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GOOD REDUCTION OF PERIODIC POINTS ON
PROJECTIVE VARIETIES

BENJAMIN HUTZ

ABSTRACT. We consider the dynamical system created by iter-
ating a morphism of a projective variety defined over the field
of fractions of a discrete valuation ring. We study the primitive
period of a periodic point in this field in relation to the primi-
tive period of the reduced point in the residue field, the order of
the action on the cotangent space, and the characteristic of the
residue field.

1. Introduction

We consider dynamical systems arising from iterating a morphism of a
projective variety defined over the field of fractions of a discrete valuation
ring. Our goal is to obtain information about the dynamical system over
the field of fractions by studying the dynamical system over the residue field.
In particular, we aim to bound the possible primitive periods of a periodic
point. This topic is discussed for ¢ : P! — P! with many references in [12,
Section 2.6].

Recall that given a set A and map f: A — A we can create a dynamical
system by iterating the map f on the set A. We denote f™ as the nth iterate
of f. An element a € A such that f™(a) =a for some positive integer n is
called a periodic point and the least such n is called the primitive period of a.
We will use the following notation unless otherwise specified:

e R is a discrete valuation ring complete with respect to a normalized valua-
tion v.

m is the maximal ideal of R with uniformizer 7.

K is the field of fractions of R.

k= R/m is the finite residue field of characteristic p.

~ denotes reduction mod .
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1110 B. HUTZ

e ||, is the associated non-Archimedean absolute value.

Note that these conditions imply that K is a local field.

In Section 2, we establish a notion of good reduction for a projective variety
X/K and a morphism ¢ : X — X defined over K so that we can study the
dynamics of ¢ over K by examining the dynamics of the reduced map over k.

In Section 3, we describe the primitive period of P € X (K) with the fol-
lowing two theorems.

THEOREM 1. Let X /R CPY be a smooth projective model of X/K, a non-
singular irreducible projective variety of dimension d. Let ¢p: X/R— X /R
be an R-morphism and Pr € X(R) be a periodic point of primitive period n
for ¢r with P of primitive period m. Then

n=m
or there exists a ¢-stable subspace V' of the cotangent space of X X Speck
such that
n=mryp® with e >0,

where 1y is the order of the map induced by ¢™ on V. Furthermore, letV C X
be the scheme theoretic union of {Pr,¢r(PR),..., 8% "(Pr)}. ThenV is the
cotangent space of V X g Speck. Let d' <d be the dimension of V', then

ry < (Nm)¥ -1,
where N is the norm of .

This theorem generalizes the known result for ¢: P! — P! [12, Theo-
rem 2.21] and is similar to [4].

THEOREM 2. Let X /R CPY be a smooth projective model of X/K, a non-
singular irreducible projective variety of dimension d. Let ¢rp: X/R— X /R
be an R-morphism and Pgr € X(R) be a periodic point of primitive period n
for ¢r. Using the notation from Theorem 1, we have for n =mryp® that

1+ logs(v(p)), p#2,
e<

= 1+loga<\/5v(2)+ 25(v(2))2+4)’

p=2

)

1+
2

where o =

This theorem is a generalization of results such as those found in [8], [9],
[10], [13] and, in particular, implies that the primitive period of a K-rational
periodic point is bounded. In the following corollary, we state what the bound
is when working over Q.

COROLLARY 3. Let X/Q be a smooth irreducible projective variety of di-
mension d and ¢ : X — X a morphism defined over Q with good reduction at
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a prime p. Let P € X(Q) be a periodic point with primitive period n. Then

we have
1, 2,
o< p#
33 p:2

and

< Pt —1), p#2,
T 2tt3(2d — 1), p=2.

By assuming that ¢: X — X is étale, we may remove the hypotheses of
smooth and irreducible to obtain the following theorem.

THEOREM 4. Let ¢ : X — X be an étale morphism of a projective variety
defined over K. Let P € X(K) be a smooth periodic point for ¢ with primitive
period n. LetY C Xgmooth be the irreducible component containing P. Let [ be
the smallest integer such that ¢! is an étale endomorphism of Y. Assume that
&' restricted to Y has good reduction. Then we have n=Im or n = lmryp®
where m, ry, and p® are as in Theorem 1 and Theorem 2.

It is well known that for X C PV a variety defined by homogeneous poly-
nomials of degree at most d, the number of irreducible components of X is
bounded by dV. In particular, Theorem 4 implies that the primitive period
of a smooth K-rational periodic point is bounded for an étale morphism of a
projective variety.

2. Good reduction

In this section, we consider the more general situation of a scheme X/
Spec K and a K-morphism ¢ : X — X, unless otherwise stated. Following
[12, Section 2.5], we define a notion of good reduction.

DEFINITION 5. A scheme X/K has good reduction if there exists a smooth
proper scheme X' /R with generic fiber X/K. We call such an X /R a smooth
proper model for X/K.

If X/K has good reduction, each point in X (K) corresponds to a unique
point in the proper scheme X(R) and, consequently, a unique point in the
special fiber (denoted as P). In addition to a notion of good reduction for
a scheme X/K, we also need a notion of good reduction for a K-morphism

o: X — X.

DEFINITION 6. Let X/K be a scheme and ¢ : X — X a K-morphism. We
say that ¢ has good reduction if there exists a smooth proper model X /R of
X/K and an R-morphism ¢r : X — X extending ¢. Denote the restriction of
®r to the special fiber as ¢.
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REMARK. Let X =P} and ¢ : P}, — P be a morphism defined over K.
Then good reduction as defined in Definition 6 is equivalent to good reduction
as defined in [12, Theorem 2.15]. For X =P¥ and ¢: X — X, a morphism
over K, we can again formulate a definition of good reduction using resultants
that is equivalent to Definition 6; see, for example [7, Section 1.1].

REMARK. For a morphism ¢ : PL. — P Hsia [6, Section 3] defines a notion
of mildly bad reduction as the case where ¢ has bad reduction but there exists a
projective scheme X of finite type over R and an R-morphism from X — PL
that is an isomorphism on the generic fiber such that ¢ extends to an R-
morphism that maps the smooth part of X to itself.

The following theorem and corollary show that for morphisms with good
reduction, the dynamics of ¢ are related to the dynamics of ¢.

THEOREM 7. Let X /R be a smooth proper scheme with generic fiber X/ K.
Let ¢p: X/R — X/R be an R-morphism and let ¢ : X/K — X/K be the
restriction of ¢r to the generic fiber. Let ¢ be the restriction of ¢r to the
special fiber.

(a) ¢(P)=¢(P), for all P € X (K).

(b) Let Yr: X/R— X/R be another R-morphism and ¢ : X/K — X/K be
the restriction of Vg to the generic fiber. Then ¢po1h = o).

(c) Let ¢% : X/R— X /R be the nth iterate of pr and let ¢" be ¢ restricted

to the generic fiber. Then
¢"(PY=¢"(P) forall PeX(K).
Proof.
(a) Let P e X(K), that is, P € Homgpec x(Spec K, X). Since the scheme is
proper, we have a unique associated
Pr € Homgpec r(Spec R, X).
Using the universal property of fiber products, it is easy to see that

(¢r © Pr)|speck = (®r)|speck © (PR)|speck-

(b) A composition of morphisms is a morphism, so we have that ¢ o Vg is
also a morphism of schemes. Using an argument with fiber products, we
see that ¢ o) = pop.

(¢) To prove this statement, we proceed by induction on n by applying (b)
to the maps ¢r and qﬁf,éb_l. U

REMARK. There are some interesting questions to be raised concerning
good reduction of K-morphisms.

o If ¢? has good reduction, does that necessarily imply ¢ has good reduction?
For N =1, Benedetto [1, Theorem B] proves for ¢ € K(x), a rational map
of degree > 2, and any positive integer n that ¢ has good reduction if and
only if ¢" has good reduction.
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e If ¢ and 1 are distinct and both have good reduction, then is it necessarily
true that ¢ o has good reduction? The complication is whether a smooth
proper model X'/R exists where both ¢ and v extend to R-morphisms ¢g
and ¥g. It is not clear if the good reduction of ¢ and % is enough to ensure
the existence of such a smooth proper model.

DEFINITION 8. Let X/K be a scheme, ¢: X — X be a K-morphism, and
Pe X(K).
e The point P is periodic if ¢"(P) = P for some n € N. The integer n is called
a period of P.
e If P is periodic with period n and ¢™(P) # P for all 0 < m <n, then n is

called the primitive period of P.
o If p™T(P) = ¢™(P) for some m,n € N, then P is called preperiodic.

COROLLARY 9. Let X/R be a smooth proper scheme with generic fiber
X/K. Let ¢pp: X/R— X/R be an R-morphism and ¢: X/K — X/K the
restriction of ¢r to the generic fiber. Let ¢ be the restriction of ¢r to the
special fiber. Then the reduction map sends periodic points to periodic points
and preperiodic points to preperiodic points. Furthermore, if P € X(K) has
primitive period n and P has primitive period m, then m |n.

Proof. Let P € X(K) be a point of primitive period n and let m be the
primitive period of P. We are given that ¢ has good reduction, so by Theo-
rem 7 we know

(1) ¢"(P)=¢"(P)=P.
From (1), we deduce that m <n and n =0 mod m, since the smallest period
m is the greatest common divisor of all of the periods. O

Before we examine the primitive period, we state what it means for a
scheme defined over a number field to have good reduction at a particular
prime.

DEFINITION 10. Let L be a number field with ring of integers A and X/L
a scheme over L. Let p be a prime of L and A, the localization of A at p.
We say that X has good reduction at p if there exists a smooth proper model
X /A, with generic fiber X/L.

Similarly, ¢ : X/L — X/L has good reduction at p if ¢ has good reduction
over Ag.

For the rest of this article, we work with morphisms of projective varieties
defined over K. We assume that X' /R is, in fact, a smooth projective scheme
with generic fiber X/K. Since projective implies proper, this is slightly more
restrictive.
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3. Description of the primitive period

3.1. Preliminary results.

DEFINITION 11. Let P € IP’% be a point. We call a representation of P as
[Py, ..., Pn] with P, € Rfor 0 <i< N and at least one P; € R* a normalization
of P. We define the reduction of P modulo w, denoted P, by first choosing a
normalization of P and then setting

P=(Ry,... Pyl cP).
Note that P is independent of the choice of normalization.
We recall some standard facts about projective space.

PROPOSITION 12. Let q be the number of elements of k. Then

(a) Given any N + 2 points P; € PN for which the images P;(Spec K) and
their reductions [the images P;(Speck)] satisfy that no N + 1 of them are
coplanar, there exists a transformation in PGLy41(R) that maps them to
any other N + 2 points Q; in ]P’g for which the images Q;(Spec K) and
their reductions satisfy that no N +1 of them are coplanar.

(b) The number of hyperplanes of PY is ¢V + ¢V 1+ +q+1.

(c) The number of hyperplanes of PY through a point of Py is ¢Vt + -+
q+1.

Proof.

(a) Tt is a standard argument to show that given N 42 points in PR ! with no
N +1 of them coplanar, that we can find a element of PGLy11(K) that
takes them to any other set of IV + 2 points in IP%H with no N +1 of them
coplanar. Using the same argument and the fact that their reductions
[points in PNV +1(k)] also satisfy that no N + 1 of them are coplanar. We
can find an element in PGLy11(R) that takes them to any other set of
N + 2 points in ]P’g+1 with no N + 1 of them coplanar.

(b) A d dimensional subspace of ]P’{CV is isomorphic to Pg which has g%+ ¢%~1 4+
-+ 4 q+ 1 points.

(c) Let P €PY and H a hyperplane of PY not containing P. Any hyperplane
of P through P meets H in a hyperplane of H. By (b), there are
gVl 4+ ... 4 ¢+ 1 hyperplanes of H. U

For the proof of Theorem 1, we need a moving lemma for the orbit of a
point whose reduction is a fixed point. Let AN be the standard affine open
sets in PV obtained by sending

to ti1 tit1 3
toy. .ot R Sk -
o wl= (ti i b (2 )
LEMMA 13. Let N >2. Given any finite set of points P = {Py}acr C PN

whose tmage in the special fiber is a single point and any fived i, 0 <i < N,
we can find a transformation f € PGLy11(R) such that f(P) C (AN)g.
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Proof. Let g be the number of elements of the residue field k.

Without loss of generality, consider (A} )z. We need an f € PGLy;(R)
that sends the points of P to points not in the hyperplane ¢ty = 0. So we need
to find a hyperplane H in P that does not contain any of the points of P
and send it to the hyperplane ty = 0.

The image in the special fiber of P is a single point, denoted P. By
Proposition 12(b) and (c), there are

@+ g+ ) = (VT g+ ) =4

hyperplanes of P& which do not go through P. Let H be any hyperplane in
IP’kN that does not contain P. Choose any N points on H. We need to find
two additional points in PY which, when combined with the already chosen
N points, satisfy that no N + 1 of them are coplanar in PY. Let one such
point be P, which is not on H by construction.

There are (N;[rl) = N + 1 subsets of N points of the N + 1 chosen points.
We need to choose an additional point which does not lie on a hyperplane con-
taining any of those IV + 1 subsets. Each subset defines a unique hyperplane,
so we must choose a point not on N + 1 hyperplanes. By Proposition 12(b),
there are

qN 4+ 4g+1
total hyperplanes. So we need

"+ +g+1>N+1

to be able to find such a point. We know that ¢ > 2 and N > 2, so we can
always find such a point.

Having found the necessary points on the special fiber, we can lift them
to (not necessarily unique) points on the generic fiber. Since PY is proper,
these points on the generic fiber correspond to unique points of the scheme.
We have found N + 2 points that satisfy the hypothesis of Proposition 12(a);
hence, there exists an element f of PGLy1(R) as desired. O

To be able to apply Lemma 13, we need to be certain that we do not change
the dynamics.

DEFINITION 14. Let X C P¥ be a projective variety, ¢: X — X a mor-
phism, and f € PGLy,1(R). Define ¢/ = f~topo f.

ProPOSITION 15. Let X /R C ]P’g be a smooth proper model for X, a pro-
jective variety defined over K. Let ¢r: X — X be an R-morphism extend-
ing ¢: X/K — X/K. Let f € PGLy11(R) and let P € X(K) be a periodic
point of primitive period n whose reduction modulo w has primitive period m.
Then,

(a) ¢ : f7YUX) — f~YX) has good reduction.
(b) f=Y(P) has primitive period n for ¢'.
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(¢) F~Y(P) has primitive period m for ¢7.

Proof. Note that the embedding X/R C P¥ induces an embedding
X/K CPY, so the action of f on X is defined. We need to show that there
exists a smooth projective model J/R and an R-morphism ¢g : Y — Y such
that the following diagram commutes and the vertical maps are isomorphisms:

Y/R——Y/R
(2) le lf}z
X/R-""~ X/R.

We know that f € PGLy41(R) is an automorphism of ]P’% that has good
reduction with smooth projective model PX. Let fg: PX — PX be the mor-
phism extending f. Then fg is an automorphism of PX¥ and

R X/R— [ (X/R)
is an isomorphism. Let Y/ R be defined as f;'(X/R), thus the vertical maps
are isomorphisms. Let
Yr=¢W =fr' odro fa.

Diagram (2) now clearly commutes.
To prove (a), the smooth projective model is J/ R and the morphism is ¢ g.
Since the vertical maps are isomorphisms and

(flopof))=f"og°cf foralls>1,
(b) and (c) follow immediately from the diagram (2). 0

To prove Theorem 1, we need a w-adic version of the Implicit Function
theorem that includes an explicit bound on the size of the neighborhood of
convergence. To do this, we recall without proof a version of Hensel’s lemma
for systems of power series. This version of Hensel’s lemma comes from Green-
berg [5, Chapter 5], and we adopt his terminology.

DEFINITION 16. We say f is a system of formal power series over R if f is
a vector where each component is a formal power series with coefficients in R
having zero constant term.

PROPOSITION 17 (Hensel’s lemma). Let

Fi,...,Fy € Rlx1,...,zy] and ay,...,ay €R

OF;
|Fi(a1,. .., an)]y < ‘det(<8x]~>i’j(al’ . ..,aN))

with
2

<1

v
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for 1 <i< N. Then there exist by,...,by € R with

Fi(by,...,bny) =0 and bi—ai|v<’det<(aﬂ) (al,...7aN)>
ox i

J

v

for 1 <i < N. Furthermore, the system of power series taking (a1,...,an) to
the solution (by,...,by) is defined over R.

Recall that a function F : AN*M(K) — AM(K) is smooth at a point P €
ANTM(K) if its Jacobian matrix has rank M at P.

PROPOSITION 18 (7-adic Implicit Function theorem). Let
F=[F,...,Fy]: ANTM(K) - AM(K)

be a smooth function with each F; defined over R. Label the coordinates of
ANFTM g (2q,..., 2N, Y1,---,ynr). Let (ag,bg) be a point in ANTM(K) such
that

(a) F(ao,bo) = O,

(b) the minor

(8Fi> (a9, bo)

9y, i=1,...,.M
G=1,....M

1s full rank, and
(c) |Fi(ag,bg)|, <82 for 1<i< M

with oF
det(( i) (ao,b0)>
;) ic1,..m

,,,,,

j=1,...M
Let B, denote the w-adic open ball of radius € around the origin. Then for all
a such that

(5:

<1.

v

la —ap|, <,
there exists a unique system over R
g: Bs» — Bs C AM
such that
g(ag)=bg and F(a,g(a))=0.
Proof. By assumption, we have that
|Fi(ag,bo)|, <62 for 1<i< M.

After a translation, we may assume ag = (0,...,0).
For any aand i, 1 <i < M, F;(a,by) has a zero constant term in z1, ..., zyN;
so for

@y <8% for1<i<N
we have
|F;(a1,...,an,b0)l|v <6? for1<i<M.
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We may apply Hensel’s lemma (Proposition 17), which concludes that there
exists a system of power series g defined over R which takes a point
(a1,...,an) and sends it to the unique point g(ai,...,an) = (b1,...,bn),
satisfying
(a) bl,...,bMER,
(b) F(ay,...,an,b1,...,bpr) =0, and
(¢) |bi—aily<dfor1<i< M.
Note that since |a;|, < 62 for 1 <i < N and |b; — a;|, <6 for 1 <i < M, we
have

g: B(;z — B(;. U

3.2. Proof of Theorem 1. Let X/R be a smooth projective R-scheme of
dimension d whose generic fiber is a nonsingular irreducible projective variety
X/K. Let ¢ : X/R — X /R be an R-morphism and denote the restrictions to
the generic fiber and the special fiber as ¢ and ¢, respectively. Let Pg € X (R)
be a periodic point of primitive period n for ¢z and let P = Pg(Spec K') and
P = Pr(Speck) with P of primitive period m for ¢. There are three main
steps in analyzing the primitive period of the reduction of a periodic point.

e Use good reduction to show that there is an open m-adic neighborhood U
and a system of functions f regular on U and defined over K such that ¢
is represented by f as a regular map on U and all of the iterates of Pr by
¢r are contained in U.

e Show that f has a local power series representation on U with coefficients
in R.

e Noticing that ¢ acts as the cyclic group of order n on the scheme theoretic
union V of the finite set of points {Pr,dr(Pg),...,¢% ' (Pr)}, iterate a
local power series representation of f to obtain information about n.

Recall that we know m | n from Corollary 9. Replacing ¢r by ¢% and n

by n/m, we may assume that m = 1. We resolve the first two steps in the

following lemma.

LEMMA 19. Let X/R CPY be a smooth projective model of X/K a non-
singular irreducible projective variety of dimension d. Let ¢p: X/R— X /R
be an R-morphism and let Pr € X(R) be a periodic point of primitive period
n for ¢r such that P is fized by ¢. Let V C X be the scheme theoretic union
of {Pr,dr(PR),...,¢" ' (Pr)}. Then
(a) there exists a g € PGLy41(R) such that

9~ ({Pr,¢r(Pr),...,¢" "(Pr)}) C (A))r
and
g_l(PR) =[1,0,...,0],

(b) there exists a w-adic neighborhood U and regular maps £ = [f;] defined
over R on U such that
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(1) or(p) =£(p) for all p €U and all of the iterates of Pr by ¢r are
contained in U,

(2) each f; has a power series representation over R on U N (AY)g that
converges for values in m and that we can iterate at Pg,

(3) the local system of parameters for Oy p, is a subset of the local system
of parameters for Ox p,. We can write ¢rly = [f!] for regular maps
f' = [f]] defined over R, where each f] has a local power series rep-
resentation over R on V in the local system of parameters for Oy p,
that converges for values in m and that we can iterate at Pg.

Proof. The embedding X C P¥ induces an embedding X C P¥. Let [to,
..,tn] be the coordinates of P%. Let

P = {PR7¢R(PR)7 RN ¢)T]§_1(PR)}
This is a finite set of points in X (R) whose images on the special fiber are a
single point P. By Lemma 13, we can find a g € PGLy41(R) such that
g (P)c (A))r and g *(Pr(SpecR))=[1,0,...,0].

Replace ¢r by ¢% =g lo¢prog and Pr by g~ 1(Pr). We are now working
over g~1(X), so replace X by g~!(X) and hence V by g~!(V). Note that
V C (A))r. Dehomogenize with respect to ¢y and label the affine coordinates

t; )
T,=— forl1<i<N.
to

Let Y/R=(X/R)N (A} )r. Note that ) is a smooth irreducible affine scheme
and, consequently, integral. We know that ¥V C ) is a closed subscheme. In
particular, we have that

My, p /MY p,, C My, pp /M3, p,
as vector spaces. Hence, we can choose a basis for my p,,/ m%,y p, that contains
a basis for my p,/m3, p. as a subset. Since we are working in (A)g, this
change of basis comes from an element of GLy(R) and, hence, an element of
PGLy41(R) acting on X. Continue to label the coordinates as {T4,...,Tn}.
Let ¢1,...,9s € R[T1,...,Tn] be equations that define Y, i.e.,
y: SpeCR[Tl,. .. 7TN]/(91,- .. 793)-
Identifying the points Y(R) = Hom(Spec R, Y) with the solutions to g; =--- =
gs=01in Ag, we have the resulting map and periodic point on ):
¢pr:Y—X with ¢g: Pr —Pgr, and Pr=(0,...,0).

Since the scheme ) is smooth, the determinants of the (N —d) x (N — d)
minors of the Jacobian matrix
9gi
(aTJ )z 8

ERRRE)

Jj=1,...N
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generate the unit ideal in R[T},...,Tn]/(g1,---,9s) (see, for example [11, Sec-
tion IV.2]). In particular, since R is a discrete valuation ring, Pg a nonsingular
point of Y implies that the determinant of one of the (N —d) x (N —d) minors

of the matrix
dg;
P
(aTJ ( R)> i=1 s

ey

is a unit in R. Relabeling, let

=1,...,

be such a minor and, hence,

dg;
5= det(( (P ) )
‘ 8Tj( R) i=1,...,N—d

Then the restrictions T7,...,T; to ) of the first d coordinates form a system
of local parameters of ) at Pr. Let )’ be the union of all components that
pass through Pgr of the scheme defined by the equations gy =+ =gn_q=0.
Since § # 0, the dimension of the tangent space ©' to )’ at Pr is d. Since
dimp )’ > d and dim©®’ > dimp)’, we have that dim)’ =d and Pg is a
non-singular point of ). The scheme )’ is irreducible and reduced, so then
Y’ =Y. We have that ) is defined locally by N — d equations (i.e., Y is a
local complete intersection) and those equations satisfy 6 = 1.

Since the ring of formal power series is complete, we apply the Implicit
Function theorem (Proposition 18) to deduce that there exists a system of
power series Fy,..., Fy_q over R in d variables Ti,...,T4 such that F;(T1,

.., Ty) converges for all |T}|, <1=4% and

(3) gi(T,..., Ty, F1(Th,.. ., Tq), ..., Fn—a(T1, ..., Tq)) =0

=1

v

for 1 <i < N —d. Moreover, the coefficients of the power series F; are uniquely
determined by (3). Let 7: Oy p, — K[[T]] be the uniquely determined map
that takes each function to its Taylor series. Assuming that T4,...,7Ty are
chosen as local parameters, the formal power series

T(Td+1), ey T(TN)
also satisfy (3), and, hence, must coincide with Fy,..., Fx_g4. It follows that
T(Td+1), .. .,T(TN)

converge for
Ty, <1=0% for1<i<d.
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We have Pr = (0,...,0) in AY and ¢r(Pr) = (0,...,0) in AY. Hence, we
have

¢%(Pr)=(0,...,0) for all s>0.
Equivalently,
¢R(Pr) em for all s>0.

So we have that P is mapped to the affine neighborhood where Oy p. has
its maximal ideal generated by T7i,...,Ty. Note that we also have that the
generators of the maximal ideal of Oy p,, is a subset of {T1,...,T;}. Choose
a neighborhood U C Y such that ¢r(Pr) €U.

The morphism ¢r can be written locally as a vector of homogeneous poly-
nomials of the same degree D with coeflicients in R and at least one coeffi-
cient in R*. Denote ¢ the restriction of ¢ to the special fiber. Recall that
[1,0,...,0] is a fixed point of the morphism ¢; hence

(4) #([1,0,...,0]) = ¢([1,0,...,0]) =[1,0,...,0].
Therefore, there is some normalized representation [®,...,PxN] of ¢r near
[1,0,...,0] for which ¢ = [®g,...,®x] is a morphism. Label such a represen-
tation as
b, = Z a; T,
|I|=D

where T is a multi-index. By (4), we have

(5) [0,(D,0,....0)5 - - +» AN (D,0,...,0)] = [1,0,...,0].
We will now check that a; (p,...0) € R* for some 0 <i < N. Assume that

@ (D,0,.,00=0 modm for0<i<N.

Since ¢([1,0,...,0]) = [1,0,...,0] and by assumption every monomial contains
one of Th,..., T, we must have some monomial in 73,...,TN dividing every
®, for 0 <7< N. This contradicts the fact that ¢ is a morphism represented
by [®g,...,®n] at [1,0,...,0]. Consequently, by (5), we have

@i (p,,.,00=0 modm for 1<i<N,

007([),07”')0) 5_6 0 modm i.C.7 O‘O,(D,Q...,O) S R*
On the affine neighborhood U, we have that T7,...,Ty form a system of local
parameters of Oy p so we can dehomogenize and write

(%@),...,%(p)) =£(p) = (fi(p):--- fa(p)) = d(p) forall pelt,

yielding each f; as the quotient of polynomials with coefficients in R:

I
_ ngD ai T

=——=" " forl1<i<d.
> in<p @o,r T -

fi
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Since g (p,o,...,0) € R*, we can divide the numerators and denominators by
-1

®,(D,0,...,0)

to get

I
fie Z|I\gD0‘§,IT
= .
L+ <p @0, T!
The denominators are series (in fact polynomials) with coefficients in R and,

hence, converge w-adically for T; € m and 0 <i < d, so we can find a multi-
plicative inverse. We can write

fi=wi+ AT+

where w; and A; are vectors. These power series converge for values in m and
have coefficients in R, and every iterate of Pr has coordinates in m. Hence,
we can iterate f at Pg.

We now have near Pr on ) that

¢r =f =w+ dfpT + (higher degree terms),

where dfp is the Jacobian matrix of f at Pg.

To get the representation of ¢g|y, we project f onto Oy p, C Oy p, by
sending Ty 41 =---=T4=0. This gives us a representation f’ for ¢r|y with
the appropriate properties. O

Proof of Theorem 1. Recall that we know m | n from Corollary 9. If m =n
we are done; otherwise, replace ¢r by ¢ and n by n/m, so m =1. From
Lemma 19, after dehomogenizing, we have Pr = (0,...,0) and on V we have

¢rly =f =w+ dfpT + (higher degree terms),

where dfp is the Jacobian of f at Pgr, and we can iterate f at Pgr. The mor-
phism ¢ acts on V as a cyclic group of order n, thus (¢%))y is the identity

map; in other words, d¢% fixes Ti,...,Tw. Let ry be the order of dgp on V
and note that v | n since ¢% fixes V. Replace n by n/ry, ¢r by ¢}, and
Pr by ¢}’ (Pr). We will continue to write

¢rly =f =w+ dfpT + (higher degree terms).

If n =1 we are done, so assume n # 1. We know that d¢p fixes T1,..., Ty.
In other words, dfp is the identity modulo 7. Labeling dfp = I + n¢A where
I is the identity matrix and A has at least one entry in R*. If dfp = I, then
set ¢ = oo. Iterating modulo (w)?, we have

n — - { c . { nc An — 2
f(O):<nl+2(l>ﬁ‘4+"'+;<n)ﬂ A)w:() mod (w)“.
Since w; generates (w) for some 1 < j <d’, we must have

n=0 (mod ).
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Replace n by n/p and ¢r by ¢%. If n=1 we are done; if not we can repeat
the above argument to see that

n=mryp® for e>0.

Note that ry is independent of the choice of local parameters and power
series representation for ¢ near Pg.

We have that d¢™ p restricted to V is an element of GLg (Fyr); con-
sequently, its multiplicative order is bounded by ((N7)% —1) [3, Corolla-
ry 2]. O

REMARK. We can use Theorem 1 to bound the primitive period of a peri-
odic point using good reduction information as in [12, Corollary B], but such
a result is not stated here since the proof is identical to the one-dimensional
case. Furthermore, these types of bounds, using only information at the
primes of good reduction, have been superseded in the one-dimensional case
by Benedetto [2, main theorem)].

THEOREM 20. Let K be a number field and X CPY a projective variety
defined over K. Let ¢ : X — X be a morphism defined over K and P € X (K)
a periodic point of primitive period n. For a prime of good reduction p € K,
let my, be the primitive period of P. Then there are only finitely many primes
p € K where n# my,.

Proof. Let [to,...,tn] be coordinates for P¥. Denote the ith coordinate of
a point Q € P¥ as Q;. Then we know that, after normalizing the points so
that the first non-zero coordinate is 1, we have

¢"(P); —P=0

for each coordinate 0 <i < N. We know that there are only finitely many
divisors of n € Z, so we have finitely many normalized expressions

¢°(P)i — B
with s|n and s <n. We have
Qﬁs(P)l—Pl;éO fOI'OSZSN

since n is the primitive period of P. Hence, ¢*(P); — P; is some value in K,
which can be factored into finitely many primes. We can do this for each of
the finitely many 0 <i < N. So there are at most finitely many primes where
there is some s |n with s <n such that ¢*(P) = P. Hence, there are only
finitely many primes p such that n #m,. O

3.3. Proof of Theorem 2. We now bound the exponent e in Theorem 1.
We replace ¢r by ¢V and Pr by ¢V (Pr). From Lemma 19, we can
reduce to the case of considering a local power series representation of ¢r|y
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at the origin. We write

orly =f =w+ dfyT + (higher degree terms),
where dfj is the identity modulo 7. We will use the notation x;(P) to denote
the tth coordinate of a point P. The method of proof is similar to [10].
DEFINITION 21.
Define Fi(x1,...,2p) = " (T1,...,Tn).
Define xo = (0,...,0) and xj, = £2" (x) = Fi(x0) = f?(xx_1) = FF_,(x0).
Define by = min;—1 . ¢ v(z;(xx)).
e Write df} o + m A where [ is the identity matrix and Ay has at least

k
one entry in R*. If df] = I, then we set ¢ = co.
Assume that (0,...,0) has primitive period p°.

LEMMA 22. For k=1,...,e—1, we have
b1 > min(2by, by + (p — Dex, b + v(p)),
cht1 = min(bg, ¢ + v(p), pex ).

Furthermore,
min(bg, cx) < v(p)
and if by, > v(p), then (p—1)c, <v(p).

Proof. We have
(6)  Xk41 = F(x0)
=T+ I +7%Ap)+ -+ (I +7%Ap)P H)x,  (mod 72%)

p—1 .
)
- (P”Z <1)”c’“f4k+~~

i=1
p—1

+ Z (pl 1) ﬂ(p_l)c’“Ai_l)xk (mod 72%).

i=1
Using the identity

- J n+1 n
7 ="
" > ()= ()
we see that each intermediary sum in (6) is divisible by p. So we have
b1 > min(2bk, b + (p — Vg, b + ’U(p)).

By the chain rule, we have
dfs+ = (df)yr = (1 + 7 Ap)P  (mod =)

=1+ (?) 7w Ay + (‘g) TR AL+ PR AP (mod 7).
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Therefore,
Cry1 > min(bk,ck + U(P%Pck)-

To prove the final statement consider (6) with k=e — 1:
X, = (pI 4+ W(p_l)Ce‘lAﬁj)xe_l (mod 72be-1).

By (7), each intermediary term is divisible by pr®-t. If b._1 > v(p), then
we must have (p — 1)ce—1 < v(p). If the assertion fails for some k, then
min(be—1,ce—1) > v(p). O

LEMMA 23. For k=1,...,e—1 and p# 2 we have

b > 28 for by <v(p),
Ch Z 2k7—1

and for p=2, we have

by, > Grg1  for by, <v(p),
cr > G,

where o = 1+T\/5 and Gy, = L\/gl/a)k is the kth Fibonacci number.

Proof. Consider first p £ 2. Since b; > 1 and ¢; > 1 we have established
k=1. Assume b > 2% and c; > 2F71 for some k. If by <wv(p), then from
Lemma 22 we have byyq > 281 and ¢4q > 2%, If by > v(p), then from
Lemma 22 we have c,1 > peg >3- 2571, establishing the lemma for p # 2.

If p=2, we have b; > 1 and ¢; > 1 establishing k = 1. So assume by > G411
and ¢, > Gy, for some k. If by, <v(p), then by Lemma 22 we have by 1 > G4
and cgq1 > G4 since Gi11 <2 - G; for each ¢ > 1. Similarly, if by > v(p),
then Ck+1 2 QCk Z Gk+1. [l

Proof of Theorem 2. From Lemma 22, we have min(ce_1,b.—1) < v(p), and
if be—1 > v(p), then (p — 1)ce—1 < wv(p). Using Lemma 23, for p # 2 the expo-
nent e must satisfy

26—1 S ’U(p)

and for p =2 the exponent e must satisfy

aefl _ (71/04)671
v <w(2).

The formulas stated are now clear. O

Fe 1=

Proof of Corollary 3. Apply the bounds from Theorem 1 and Theorem 2
with v(p) = 1. To bound m we note that there are at most p choices for each
coordinate of P, so we have m < pd. O
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4. Proof of Theorem 4

Proof. Since ¢ is étale it sends smooth points to smooth points and per-

mutes the irreducible components of X. Therefore, there exists a finite integer
I such that ¢! : Y — Y. Since Y is smooth and irreducible and the restriction
of ¢ to Y has good reduction, we may apply Theorem 1 and Theorem 2. [
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