now T} denotes the gradient flow defined by (8.8) and, with a slight
abuse of notation, 7 denotes the projection 7 : X = (z) — z™.

ExXAMPLE 8.1. Suppose n=2 and x = A=0. Then, on T (x),
Fo(X)=F(X) — Tl 4 T,
This has its unique critical point at 2} =0, and so

21(0) - B 0
20 220 =N 00=4 " g

Setting b(0) = f~1(X((0,0)), this implies
log AT(b(0)) =log A3(b(0)) =log A{(b(0)) =0
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and hence
1 1
o= 1)
Now,
(0 1 teo (1 1
=6 0) =6 1)
and hence

b(t) = et0b(0) = ((1) 1 ft> .

Now, applying the map f again gives
0

X“%:—by1+ﬂ log(1+1)

and hence

2%(t) = (log(1 +t),—log(1 +t)).
Note that this gives
1 B 1
T1ire b2 = 11y
For the usual Toda lattice this gives the solution

£(t) = (log(1 + ct), —log(1 +et)).

The symmetric form of the Lax matrix in this case is given by
_ 1
Af ( ( T )/ 6(52 51)/2> o ﬁ m
= ele—e)/2 L
e 2 Thi T Tva

which, at t =0, is given by
¢ 1
=0 1)

3ot _ 1

b1 q=e¢e

EXAMPLE 8.2. Suppose n=2, x = (z,—x) and A= (\,—\). Then

X)) =Y .

-z
where y € R is the unique solution to

Ate TV = A+e¥77

e Y =122 41— \e”.

that is

Now

0 e—)\t

oter — (e’\t %sinh(At))

(1+1)2

911
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and hence

eUTAL T 4 e~V L sinh(At)
— pte —
b(t) =e Ab(o) = ( 0 ey~ )\t .

The solution is thus given by
1
23 (t) =log (e“‘)‘t +eY X sinh()ﬂf)) ,

and z3(t) = —23(t). Note that

-2
q(t) = "3 (=71 () — ( THA 4 emY - X smh()\t)> .
Note that, when z — —oo, y — 0 and b(0) — I, and the solution becomes

1
z2(t) = log (X sinh(At)) ,
as discussed in Example 8.3 below.
Finally, we consider the flow R} on B started from the identity.

THEOREM 8.5. Let A € R"™ and b(t) = e'**. Note that f(b) = Iln, where
n(t) =tA. Then IIn(t) € Ty fort >0 and gx(IIn(t)),t > 0 defines a solution to
the Toda flow on M) which is singular at t =0. All of the other conclusions
of Theorem 8.4 also hold for t >0 with X (t) = (x*(t)) =In(t). In this case,

1
b(t) is given explicitly by by;(t) = et and, fori < j,

(8.11) bij(t) = Z{ 11 ()\k—)\l)l}e’\’“t

z’<k<j I1=i,....5;1%k

% tz dz
H7,<k<] )

where the integration is anti-clockwise around a circle containing A, ..., A;.
Alternatively, for i < j, we can write

Nt ML
“tlAnt \ITiT1 Aip1 1
41 i+1
(8.12) bij(t)[ 11 ()\kAl)] ’
1<k<I<j . :
eNtONTIEL N

We recall that, by definition,

i+ +ay=logm, 1<k<mn,
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where 71 = by, and, for 2 <k <n,

bl,n—k+1 cee bl,n—l bln

b2,n7k+1 cee b2,n71 b2n
(813) Tk =

brn—k+1 - brp—1 brn

Writing 71 = 7, this solution can also be expressed in the more familiar form

=1 T
& 7!
(8.14) o=
S o)

As matriz integrals, assuming |\;| <1 for each i,

(det M)kflettrM
8.15 = / - dM.
( ) Ul(k) [[i—; det(M — \iI)

When A\ =0,

(k—DlW(k—=2)--1 (k1)
(n—=Dln-=2)-(n—k)!

Proof. Let {(N) = X5(—Np"™), where p" =(n—1,n—3,...,1—n), and set
XN(t) = SP¢(N). By Propositions 3.3 and 8.1, XNV (t) = TIEWMy(t) € Ty, for
each ¢ > 0.

For 2 <k <m <n, define

(8.16) =

k-1 k-1
rE(N) =) &M N) = D€ (N).
i=1 i=1

We will show that, as N — oo, r"(N) — +oo for each 2 <i<m <n. Note
that this implies that TI¢(V)(5)(t) converges to II(n)(t) for each t > 0, and
hence that II(n)(¢) € Ty for each ¢ > 0. But II(n)(¢) also evolves according to
(8.1) for t > 0, so by Theorem 8.4, g»(IIn(¢)),t > 0 defines a solution to the
Toda flow on M, as claimed. For convenience, write X~V (0) = X = (7). For
1<m<n,define X = (z7*) € T by ™ = 2™ + Np™. Note that Z"* = 0. Then
Fa(X)=eNF.-ny(X) and X = X} x,(0). Thus, as N — oo, X — X5(0). Tt
follows that, as N — oo, for each 1 <i¢<m <n, 2" ~ —NpI" and hence
" (N) ~ N(k —1) — oo, as required.

We verify the formula (8.11) by induction. Without loss of generality, we
only need to show that the formula holds for b1,,, n > 2. As b(t) is a continuous
function of A we can also assume, for convenience, that the \; are distinct.

Write by, (t) = b1, (t). First, we note that
t
bs(t) = / Pasthuli=s) gg - 1
0

)\1—/\2(

Mt _ e/\gt).
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Now assume that, for each ¢ > 0,
booi(t)= > [ 11 @k—hyﬂeﬂﬁ
1<k<n—1"%=1,....n—1;l#k

From the definition (3.1), we can write

bin(t /bn L(s)e =9 d

._.

n— t
_ Z H ()\k: _ )\l)—1:| [/ e()\k—)\n)s d8:| ez\nt
k=1l1=1,...n—1:l#k 0
n—1r
_ Z H (>\k _ >\l)_1:| [e()\k—)\n)t _ 1] 6)‘"t
k=1 *l=1,...,n;l#k
n—1r
_ H (>\k o >\l)_1:| [e)\kt o e)\nt] )
k=1 *l=1,...,n;l#k

It therefore suffices to show that

nz_:l[l ) H ()‘k—/\l)_l] =- H (O — M) "L

k=1t=1,... n;jl#k 1<k<n—1

or, equivalently,

(8.17) 55[ 11 Mk—Aﬁ”}:&

k=1"l=1,...,n;l#k
To see that this holds, denote
Ap(ar,...,am) = H (ai —ay) :det[a?_jh)jzl’m’m
1<i<j<m

and note that

An(A) 2":{ I o- )\l)_l:|

n

Z(_l)i_lAn—l(Al7 .. 'a)/\\ia e '7ATL)

k=1"l=1,...,n;l#k i=1
D D VI |
L2 0 a1
= = O’
D N U W |

which implies (8.17). Note that essentially the same calculation yields the
alternative formula (8.12).
Set 7 = by, and, for 2 <k <n,

T = det[bij]i<i<km—ktr1<j<m-
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Then
af+-- oy =logm, 1<k<n,
and since z" satisfies the Toda equations (7.2), this implies
Thk+1Tk—1

logry)’ = ————

( g k:) 7_]3
for each 1 <k <n with the conventions 7y =1 and 7,41 =0.

On the other hand, the tau functions 73 defined by 7o =1, 71 = 71,

(k+i—j—1)

%k:det[Tl ]1§i,j§k7 k'22
also satisfy
(log )" = — ALk

This is well known and is easily verified using basic properties of Wronskians
and Sylvester’s identity. It follows, by induction, that 7, =7 for 1 <k <mn,
and in fact 7, =0 for k > n.
To obtain the last formula (8.16), note that when A =0, b;;(t) = t7=¢/(j —i)!
for i < j, hence
tnkarjfi
71 = det l:

—1 —k+‘—‘>0}
(n—k+j—1)! noRTIT ik

- _(klié)'_(kz; 2)'(n i k)!tk(n*k) det[(z:;ﬂi)j_LMk,

with the convention that (‘Z) =0 if b > a. Now, by a theorem of Gessel and

\/ienno 19 5
det <n Z) 17
k -] i,j——l,...7kj

so we are done. O

EXAMPLE 8.3. Suppose n =2 and A= (\,—A). Then

z(t) = <log [% sinh()\t)] ,—log [% Sinh()\t)] ) .
This yields the solution
&) = <log [i sin()\t)} ,—log [i sin()\t)] >
of the usual Toda lattice. Note that
22
sin?(\t)’

We can also take A to purely imaginary, A =ty say, where v € R. Then

2
ef2—& — _ v )
sinh?(vt)

652*51 — _
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This particular singular solution of the usual Toda lattice is discussed, for
example, in [11]. When A =0,

and

z(t) = (logt, —logt), ()= (v /2 +1ogt, —um /2 — logt),

e2 78 = 1 /42,
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