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LOCAL COHOMOLOGY MODULES OF POLYNOMIAL OR
POWER SERIES RINGS OVER RINGS OF

SMALL DIMENSION

LUIS NÚÑEZ-BETANCOURT

Abstract. Let A be a ring and R be a polynomial or a power
series ring over A. When A has dimension zero, we show that the

Bass numbers and the associated primes of the local cohomology

modules over R are finite. Moreover, if A has dimension one

and π is an nonzero divisor, then the same properties hold for

prime ideals that contain π. These results do not require that

A contains a field. As a consequence, we give a different proof

for the finiteness properties of local cohomology over unramified

regular local rings. In addition, we extend previous results on

the injective dimension of local cohomology modules over certain
regular rings of mixed characteristic.

1. Introduction

Throughout this manuscript, A and R denote commutative Noetherian
rings with unity such that R is either a polynomial ring, A[x1, . . . , xn], or a
power series ring, A[[x1, . . . , xn]]. If M is an R-module and I ⊂R is an ideal,
we denote the ith local cohomology of M with support in I by Hi

I(M). If I
is generated by the elements f1, . . . , f� ∈R, these cohomology groups can be
computed using the Čech complex,

0→M →
⊕
j

Mfj → · · · →Mf1···f� → 0.

The structure of these modules has been widely studied by several authors.
Among the results obtained, one encounters the following finiteness properties
for certain regular rings:

(1) The set of associated primes of Hi
I(R) is finite,
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(2) the Bass numbers of Hi
I(R) are finite, and

(3) inj.dimRHi
I(R)≤ dimSuppRHi

I(R).

Huneke and Sharp showed those properties for regular local rings of charac-
teristic p > 0 [HS93]. Lyubeznik proved these finiteness properties for regular
local rings of equal characteristic zero and finitely generated regular alge-
bras over a field of characteristic zero [Lyu93]. It is conjectured that these
properties also hold for regular local rings of mixed characteristic [Lyu93].
We point out that these properties are not necessarily true in general; see
[Kat02], [Sin00], [SS04] for counterexamples of (1) and [Har70] for a coun-
terexample of (2). If R is not a zero-dimensional Gorenstein ring, R=H0

0 (R)
is a counterexample for (3).

Properties (1), (2) and (3) have been proved for a larger family of functors
introduced by Lyubeznik [Lyu93]. If Z ⊂ Spec(R) is a closed subset and M
is an R-module, we denote by Hi

Z(M) the ith local cohomology module of M
with support in Z. We note that Hi

Z(R) =Hi
I(R), where Z = V(I) = {P ∈

Spec(R) : I ⊂ P}. For two closed subsets of Spec(R), Z1 ⊂ Z2, there is a long
exact sequence of functors

(1) · · · →Hi
Z1

→Hi
Z2

→Hi
Z1/Z2

→ · · · .

A Lyubeznik functor, T , is any functor of the form T = T1 ◦ · · · ◦ Tt, where
every functor Tj is either HZ1 , Hi

Z1\Z2
, or the kernel, image, or cokernel

of some arrow in the previous long exact sequence for closed subsets Z1,Z2

of Spec(R) such that Z2 ⊂ Z1. We point out that Hi
Z1/Z2

was previously

introduced (cf. [Har66]).
The aim of this manuscript is to extend properties (1) and (2) for certain

rings that are not necessarily regular or that do not necessarily contain a field.
Namely,

Theorem 1.1. Let A be a zero-dimensional commutative Noetherian ring.
Let R be either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Then,

• AssR T (R) is finite for every functor T , and
• the Bass numbers of T (R) are finite.

In particular, these properties hold for Hi
I(R) for every ideal I ⊂R and every

integer i ∈N.

Theorem 1.2. Let A be a one-dimensional ring, and R be either A[x1, . . . ,
xn] or A[[x1, . . . , xn]]. Let π ∈A denote an element such that dim(A/πA) = 0.
Then, the set of associated primes over R of T (R) that contain π is finite for
every functor T . Moreover, if A is Cohen–Macaulay and π is a nonzero
divisor, then the Bass numbers of T (R), with respect to a prime ideal P that
contains π, are finite. In particular, these properties hold for Hi

I(R) for every
ideal I ⊂R and every integer i ∈N.
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We also extend property (3) to regular rings that do not necessarily contain
a field. Namely the following theorem.

Theorem 1.3. Let (A,m,K) be a regular local Noetherian ring and let R be
either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let M be a D(R,A)-module supported
only at mR. Then,

inj.dimR(M)≤ dim(A) + dim(SuppRM).

In particular,

inj.dimR

(
Hj

η

(
T (R)

))
≤ dim(A),

where η = (m,x1, . . . , xn)R and T is a Lyubeznik functor. Moreover, if R =
A[x1, . . . , xn], then

inj.dimR(M)≤ dim(A) + dim(SuppRM)

for every D(R,A)-module, M .

Example 6.3 shows that the bound given in Theorem 1.3 is sharp. How-
ever, to the best of our knowledge, it is not known if this bound is sharp for
local cohomology modules Hi

I(R) if A does not contain a field, even when
dim(A) = 1.

The manuscript is organized as follows. In Section 2, we give an overview
of D-modules. Later, in Section 3, we study the associated primes of D(R,A)-
modules in the subcategory C(R,A), introduced by Lyubeznik in [Lyu00a].
In Section 4, we deal with the Bass numbers of D(R,A)-modules in C(R,A),
and we prove Theorem 1.1 and Theorem 1.2. In Section 5, we give a new
proof for finiteness properties of local cohomology modules over a regular local
ring of unramified mixed characteristic (cf. Theorem 1 in [Lyu00b]). Finally,
in Section 6, we study the injective dimension of D(R,A)-modules over a
polynomial or a power series ring with coefficients over any regular ring, and
we prove Theorem 1.3, which generalizes Theorem 5.1(a) in [Zho98].

2. D-modules

Given two rings, A and R such that A⊂R, we denote by D(R,A) the ring
of A-linear differential operators of R. This is the subring of HomA(R,R)
defined inductively as follows. The differential operators of order zero are
the morphisms induced by multiplying by elements in R. An element θ ∈
HomA(R,R) is a differential operator of order less than or equal to k + 1 if
θ · r− r · θ is a differential operator of order less than or equal to k for every
r ∈R=HomR(R,R).

We recall that if M is a D(R,A)-module, then Mf has the structure of a
D(R,A)-module such that, for every f ∈R, the natural morphism M →Mf

is a morphism of D(R,A)-modules. As a result of this, since R is a D(R,A)-
module, T (R) is also a D(R,A)-module (cf. Examples 2.1 in [Lyu93]).
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By Theorem 16.12.1 in [Gro67], if R=A[[x1, . . . , xn]], then

D(R,A) =R

[
1

t!

∂t

∂xt
i

∣∣∣ t ∈N,1≤ i≤ n

]
⊂HomA(R,R).

For every ideal I ⊂A, there is a natural surjection

ρ : D(R,A)→D(R/IR,A/IA).

Moreover, if M is a D(R,A)-module, then IM is a D(R,A)-submodule and
the structure ofM/IM as aD(R,A)-module is given by ρ, that is δ ·v = ρ(δ) ·v
for all δ ∈D(R,A) and v ∈M/IM .

As in Lyubeznik [Lyu00a], we denote by C(R,A) the smallest subcategory
of D(R,A)-modules that contains Rf for all f ∈ R and that is closed under
subobjects, extensions, and quotients. In particular, the kernel, image, and
cokernel of a morphism of D(R,A)-modules that belong to C(R,A) are also
objects in C(R,A). We remark that if M is an object in C(R,A), then T (M)
is also an object in this subcategory; in particular, T (R) belongs to C(R,A)
(cf. Lemma 5 in [Lyu00a]).

We note that if Rf has finite length in the category of D(R,A)-modules
for every f ∈R and M is an object of C(R,A), then M has finite length as a
D(R,A)-module. As a consequence, T (R) would also have finite length. We
recall that, if A=K is a field and R is either K[x1, . . . , xn] or K[[x1, . . . , xn]],
then Rf has finite length in the category of D(R,K)-modules for every f ∈R
[Lyu93], [Lyu00a].

3. Associated primes of local cohomology

Lemma 3.1. Let A and R be Noetherian rings such that A⊂R. Let M be
a D(R,A)-module of finite length. Then, AssRM is finite.

Proof. Suppose M �= 0. Let M1 = M and P1 be a maximal element in
the set of the associated primes of M1. Then, N1 = H0

P1
(M1) is a nonzero

D(R,A)-submodule of M1, and it has only one associated prime. Given Nj

and Mj , set Mj+1 =Mj/Nj . If Mj+1 �= 0, let Pj+1 be a maximal element in
the set of the associated primes of Mj+1. Then Nj+1 =H0

Pj
(Mj+1) has only

one associated prime. If Mj+1 = 0, set Nj+1 = 0 and Pj+1 = 0. Since M1 =M
has finite length as a D(R,A)-module, there exist � ∈N such that Mj = 0 for
j ≥ � and then Ass(M)⊂ {P1, . . . , P�}. �

Lemma 3.2. Let A be a zero-dimensional Noetherian ring. Let R be either
A[x1, . . . , xn] or A[[x1, . . . , xn]]. Then, Rf has finite length as a D(R,A)-
module for every f ∈R.

Proof. Since A has finite length as a A-module, there is a finite filtration of
ideals 0 =N0 ⊂N1 ⊂ · · · ⊂N� =A such that Nj+1/Nj is isomorphic to a field.
Then, we have an induced filtration of D(R,A)-modules, 0 =N0Rf ⊂N1Rf ⊂
· · · ⊂N�Rf =Rf . It suffices to prove that Nj+1Rf/NjRf has finite length for
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j = 1, . . . , �. We note that Nj+1Rf/NjRf is zero or isomorphic to (R/m)f
for some maximal ideal m ⊂ A. Since Nj+1Rf/NjRf has finite length as a
D(R/mR,A/mA)-module, it has finite length as a D(R,A)-module, which
concludes the proof. �

Proposition 3.3. Let A be a zero-dimensional commutative Noetherian
ring. Let R be either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Then, AssRM is finite
for every object in M ∈ C(R,A); in particular, this holds for T (R) for every
functor T .

Proof. By Lemma 3.2, Rf has finite length in the category of D(R,A)-
modules for every f ∈ R. If M is an object of C(R,A), then M has finite
length as a D(R,A)-module, because length is additive. �

Lemma 3.4. Let A be a one-dimensional ring, π ∈ A be an element such
that dim(A/πA) = 0, and R be either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Then,
Rf/πRf has finite length as a D(R,A)-module for every f ∈R.

Proof. The length of Rf/πRf as a D(R,A)-module or as a D(R/πR,A/
πA)-module is the same. Since A/πA has dimension zero and R/πR is either
(A/πA)[x1, . . . , xn] or (A/πA)[[x1, . . . , xn]], the result follows from Lemma 3.1
and Lemma 3.2. �

Lemma 3.5. Let A be a one-dimensional ring, π ∈ A be an element such
that dim(A/πA) = 0, and R be either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let Ā
and R̄ denote A/πA and R/πR respectively. Let M be a D(R,A)-module,
such that AnnM (π) and M ⊗R R̄ are objects in C(R̄, Ā). Then, AnnT (M)(π)

and T (M)⊗R R̄ are objects in C(R̄, Ā) for every functor T .

Proof. We recall that T has the form T = T1 ◦ · · · ◦ Tt, where every functor
Tj is either Hi

Z1
, Hi

Z1\Z2
, or the kernel, image, or cokernel of some arrow in

the long exact sequence

(2) · · · αi→Hi
Z1
(M)

βi→Hi
Z2
(M)

γi→Hi
Z1/Z2

(M)→ · · ·
for closed subsets Z1,Z2 of Spec(R) such that Z2 ⊂ Z1.

It suffices to prove the claim for t= 1 by an inductive argument. Suppose
that T =HZ(−), where Z = Z1 \Z2 for closed subsets Z1,Z2 ⊂ Spec(R) such
that Z2 ⊂ Z1. We note that Hi

Z(−) =Hi
Z1
(−), if we choose Z2 = ∅. The exact

sequences

0→AnnM (π)→M
·π→ πM → 0

and

0→ πM →M →M ⊗R R̄→ 0,

induce two long exact sequences,

· · · →Hi
Z

(
AnnM (π)

) φi→Hi
Z(M)

ϕi→Hi
Z(πM)→ · · ·
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and

· · · →Hi
Z(πM)

φ′
i→Hi

Z(M)
ϕ′

i→Hi
Z(M ⊗R R̄)→ · · · .

Since the composition of φ′
i ◦ ϕi is the multiplication by π on Hi

Z(M), we
obtain the exact sequences

0→Ker(ϕi)→AnnHi
Z(M)(π)

ϕi→Ker
(
φ′
i

)
and

Coker(ϕi)
φ′
i→Hi

Z(M)⊗R R̄→Coker
(
φ′
i

)
→ 0.

Then, AnnHi
Z(M)(π) and Hi

Z(M) ⊗R R̄ are objects in C(R̄, Ā), as Ker(ϕi),

Ker(φ′
i), Coker(ϕi) and Coker(φ′

i) belong to C(R̄, Ā) and this category is
closed under sub-objects, extensions and quotients.

If T is a kernel, image, or cokernel of a morphism in the long exact sequence
(2), there exists an injection, T (M)→Hi1

Zj1
(M), and a surjection Hi2

Zj2
(M)→

T (M) for some i1, i2 ≥ 0 and j1, j2 ∈ {1,2}. Then,

0→AnnT (M)(π)→Ann
H

i1
Zj1

(M)
(π)

and

Hi2
Zj2

(M)⊗R R̄→T (M)⊗R R̄→ 0

are exact. Therefore, AnnT (M)(π) and T (M)⊗R R̄ belong to C(R̄, Ā). �

Proposition 3.6. Let A be a one-dimensional ring, π ∈A be an element
such that dim(A/πA) = 0, and R be either A[x1, . . . , xn] or A[[x1, . . . , xn]].
Then, the set of associated primes over R of T (R) that contain π is finite for
every functor T .

Proof. The set of associated primes of T (R) that contain π is
AssRAnnT (R)(π). Since AnnT (R)(π) is a D(R,A)-module of finite length
by Lemma 3.5, we have that AssRAnnT (R)(π) is finite by Lemma 3.1. �

Corollary 3.7. Let A be a one-dimensional local ring, and R be A[x1,
. . . , xn]. Then, AssR T (R) is finite.

Proof. Let π be a parameter for A. Then, the set of associated primes
over R of T (R) that contain π is finite by Proposition 3.6. Since Rπ =
Aπ[x1, . . . , xn] and dim(Aπ) = 0, the set of associated primes over R of T (R)
that does not contain π, which is in correspondence with AssRπ T (Rπ), is
finite by Corollary 3.3. �

Corollary 3.8. Let (A,m,K) be a one-dimensional local domain, and let
R be A[[x1, . . . , xn]]. Then, AssR T (R) is finite.



LOCAL COHOMOLOGY MODULES OF POLYNOMIAL OR POWER SERIES RINGS285

Proof. Let π be a parameter for A. Then, the set of associated primes over
R of T (R) that contain π is finite by Proposition 3.6. It remains to show that
the set of the associated primes not containing π is finite.

We will proceed by cases. If A is a ring of characteristic p > 0, we have
that Rπ is a regular ring by Theorem 5.1.2 in [Gro65] because Rπ is the fiber
at the zero prime ideal of A. Then, AssRπ T (Rπ) is finite by Corollary 2.14
in [Lyu97].

If A is not a ring of characteristic p > 0. We have again that Rπ is a regular
ring by Theorem 5.1.2 in [Gro65]. Let F =Aπ be the fraction field of A and
S = F ⊗AR=Rπ . Then, F is a field of characteristic 0 and S is an F -algebra.
We claim that S and F satisfy the properties:

(i) S is equidimensional of dimension n;
(ii) every residual field with respect to a maximal ideal is an algebraic ex-

tension of F ;
(iii) there exist F -linear derivations ∂1, . . . , ∂n ∈DerF (S) and elements z1, . . . ,

zn ∈R such that ∂iaj = 1 if i= j and 0 otherwise.

We will proceed following the ideas of Lyubeznik in [Lyu00b]. Let η ⊂ S
be a maximal ideal and let Q = η ∩ R. Then Q is a prime ideal of R not
containing π, and it is maximal among the ideals of R not containing π.
By induction on n, it suffices to show that if P is a nonzero prime ideal of
R not containing π, then there exist elements y1, . . . , yn ∈ R such that R =
A[[y1, . . . , yn]] and R/P is a finitely generated Rn−1/P ∩Rn−1-module, where
Rn−1 = A[[y1, . . . , yn−1]]. Then, the finiteness implies that ht(P ∩ Rn−1) =
ht(P )− 1. In addition, the prime ideal P is maximal among all ideals of R
not containing π if and only if P ∩Rn is maximal among all ideals of Rn not
containing π. In addition, S/PS = (R/P )⊗A F is an algebraic extension of
F if and only if F ⊗A Rn−1/P ∩Rn−1 is an algebraic extension of F .

Let P̄ be the image of P in R̄ = R/mR = k[[x1, . . . , xn]]. There exist
new variables y1, . . . , yn such that R̄/P̄ is finite over R̄n−1/P̄ ∩ R̄n−1, where
R̄n−1 = K[[y1, . . . , yn−1]]. Let r1, . . . , rs ∈ R̄/P̄ be a set of generators over
R̄n−1/P̄ ∩ R̄n−1. Lifting these variables to R, we get that R=A[[y1, . . . , yn]].
For every f ∈R/P there exist a finite number of elements g1,1, . . . , g1,s, v1,j ∈
Rn−1 and h1,j ∈m with

f = g1,1r1 + · · ·+ g1,ssrs +
∑
j

h1,jv1,j .

We can apply the same idea to vi,j inductively to obtain a finite number of
elements gt,1, . . . , gt,s, vt,j ∈Rn−1 and ht,j ∈mt such that

f =

(
t∑

k=1

∑
i

hk−1,igk,1

)
r1 + · · ·+

(
t∑

k=1

∑
i

hk−1,igk,s

)
rs +

∑
j

ht,jvt,j .
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Since R/P is m-adically separated and complete, we can take

G� =
∞∑
k=1

∑
i

hk−1,igk,�,

and so, f =G1r1 + · · ·+Gsrs. This proves that r1, . . . , rs is a finite system of
generators of R/P as an Rn−1/PRn−1-module and concludes the proof of the
claim that R⊗A F and F satisfy properties (i) and (ii). In addition, we have
that zi = xi and ∂i =

∂
∂xi

satisfies (iii). Then, we have that AssRπ T (Rπ) is

finite by using the results of D-modules in [MNM91] as it was done in [Lyu93].
It is proven explicitly in Theorem 4.4 in [NB13]. �

4. Bass numbers

4.1. Facts about Bass numbers.

Lemma 4.1. Let (R,m,K) be a local ring and M be an R-module. Then,
the following are equivalent:

(a) dimK ExtjR(K,M) is finite for all j ≥ 0,

(b) length(ExtjR(N,M)) is finite for every finite length module N and for all
j ≥ 0, and

(c) length(ExtjR(N,M)) is finite for one module of finite length N and for all
j ≥ 0.

Proof. This is Lemma 3.1 in [NB12]. �

Lemma 4.2. Let (R,m,K) be a Noetherian Cohen–Macaulay ring and π ∈
R be a nonzero divisor. Let M be an R-module annihilated by π. Then,
dimK Ext�R(K,M) is finite for all j ∈ N if and only if dimK Ext�R/πR(K,M)
is finite for all � ∈N.

Proof. Let gi ∈R, such that π, g1, . . . , gn form a system of parameters. Let
J denote (π, g1, . . . , gn)R. Using the Koszul complex to compute the free
resolution of R/J as an R-module and as an R/πR-module, we obtain that

length
(
Ext�R(R/J,M)

)
= length

(
Ext�R/πR(R/J,M)

)
+ length

(
Ext�−1

R/πR(R/J,M)
)
.

The result follows from Lemma 4.1, because R/J has finite length. �

Lemma 4.3. Let R be a Cohen–Macaulay local ring, M be an R-module
and π ∈R be a nonzero divisor. Let R̄ denote R/πR. Suppose that

dimK Extj
R̄

(
K,AnnM (π)

)
and dimK Extj

R̄
(K,M ⊗R R̄)

are finite for all j ∈N. Then, dimK ExtjR(K,M) is finite for all j ∈R.
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Proof. We have, by Lemma 4.2, that both

dimK ExtjR
(
K,AnnM (π)

)
and dimK ExtjR(K,M ⊗R R̄)

are finite for all j ∈N. From the short exact sequences

0→AnnM (π)→M
π→ πM → 0

and

0→ πM →M →M ⊗R R̄→ 0,

we get two long exact sequences induced by Ext:

· · · → Ext�R
(
K,AnnM (π)

) α�→ Ext�R(K,M)
β�→ Ext�R(K,πM)→ · · ·

and

· · · → Ext�R(K,πM)
γ�→ Ext�R(K,M)

θ�→ Ext�R(K,M ⊗R R̄)→ · · · .
Since Im(θ�) injects into Ext�R(K,M ⊗R R̄), we have that dimK Im(θ�) is

finite. Likewise, Coker(β�) injects into Ext�+1
R (K,AnnM (π)), and it has finite

dimension over K. We note that

Ext�R(K,πM) = Ker(β�)⊕Coker(β�).

Since

γ� ◦ β� =Ext�R(K,M)
π→ Ext�R(K,M)

is the zero morphism for � ∈N, we have that Im(γ�) = γ�(Coker(β�)). There-

fore, γ�(Coker(β�)) → Ext�R(K,M) → Im(θ�) → 0 is exact, and then

dimK(Ext�R(K,M)) is finite. �

4.2. Finiteness properties of Bass numbers of local cohomology
modules.

Definition 4.4. Let A be a zero-dimensional Noetherian ring. Let R be
either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let M be an D(R,A)-module. We say
that M is C-filtered if there exists a filtration 0 =M0 ⊂M1 ⊂ · · · ⊂M� =M
of D(R,A)-modules, such that Mi+1/Mi is either zero or

(1) Mi+1/Mi is annihilated by a maximal ideal mi ⊂R,
(2) Mi+1/Mi is an object in C(R/miR,A/mi), and
(3) Mi+1/Mi is a simple D(R,A)-module.

Lemma 4.5. Let A be a zero-dimensional Noetherian ring. Let R be either
A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let M be an object in C(R,A). Then, M is
C-filtered.

Proof. We first prove the claim for Rf for every f ∈R. Since A has finite
length as an A-module, there is a finite filtration of ideals, 0 =N0 ⊂N1 ⊂ · · · ⊂
M� =A, such that Mi+1/Mi is isomorphic to a field, Ki =A/mi, where mi is a
maximal ideal of A. Then, we have an induced filtration of D(R,A)-modules,
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0 = N0Rf ⊂ N1Rf ⊂ · · · ⊂ N�Rf = Rf . Thus, Ni+1Rf/NiRf = Rf/miRf ,
which is an object in C(R/miR,A/mi). Then, there exists a filtration,
Ni = Mi,1 ⊂ · · · ⊂ Mi,ji = Ni+1, of objects in C(R/miR,A/mi), such that
Mi,t+1/Mi,t is a simple D(R/miR,A/mi)-module. Therefore,

0 =M0,1 ⊂ · · · ⊂M0,j1 ⊂M1,1 ⊂ · · · ⊂M�,j� =Rf

is a filtration that makes Rf a C-filtered module. By the definition of C(R,A),

it suffices to show that if 0→M ′ α→M
β→M ′′ → 0 is a short exact sequence

of objects in C(R,A), then M is C-filtered if and only if M ′ and M ′′ are C-
filtered. If M is C-filtered with a filtration Mi, we define a filtration M ′

i in M ′

by M ′
i = α−1(Mi). Similarly, we define a filtration M ′′

i in M ′′ by M ′′
i = β(Mi).

Then, we have a short exact sequence of short exact sequences:

0 0 0
↓ ↓ ↓

0→ M ′
i

α→M ′
i+1

β→ M ′
i+1/M

′
i →0

↓ ↓ ↓
0→ Mi

α→Mi+1
β→ Mi+1/Mi →0

↓ ↓ ↓
0

α→M ′′
i

β→M ′′
i+1→M ′′

i+1/M
′′
i →0

↓ ↓ ↓
0 0 0

Since Mi+1/Mi is either zero or a simple D(R,A)-module, M ′
i+1/M

′
i is either

Mi+1/Mi or zero. Likewise, M ′′
i+1/M

′′
i is either Mi+1/Mi or zero. Thus, M ′

i

and M ′′
i satisfy parts (1), (2), and (3) in Definition 4.4.

On the other hand, if M ′ and M ′′ are C-filtered modules with filtrations
M ′

0 ⊂ · · · ⊂M ′
�′ and M ′′

0 ⊂ · · · ⊂M ′′
�′′ , respectively, we define a filtration on M

by Mi = α(M ′
i) for i= 0, . . . , �′ and Mi = β−1(M ′

i−�′) for i= �′+1, . . . , �′+ �′′.
Since Mi+1/Mi = M ′

i+1/M
′
i for i = 0, . . . , �′ and Mi+1/Mi = M ′′

i+1−�′/M ′′
i−�′

for i= �′ + 1, . . . , �′ + �′′, Mi satisfies parts (1), (2) and (3) in Definition 4.4.
Hence, every object in C(R,A) is a C-filtered module. �

Proposition 4.6. Let A be a zero-dimensional Noetherian ring. Let R be
either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let M be an object in C(R,A). Then,
all the Bass numbers of M are finite. In particular, this holds for T (R) for
every functor T .

Proof. We fix a prime ideal P ⊂R and denote RP /PRP by KP . Since M
is a C-filtered module by Lemma 4.5, we have a filtration 0 =M0 ⊂ · · · ⊂M� =
M such that Mi+1/Mi is annulled by a maximal ideal mi ⊂ R, is an object
in C(R/miR,A/mi), and is a simple D(R,A)-module. From the short exact
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sequences 0→Mj →Mj+1 →Mj+1/Mj → 0, we get long exact sequences

· · · → ExtjRP

(
KP , (Mi)P

)
→ ExtjRP

(
KP , (Mi+1)P

)
→ ExtjRP

(
KP , (Mi+1/Mi)P

)
→ Extj+1

RP

(
KP , (Mi)P

)
→ · · · .

Then, it suffices to show the claim for Mi+1/Mi for i = 0, . . . , �− 1. We fix
i and denote Mi+1/Mi by N . Let m ⊂ A be the maximal ideal such that
mN = 0. If mR �⊂ P , then N ⊗RP = 0. We may assume that mR⊂ P . Let
R̄ = R/mR. We note that R̄ is a regular ring containing A/m, a field. Let
g1, . . . , gd be a system of parameters for RP , and let f1, . . . , fd be the class of
g1, . . . , gd in R̄P . Since A is a zero-dimensional ring, we have that f1, . . . , fd
is a system of parameters for R̄P . Let I = (g1, . . . , gd)RP . Using the Koszul
complex K, we obtain that,

ExtiRP
(RP /I,NP ) =Hi

(
HomRP

(
K(g),NP

))
=Hi

(
HomR̄P

(
K(f),NP

))
=ExtiR̄P

(R̄P /IR̄P ,NP ),

because RP and R̄P are Cohen–Macaulay rings of the same dimension. Using
Lemma 4.1 several times, we obtain that

lengthR̄P
ExtiR̄P

(KP ,NP )<∞ ⇔ lengthR̄P
ExtiR̄P

(R̄P /IR̄P ,NP )<∞
⇔ lengthR̄P

HiHomR̄P

(
K(f),NP

)
<∞

⇔ lengthRP
HiHomRP

(
K(g),NP

)
<∞

⇔ lengthRP
ExtiRP

(RP /I,NP )<∞
⇔ lengthRP

ExtiRP
(KP ,NP )<∞.

Since lengthR̄P
ExtiR̄P

(KP ,NP )<∞ by Corollary 8 in [Lyu00a], we have that

lengthRP
ExtiRP

(KP ,NP )<∞. Hence, all the Bass numbers of M are finite.
�

Proof of Theorem 1.1. This is a consequence of Proposition 3.3 and Propo-
sition 4.6. �

Proposition 4.7. Let A be a Noetherian Cohen–Macaulay ring such that
dim(A) = 1, and let π ∈A be a nonzero divisor. Let R be either A[x1, . . . , xn]
or A[[x1, . . . , xn]]. Then, all the Bass numbers of T (R), as an R-module, with
respect to a prime ideal P containing π, are finite.

Proof. Let R̄ and Ā denote R/πR and A/πA, respectively. We have that
AnnT (R)(π) and T (R)⊗ R̄ are objects in C(R̄, Ā) by Lemma 3.5. Then, their

Bass numbers, as R̄-modules, with respect to P are finite by Proposition 4.6.
Since RP and R̄P are Cohen–Macaulay rings, we have that the Bass numbers
of T (R) with respect to P are finite by Lemma 4.2 for every functor T . �
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We claim that we cannot generalize Proposition 4.7 for Cohen–Macaulay
rings of dimension higher than 3. Let A=K[[s, t, u, v]]/(us+vt), where K is a
field. This is the ring given by Hartshorne’s example [Har70]. Let I = (s, t)A.
Hartshorne showed that dimK HomA(K,H2

I (A)) is not finite.
Let R be either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let P =mR be the prime

ideal generated by m= (s, t, u, v)A, the maximal ideal in A. Then,

Ext0R
(
R/P,H2

I (R)
)
= HomR

(
R/P,H2

I (R)
)

= HomA

(
K,H2

I (A)
)
⊗A R=⊕R/mR,

where the direct sum in the last equality is infinite. Therefore,

dimRP /mRP
Ext0RP

(
RP /PRP ,H

2
I (RP )

)
is not finite. It is worth noticing that H2

I (A) is simple as D(A,K)-module
[Hsi12].

The only case in which Proposition 4.7 could generalize is for Cohen–
Macaulay rings of dimension 2. This would be helpful to study the local
cohomology over

V [[x, y, z1, . . . , zn]]

(π− xy)V [[x, y, z1, . . . , zn]]
=

(
V [[x, y]]

(π− xy)V [[x, y]]

)
[[z1, . . . , zn]],

where (V,πV,K) is a complete DVR of mixed characteristic. To the best of
our knowledge, this is the simplest example of a regular local ring of ramified
mixed characteristic where the finiteness of AssRHi

I(R) is an open question.

Corollary 4.8. Let A be a one-dimensional local Cohen–Macaulay ring,
and let R be A[x1, . . . , xn]. Then, all the Bass numbers of T (R), as an
R-module, are finite.

Proof. Let π be a parameter for A. Then, the Bass numbers of T (R) with
respect to a prime ideal containing π, are finite by Proposition 4.7. Since
Rπ =Aπ[x1, . . . , xn] and dim(Aπ) = 0, the Bass numbers of T (R) with respect
to a prime ideal that does not contain π, are finite by Proposition 4.6. �

Corollary 4.9. Let A be a one-dimensional local domain, and let R be
A[[x1, . . . , xn]]. Then, all the Bass numbers of T (R), as an R-module, are
finite.

Proof. Let π be a parameter for A. Then, the Bass numbers of T (R) with
respect to a prime ideal P containing π, are finite by Proposition 4.7.

On the other hand, the Bass numbers of T (R) with respect to prime ideals
not containing π, are in correspondence with the Bass numbers of Rπ . We
have that Rπ is a regular ring that contains a field, Aπ , by Theorem 5.1.2 in
[Gro65] because Rπ is the fiber at the zero prime ideal of A. Then the result
follows from Theorem 2.1 in [HS93] and Theorem 3.4 in [Lyu93]. �
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Proof of Theorem 1.2. This is a consequence of Proposition 3.6 and Propo-
sition 4.7. �

5. Local cohomology of unramified regular rings

As consequence of the results in Sections 3 and 4, we are able to give a
different proof for some parts of Theorem 1 in [Lyu00b].

Theorem 5.1. Let (R,m,K) be an unramified regular local ring and p=
Char(K). Then:

(i) the Bass numbers of T (R) are finite, and
(ii) the set of associated primes of T (R) that contain p is finite

for every Lyubeznik functor T .

Proof. The finiteness of associated primes of T (R) that contain p is not
affected by completion with respect to the maximal ideal. Since completion
of R respect to m is a power series ring over a complete DVR of mixed
characteristic, the result follows from Proposition 3.6.

In order to prove the finiteness of the Bass numbers, we need to show that
dimRP /PRP

ExtjRP
(RP /PRP ,T (RP )) is finite for every prime ideal P ⊂ R.

There are two cases: p ∈ P or not. If p /∈ P then RP has equal characteristic
0 and the result follows from Theorem 3.4 in [Lyu93]. If p ∈ P , RP is an
unramified regular local ring, and its completion of RP respect to the maximal
ideal is a power series ring over a complete DVR of mixed characteristic. Since
the dimension of Ext�RP

(RP /PRP ,T (RP )) as RP /PRP -vector space is not
affected by completion, the result follows from Corollary 4.7. �

6. Injective dimension

In this section, we recover and generalize some results of Zhou about in-
jective dimension [Zho98].

Lemma 6.1. Let (A,m,K) be a regular local ring and let R denote either
A[[x1, . . . , xn]] or A[x1, . . . , xn]. Let P ⊂ R be a prime ideal containing mR
and let KP denote the field RP /PRP . Let M be a D(R,A)-module. Then,

Ext�R(KP ,MP ) = 0 for � > dim(A) + dim(SuppR(M)).

Proof. The proof will be by induction on d= dim(A). If d= 0, then A=K
is a field, and the proof follows from the first Theorem in [Lyu00c]. We
assume that the claim is true for d − 1. Let y1, . . . , yd denote a minimal
set of generator for m. Let Ā = A/ydA, R̄ = R/ydR = Ā[[x1, . . . , xn]] and
P̄ = PR̄. Let ȳ1, . . . , ȳd−1 be the class of y1, . . . , yd−1 in R̄. We note that
P̄ ⊂ R̄ is a prime ideal, which contains mR̄. Let f1, . . . , fs ∈ P be such that
y1, . . . , yd−1, f1, . . . , fs form a minimal set of generator for the maximal ideal
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PRP . From the Koszul complex associated to y1, . . . , yd−1, f1, . . . , fs in RP ,
we have that for every R̄P -module, N ,

dimKP
Ext�RP

(KP ,N) = dimKP
Ext�R̄P

(KP ,N) + dimKP
Ext�−1

R̄P
(KP ,N).

In this case, we have that AnnM (yd) and M/ydM are D(R̄, Ā))-modules. By
the induction hypothesis,

Ext�R̄P̄

(
KP ,AnnMP

(yd)
)
= 0 and Ext�R̄P̄

(K,MP /ydMP ) = 0

for � > d+dim(SuppR(M))− 1 = dim(Ā) + dim(SuppR(M)). Then,

Ext�RP

(
KP ,AnnMP

(yd)
)
= 0 and Ext�RP

(K,MP /ydMP ) = 0

for � > d+dim(SuppR(M)).
From the short exact sequences

0→AnnMP
(yd)→MP

yd→ ydMP → 0

and

0→ ydMP →MP →MP ⊗R R̄→ 0,

we get two long exact sequences induced by Ext:

· · · → Ext�RP

(
KP ,AnnMP

(yd)
)
→ Ext�RP

(KP ,MP )
ρ�→ Ext�RP

(KP , ydMP )→ · · ·
and

· · · → Ext�RP
(KP , ydMP )

θ�→ Ext�RP
(KP ,MP )


�→ Ext�RP
(KP ,MP ⊗R R̄)→ · · · .

Thus, ρ� is an isomorphism and θ� is surjective for � > d+dim(SuppR(M)).
Then, θ� ◦ ρ is surjective for � > d+dim(SuppR(M)). Since

θ� ◦ ρ� =ExtjRP
(KP ,MP )

yd→ ExtjRP
(KP ,MP )

is the zero morphism, ExtjRP
(KP ,KP ) = 0 for � > d+dim(SuppRM). �

Proposition 6.2. Let A be a Noetherian ring and let R = A[x1, . . . , xn].
Let P ⊂R be a prime ideal, and let KP denote the field RP /PRP . Let M be a

D(R,A)-module. Then, Ext�R(KP ,MP ) = 0 for � > dim(A) + dim(SuppRM).

Proof. Let Q = P ∩ A. Then, PRQ is a prime ideal in RQ that con-
tains QRQ. Since RQ = AQ[x1, . . . , xn], MQ is a D(RQ,AQ)-module, and

(MQ)P = MP , we have that Ext�RP
(KP ,MP ) = 0 is zero for � > dim(A) +

dim(SuppR(MP )) by Lemma 6.1. Hence, Ext�RP
(KP ,MP ) = 0 is zero for

� > dim(A)+dim(SuppR(M)), because dim(SuppR(M))≥ dim(SuppR(MQ)).
�
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Proof of Theorem 1.3. Let 0→ E0 → E1 → E2 → · · · be the minimal free
resolution of M . We know that every injective module E is isomorphic to
a direct sum of E(R/P ), where P is a prime ideal and E(R/P ) denotes the
injective hull of R/P . The number of copies of E(R/P ) in Ej is given by

dimRP /PRP
ExtjRP

(RP /PRP ,MP ), the jth Bass number of M with respect
to P . Therefore, the injective dimension of M is bounded by a number B if
and only if ExtjRP

(RP /PRP ,MP ) = 0 for every integer j > B and prime ideal
P ⊂R.

If M is supported only at mR, then MP = 0 for every prime ideal P such
that mR �⊂ P . Therefore, it suffices to prove that Ext�R(KP ,MP ) = 0 for � >
dim(A) + dim(SuppR(M)) and prime ideals that contain mR, which follows
from Lemma 6.1.

We now assume that R = A[x1, . . . , xn] and take M to be any D(R,S)-
module. In this case, we can reduce the situation in which M is supported
only at mR to compute the Bass numbers as it was done in Proposition 6.2.
Therefore, Ext�R(KP ,MP ) = 0 for every � > dim(A) + dim(SuppR(M)) and
every prime ideal P ⊂R by Proposition 6.2. �

Now we give an example, inspired by work of Zhou [Zho96], that shows
that the bound presented in Theorem 1.3 is sharp.

Example 6.3. Let (A,m,K) be a regular local ring of dimension d. Let
R be either A[x1, . . . , xn] or A[[x1, . . . , xn]]. Let M = R/mR. Following the
proof of Lemma 6.1, it can be shown that

inj.dimR(M) = dim(A) + dimSuppR(M) = d+ n.
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