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TRACE ESTIMATION OF COMMUTATORS OF
MULTIPLICATION OPERATORS ON FUNCTION SPACES

CHONG ZHAO AND JIAYANG YU

ABSTRACT. Let A=}, ., T,,T;, be a bounded linear operator
on Bergman space Lz(B;) or Hardy space H?(Bg), where ¢y, is a
multiplier for each k. We will show by trace estimation that for
such an operator, [A,T%,] belongs to Schatten class L2, for p > d,
and satisfies ||[A4,T%,]||2p < C||A]| for some constant C' depending
only on p and d.

1. Introduction

In this paper, we will be concerned with commutators of multiplication
operators on Bergman space and Hardy space over the d-dimensional complex
unit ball By.

From the viewpoint of Hilbert modules, these spaces admit natural
Clz1, ..., zq)-module structure which comes from multiplication by polyno-
mials. By a submodule M of these modules, we mean that M is closed, and
invariant under multiplication by polynomials.

In [Arv3], [Arv4], Arveson conjectured that graded submodules of Drury—
Arveson module on By, are p-essentially normal for p > d. Some affirmative
results were obtained. Guo and Wang [GW1] proved p-essential normality
of graded principal submodules of such Hilbert modules, and that of graded
submodules when dimension d = 2,3. Arveson showed in [Arv3], [Arv4] that,
the p-essential normality of submodule M is equivalent to

[13]\4,]\421.]:_13]\4]\421.—JW'ZWL,P]\/IEACQP7 1< <d.

Thus it is of interest to investigate the p-essential commutative of certain
operators.
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The famous Berger—Shaw theorem [BS1], [BS2], [Con2] shows that for an
m-multicyclic hyponormal operator T', the commutator [T, 7] is a trace class
operator, and the trace of it is not larger than * Area(o(7)).

Recently Q. Fang and J. Xia [FX] estimated the 2p-norm of [M7}, M.,] for
multiplier f in Drury—Arveson space, and showed that when p > d, there is a
constant C depending only on p and d such that

[[M7, Mz, < Cll M.

2
A question naturally arises:

Let p > d. Is there a constant C' such that, for any operator A in certain classes,
such as the C*-algebra or von Neumann algebra generated by multiplication
operators of analytic symbols on Bergman space, Hardy space, or Drury—
Arveson space, it holds that

(L.1) 114, M., < CllAlI?

This is a refinement of Arveson’s conjecture.

On Bergman space and Hardy space, for an analytic function ¢ € H*(By),
we will use the Toeplitz operator T, in place of M, to prevent from mixing
it with the multiplication operator on the corresponding Hilbert space L? of
square-integrable functions.

When A is a multiplication operator on L2(By) or H?(By) of analytic
symbol, by a technique based on Hankel operator one can show that the

1
constant C' = ||[T%,, 77 ]||3 makes (1.1) hold. See Section 2 for details.
Let M be a submodule on Drury-Arveson space H3. Arveson [Arv2]
showed that there exists a sequence of multipliers {¢y : k=1,2,...} such that

SOT %
(1.2) Py o=y My, M,
E>1

Then Arveson’s conjecture is equivalent to

(1.3) |: MgakM:ak?le] € Lap

k>1
forp>dandi=1,2,...,d. There is a counterexample in Section 4.1 of [GRS]
that, (1.3) do not hold for some submodule M which is not homogeneous. For
homogeneous submodule M of HZ, whether or not (1.1) holds is not known.

However, on Bergman spaces and Hardy spaces, we will show that (1.1) holds

for operators of the form A ot > k1 Lo, T, - Also, we give a sufficient con-

dition by trace estimation. The following is our main result.

THEOREM 1.1. Let A 2" Yoner T Ty, be a bounded operator on the
Bergman space or Hardy space over By, where {or, € H®(By): k=1,2,...}
are multipliers. Then the commutator [A,T,,] belongs to Schatten class Lo,

for p>d, and there is a constant C' depending only on p and d such that
AT, < CIIAIL

2
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We will prove Theorem 1.1 first in the case of L2(B,) and then generalize
it to Hardy spaces.

The paper is organized as follows.

In Section 2, we use a technique based on Hankel operator to prove inequal-
ity (1.1) for multiplication operators of analytic symbols on Bergman space
or Hardy space, and give some other applications of Hankel operator.

In Section 3, we use trace estimation to prove Theorem 1.1 on Bergman
space over the unit ball B, and generalizes it to Hardy spaces and weighted
Bergman spaces.

2. Trace estimation of commutators of multiplication operators

First, we give some notations on Bergman space and Hardy space. The
readers are suggested to see [Rud] for details.

For a multi-index o = (a1, aq,...,aq) € fo_, denote al =aq!- - ay!, o] =
ap+---+ag, and 2% = 27" - 25 for z € C?,

Let dv be the normalized Lebesgue measure on By. Bergman space L2(By)
is the Hilbert space of all square-integrable analytic functions over By, with
inner product (f, g) = de f(2)g(z)dv(z). L2(By) has a canonical orthonormal

basis
|
{ 7(dji_'o‘jy|)'z°‘ : aEZi}.

For )\ € By, the reproducing kernel of L2(By) at \ is
—(d+1
()= (1= (=0) ",

which has the property that f(\) = (f, K)) for every f € L2(By).

If f is any function over By, and 0 < r < 1, then f, denotes the dilated
function defined for ||z|| < 1/r by f.(2) = f(rz).

Let do denote the rotation-invariant positive Borel measure on 0By for
which ¢(S) =1. Then Hardy space H?(By) consists of all analytic functions
f on By satisfying

sup /BB ’fr(z)ﬁda(z) < o0.

re(0,1)
For f € H?(By), define its norm

1=, [, relao) = i ([ o)

and then H?(By) comes to be a Hilbert space, with inner product
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H?(Bg) has a canonical orthonormal basis

([ ae)

and reproducing kernel K (z) = (1 — (z,\))"% at A € By.

Let P denote the orthogonal projection from L?*(B,) to L2(Bg). For ¢ €
L>(By), let M, € B(L*(B;)) be the multiplication operator of symbol ¢,
T, = PM,P the Toeplitz operator, and H, = PJ-M@P the Hankel operator.
Multiplication operator, Toeplitz operator and Hankel operator on H?(By)
are similarly defined.

Note that for f € L>®(B,) and g € H>*(By), we have

[Ty, Ty = PuMyMyPy — Py MyPy My Py = Py M, PHMfPH Hng.
That is
(2.1) (Ty.T,) = H;Hy.

Using this equality, one can prove the following result.

LEMMA 2.1. If f € L°(By) and p > d, then on L%(By), we have [Ty, Ts,] €
Loy, and

H[Tf’TZi]

o S I 72,7 ] |1
Proof. By equality (2.1), we have that for g € H*(By),

[Tf’Tg][vaTg]* :HngH}kHﬁ'

Since
HyHy < |[Hy|* < || M|,
we have
[Ty, Ty [Ty, Ty)* < 1My ||* - Hy Hy = || My |1* - [T, T,]-

Especially if we take g = z;, then [T} ,T%,] € £, as is well known, and

P
which implies that

1

1
77, T,] 2.

This completes the proof. O

op < 1M1 [, T,

Similar result holds on H?(By). The same proof shows the following corol-
lary, which is well known.

COROLLARY 2.2. Let H denote the Bergman space L2(By) or Hardy space
H?(By). If o € H®(By), then for p>d,

Iz, 7]

1
| 2

< HT</J|| : H [Tz*i?TZi] ;:

’2]3
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In Section 3, we will use a generalization of this idea to estimate p-norm of
some operators.

Drury-Arveson space H? is defined to be the completion of the space of
polynomials with the inner product defined such that [|z2%||?> = a!/|a|! for a €
Z4, and (2%,2°) =0 for o # 8. From a general reproducing kernel theory
[Aro], Drury—Arveson space is the analytic function space over B, determined
by reproducing kernel Ky (z) = (1 — {z,A\))~!.

As an application of Corollary 2.2, we have the following corollary.

COROLLARY 2.3. Let H denote Bergman space L2(Bg), Hardy space
H?(Bg4) or Drury-Arveson space H3. Let p>d, ¢ € H*®(By) and M be a
p-essentially normal submodule of H. Then there is a constant C' depending
only on p and d such that, H[MWM;] op < C||M,||, where My denotes the
multiplication operator on M of symbol f.

Proof. Let M+ denote the orthogonal complement of M in H, and define

A: M — M*, f Py M f

and
B:M— M, fr Py M f.
Then
B* = Py M|yt
and

B*A = Py M,Py; M Py
= Py MM Pay — Py M My Pag + Py M My Pyy — Poy My Py M Py
= Pu [M‘P’ M:z] Py — [MSD’ M;z] .

Similarly, we have
A*A= Py [M,,, M} | Py — [M.,, M ].
Therefore, there is a constant C' depending only on p and d such that
[, ML

lop < 1B7Ally, + [[[Mz, M|,

<|IBIl - [|All2p + [[ M| - € (Corollary 2.2, [FX])
. . 1
SN (|| Par [Me;, M| Par — [Mz, MZ |2+ C)

< M [ [Ms,, M2 ,)F+C).

[+ 1[0, M

which completes the proof. O
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3. Trace estimation on Bergman space L2(By)

In this section, we will prove the Bergman space version of Theorem 1.1.
The proof of Hardy space version of Theorem 1.1 is nearly the same, so we
do not give a complete proof, but only exhibit some differences in remark.

For A € B(L%(B,)), define

A()\):<AK,\7K)\>, A€ By.
By Proposition 1 in [Eng], A =0 whenever A =0, and therefore the map-
ping A — A is injective.
First, we introduce a known result that will be used later.

COROLLARY 3.1 ([AFP]). For A€ B(L2(By)) and A>0, then A€ Ly if
and only if

(3.1) A(N) dv(N) < oo.
By
In this case, Tt A= [ AN do()N).
In [AFP] they only proved inequality (3.1) for d =1, and their proof can

be applied for d > 1.
Now define

d
G(A)=A-> T, AT;,
i=1

and defect operator (see [Guol)

(3.2) D(A) = GV (4) (d+ 1 composition of G)
d+1

(d+1)!
A+ ;(—Dkk!(w 1 z )l

*
X g Loy 2y, ATZilZiQ___Zik.
i1, €{1,2,...,d}

An easy calculation shows that

(3:3) (GA) KN Ky = (1= (1, V) (AKN, Kp), YA, p € By,
The key property of D(A) is
(34)  (D(AYKx, Kx) = (1= A2 (AR, Ky) = (Aky, k),
where . K,
A=
| K|

is the normalized reproducing kernel. Hence
<.D(A).K')\7 K)\> S LOO(Bd)

Therefore if D(A) > 0, we can apply Proposition 3.1 to D(A) and get D(A) €
L1. Moreover, we have the following lemma.
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LEMMA 3.2. Let A€ B(L2(By)). Then D(A) >0 if and only if there exists
a sequence {¢r, € H*®(By) : k=1,2,...}, such that

SOT *
A= ZT‘P’»T@IC
keN
In this case D(A) € L;.
Proof. If D(A) >0, then by the argument preceding the lemma, D(A) is
in trace class and therefore there exist orthogonal vectors {¢; : k=1,2,...}

in L2(Bgy) such that
= Z Ok & P
k

Then we have
> Jer(n ] = (D(A)K»,K)) = (Aky, k\) <||A|  (by equality (3.4))
keN
which implies
or€ H®(By), k=1,2,....

Thus,
(35)  (Akak) =D loeN)| =Y (T, 15 kavks), YA€ Ba,
keEN keN
By subnormality
T, Ty, <T; T,,,

and since

* SOT
Y T To = T, ol

keN
apply Theorem 43.1 in [Conl] and we find that ), 7T, T, converges to a
bounded operator in strong operator topology. Then by equality (3.5) and
the injectivity of the mapping A — A, we have

SOT *
A= Z T‘Pk Tth
keN

as desired.
Conversely, if A ZkeN o1, » then for any A € By we have

(36) <D(A)K)\, K)\> = <A/€>\, k)\> (by equality (34))

<Z Pk apkkz\vkk>

keN

=5 |erV)|?

keN

= Z(@k ® pr K, K).
keN
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Since

Sl @ erll = 3 lonl? = Z/B lon(2)| dv(2)

keN keN keN

:Z/B (T, T, ke, kx) dv(z)
keNY Pd

= / <Ak)\, ]{3)\> dV(Z)
By
<A,

> ken Pk ® @ converges to a bounded operator. Then by equality (3.6)

D(A) = ¢r@pi >0.
keN U

Now consider the defect operator D(A) on the unit disc.
Recall that in this case

G(A)=A-T. AT}
and
D(A)=A - 2T, AT; + T2AT;?.
Let D(A) > 0. Then successively we have a sequence of compact operators:
D(4) = G(4) - TLG(ATZ,
T.D(A)T: = T.G(A)T: - TZG(A)T?,

TID(A)T = TLG(A)TY =TI GA) T

Since
73980 (15 00),

sum up the above equalities and we have
G(A) "2 Tip(A)T.
1=0

We claim that G(A) is compact. Then [A,T,] is compact since T, is an
essentially unitary operator and A — T, AT} = G(A) which is compact.

LEMMA 3.3. If A€ B(L2(D)) satisfies D(A) >0, then G(A) is compact,
and |G(A)[| <[ A]-
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Proof. As in the proof of Lemma 3.2, we have a sequence of orthogonal
vectors

{ore H®D): k=1,2,...}
such that

=) or@pr Ly
keN
We will prove that the sum

A)=>"T!DA)T;
=0

converges in norm. For any finite subset L of Z, and f € L?(D), we have

<ZTZ AT f >—ZZ<T£(wk®@k)T:lf,f>

lel leL keN

=S N ((F o) £ T )

leL keN

=S (T e TL)

keN ‘leL
S (YTt s)
leL keN
> oD T, T IR
leL keN
= Al |D @112
leL
Therefore
S TIDAT <Al @2
leL leL
Since
S| < —
=5 m1nL+1
we have that
> TiDA)T;
=0

converges in norm to a compact operator, with norm at most ||A||. This
completes the proof. O

In fact, the same result holds in higher dimensional cases, but the proof is
slightly different.
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LEMMA 3.4. If A€ B(L2(By)) satisfies D(A) >0, then G(A) is compact
and ||G(A)| < ||A|l. Moreover,

Gay= 3 %TZQD(A)T;.
Z, ol

Proof. Define operator

(d+n—1)! .
Fn(A) = Z WTZ“D(A)TZU‘7 n e Z+,C¥ S Zi

la=n

Since D(A) is positive, so is Fj,(A). Then similar to the proof of Lemma 3.3,
we can prove that G(A) =>0°  F,(A) is a compact operator with norm at
most ||A]|.

For the details, as in the proof of Lemma 3.2, we have a sequence or or-
thogonal vectors

{on EHOO(Bd) : k:1,2,...}

such that
:Z@k@wﬂk-
keN
For a € Zd we have
H (d+|a| —1)! Py _(dtaf=1)!  da!  d
d—1)la! (d—Dla!l  (d+|a))!  d+]a|’

then for any finite subset L of Z,

' d+\a|—1) (dtjal=D! o 0 d

—1lal d+ min L
laleLl

Let f € L2(By). Then

<ZF1<A> > <ZZ d” T.. (A)T;Lf,f>

leL leL |a|=l
(d+|o| —1)! )
=2 E: fﬂ,a, (Teo (o1 ® 91) T2 f. f)
|a|]€L kEN
d+|04|—1 o e §
= 2> T (E eI
|aleL kEN

_%<|§L<%ZQ ) Wb wkf>
(St

T (d+[a] =1)! s
e [d=Dle! fen

<
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j{:jbkjgk

A1

- d+m1nL

d

= llAll- d-+min L

[IF1P.

Therefore,

d
> < —
=y FZ(A)H <14l d-+min L

Thus ez, Fi(A) converges in norm to a compact operator, denoted by

G(A), with norm at most ||A|.
Actually, we have

(G(A)Ky, Ky) = <§: ML_;!)!T D(A)T? KA,K,\>

= d+n—1)!
=y S D DA K )

= (1= [IM%) < (A)Kx, Kx)
d+1
= (1= A1)~ (= A1) AR, K)
= (G(A)K», K»).
This implies
~ = (d4+n—1) .
G(A) = G(A) =5 Z WTZQD(A)TZQ
A
and the proof is complete. O

The following lemma provides a key estimate.

LEMMA 3.5 ([AFP], [Zhu]). Let p>1, A be a normal operator on Hilbert
space H, and h € H with norm ||h|| <1. Then we have

(3.7) [(Ah, h)|” < (JA[Ph, h).

REMARK 3.6. Inequality (3.7) for ||h|| =1 appeared in [AFP] and [Zhu].
Then it is easy to see that (3.7) holds for all ||h|| < 1.
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By Lemma 3.4, we have

) = % % o (Zwkwk)

aeZd keN

SOT d+n_1) o «@ *
S 1 (X e )
keN eZd

Write

2 ® ¢

SOT s (d+|al—1)!
r= Z (d— 1!
aczZd
on L2(B,), and then G(A) 2T > ken Lo BT, . We have the following lemma.
LEMMA 3.7. The operator R defined above belongs to L, for p>d.

Proof. For a € Z‘j_, we have

(d+|a\—1)!za®za _(d+la)-1)! dlad 4
(d—1)la! (@ -Dl! (ol +d)! d+|al
Then
mE=3 (-4 ) o (N (L)
P d+la|) d—1 d+n
A n€Zy
since for each n € Zy, card{a € Z% : |a| =n} = (”;ﬁ;l). O

COROLLARY 3.8. If A€ B(L2(By)) satisfies D(A) >0, then G(A) belongs
to Schatten class L, for p>d and

G|, < 1AL - IRl

Proof. Recall that for ¢ € L>°(B,), My € B(L?(By)) is the multiplication
operator of symbol ¢. Let {¢r € H*(By): k=1,2,...} be the orthogonal
vectors as in the proof of Lemma 3.2. Then for f € L?(B), we have

> AME, [ MG, f) = (Mg o2 £ ) < IAI- £
keN
Therefore, the matrix
Mz 0

P2
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defines a bounded linear operator on @, L?*(B,), with norm a = |Allz.

Denote
M, M,,

Mp—| 0 0

Then Mg is a bounded operator with norm a. It is easy to see that
P> =diag{P,P,...}

is the orthogonal projection from @7, L?(By) onto @~ L2(By). Asin the
1-dimensional case, define Tp = P*° Mg P> and Hg = (P>)tMjP>.
By Lemma 3.4, we have

G(A) = (TeR¥T;) |

and that the other entries of the matrix of T R*Tj are 0. By Lemma 3.4,
G(A) is compact and so is T R°Tj.

Let {€m:m=1,2,...} be an orthonormal basis for @, LZ(B,) that
diagonalizes T@R(O")Tg. Then

T* m T* m p
S {Ta R T, ) = 3 T, T

m

<a? Z<(RP)OOT©€m T¢em> (by Lemma 3.5)

a
=a®? Tr(Te (RP ) 5)
= a2 T ((RE) ¥ T3 Te (RE) ™)

(since Tr(BB ) Tr(B B) for any operator B)

=a® 2 Tr (R’é > T, Ty, R’5>
k

< @ 2T (RE T 2| )
=a*’TrRP.
Thus, Te R°T§ € L, and so is G(A). Moreover,
|G, =T R=T3]| < 1] - |1 I,
which completes the proof. O

Next, we prove the Bergman space version of Theorem 1.1.

THEOREM 3.9. If A € B(L2(By)) satisfies D(A) >0, and p > d, then the
commutator [A,T,,] € Lap and

1A T2, < Al IR

2
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Proof. Define the operator ﬁ € B(L2(By)) such that N+dh = nidh if h

is a homogeneous polynomial of degree n. We know that on L2(B,)

1
Z FNTdT1

Let {pr € H®(Bg): k=1,2,...} be the orthogonal vectors as in the proof of
Lemma 3.2, such that A= Zk o, 15, - By Proposition 3.8,

G(A) :A-ZT%AT;;
ZT@kT;k ZZT LT
:zk: (Z . m)T;k—ZZT T TETS

d

1
- Z ZT“"’“ (T5Ts = T2 T2) T, + zk:Twc mT;k.

i=1 k
Since T} T,, —T,, 177, > 0 for i =1,2,...,d, we have

0<Si=Y T (T3 T, = T T2) T, < G(A).
k

By Proposition 3.8,
ISilly < |G, < 1A] - |1B]],-
Using the same notations as in the proof of Proposition 3.8,
Si=Te|T:,T.,) Ts=Ts(H: Hz) " Th € Ly
Then
Ty (H;)oo € Lp

and )

ITs (£2) |, < 141 2|1 RIIZ
which implies
(38) T [T5 7y, = |17 (H2) ™ Hall, < 1411|1715
Since

[A,T.,] = {ZTMT;IC, ]

keN
Z LPk’
keN

= (Ts [T&iaTZ‘)])@,n



TRACE ESTIMATION 631

and the other entries of (T[T, T2°]) are 0, by (3.8),
[A, Tzi] S E2p

and .
A T2, < 1Al - IRIIp
as desired. O

REMARK 3.10. By the same method, we can prove the version of Theo-
rem 1.1 on Hardy space H?(By) for d > 2. Difference lies in that, on H?(By),
defect operator D(A) is defined to be G(9(A).

By the reproducing kernel theory [Aro], for v > 0, the function

1
(1—=(z,A)"
defined on By x By is a reproducing kernel, which induces a reproducing kernel
function space on By, denoted by s#%. Then % is the Drury—Arveson space
H3, 7 is the Hardy space H?(Bg), and J | is the Bergman space LZ(By).
When v > d, s is the weighted Bergman space L2[(1 — |z]?)*~9"1dV] on
By, where dV is the volume measure. The space % also admits a natural

K" =

Clz1,. .., 24)-module structure. % has a canonical orthonormal basis
1
1)--.- —1)712
([ torial =] e g
ol

Our proof of Theorem 1.1 can be generalized to weighted Bergman spaces
A2 (v>d) as well.

On Drury—Arveson space, our method do not apply for a few reasons. The
major difficulty is that, there do not exist a measure p on C?% such that

1= [ 1 du(z) - (see [Arv)

Then we did not find a trace estimation similar to Proposition 3.1, and we
cannot speak of the compactness of ), ¢ ® ¢ by this method.

However, we conjecture that (1.1) holds on spaces % for v > 0, and A has
the form ), M,, My where {¢, : k=1,2,...} are homogeneous polynomials.

Acknowledgments. The authors are deeply indebted to Professor Kunyu
Guo for his guidance and helpful advices of the paper. The authors also
thank the referee for his help to make the paper more readable.
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