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THE FOLIATED STRUCTURE OF CONTACT
METRIC (x, ;1)-SPACES

BENIAMINO CAPPELLETTI MONTANO

ABSTRACT. In this note, we study the foliated structure of a
contact metric (k,u)-space. In particular, using the theory of
Legendre foliations, we give a geometric interpretation of the
Boeckx’s classification of contact metric (k, p)-spaces and we find
necessary conditions for a contact manifold to admit a compat-
ible contact metric (x,p)-structure. Finally, we prove that any
contact metric (k, u)-space M whose Boeckx invariant Iy is dif-
ferent from +1 admits a compatible Sasakian or Tanaka—Webster
parallel structure according to the circumstance that |Ias| > 1 or
|[Ias] < 1, respectively.

1. Introduction

A contact metric manifold (M, ,&,7,g) is called a contact metric (k, u)-
manifold if the Reeb vector field ¢ belongs to the (k, u)-nullity distribution,
that is, the curvature tensor field satisfies, for all vector fields X and Y on M,
(1) Rxy€=r(n(Y)X —n(X)Y) +p(n(Y)hX —n(X)hY)
for some real numbers x and p; here 2h denotes the Lie derivative of ¢ in
the direction of £. This definition was introduced by Blair, Kouforgiorgos and
Papantoniou [4] and can be regarded as a generalization both of the Sasakian
condition Rxy& =n(Y)X —n(X)Y and of those contact metric manifolds
satisfying Rxy & =0 which were studied by Blair in [1].

Lately, contact metric (k,u)-manifolds have attracted the attention of
many authors and various recent papers have appeared on this topic (e.g., [6],
[12], [14]). In fact, there are many motivations for studying (k, u)-manifolds:
the first is that, in the non-Sasakian case (that is for x # 1), the condition (1)
determines the curvature completely; moreover, while the values of x and p
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may change, the form of (1) is invariant under D-homothetic deformations;
finally, a complete classification of contact metric (k, y)-manifolds is known [5]
and there are nontrivial examples of such manifolds, the most important be-
ing the tangent sphere bundle of a Riemannian manifold of constant sectional
curvature with its usual contact metric structure.

One of the peculiarities of contact metric (k, u)-manifolds is that they give
rise to three mutually orthogonal involutive distributions D(\), D(—\) and
RE =D(0), corresponding to the eigenspaces A, —\ and 0 of the operator h,
where A = /1 — k. In particular, D(A) and D(—\) define two transverse
Legendre foliations of M so that any contact metric (k, y)-manifold is canoni-
cally endowed with a bi-Legendrian structure. The study of the bi-Legendrian
structure of a contact metric (k,p)-manifold was initiated in [9], where the
following characterization of contact metric (k, u)-manifolds in terms of Le-
gendre foliations was proven.

THEOREM 1 ([9]). Let (M, p,&,m,9) be a non-Sasakian contact metric man-
ifold. Then M is a contact metric (k, u)-manifold if and only if it admits two
mutually orthogonal Legendre distributions L and Q and a unique linear con-
nection V satisfying the following properties:

(i) VLCL,VQcCQ,
(ii) Vn=0, Vdn=0, Vg=0, Vpo=0, Vh=0,
(iii) T(X,Y) =2dn(X,Y)¢ for all X, Y € T(D), T(X,€) = [¢, X1]o + €, X0z
for all X eT(TM),

where T denotes the torsion tensor field of V and X1, and X¢ are, respectively,
the projections of X onto the subbundles L and Q of TM. Furthermore,
L and Q are integrable and coincide with the eigenspaces D(X) and D(—\) of
the operator h, and V coincides in fact with the bi-Legendrian connection VP
associated to the bi-Legendrian structure (L,Q) (cf. [7], [8]).

Using the approach of Theorem 1, in [10] the authors recently were able
to prove the strong result that any invariant submanifold of a non-Sasakian
contact metric (k, p)-space is totally geodesic.

In this paper, the study of the foliated structure of a contact metric (k, u)-
space is carried on. We start with the following question, which generalizes the
well-known problem of finding conditions ensuring the existence of Sasakian
structures compatible with a given contact form: let (M, n) be a contact mani-
fold; then does (M, n) admit a compatible contact metric (k, u)-structure? As
a matter of fact, the answer to this question involves the foliated nature of
contact metric (k, u)-spaces. In particular, we find necessary conditions, in
terms of bi-Legendrian structures, for a contact manifold (M,7) to admit a
compatible contact metric (k,u)-structure (cf. Theorem 6 and Theorem 7).
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Moreover, we interpret the Boeckx classification [5] of contact metric (k, p)-
manifolds in terms of the Pang classification [16] of Legendre foliations, clar-
ifying the geometric meaning of the invariant

_ L
2

In = i
which was defined by Boeckx in [5] in a rather obscure way.

It follows that contact metric (k, u)-spaces divide into 5 main classes, ac-
cording to the behavior of each Legendre foliation D(\) and D(—\). We prove
that those classes of contact metric (k, u)-manifolds such that |Ips] # 1 admit
a family (¢q.,€,7,9a,b) of compatible contact metric (Kq,p, fha,b)-Structures,
where the constants kg5, ttq,p are parameterized by the real numbers a and b
satisfying the relation ab= (2 — p)? — 4(1 — k), namely,

2
(a—0) ’ Ma,b:2—a+b~

16 2
In particular, we show that, in the case |Ip| > 1, choosing a = b, the above
contact metric (/ia7b, umb)—structures are in fact Sasakian. Thus, rather sur-
prisingly, it follows that any contact metric (&, u)-manifold such that [Tps| > 1
admits a compatible Sasakian structure and hence, under the assumption of
compactness, for each 1 < p < 2n, the pth Betti number of M is even, where
2n + 1 is the dimension of the manifold. At the knowledge of the author, the
last one is the first topological obstruction for contact metric (&, p)-manifolds
known at the moment. Whereas, if |Ips] < 1, choosing a = —b, we obtain a
family of Tanaka—Webster parallel structures, that is, contact metric struc-
tures whose Tanaka—Webster connection preserves the Tanaka—Webster tor-
sion and the Tanaka—Webster curvature [6].

Finally, we show that those contact metric manifolds with |Ij/| =1 admit
a family (¢¢, &, 1,9c) of compatible contact metric (ke, f1c)-structures, with

C2 C
c:l——’ c:2 1—- 5
" T ( 4)

where ¢ varies in the interval (0,4] in the case Iy =1 and [—4,0) in the case
Iy =-1.

I*ia,b=1 —

2. Preliminaries

2.1. Contact geometry. A contact manifold is a (2n + 1)-dimensional
smooth manifold M which carries a 1-form 7, called contact form, satisfy-
ing n A (dn)™ # 0 everywhere on M. It is well known that given 7 there exists
a unique vector field £, called Reeb vector field, such that i¢n =1 and i¢cdn = 0.
In the sequel, we will denote by D the 2n-dimensional distribution defined by
ker(n), called the contact distribution. It is easy to see that the Reeb vector
field is an infinitesimal automorphism with respect to the contact distribution
and the tangent bundle of M splits as the direct sum TM =D & RE.
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It is well known that any contact manifold (M,n) admits a Riemannian
metric g and a (1,1)-tensor field ¢ such that

@) p?=-I+n®¢  d(X,Y)=g(X, ¢Y),

9(pX, Y) = g(X,Y) = n(X)n(Y)
for all XY e T'(TM), from which it follows that ¢ =0, nop =0 and n =
g(+,&). The structure (¢,&,1,9g) is called a contact metric structure and the
manifold M endowed with such a structure is said to be a contact metric
manifold. In a contact metric manifold M, the (1,1)-tensor field h:= %ﬁg(p
is symmetric and satisfies

h £€=0, noh=0, ho 4+ oh =0,
(3) - - -~
VE=—p—ph,  tr(h)=tr(ph)=0,

where V is the Levi Civita connection of (M, g). The tensor field h vanishes
identically if and only if the Reeb vector field is Killing, and in this case the
contact metric manifold in question is said to be K-contact.

Moreover, in any contact metric manifold one can consider the tensor
field N, defined by

NSP(Xa Y) = @2[X7Y] + [QDX; QDY} - @[@Xa Y] - SD[Xa QPY] +2d77(X>Y)§

for all X,Y € I'(T'M). The tensor field N, satisfies the following formula,
which will turn out very useful in the sequel,

(4) PN (X,Y) + Ny (¢X,Y) = 2n(X)hY
for all X,Y e T'(TM), from which, in particular, it follows that
(5) N(Ny(9X,Y)) =0.

A contact metric manifold such that N, vanishes identically is said to be
Sasakian. In terms of the covariant derivative, the Sasakian condition can be
expressed by the following formula

(6) (Vxp)Y =g(X,Y)§ —n(Y)X,
whereas, in term of the curvature tensor field, the Sasakian condition is
Rxy&{=n(Y)X —n(X)Y.

Any Sasakian manifold is K-contact, and in dimension 3 the converse also
holds (see [2] for more details).

A recent generalization of Sasakian manifolds is the notion of contact metric
(k, w)-manifolds [4]. Let (M, ,&,1n,9) be a contact metric manifold. If the
curvature tensor field of the Levi Civita connection satisfies

(7) Rxy&=r(n(Y)X —n(X)Y) + u(n(Y)hX —n(X)hY)
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for some k, u € R, we say that (M, ¢, &, n,g) is a contact metric (k, pv)-manifold
(or that & belongs to the (k,u)-nullity distribution). This definition was in-
troduced and deeply studied by Blair, Koufogiorgos and Papantoniou in [4].
Among other things, the authors proved the following result.

THEOREM 2 ([4]). Let (M, p,&,m,9) be a contact metric (k,p)-manifold.
Then necessarily k < 1. Moreover, if k=1 then h=0 and (M,¢,&,1n,g) is
Sasakian; if k < 1, the contact metric structure is not Sasakian and M admits
three mutually orthogonal integrable distributions D(0) =RE, D(A) and D(—N)
corresponding to the eigenspaces of h, where A =+/1 — k.

Given a non-Sasakian contact metric (x, u)-manifold M, Boeckx [5] proved

that the number
1—

1—x

(SIS

Iy =

b

]

is an invariant of the contact metric (k,u)-structure, and he demonstrated
that two non-Sasakian contact metric (k,u)-manifolds (My, p1,&1,m1,91) and
(Ms, p2,€2,m2, g2) are locally isometric as contact metric manifolds if and only
if Ins, = Ipg,- Then the invariant Ip; has been used by Boeckx for giving a
full classification of contact metric (k, u)-spaces.

The standard example of contact metric (x, )-manifolds is given by the
tangent sphere bundle 73 N of a manifold of constant curvature ¢ endowed
with its standard contact metric structure. In this case, k =c¢(2—¢), p = —2¢
and Iy Ny = l%le. Therefore, as ¢ varies over the reals, I, xy takes on every
value strictly greater than —1. Moreover, one can easily find that I,y <1 if
and only if ¢ < 0.

2.2. Legendre foliations. Let (M,n) be a (2n + 1)-dimensional contact
manifold. Notice that the condition n A (dn)™ # 0 implies that the contact
distribution is never integrable. Omne can prove that in fact the maximal
dimension of an integrable subbundle of D is n. This motivates the follow-
ing definition. A Legendre distribution on a contact manifold (M,n) is an
n-dimensional subbundle L of the contact distribution such that dn(X, X’) =0
for all X, X’ € T'(L). Then by a Legendre foliations of (M,n) we mean a fo-
liation F of M whose tangent bundle L = TF is a Legendre distribution,
according to the above definition.

Legendre foliations have been extensively investigated in recent years from
various points of views. In particular, Pang [16] provided a classification of
Legendre foliations by means of a bilinear symmetric form IIx on the tangent
bundle of the foliation F, defined by

Ir(X, X') = —=(LxLxm)(§) = 2dn([¢, X], X').

He called a Legendre foliation nondegenerate, degenerate or flat according to
the circumstance that the bilinear form Iz is nondegenerate, degenerate or
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vanishes identically, respectively. In terms of Lie brackets, the flat condition
is equivalent to the requirement that [£, X] € T'(TF) for all X e I'(TF). Two
interesting subclasses of nondegenerate Legendre foliations are given by those
for which IIz is positive definite and negative definite; we then speak of
positive definite and negative definite Legendre foliations, respectively.

For a nondegenerate Legendre foliation F, Libermann [15] defined a linear
map Ar: TM — TF, whose kernel is TF & RE, such that

(8) Mr(ArZ,X) =dn(Z,X)

for any Z e I'(TM), X € T'(TF). The operator Ar is surjective, satisfies
(AF)? =0 and

9) Arle X=X

for all X € I'(TF). Then we can extend Iz to a symmetric bilinear form on
TM by putting

r(Z,7"), if Z,7' eT(TF),

ﬁ]:(Z, Z/) =
Mr(ArZ,AxZ"), otherwise.

If (M,n) admits two transversal Legendre distributions L, and Lo, we say
that (M,n, L1, Ls) is an almost bi-Legendrian manifold. Thus, in particular,
the tangent bundle of M splits up as the direct sum TM = L, & Lo & RE.
When both L; and Ly are integrable we speak of bi-Legendrian manifold. An
(almost) bi-Legendrian manifold is said to be flat, degenerate or nondegen-
erate if and only if both the Legendre distributions are flat, degenerate or
nondegenerate, respectively. Any contact manifold (M,n) endowed with a
Legendre distribution L admits a canonical almost bi-Legendrian structure.
Indeed let (p,&€,m,9) be a compatible contact metric structure. Then by the
relation dn(¢-,¢-) = dn it easily follows that @ := ¢L is a Legendre distrib-
ution on M which is g-orthogonal to L. @ is usually called the conjugate
Legendre distribution of L and in general is not integrable, even if L is.

In [7] (see also [8]), a canonical connection, which plays an important role
in the study of almost bi-Legendrian manifolds, has been introduced.

THEOREM 3 ([7]). Let (M,n, L1, La) be an almost bi-Legendrian manifold.
There exists a unique connection V° such that
(1) VblLl C Ll, VblLQ - LQ7
(i) Vble=0, Vildn=0,
(iii) TP(X,Y) = 2dn(X,Y)¢ for all X € T'(Ly), Y € T'(Ly), TP (X,&) =
[gaXLJLz + [g’XL2:|L1 fOT‘ all X € F(TM),
where T denotes the torsion tensor field of V® and Xr, and Xp, the pro-
jections of X onto the subbundles L1 and Lo of T M, respectively.
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Such a connection is called the bi-Legendrian connection of the almost bi-
Legendrian manifold (M,n, L1, Ly). We recall also the complete expression of
the torsion tensor field of V%,

(10) Tbl(X> Y) = _[XLUYLJLz@RE - [XL27YL2]L1®R§ + 2d77(X7 Y)§
+n(Y)([& XLz, + (€ XLo]r,)
- U(X)([f,YLJLz + [£7YL2}L1)'

3. The main results

By Theorem 2, it follows that any non-Sasakian contact metric (k,p)-
manifold is endowed with a canonical bi-Legendrian structure given by the
mutually orthogonal integrable distributions D(\) and D(—\). Therefore, we
can classify non-Sasakian contact metric (k, u)-manifolds by using the afore-
mentioned Pang’s classification of Legendre foliations based on the behavior
of the invariants Ilp(y) and Ilp_yy. The explicit expression of the invariants
of the Legendre foliations defined by D(\) and D(—\) was found in in [9]:

A+ 12—k —pA
(11) HD(A)Z( ) \ =
D(A\)xD(A)
= (2V1—r—p+2)glpoyxp0n),
—(A=12+r—pX
(12) lp-y = ( )A o
D(=A\)xD(~A)

= (=2V1—K— 4 2)glp(—n)xD(=N)-

Using (11)—(12) we can classify non-Sasakian contact metric (k, y)-manifolds
as follows.

THEOREM 4. Let (M,p,£,m,9) be a non-Sasakian contact metric (K, p)-
manifold. Then the bi-Legendrian structure (D(X),D(=)\)) associated to
(M,p,&,n,9) is nonflat. More precisely, only one among the following cases
occurs:

(I) both D(X) and D(—M) are positive definite;

(I1) D(N) is positive definite and D(—N) is negative definite;

(II1) both D(A) and D(—)) are negative definite;

(IV) D()) is positive definite and D(—=M\) is flat

(V) D(N) is flat and D(—X) is negative definite.

Furthermore, M belongs to the class (I), (II), (III), (IV), (V) if and only if
I >1, —1<Iy <1, Ipg <=1, Ing =1, Ipy = —1, respectively.

Proof. By (11)—(12), we have immediately that D(A) and D(—A\) are ei-
ther positive definite or positive negative or flat, depending on the sign of the
functions fi(k,pn) =2v1—k —p+2 and fa(k,pu) =—2v/1— K — p+ 2. Since
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fi(k,p) and fo(k, ) both vanish if and only if K = 1, the bi-Legendrian struc-
ture (D(A),D(—A)) turns out to be nonflat. Moreover, one easily finds that
fi(k, ) > 0if and only if Iy > —1 and fo(k, ) > 0 if and only if Iy > 1. Con-
sequently, taking into account (11)—(12), the cases IIp(y) negative definite and
[Ip(—y) positive definite, Ilp(y) =0 and Ip_ ) positive definite, Ilp(y) neg-
ative definite and IIp(_y) =0 cannot occur, and the remaining combinations
of all possible signs of f1(k,u) and of fo(k, ) give the claimed assertion. O

Using Theorem 4, we are able to study the following interesting problem.
It is a well-known question in contact geometry whether, given a contact
manifold (M, n), there exists a Sasakian structure on M compatible with the
contact form 7. Now we generalize this problem and we ask whether, given
a contact manifold (M,n), there exists a compatible contact metric structure
(p,&,7,9) such that (M, p,&,n,g) is a contact metric (k, 4)-manifold. In order
to answer this question, we need to recall the following lemma proven in [8].

LeMMA 5 ([8]). Let (M,p,&,m,9) be a contact metric manifold endowed
with a Legendre distribution L. Let Q := L be the conjugate Legendre distri-
bution of L and YV the bi-Legendrian connection associated to (L, Q). Then
the following statements are equivalent:

(i) Vbg=0.

(ii) V¥p=0.

(iii) For all X, X' € T(L) and Y,Y' € T(Q), VX' = —(¢[X,pX'])r and
VY = —(p[Y,9Y'])q, and the tensor field h maps the subbundle L
onto L and the subbundle Q onto Q.

(iv) g is a bundle-like metric with respect both to the distribution L ®RE and
to the distribution Q & RE.

Furthermore, assuming L and @ integrable, (i)—(iv) are equivalent to the total
geodesicity (with respect to the Levi Civita connection of g) of the Legendre
foliations defined by L and Q.

THEOREM 6. Let (M,n) be a contact manifold endowed with a bi-Legen-
drian structure (Fi,Fs) such that VY1l = V"1Ix, = 0. Assume that one of
the following conditions holds

(I) F1 and F» are positive definite and there exist two positive numbers a
and b such that ﬁ;—l = abﬁ}-2 on TF1 and ﬁ}-2 = abﬁ;—l on TFo,

(IT) F1 is positive definite, Fo is negative definite and there exist a >0 and
b <0 such that Iz, = abllx, on TF; and Iz, = ablly, on TFs,

(IIT) Fi and Fy are negative definite and there exist two negative numbers a
and b such that 7, = abllx, on TFy and Iz, = abllF, on TF,.

Then (M,n) admits a compatible contact metric structure (¢,&,1n,g) such
that

(i) if a=b, (M,p,&,n,9) is a Sasakian manifold,
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(ii) if a#b, (M,9,&,1n,9) is a contact metric (k, u)-manifold, whose associ-
ated bi-Legendrian structure is (Fi,F2), where
(a—b)? ., a+b
w6 HTIT g
Proof. We consider, for each Legendre foliation F; and F3, the Libermann
operators Ap, : TM — TF, and Ar, : TM — TF; defined by (8). Then

we set

(13) k=1—

1 1
glrr xrF = ;1F, glrFxrF = g1F,,

(14)
g:=n®n elsewhere.

That g is a Riemannian metric follows from the fact that the bilinear maps Il £,
and IIz, are symmetric and, by the assumptions (I)—(III), they are positive
or negative definite according to the signs of a and b, respectively, in such a
way that the bilinear forms %H;—l and %Hfz are always positive definite. In
particular by (14), we have that F; = F4 ND and F» = F{ ND. Next, let us
define a tensor field ¢ by

—bAg,Z, i ZeT(TF),
(15) pZ =< —alr Z, it Zel(TF),

0, if ZeT'(R¢).
Notice that, by definition, ¢ maps TF; onto T F, and T'F, onto T F;. More-
over, for any X, X’ e T'(TFy),

Mz (02X, X) = abllz, (Ap, Ar, X, X') = abdn(Ax, X, X)
= —abdr](X’,A}-2X) = —abH]:2 (A]:ZX/,A]:QX)

_ b_—
= —abllp, (X, X') = —%HE (X, X') = —ILg, (X, X')

from which it follows that ¢?X = —X. Analogously, one can prove that
@Y ==Y for all Y € (TF,). Thus, 9> = -1 +n® ¢ We prove that
(p,&,m,9) is in fact a contact metric structure. Indeed, for all X, X’ € T'(T'F;)

g(@Xa QOXI) = bzg(A]:QX, A.7:2X,) = bH]‘—z (Aszv A-7:2X/)
— 1
= bl (X, X') = - L, (X, X') = g(X, X'),

Analogously, one has g(¢Y,pY’) =g(Y,Y”’) for all Y)Y’ € T'(T'F2), so that we
can conclude that g(y-, ¢-) =g(-,-) —n ®mn. Furthermore, for all X € I'(T'F;)
and Y € T(T'F2) we have
1
9(X, ) = 115, (X.pY) = Il (X A5, Y)
— Tlr, (AR, Y, X) = —dn(¥, X) = dy (X, )
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and, in the same way, g(Y,pX) =dn(Y,X). Moreover, since F; and F, are
mutually orthogonal with respect to g and they are Legendre foliations, we
have dn(X,X') =0=g(X,¢X’) and dn(Y,Y’) =0=g(Y,¢Y") for all X, X’ €
I'(TFy) and for all Y)Y’ € T'(TF2). Therefore, dn = g(-,¢-) and (¢,&,7,9)
is contact metric structure. Notice that F; and Fy are conjugate Legendre
foliations with respect to (¢,&,7,9), since (T F1) =TFs and o(TF2) =T F;.
Now, since VP IIz = V*IIz, =0, we have that the bi-Legendrian connec-
tion preserves the Riemannian metric g and this, by Lemma 5, implies that
Vlp=0 and h:= %ngﬁ preserves the foliations F; and Fy. Then, as
ker(Ax, ) = TF ®RE and by (9) we have, for any X € T'(TF1), (&, X]rx,) =
—alr ([§, X]rF,) = —alAF [§, X] = =5 X, hence

2
(16) pX = a[faX]T]-'z'
Analogously, one can prove that

2
(17) oY = 3[5, Yirs

for all Y € T'(TF3). Thus, for any X € I'(TFy), 2hX = [, 0X] — ¢[¢, X] =
[5,%0X]T]—‘1 + [fa@X]sz - @([va]Tfl) - @([gvx]sz)v from which, as
h(T]:l) C TFy, it follows that 2h.X — [{,(pX]Tjrl —|—g0([£,X]T_7:2) = [f,(pX]T]:Z -
@([va]T]ﬁ) =0. Hence, using (16)7(17)3

(18)  hX = %([f,sz]m — (6, X]rF7,)) = % (‘% + %)X: a;bX‘

In the same way one has, for any Y € I'(T'F3),

(19)  hY = %([é,wY}m —o([£,Y]rR)) = %(‘% + g)Y == ; .

We then distinguish the cases a #b and a =b. In the first case, assum-
ing for instance a > b, the manifold is not K-contact and F; and F, are
the eigenspaces of the operator h corresponding to the eigenvalues A = ’IT_”
and —)\, respectively. Therefore, V*'h =0 and so (M, p,&,n,g) fulfils all the
conditions required by Theorem 1 and we conclude that it is a contact metric
(K, u)-manifold. Comparing (14) with (11)—(12), we obtain the linear system
2\ —pu+2=a,—2\ — p+ 2 => which admits the unique solution A = “T*b,
w=2- aTer. Hence, k=1—-X2=1— (azg)Q . Now we consider the case a =b.
By (18)—(19), we have that h =0. Due to (iii) of Lemma 5 and using (10), we

have for all X, X' e T'(TF)
(Np(X, X)) 17, = —[X, X'] = (0o X, X N1r — (0[X, X N7r
= (X, X' - VX + VX
— j'vbl()(7 X/)
= -[X, X'|rrere =0,
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because of the integrability of F;. Analogously, (N, (Y,Y”))rzs, =0 for all
Y, Y e (TF,). Now, for all X, X’ e I(TFy),

No(pX,0X") = —[pX,oX'] + [0*X, 0’ X] — 0[0* X, 0X'] — plp X, 0> X'
= —[pX,0X'T+ [X, X'] + o[ X, 0 X'] + ¢l X, X']
= _NAP(XVX/)ﬂ

hence (N, (X, X"))rr, = —(Np(¢X,0X'))rr, =0. Since, by (5), g(Ny(X,
X"),&) =n(Ny,(X,X")) =0, No(X,X’) has zero component also in the direc-
tion of £ and we conclude that N,(X,X’) =0. In the same way, one can
show that N,(Y,Y’) =0 for all YY" € I'(T'F,). Moreover, (4) implies that
N,(X,Y)=0 for all X e (TF1) and Y € I'(T'F3). Finally, directly by the
definition of N, we have 1(N,(Z,£)) =0 for all Z € I'(D), and from (4) it
follows that ¢N,(Z,£) =0. Hence, N,(Z,€) € ker(n) Nker(y) = {0}. Thus,
the tensor field N, vanishes identically and (M, p,&,n,g) is a Sasakian man-
ifold. O

The expressions of « and p in (13) should be compared with the example
presented by Boeckx in his local classification of non-Sasakian contact metric
(K, p)-manifolds with Ip; < —1 (cf. Section 4 of [5]). Therefore, in some sense
Theorem 6 may be regarded also as a generalization of the Boeckx construction
for every value of the invariant I;.

Furthermore, it should be remarked that the cases (I), (IT) and (III) of
Theorem 6 correspond, respectively, to the classes (I), (II) and (III) of Theo-
rem 4. This is also clear by the computation of the invariant I;. Indeed by
(13), we get straightforwardly Ip; = \Zia , so that, according to the signs of a
and b, I); can assume values strictly greater than 1, strictly lower than —1,
or in the interval (—1,1). However an easy computation shows that Ip; = +1
if and only if a =0 or b= 0, that’s impossible because of the assumptions of
Theorem 6. Now, we complete our results by proving the following theorem
concerning the remaining classes (IV) and (V) of Theorem 4.

THEOREM 7. Let (M,n) be a contact manifold endowed with a bi-Legen-
drian structure (Fi,F2) such that V'Ilg =0 (respectively, V*1lg, = 0).
Assume that Fi is positive definite (respectively, flat) and F» is flat (respec-
tively, negative definite). Then for each 0 < ¢ <4 (respectively, —4 < ¢ < 0)
(M,n) admits a compatible contact metric (k,p)-structure, whose associated
bi-Legendrian structure is (F1,Fa), where

02 C
2 =1-— =2(1--).
(20) K TR < 4>

Proof. Let us assume that F; is positive definite and F5 is flat. Then F7 is,
in particular, nondegenerate and we can consider the corresponding linear map
Ag, : TM — TF; defined by (8). Since the operator A, is surjective and its
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kernel is TF; @ RE, we have that Ax, |7x, : TFy — TF is an isomorphism.
Then for each ¢ € (0,4] we define a tensor field ¢ of type (1,1) by

1 _
(21) olrr = E(Afl l77) " olrr, == —cAr |17, € =0.
Moreover, we put

1 N
glrF xrF = AlF, gl FxrF, = llF |rF TR, »

(22)
g:=n®n elsewhere.

Notice that g defines a Riemannian metric since, by assumption, F; is positive
definite and ¢ > 0. We prove that in fact (¢,£,7,g) is a contact metric struc-
ture. Indeed we have easily that p? = —I+n®¢. Next, for all X, X' € T(TF;)
we have g((pX> SDX/) = CH.7:1 (A}-ﬁDX? A.7:1<)0X/) = (1/0)1_[.7:1 (AflA;'llXa
Ay:lA;-llX’) = (1/0)llF (X, X') = g(X,X’). In a similar way, one can prove
that g(¢Y,¢Y’) =g(Y,Y’) for all V.Y’ € I'(T'F,). Moreover, the same argu-
ments used in the proof of Theorem 6 show that g is an associated metric, that
is dn=g(-,¢-). Thus, (¢,&,n,9) is a contact metric structure. Notice that,
by construction, F; and F» are conjugate Legendre foliations with respect
to (p,&,m,9). Finally, the definition of g and the assumption V* Iz =0
imply that the bi-Legendrian connection is metric with respect to g. Hence,
by Lemma 5, the tensor field ¢ is V%-parallel and the operator h preserves
the Legendre foliations F; and F,. We are now able to compute the explicit
expression of h. For any X € I'(T'Fy), we have 2hX = [£,pX]| — ¢[, X]| =

[, o X]rr + [§,9X]rr, — 9§, X]TF) — ¢([§, X]rF,). The flatness of F
yields [§, o X]7x =0. Thus,

(23) 20X + o([¢, X]rF,) = €, ¢ X]rF, — @([& X]rF )

Since h preserves the foliations, the right-hand side of (23) is a section of
both T'F; and TF,, hence vanishes. Consequently, taking into account that
ker(A;—l) =TF & Rf,

1

(24) X ==Z¢(& X)rm) = 547 (6 X]rm) = 545 (6 X]) = TX.

Moreover, let Y be a section of TFs. As o(TF1) =TF,, Y =X for some
X e(TF1). Then, by (24), hY = hpX = —phX = -5 X = — Y. Thus, the
bi-Legendrian structure (Fi,F2) coincides with that one determined by the
eigendistributions of the operator k. In particular, this implies that V*'h = 0.
Therefore, all the conditions in Theorem 1 are satisfied and we conclude that
(M,¢,&,m,9) is a contact metric (k,u)-manifold such that D(\) = F; and
D(—A) = F,. Finally, comparing (22) with (11) and taking into account that
Ir, =0, we get k=1—(%)? and p=2(1 — £). The case when F is flat
and F3 is negative definite is analogous, the only difference being to use Az,
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setting
olrr, =—cArlrr,  Clrm = 1t(Agmlrr)"Y @€ =0,
glrr xrr = Alg|rr xrF glrFxrF, = g,

g:=n®n elsewhere.

where ¢ € [—4,0). Arguing as in the previous case, one can find that (¢,£,7,g)
is a contact metric (k, p)-structure, where x and p are given by (20) and
D(A) =F1, D(—=A) = Fa. (]

REMARK 1. Notice that, as expected, by (20), we get Ipy =1 if ¢ >0 and
Iy = —1if ¢ < 0. Furthermore, it should be remarked that for no value of ¢
one can obtain a Sasakian structure, since x = 1 if and only if ¢ =0. Whereas,
for ¢ =4 one gets k = u =0, that is Rxy£=0 for all X,Y e (T M). Such
contact metric manifolds were deeply studied by Blair in [1].

COROLLARY 8. Let (M,¢,£,1n,9) be a non-Sasakian contact metric (K, u)-
manifold. Then

(i) if In # £1, (M,n) admits a family of compatible contact metric
(Ka,bs Hab)-Structures, where a and b are real numbers such that ab=
(22 u2 - a(1 - ),

(i) of Ing =1 (respectively, Iny = —1), (M,n) admits a family of compatible
contact metric (K, fic)-structures, where 0 < ¢ < 4 (respectively,
-4 <¢<0).

Furthermore, the above contact metric (Kap, flab) and (Ke, fe)-structures are

of the same classification as (¢,&,n,9g).

Proof. In order to prove the statements, it suffices to show that (M, p,¢,
7, g) satisfies all the hypotheses of Theorem 6 for the case (i) and of Theorem 7
for the case (ii).

(i) By (11)—(12) and by Theorem 1, we have immediately that V*/IIp ) =
V“HD(, ») = 0, where, as usual, V% denotes the bi-Legendrian connection as-
sociated to the bi-Legendrian structure (D()A), D(—))) defined by the eigendis-
tributions of the operator h. Next, we compute the explicit expression of
the Libermann operators Ap(y) : TM — D(X) and Ap_y) : TM — D(-N).
For any X € I'(D())) and Y € I'(D(—\)) we have, by (11),

Ipoy (Apn) Y, X) =dn(V,X) =g(Y,0X) = 9(¢Y, X),

1
I k—p+2
from which it follows that

0, on D(\) & RE,
Apony =

(25) on D(—=\).

1
2o i=r P’
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Whereas, using (12), one can find

1
(26) Ap(_y) = =¥ on D),
0 on D(—A) & RE.

Notice that the denominators in (25) and (26) are different from zero just
because of the assumption Ips # 1. Next, for all X, X’ e I'(D(-2)),

Hp(—x) (X, X") =Hp—n) (Ap—n) X, Ap—nX')

1 /
= _QM_M+29(s@X,¢X)
1 /
B, e LGRS
1
S e
Thus, Hp(n) = ((2 — p)? — 4(1 — &))IIp_y) on D(A) and in a similar man-
ner one can find that Ip_y = ((2 — ) — 4(1 — £))IIp(x) on D(—A). We
distinguish the cases (I) Ins > 1, (II) —1 < Ip; <1 and (III) Ipy < —1. By
Theorem 4, in the first case both D(A) and D(—\) are positive definite, in
the second D()) is positive definite and D(—\) negative definite and in the
third one both D(\) and D(—\) are negative definite. Then we take any two
a,b € R such that ab= (2 — u)? —4(1 — k) and @ >0, b > 0 in the case (I),
a >0, b <0 in the case (II) and a < 0, b < 0 in the case (III). Thus, in any case
the hypotheses of Theorem 6 are satisfied and so the structure (¢q.4,&,7, ga,b)
defined by (14) and (15) is a contact metric (Kq,p, tha,p)-Structure on (M, n).
(ii) If Ips =1 then, by Theorem 4, D(\) is positive definite and D(—\)
is flat. Moreover, again by (11) and Theorem 1 we have that V“HD(A) =0.
Thus, all the assumptions of Theorem 7 are satisfied and it suffices to take
any c € (0,4] for obtaining a contact metric (k, fi)-structure given by (21)
and (22). The proof for the case Iy = —1 is similar to that for Iy =1. O

COROLLARY 9. Any contact metric (k, u)-manifold (M, p,&,n,g9) such that
[Iar| > 1 admits a compatible Sasakian structure.

Proof. Tt (M,,€&,n,g) is Sasakian then the assertion is trivial, so we can
assume that the structure (¢,€,7,¢g) is non-Sasakian. Then we can apply
Corollary 8. The assumption |Ips| > 1 implies by Theorem 4 that the Le-
gendre foliations D(A) and D(—\) are either both positive definite or both
negative definite. So it is sufficient to take a =b= /(1 — §)? — (1 — ) in the
case of positive definiteness and a =b=—./(1—§)? — (1 — &) in the case of
negative definiteness, for obtaining, by Theorem 6, a Sasakian structure on

M compatible with the contact form 7. (]
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COROLLARY 10. For each 1 <p < 2n, the pth Betti number of a compact
contact metric (k, u)-manifold M"Y such that |Ipponi1| > 1 is even.

Proof. The assertion is a consequence of Corollary 9 and the results in [3]
and [11]. O

Finally, applying twice Theorem 6 and Corollary 9 we get the following
result.

COROLLARY 11. Let (M,n) be a contact manifold endowed with two positive
definite or negative definite Legendre foliations satisfying the conditions (1) or
(IIT) of Theorem 6, respectively. Then (M,n) admits a compatible Sasakian
structure.

We conclude by recalling the definition of Tanaka—Webster parallel space,
recently introduced by Boeckx and Cho [6]. A contact metric manifold is
a Tanaka—Webster parallel space if its generalized Tanaka—Webster torsion
tensor 7" and its curvature tensor R satisfy VI =0and VR = 0, that is the
Tanaka-Webster connection V is invariant by parallelism (in the sense of [13]).
Boeckx and Cho have proven that a contact metric manifold M is a Tanaka—
Webster parallel space if and only if M is a Sasakian locally ¢-symmetric
space or a non-Sasakian (k,2)-space ([6, Theorem 12]). Thus, in particular,
we deduce the following corollaries of Theorem 6 and of Corollary 8.

COROLLARY 12. Any non-Sasakian contact (k,p)-manifold (M, p,&,1,9)
such that |Ip| <1 admits a compatible Tanaka—Webster parallel structure.

Proof. The assumption |Ips| < 1 implies by Theorem 4 that the Legendre
foliation D(A) is positive definite and D(—A) is negative definite. So it is
sufficient to take a = —b = /(1 — 5)2 — (1 — k) for obtaining, according to
Theorem 6, a compatible contact metric (Kq,p, fha,b)-structure (¢q.6,&,7, ga,p)

a2

on (M,n) such that k =1— 9% and p=2. Thus, by applying the aforemen-
tioned result by Boeckx and Cho, we conclude that (M, @4 p,&,7,9ap) is a
Tanaka—Webster parallel space. O

COROLLARY 13. Let (M,n) be a contact manifold endowed with a posi-
tive definite Legendre foliation F1 and negative definite Legedre foliation Fi
satisfying the condition (II) of Theorem 6. Then (M,n) admits a compatible
Tanaka—Webster parallel structure.
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