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CR EXTENSION FOR TUBE-LIKE CR MANIFOLDS OF CR
DIMENSION 1

JENNIFER HALFPAP

ABSTRACT. Although previous research on CR extension has empha-
sized the concept of wedge extendability, wedges do not have some of
the properties we expect of the regions described by a general theory.
In particular, the regions we describe should be of roughly the same
size and shape as the full regions of extendability, they should vary
smoothly as one varies the base point or the size of the open neighbor-
hood on the manifold, and they should satisfy a natural containment
condition. We illustrate through an example the failure of wedges to
satisfy these conditions. We then develop an alternative description of
the sort outlined above for the class of tube-like CR submanifolds of C™
of CR dimension 1.

1. Introduction

The concept of wedge extendability, as described for example in the work
of Tumanov [Tum88] and Baouendi and Rothschild [BR90], has been a major
focus of research on CR extension. (See, for example, [BER99] for a general
treatment of these and related topics.) We briefly describe what “wedge
extendability” means. Consider a smooth, generic CR submanifold M of C"
with codimension d and CR dimension n — d. This means that if p € M,
there exists an open neighborhood U of p in C™ and a smooth function p =
(p1,...,pa) : U — R? so that

M ={zeUlp(z) =0}
and Op1 A ... A Opg # 0. Let I' be an open, convex cone in R? with vertex at

the origin, and let ¥V C C™ be an open neighborhood of the point p. Define
the wedge W(I', V), p) with edge M centered at p to be

{z€V|p(z)eT}.

A number of additional hypotheses on M will guarantee the existence of a
common wedge to which all CR functions on a fixed open subset of M extend
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holomorphically. The weakest such hypothesis is that of minimality. M is said
to be minimal at p if there is no submanifold S C M through p with strictly
smaller real dimension but the same CR dimension as M. The following
theorem holds:

THEOREM 1.1 (Tumanov; Baouendi and Rothschild). If M is minimal at
p, then for every open neighborhood U of p in M, there exists an open neigh-
borhood V of p in C™ with M NV C U and a wedge W = W(T',V,p) such
that every continuous CR function on U extends holomorphically to W. Con-
versely, if M is not minimal at p, then there exists a continuous CR function
defined in some neighborhood of p in M that does not extend holomorphically
to any wedge with edge M centered at p.

The sufficiency was established by Tumanov, and the necessity by Baouendi
and Rothschild.

A major objective in the study of CR extension is to give a good description
of the region Qy to which CR functions on U C M extend. Wedges do not
have some of the characteristics one might reasonably expect of the regions
described by a general theory. In particular, we suggest four properties the
regions we describe should have and indicate the progress the current work
makes toward such a description.

1.1. Containment condition. If U and V are open sets in M and if
V' C U, then the region of extendability for CR functions on V' should be
contained in the region of extendability for CR functions on U. Boggess,
Glenn, and Nagel [BGN98| show that wedges do not have this property. They
give an example of a manifold for which, given any fixed wedge of extendability
for CR functions on an open neighborhood U of the origin, one can find a
sufficiently small open neighborhood V' of the origin so that every wedge of
extendability for V is disjoint from the fixed wedge for U. In Section 3, we
present this example of Boggess, Glenn, and Nagel. Our approach not only
illustrates the failure of wedges to satisfy the containment condition, but also
describes the full region of extendability. It will be clear that the full regions
have the containment property. We will also see in this case precisely how the
regions change shape as the neighborhood of the origin shrinks.

1.2. Comparability. The containment property is one we expect the full
region of extendability to have. Of course in general it is unreasonable to
expect to be able to write down a set of inequalities that describe exactly
the region of extendability. Moreover, even in those cases in which this is
possible (as in the case of the model manifolds we consider), the inequalities
may be too complicated to be of much use. We therefore aim instead to find a
simple set of inequalities that describes regions comparable to the full regions
of extendability. This notion of comparability will be described more precisely
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in the context of the theorem and example to follow. Roughly, two regions R
and S are comparable if S' contains and is contained in re-scalings of R.

The comparability condition can be thought of as essentially a sharpness
condition. If a region is comparable to the full region of extendability for an
open set, it means that the region is of roughly the right size and shape. The
example in Section 3 will show that wedges do not satisfy the comparability
condition. On the other hand, our main theorem, Theorem 2.5, will yield a
description of regions that are comparable to the full region of extendability
for open subsets of certain special classes of CR submanifolds.

1.3. Uniformity. Since the manifolds under consideration here are
smooth, we expect that the regions we describe will vary smoothly as we
vary the size of the open subset on the manifold or the base point. This is
stronger than the requirement that the regions we describe be comparable to
the full region at each point. For instance, in Section 3 we will consider a
submanifold for which, for neighborhoods of the origin, the region of extend-
ability is not comparable to a wedge, but the regions for neighborhoods of
any point other than the origin are comparable to wedges. A description of
this sort does not satisfy the uniformity property.

1.4. Homogeneity. When the manifold under consideration has some
natural homogeneity (e.g., when it is invariant under a certain family of non-
isotropic dilations, as is the case with many of the model manifolds, such as
the Heisenberg group), we also expect that the regions of extendability will
reflect this. The regions we describe associated with our model manifolds
indeed have this property.

The paper is organized as follows: Section 2 includes basic definitions and
notation, as well as the statement of the main theorem. In Section 3, we apply
the main theorem to an example to illustrate how it can be used to obtain the
sort of description of CR extension described above. Section 4 contains the
necessary definitions and results on convex sets and moment sequences which
will be needed for the proof of the main theorem. The complete proof of the
main theorem is given in Section 5, and Section 6 extends the result to certain
manifolds that make high-order contact with the models considered in the
main theorem. Finally, in Section 7 we consider a manifold passing through
the origin with the property that, for small neighborhoods of the origin on the
manifold, the region to which CR functions extend lies entirely to one side of
a hyperplane through the origin, but for sufficiently large neighborhoods, the
region of extendability contains a full neighborhood of the origin.

2. CR manifolds and functions

Let M be a (2n — d)-dimensional smooth (C>°) real submanifold of C" =
R?", and let p € M. Denote by T,(M) the real tangent space to M at p, and
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by H,(M) the maximal complex subspace of T,,(M). We say that M is a CR
submanifold of C" of CR dimension k if for all p € M, dimg H, (M) = 2k.

Let TC(M) denote the complexified tangent bundle and H®(M) the com-
plexified holomorphic tangent bundle. Then HC(M) = HYO(M) @ H*1 (M),
where HY?(M) is generated in a neighborhood U of p by

L= Lpp=0,1<k<d

n

0
aj(z)g
J

Jj=1

and H%(M) is generated near p by

EpkEO,ISde y

= 9
L= Z bj(z)a—zj
Jj=1
where a;,b; € C*°(U). We now define the class of functions we study.

DEFINITION 2.1.  Let f be a ct function on an open subset U C M. f is
a CR function if Lf =0 on U for all L € H%(M).

DEFINITION 2.2. Let f be a C' CR function on an open subset U of M. f
extends holomorphically to an open subset € of C" if U C 2 and there exists
a function F' continuous on €2 and holomorphic on  such that F|y = f.

Under appropriate hypotheses on M, such as those in Tumanov’s theorem,
for U C M there may exist an open set Qy C C" such that every C' CR
function on U extends holomorphically to Q. We will generally be interested
in describing the largest such set, which we refer to simply as the region of
extendability associated with U.

We restrict our attention to the following special class of manifolds:

DEFINITION 2.3. M is a tube-like, generic CR submanifold of C" of CR
dimension 1 if there exist local coordinates in which p is the origin and M is
given near the origin by

(2.1) {(z +iy,ws, ..., w,) € C" |Re(w;) = ¢;(x), 2<j<n}.
Since each ¢; is C*°,
(2.2) oi(z) = Z aj ezt + EI (z),
=2
where EJ (1) = o(z™) as z — 0.

We assume further that { (ag,,...,ane)|2 < € < m} spans R"1. M is
then said to be of finite type m at the origin.
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We wish to describe the region of extendability associated with the open
subset

M ={(z,we,...,w,) € M||Re(z)| <€}

The finite-type hypothesis implies minimality, and so Theorem 1.1 guaran-
tees the existence of such a region. For any CR submanifold, the region of
extendability for CR functions on an open set U must be contained in ch(U),
the convex hull of U, though in general the region may be much smaller. (See
Section 4 for definitions and results concerning convex sets and convex hulls.)
However, the following special case of a theorem of Boivin and Dwilewicz
states that for the subsets M€ of the tube manifold under consideration here
CR functions actually extend to the full convex hull.

THEOREM 2.4 ([BD98]). Let
Y ={(@,¢1(2),..., Ina(2)) [ |2] <€}

Then every continuous CR function on M€ = ~§, + iR™ can be continuously
extended to a function on Int (ch(v§,)) U S, + {R™ that is holomorphic on
Int(ch(v§,)) + iR™.

To develop an alternative to wedge extendability involving regions for CR
extension having the properties described in Section 1, we begin by consid-
ering a model class for finite-type generic tube-like CR submanifolds of CR
dimension 1. Following Boggess, Glenn, and Nagel [BGN98], we define

Ty = { (z + iy,ug +iva,...,uy +ivy) € CN |u; =27, 2<j < N}

CR functions on T, extend to functions holomorphic on I'§; +iRY, where TS
is the interior of the convex hull of the curve

vy = {(@a%...,aV) e RN ||| < e}.
We can now state our main theorem describing I'.

THEOREM 2.5.
(1) The set T'S,, is comparable to the set S5, of points (u1,usa,...,us,)
satisfying
0 <ugp < \fugp—ougpre, 1<p<n-—1,
(23) ‘u2p+1‘ < V W2pU2p+2, 0 < p <n-— 1,
U2p < 62”277,72;

(with wg = 1) in the sense that there exist two sets of positive con-
stants, {C;10 < j < 2n} and {¢;|0 < j < 2n}, depending only
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on the dimension such that IS, is contained in the set of points
(u1,ug,...,us,) satisfying
0 < ugp < Ogpy/Uzp_2Uzpr2, 1<p<n-—1,
ugpt1] < Copi1/uzpuzpra, 0<p<n-—1,
Ugn < Con€Ugn_2,

and the set of all points satisfying

0< U2p < Copy/U2p—2U2p+2, 1<p<n-1,
[uzpi1| < Copy1y/U2plizpre, 0<p<n—1,
2
U2n < Cop€ U2n—2,

is contained in IS, .
(2) T5,, 1 s comparable to the set S5, | of points (u1,uz, ..., Uny1) sat-
isfying the inequalities in (2.3), together with

\u2n+1| < €Uy, .

We postpone the proof until Section 5. We show first how this theorem can
be used in a specific example to give the kind of description of the regions for
CR extension outlined in Section 1.

3. An example
Consider
M = {(z = x4 iy, wy = ug + vz, wy = ug +ivy) € C*|ug = 2%, uy = 2*}
and the open neighborhoods of the origin,
M = {(z, w2, wq) € M ||Re(2)] <€}

Boggess, Glenn, and Nagel [BGN98] show that wedges to which CR functions
on M€ extend do not satisfy the containment condition described in Section
1. Specifically, they show that if ¢y > 0 is fixed and if W is a fixed wedge to
which all CR functions on M€ extend, then there exists ¢; < €y such that
every wedge of extendability for M€ is disjoint from W. They summarize
this phenomenon by saying that wedges rotate as € — 0. We will use Theorem
2.5 to give an alternate proof of this fact and to describe the full region to
which CR functions extend. We will then apply the theorem to describe the
regions of extendability associated with neighborhoods of points on M other

than the origin.
As above, let

7]6\4 = {(.’E,IEQ,SC4) | |:L'| < 6}
and

= {(a,2%, 2% 2" [|2] < e}
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If IT is the projection map
(u1,uz,us,ug) — (ur,uz,us),

then since II is linear and II(v§) = 5,

IT(ch (v4)) = ch (I1(v4)) = ch (vas) -
We consider the portion of the convex hull in the space normal to the curve
~vm at the origin, that is, in {u; = 0}. Denote this set by Ng (75,). Then
No(vis) = ch(vig) N { (0, uz, uq) € R}
= T1(ch(v§)) N { (0, uz, us) € R}
= II(No(74)) -
That is, we can obtain the slice of the convex hull of 4§, in the space normal
to the curve at the origin by projecting the slice of the convex hull of ~{ in
the normal space onto { (0, ug,us) € R }.
By Theorem 2.5, I'§ is comparable to the set S§ of points (u1, ug, us, ug)
satisfying
lui] < ua, 0 < us < uy,
lug| < \/usuy, 0 < uyg < 2us.

The slice of this set in the normal space is

{00, ug, uz, uq) |u3 < ug < ug, |uz| < Vugug },
and the projection of this set under II is clearly
(3.1) {00, ug, uq) |u3 < ug < €ug }.

The set (3.1) is therefore comparable to Ny (75,).

Let us now consider the intersection of wedges of extendability for M€
with the normal space { (0,uz2,us) € R3}. Thus let W be a fixed wedge to
which CR functions on M€ extend. There exist d; and do positive such that
if (x + iy, us + ivg, ug + ivg) € W, then

(3.2) (5%1@ <y < 5§u2 < uy.

Now, if W is any wedge of extendability for CR functions on M% /2, there
exist 1 and 7 positive such that a point (z + iy, us + fvo,uq + tvg) € W
satisfies

2
2 2 0
nue < ug < Nyu2 < 1 ug.

Therefore W and W are disjoint. This example also shows that no wedge can
be comparable to the region of extendability for CR functions on M€, for the
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smallest intersection a wedge containing the region of extendability can have
with the usuy plane is the set of points satisfying

0<uy < equ, ug < €2

This set is not comparable to a set of the kind given in (3.2).

We now consider regions of extendability associated with neighborhoods of
points on M other than the origin. Let p = (a + i0, a® + i0, a* + i0) € M for
a > 0. Consider

2

{ (2, w2, wy) E(CS|U2:$ , ug = at, |z —al <e}.

Expand the graphing functions in powers of x — a. Then perform the complex
affine (hence biholomorphic) change of variables mapping the manifold to

(3.3) ME = { (2, w9, ws) | uz = 2%, uy = 2* +4az®, |z| < e}.
If (; =t; +1is; and
T4 = Y4 + ZR4 = {(Cl)CZ7 CSa C4) |t] = t‘{}v

and if A is the linear map

Uj = tj, 1 S j S 3,

uy = tyq + 4ats,
then ~§, =1II(A(y{)), where II is the projection

(u1,ug, ug, ug) — (U1, uz, uq).

Hence No(vj;,) = IL(A(No(v4)))- By Theorem 2.5, we know that No(v§) is
comparable to the set of points (0, ta,t3,t4) satisfying

12 <ty < %ty,
|t3| < W/taty.

Therefore No(vj,, ) is comparable to the set of points (0, uz, u3, us) satisfying

(3.4)

u% + daus < ug < us + 4aug,

lug| < uz(us — 4aug).

We are interested in projecting the region in (3.5) onto the uguy plane. As
above, we seek only to describe a region comparable to this projection, with
scaling constants that are independent of a and €. Since we are interested
here in the behavior of the regions as a — 0, we assume that 0 < a < €/4.

First we describe a region contained in the desired region. Since for any
A€ (0,1),

(3.5)

ul < M2+ (1 — \)eug < 2uy,
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by setting 1 — X\ = 4a?/€?, we see that the set described in (3.5) contains the
set of points satisfying

uy — 4daus = )\ug + 4a2u2,

lug| < v/uz(ug — 4aus).

Then us and uy satisfy

lug — Auj — 4a*ug| < 4ay/ I3 + 4a2u3, 0 < uy < €2,

and this set in turn contains the set in the uouy plane described by
(3.6) \ui — 4a’uy < ug < i+ 12a%us, 0 < ug < €2

Next we consider the region we obtain by taking A = 1/2. This choice yields
a second region contained in (3.5), namely the set of points satisfying

1 1 1 1
(3.7) §u§ + 5621@ —cacug < Uy < §u§ + §€2u2 + caeus.

Observe that the point (€2, ¢?) satisfies the inequality (3.7). Since the origin is
a point on the boundary of Ny(v§, ) and since No(vj, ) is convex, we conclude
that it must contain all points satisfying

(3.8) ug —4auy < ug < Eug, 0 < up < €.

Next, we describe a region containing the region in (3.5). The inequalities
imply |us| < euga, and so necessarily

Uy < 627.L2 + dacuy < 262’LL2.
We need a lower bound on uy. The second inequality in (3.5) implies
uz > —2aus — \/m.
If ug < 0, this implies
us > —4aus
and hence

(3.9) ug > uj + dauz > uj — 16a%us.

If ug > 0, then
ug > uh + 4a(—2auy — \/4a2u3 + uguy)
> u2 — 8a’uy — 4a(2aug + \/usuy)
> u% — 16a2u2 — 4a2u2 — Uy.

Therefore

1
(3.10) Uy > §u§ — 10a%us.
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Since
Lo 2 L o 2
—uy — 10a”us > —u5 — 16a”us
2 2
and
1
uj — 16auy > iu% — 16a%usy

for ug > 0, a region containing the region in (3.5) is

1
(3.11) §u§ —16a%uy < ug < 26%uy, 0 < ug < €2

We see that No(vj,, ) is comparable to
(3.12) {00, ug,uq) | us — a*uz < ug < € uy }.

We observe that for fixed non-zero q, it is possible to find a family { W< |e > 0}
of wedges such that WS is comparable to the region of extendability for M
and W2 C Wgt if €2 < €;. For example, one can take W; such that its
intersection with { (0, ug,us) € R?} is

(3.13) {(0,uz,uq) | — aug < uy < uy, 0 < uy < €2 }.

However, since the intersection of No(vj, ) with the us-axis is a segment of
length roughly a?, the largest scaled-down version of (3.13) that is contained
in No(v§,,) consists of points for which 0 < up < ca®. Therefore, the scaling
constants depend on both a and €. Furthermore, as a — 0, the inner wedge
shrinks. Thus although for points other than the origin wedges can give a
description of CR extension satisfying the containment and comparability
conditions, it is not a uniform description. On the other hand, the region
(3.12) is comparable to No(7j,, ) with scaling constants that are independent
of a and €, and as a — 0, it deforms continuously into the region (3.1) observed
for the origin.

4. Convex hulls and moment sequences

The first step in the proof of Theorem 2.5 is to use a result from the
classical theory of moment sequences which characterizes points on I'S, as
those for which two quadratic forms are positive-definite. We recall these
results here. For complete proofs of these results and general background
concerning moment problems, see [KN77]. Let (aq,...,a,) be a non-zero
vector in R™ and a € R. The hyperplane

H = (flv"'vfn)eRn

Zajgj =a

=1
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divides R" into two open half spaces,

HT={ (&,...6) ER" [ D> a6 >a
j=1
and
H™ = (51,...,§n)€Rn Zaj§j<a

j=1

whose common boundary is H. We denote the corresponding closed half
spaces by Ht and H—.

DEFINITION 4.1. H cuts E C R" if there exist z,y € F such that x € H™
and y € H-. H supports E if either E € H+ or E C H- and H contains a
boundary point of E. If By, E5 C R™, then H separates F1 and F» if By ¢ H+
and F5 C H™, or vice versa.

DEFINITION 4.2. FE C R™isconvex if for all 21,29 € E, Az1+(1-N)zs € E
for all A € [0,1].

An easy induction argument shows that E is convex if and only if for all
finite sets of points {z1,22,...,2} C E, if Ap € [0,1], 1 < ¢ < L, with
S A =1, S0 Ay € E. The expression S0, Ay is called a convex
combination of the points x1,xs,..., 2.

DEFINITION 4.3. The (closed) convex hull of a set E C R™ is the intersec-
tion of all (closed) convex sets containing F.

We denote the convex hull of E by ch(E). Clearly ch(E) is just the set of
convex combinations of points in F, and the closed convex hull of F is just
ch(E). The next proposition follows easily from the definitions:

ProrosiTiON 4.4. If E C R™ and A : R®™ — R™ is a linear transforma-
tion, then A(ch(E)) = ch(A(E)).

LEMMA 4.5. Suppose E C R™ is convez. If ¢ € Int(E€), then there exists
a hyperplane separating {c} and E.

COROLLARY 4.6. A closed convex set is the intersection of all its closed
support half spaces.

The next theorem gives an important characterization of E;
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THEOREM 4.7. E is the set of all (uy,uz,...,un) admitting a represen-
tation

(4.1) uj = /E 2! do(x),

—€

where o is a finite, positive Borel measure on [ —¢, €] satisfying

/_l do(z) = 1.

We call a sequence (uq,us,...,uy) of real numbers admitting a representa-
tion (4.1) a moment sequence. We obtain a second characterization of moment
sequences. For each sequence u = (uy,us,...,un) define a linear functional

A, on the set of polynomials of degree N as follows: If P(x) = Z;‘V:o a;ad,
set

N
(4.2) Au(P(2) =) aju;.
j=0

DEFINITION 4.8. w is a positive sequence if A, (P(z)) > 0 for all polyno-
mials P non-negative on [—e, €].

THEOREM 4.9. wu is a moment sequence if and only if it is positive.

Combining Theorems 4.7 and 4.9, we see that (u1,...,uy) € I' if and only
if for all nonnegative polynomials P(x) = Z;‘V:o ajzl on [—e, €], Z;‘V:o ou; >
0 (where, as above, we set ug = 1).

The close connection between points in ﬁ and nonnegative polynomials on
the finite interval [ —e¢, €] motivates the study of convenient characterizations
of the latter. The following theorem of Markov and Lukacs generalizes better-
known results concerning nonnegative polynomials on the real line.

THEOREM 4.10 (Markov and Lukacs). Let P(x) be an algebraic polynomial
of degree < N nonnegative on the (finite) interval [a,b]. Then P admits the
representation

2 2

n n—1
(4.3)  P(x) = Zgjxj +(b—2z)(zr—a) Z n;x if N =2n
=0 =0

or
2 2

(44) Pla)=0b-2) > &a' | +@—a) | Y na’ if N =2n+1.
j=0 j=0
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Equation (4.3) can be rewritten
n n—1
P@a)= Y &t + (b—2)(w—a) 3 nymea’ ™"
J,k=0 5. k=0
n n—1
= > &7+ > me(—aba? T 4 (a+ b)aT TR — 27T,
3,k=0 4,k=0

Similarly, (4.4) can be rewritten

(b—2) > &&a ™ 4 (@ —a) Y nmpa’™h

P(z) =
J,k=0 7,k=0
n n
- Z §j§k(bxj+’“ _xj+k+1) + Z njnk($j+k+1 _ ax”k).
J,k=0 J.k=0

Now take a = —e and b = e. We have thus established:

THEOREM 4.11 ([KN77], Chapter III, Theorem 2.3).
(i) (u1,...,u2n) €15, if and only if the quadratic forms

n—1

n
f= wnbibe and F= Y (Cujin — ujrnsz)ésée
4,k=0 5,k=0
(with ug = 1) are positive-definite.
(i) (u1,...,u2ny1) € I, if and only if the quadratic forms
n n
9= Y (eujpr+ujper)éée and G =" (eujip — ujpng1)ésén
3,k=0 3,k=0

(with ug = 1) are positive-definite.

We will use this theorem in conjunction with the following special case of
the signature rule of Jacobi:

PROPOSITION 4.12. A Hermitian matriz [a;k]5 ,—o is positive-definite if
and only if the successive principal minors A, = det[a;x]% o, 0 <7 <'s, are
positive.

5. Proof of Theorem 2.5

To prove Theorem 2.5, we prove first in Lemma 5.1 that Iy, is comparable
to the set of points satisfying a larger set of inequalities which includes those
defining S5;. We then show in Lemma 5.4 that these two sets of inequalities
actually define the same set.

LEMMA 5.1.
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(a) T, is comparable to the set ES, of points (u1,usg, ..., us,) satisfying
(5.1) [ujpr| < \fuzjuor, 0<j#k<n,

O<UQ]‘+2<€2U2J', 0<j<n—-1,

in the sense that I'S,, is contained in E5, and the set &£, of points

satisfying
1 .
lujir| < m UgjUok, 0<j#k<n,
€2 .
0<U2j+2<mﬂ2j, Ogjgn—].,

s contained in I'S,, .

(b) T, .1 is comparable to the set E5, | of points (uy,us, ..., Uzni1) Sat-
isfying
U2 > 0,
(5.2) [ujtr] < ugjuar, 0<j#k<n,

[Ujyi1] < €/ugjuzr, 0<j,k<n.

Proof of (a). We show first that I's,, C ES, .

Let (u1,ug,...,u2,) € T's,, so that the forms f = 377, _gu;4x§;&, and
F = Ezgio(eguj+k — Ujtk+2)&;Ek are positive-definite. Let j be a positive
integer with 0 < j < n and suppose that in the form f, & = 0 if k £ j. By
the positivity of f, we must have ugjff- > 0, and hence ug; > 0. Next, if both
&; and &, are non-zero for integers j and k with 0 < j # k < n and all other
&y are zero, then the positivity of f yields

;€7 + 2415k + uakéiy > 0,
which implies that
’U,?_Hc — U2 U2k < 0,
or |ujtk| < fugjuzg for 0 < j # k < n. Similarly, the positivity of F' implies
that ug;12 < e2qu. This proves that I's,, C ES,,.

Next, we show that &5, C I'5,. We proceed by induction on n. If n =1,
then the point (uq,us) is in &5 if

1
|U1| < E\/u27
2
€
0< Uy < E
On the other hand, (u1,us) € ' if and only if
u% <uy and ug < €.

Thus if (u1,u2) € &5, it is also in I'S, and the result holds for n = 1.
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Suppose, then, that the result holds for n — 1 > 1. That is, suppose
E5n_1) € I5(,_1)- Weclaim &, C T'5,,. To show this, we must show that for
(u1,ug,...,us,) € &S, the quadratic forms f and F are positive-definite. By
the signature rule of Jacobi, f = -7, _ou;1&;€k is positive-definite if and
only if the determinants

det[u;+£]7 0
are positive for all 0 < m < n. Similarly, F' is positive-definite if and only if
the determinants

2 m
det[e*uj 1 — ujpr+2]] ko

are positive for 1 < m < n. By the induction hypothesis, (u1, ua, ..., Uz,—2) is
in I'S,,_,, and hence all of the above determinants for m < n — 1 are positive.
Therefore, we need only show that the full determinants

detluj k] and  det[ujyr — ujirroli ity

are positive. Now,

det[u;+1]} k=0 = ngn H Uj+o(5)s

where ¢ is a permutation on {0,1,...,n}, and sgn(o) is the sign of the per-
mutation ¢. Then,

detfuj il im0 = [ ues = D [T Its+o0)-

j=0 o#id j=0
If o # id, for at least two integers j, j is not equal to o(j) and we have
U2;U20(4)
o) < Y
‘uj'i‘ (])‘ (2n+ 2)'
Observe that if j = o(j), the estimate |uj;q(;)| < \/Uz;Uz0(;) holds trivially.
Thus for all j, |uj ()| < \/UzjU2s(;)- It follows that

n

detfujyk]} ko > Hugj Z [(2n+ %) H VU2 U20(5)

3=0 oid 3=0

:E)“Qj_;d[(zn+2 Huzj
1)!

>(1_ 2n12 )Huzﬂ

>0

since each ug; > 0.
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Similarly,

2 n—1
det[e"w;pr — wjrrt2]] oo
n

> [[(Puzs —uzjun) = D [ 1€%j100) — tiroi)+2l

|
—-

7=0 o#id j=0
n—1
6 U4
- 11 ( - ) = 3 Lot + 1012
§j=0 o#id j=0
nn—1 n—1
>en (1= G ) [ v = 3 TT@lussogpl + ysramasge
o#id j=0
nn—1 n—1 2
o 2 €/ U2iU20 ()
1-— i j e T ov |
> (1= ) M2 11 < ol )

As above, for all o # id, |uj;o(j)| < \/U2;U20(;) for all j, and the stronger
estimate
U2jU20(j)
el < G, g

holds for at least two j. Thus,
det[e®u;j 4k — Uj+k+2}77,2io

nn—1 on n—1
2n 2n
” (1 (2n + 2)! ) H uzj = D€ [2n+2)12 H U2 U20(5)

o#id

1 n n—1
2n 1_7
. {( (2n + 2)! 2n+2 H“%

The constant 1/(2n + 2)! has been chosen so that this last expression is strictly
positive. This shows that £5,, C I's, and completes the proof of part (a). O

Proof of (b). We show first that I'3, | ; is contained in a set comparable to
ES, 1. We begin with an easy lemma:

LEMMA 5.2. Let I'y denote the interior of the convex hull of the curve
v = {(z,2% ..., aN) |z e R}.

Then F2"'L: Ta, x R. Thus the closure of the convex hull of Yon+1 @S the
tube over I's,,, the closure of the convex hull of vay,.

Proof of Lemma 5.2. Let (uj,uz,...,usn+1) € I'ang1 and suppose that
S = {(&,8,. .- &antl) | Z%H a;€; > a} is a closed half-space containing
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Yont1. Then for all x € R,

2n+1

E oz’ > a.
Jj=1

This forces as,1+1 = 0, and hence S naturally gives rise to a half space S/ =
{(&1,&, ..., n) | Z?Zl a;&; > a} containing 7ys,. Conversely, every half-
space S’ containing s, gives rise to a closed half-space S’ x R containing
Yon+1- Since the closure of the convex hull of a set F is the intersection of all
the closed half-spaces containing F, the lemma is established. O

In light of the lemma, it remains only to show that if (uy,us, ..., uspt1) €
I'5, 1, then

[ujrit1] < Cjrey/uzjuzy

for positive constants C; . As in the proof of part (a), it follows easily that
if the forms g and G are positive-definite,

|’U,2j+1| < €ug;.
Also,
(ewjn £ ujpps1)” < (eug; & unjyr)(ugy + uspsr).

Using the inequality |ugj1+1] < euq; established above and the estimate |u ;45| <
U2tz when j # k, we conclude that

[wjtrta| < \/(€u2j + lugj+1])(euzk + [uzn1]) + €lujtrl

<4/ (2euq;)(2€usy) + €,/ /uzjuag
== 361/UQ]‘U2]€.

This proves that I'§, , ; is contained in a region comparable to Ef,, ;.
Next, we claim that if (u1,us,...,uz,41) is in the set &5, of points
satisfying
ug; >0, 1<j<n,

U2;U
VR 0<j#k<n,

. < —_—,
g4 (2n + 3)!
\/ U2 U2k .
[Uj 1] < E(QT‘J"?’)!’ 0<j,k<mn,

then it is in IS, , ;. As in part (a), the proof is by induction on n.
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Ifn=1, (u1,us,ug) € & if

We must show that for such a point, g and G are positive-definite. Thus

consider
€+ uy €ul + U2 and € — Uy €U — U
€ul +us €us + us €Ul — Uz €U — U3z /)’
Both matrices will be positive-definite if

€=+ uy > 0,
(€ 4 uy)(eup + uz) — (eur +ug)? > 0,
(€ —uy)(eus — uz) — (euy — ug)* > 0.

The first inequality, which says that |u;| < e, is clearly satisfied by each point
in &£5. Also, for such a point,

2
(e ur)(eus £ us) — (eus £ug)? > < L2 <e—V“2 + 6“‘2)
2 2 5! 5!
> uy (1 - 4)
1 (B2
>0

The result is thus established for n = 1.

Suppose then that the result holds for n — 1, so that £5,,_; € I'5,,_;. We
claim that &5, ; €T, ;. As in the proof of part (a), if (u1,us, ..., uznt1) €
&5, 11, the induction hypothesis yields that the determinants

detfeuj 1 + 1]} k—0

are positive for 1 < m < n — 1, and hence we need only consider the two full

determinants:
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detfeu;4r £ uj+k+1]?k70

= ngn H (€Ujto(j) £ Ujto(j)+1)

> H (€ugy +ugjt1) — Z H |€Ujto() £ Ujro()+1]

=0 o#id j=0
> [ (euzs — ugzal) = D TT(elwjio09] + 145400y 41])
3=0 o#id j=0
2 _ €ug; 6«“2;‘“20(3’)
> 11 <6”2j T (2n+3)! ) 2 H (6“”" (2n + 3)!
7=0 o#id j=0

. 1 n+l n

> et 1— ——— ;

‘ ( (@n+ 3>!> [[ v
Jj=0

(HM)M( o) S 11

o#id j=0
> n+1 2—(n+1) _
‘ { 2n +3)! H 2

> 0.
Hence &5, CI'5,, ;. This completes the proof of part (b). O
To complete the proof of Theorem 2.5, we must show that Ef, = S% . Since

the inequalities defining S} are a subset of those defining EY;, it suffices to
prove that the mequahtles defining S5 imply those defining E5,. This is
accomplished in Lemma 5.4. In the course of the proof, it will be helpful to
know an even larger set of inequalities than those for Ef; that still define a
region comparable to I'S;. This is achieved in Lemma 5.3.

LEMMA 5.3 (Larger set of inequalities). E is equal to the set RS, of
points satisfying
ug; > 0,
[ujhtp| < € ugjuog, 1<j+k+p<N,0<jk<n, j#kifp=0,
where n = [N |. Thus R is comparable to I';.
Proof. Clearly, Ry, C Ej. For the reverse containment, we show that if

(u1,ug,...,uy) € ES, then

[@jphpp| < € ugjugr 0<jk<nandj#kifp=0.
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Case 1: N = 2n. The proof is by induction on p. When p = 0, the
inequality reduces to one of those defining ES , and the claim holds trivially.
Suppose then that the claim holds for some p with 0 < p < N — 1. That
is, suppose that for all integers j and k with 0 < j,k <n,1 <j+k+p < 2n,
and j # k if p=0,
[wjrhtp| < € \/uzjuzg.

Consider the case for p+1. Thus suppose j and k are integers with 0 < j, k <n
and 1 <j+k+ (p+1) <2n. Then either j <n—1or k <n—1. Assume
without loss of generality that it is j. Then j + 1 < n and by the induction
hypothesis,

|tjkapt] = [Ugir1)1hpl
< €p\/u2j+2u2k
< €84/ €2ugjugy
= "t Jugtag.

Therefore the claim holds for p + 1 and the lemma follows in this case.

Case 2: N = 2n + 1. The argument used to prove Case 1 goes through
here if we show that the inequalities defining E5, | imply

Ugjia < €Xug;.
Indeed,
U2j+2 = U(j+1)+5+1
Dividing by ,/uz;+2 and squaring (both legitimate since ug;y2 > 0) gives the
inequality. O
LEMMA 5.4.
(a) Suppose N = 2n. The inequalities
uz; >0, 0<7<mn,
(5.3) il < iz, 0<j#k<n,
Uy < €Uy _o,
imply
Ugj < €ugj_o, 1<j<n-—1.

(b) The inequalities

(54) U2p < 4/ U2p—2U2p+2,5 1<p<n-1,



CR EXTENSION FOR TUBE-LIKE CR MANIFOLDS OF CR DIMENSION 1 315

imply

|| < \/U25Uzk
for all integers j and k such that 0 < j #k <n and j+ k = 2q for
some positive integer q.
(¢) The inequalities (5.4) together with

(55) ‘U2p+1‘ < V W2pU2p+2, 0 < p <n-— 1,

imply

[wj | < \/u2;Uzk
for all integers j and k such that 0 < j#k <nandj+k=2q+1
for some positive integer q.
Proof of (a). The proof is by induction on ¢, where j = n —£. If £ = 0,
j = n and the desired inequality
Uy < 62u2n—2

is just one of the inequalities in (5.3).
Suppose then that the result holds for some integer L with 0 < L <n — 2.
That is, if 2 < J = n — L < n, the inequalities in (5.3) imply

Uy < 62U2J72-
Consider the case for L + 1. We must estimate uy(j_1) = u2s_2.
U2j—2 = Uj4(J-2)

<\ U2jU2]—4

< V€uzj_guag_4.
Since usy_o > 0, we may square both sides and divide by us;_o to obtain

Uj—2 < uzy_g.

The result therefore holds for J —1=n — (L +1). O

Proof of (b). It suffices to show that the n — 1 inequalities given in (5.4),
namely

U2p < vV UW2p—2U2p+2, 1 S p S n— 17
imply
U2p < A/ U2p—20U2p+2¢
whenever 1 < ¢ < ¢, = min{p,n — p}. The proof is by induction on ¢. If
¢ =1, the result holds trivially.

Suppose then that for some integer L with 1 < L < n — 2, for all £ with
1 <{¢ <L, for all ¢ for which ¢ < ¢,, the inequalities (5.4) imply

(56) U2q < /U2q—20U2q+2¢-
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Consider the case for L + 1. We consider two subcases, depending on the
parity of L + 1.

Subcase 1: L+ 1 is even. Then % is an integer < L, and hence applying
the inductive hypothesis twice for all those integers ¢ for which L + 1 < £,
we obtain

2
U < 'LL2q_2L;rl u2q+2 L;rl

< \fU2q—2(L+1)U2q /U2 U2g+2(L+1)-

Dividing by usq gives

Ugq < \/U2g—2(L+1)U2¢+2(L+1)>
and the result holds for L + 1. This completes the proof if L + 1 is even.

Subcase 2: L + 1 is odd. Write L +1 = 2R + 1 for some integer R. We
want to show that the inequalities (5.4) imply

U2qg < \/U2q—2(L+1)U2g+2(L+1)

= /U2¢g—2-4RU2¢+2+4R-
This will follow if we show that for all non-negative r with 2r +1 < £, — 2,
(5.7) U2qg—2—4rU2g+2+4r < U2g—2-4(r+1)U2g+244(r+1)>5

for then we will have

Ugg < \/U2g—2U2¢+2 < \/U2g—2—4RU2¢+2+4R-

The proof of (5.7) is by induction on 7.
Suppose r = 0. By Subcase 1,

Uz(g—1) < /U2(q—1)—4U2(q—1)+4 = /U2g—6U2q+2;

Un(g+1) < /U2(g+1)—4U2(g+1)+4 = /U2q—2U2¢+6-

Hence

Ugg—2U2q+2 < \/U2q—6U2¢+6+/U2g—2U2g+2-

Dividing by /tu24—2U24+2 then establishes the result for » = 0.
Suppose then that (5.7) holds for some integer R > 0, and consider the
case for R+ 1. Again by Subcase 1,

Ugg—2—4(R+1) < \/U2q—2—4(R+1)—4U2q—2—4(R+1)+4

= /U2g—2—4(R+2)U2g+—2—4R;»

Ugg+24+4(R+1) < /U2g+2+4(R+1)—aU2g+2+4(R+1)+4

= VU2g+2+4RU2g++2+4(R+2)-
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Hence, multiplying these inequalities and applying the inductive hypothesis,

U2q—2—4(R+1)U2¢+2+4(R+1)

< U2g—2—4(R+2)U2q++2+4(R+2) vV U2q—2—4RU2¢+2+4R

< VU2g—2—4(R+2) U2q++2+4(R+2) v/ U2q—2—4(R+1) U2q+2+4(R+1) -

Dividing by VU2q—2—4(R+1)U2q+2+4(R+1) establishes the claim for R + 1 and
completes the proof of part (b). O

Proof of (¢). We prove that the inequalities (5.4) and (5.5) imply that for
any g,

|u2q+1\ < U2g—20U2g+2+2¢
whenever ¢ < {, = min{4 — ¢ — 1, ¢}. This will follow if for all ¢,
(5.8) Ug—20U2g+2+420 < Ug—2(¢4+1)U2g+2+2(£+1)-

The proof of (5.8) is by induction on £.
If £ = 0, by (5.4),

U2q < 4/U2g—2U2¢+2,
U2g4+2 < 4/U2qU2¢+4,

and hence

U2qU2q+2 < \/U2g—2U2q+4+/U2qU2q+25
and
U2qU2g+2 < U2g—2U2g+4,

establishing the claim in this case.
Suppose then that the claim holds for some L > 0 and consider the claim
for L + 1. Then

Ugg—2(L+1) < /U2g—2(L+2)U2¢—2L,

Uggt2+2(L+1) < /U2¢+2+2LU2g+2+2(L+2)>

and hence, applying the inductive hypothesis,

U2q—2(L+1)U2g+2+2(L+1)

< VU2q—2(L+2)U2q+2+2(L+2) v/ U2q—2LU2g+2+2L

< VU2g—2(L+2)U2¢+2+2(L+2) /U2¢—2(L+1) U2¢+2+2(L+1) -

Dividing by /T2, —2(L+1)Uzq+2+2(L+1) gives the result for L+1 and completes
the proof of part (c). O
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6. Approximation by the models

Our knowledge of the model T can be used to understand the region of
extendability for CR functions on more general CR submanifolds. We begin
with a lemma.

LEMMA 6.1. Let

M:’YM—i_iR’,n/
={(z+1y,u2 + iva, ..., U + V) | Uy :xj—l—é’]j“(x), 2<j<m},

where 5;“(@ is o(x?) as ¥ — 0. Then there exists g > 0 such that if
0 < e < eg, ch(v§,) is contained in a set comparable to EF, .

Proof. If (u1,usg, ..., um) € ch(v§,), there exist a positive integer L, coeffi-
cients Ay € [0,1], 1 < /¢ < L, with ZeL:1 A¢e = 1, and real numbers z; € (—¢, €)
such that

L
(6.1) uj = Z )\g(l‘z + 5;“(35@)).

=1

Observe that (6.1) also holds for j = 1 if we take £}(x) = 0. Fix a number
n with 0 < n < 1. Then there exists an ¢y > 0 such that if |z| < €p, then
\Ej+1(z)| < nlz|? for all 1 < j < m.

For positive integers j, k, and p with 0 < j,k < ||, 1 < j+k+p < m,
and j #k if p=0,if |z] < €,

|Uj+k+p\ =

3 e (170 4 1117 )

< Z/\‘f (|x€‘j+k+p + 77|we|j+k+p)
(=1
L
=(1+7) Z)\dmﬁmy
(=1

The expression Zngl Ae|ze[P TP is the (j + k + p)th coordinate of a convex
linear combination of the L points (|z¢l, [z¢|?,...,|x¢|™) on the curve <
associated with the model T)5°. Since I'f9 C Ex0, it follows that

m?
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L
Ujphtp| < (L+n)e (Z Aoz > (Z /\w?k>
=1
1+n - i a
<dI, (Z Ae(ln)ﬁ]) (Z Mln)z?’“)
=1

£=1

L
cerit? (ZAE (a7 + &) (@ ))) (ZA( AT )))
{=1

1+
= = Z (Ep,/UQjUQk) .

This proves that if 0 < € < €g, then ch(v§,) is contained in a region comparable
to Ef,. (]

The next theorem says roughly that if M makes mth order contact with
the model T,,, at the origin, then the region of extendability for CR functions
in a sufficiently small neighborhood of the origin on M is comparable to that
for the model.

THEOREM 6.2. Suppose

M={(z+iy,us + iva,..., Uy +ivy) € C" |y, :ijerm"'l(x)}
= yar +iR™

where P]m“(x) = Zévzmﬂ ajex’ for some integer N > m + 1. Then there
exists €g > 0 such that if 0 < € < €g, then ch(v§,) is comparable to Ef,.

Proof. By Lemma 6.1, there exists ¢y > 0 such that if 0 < ¢ < ¢y then
ch(v§,) is contained in a region comparable to Ef,. Hence we need only
establish the reverse containment.

Let

Vi ={ (@, 2® + Pyt (@), ... 2™ + Pt (a), 2™ aN) |z e R Y

Then if IT : RY — R™ is the projection of RY onto its first m coordinates,
yu = U(v5;)- Let v = {(z,2?,...,2") |2 € R}. Then v4; is the image of
the model curve vy under the (nonsingular) linear map A given by

up =11,
N
u; =t; + Z ajete, 2<j<m,
{=m+1

Uj:tj m+1§]§]\7,
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with inverse
tl = ui,
N
tj =u; — Z ajoug, 2<j<m,

l=m+1
t; = uj, m+1<j3<N.

We obtain upper and lower bounds on |¢;| in terms of the u’s. We consider
two cases, depending on the parity of j. For 2 < j =2p < m,

N N
(6.2) 7 laspelluel = > lagpellte
{=m+1 L=m+1
N
< D lagpele Ty,
l=m+1

where we have used Lemma 5.3. Since £ — 2p > 1, there exists €; > 0 such
that if € < €1 the last expression is < %tgp for all 2 < 2p < m. Thus if € < ¢4,

U2p — ZtQp S t2pa
or
—U2 S t2 .
5 D D

On the other hand,

1
t2p < U2p + Ztva

and so
tgp S g’(,bgp.
Hence
4 4
(63) g'UQp S tgp S gng.

Observe that (6.3) holds trivially for m < 2p < N.
Suppose next that 3 < j =2p+ 1 < m. Then

N N
D aprralluel = Y laspielftel
{=m+1 l=m+1
N

—(2 1
< Y Jagparele PP Vtyptap g
l=m+1
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Since £ — (2p + 1) > 1, there exists ez > 0 such that if € < ey, then

1 1
luzp+1] = Zenv/taptaps2 < [tapsr] < fuspra] + Jeny/toptopra.

If N = 2n, a region contained in I'y; is

0<t2p<02n\/t2p,2t2p+27 1§p§n—1,
[top+1] < con/Eoptopt2, 0<p<n-—1,

2
t2n < Cope€ t2n—2~

These inequalities are satisfied if the u;’s satisfy

4 16
0< u2p<02n\/ o5 U2r—2U2p+2, 1<p<n-1,
|u2p+1| + \l u2pu2p+2 < CQnW; 0 < P> <n-— ]-7

*u2n < C2n€ U2p—2-

3 5
That is, if
3
0 < gy < 562m/U2p_2U2p+2, 1<p<n-1,
4 4 1
lugp+1] < 5Cen — 3 70m | \/Uzplizp 2, 0<p<n-—1,
U2n < 502n62uzn72~

This shows that ch(y5;) contains a region comparable to Sy, for € < min{e;, €2}.
On the other hand if N =2n + 1, then a region contained in I'{; is

0 <tap < cong1y/top—2topya, 1<p<n-—1,
[top+1] < Contiv/toptopt2, 0<p<n-—1,
ton < Cont1€°tan_2,

[tont1] < conti€tan.

These inequalities are satisfied if the u;’s satisfy

4 4 4
0< 3U2p < Cop+1 FU2p—2 " TU2p+2; 1<p<n-1,

1 4 4 4 4
lugpt1] + 1 Cnt1\[ 3U2p - Uapt2 < Cont1 5U2p " FU2pt2; 0<p<n-—1,

2
—U2n < —Con4+1€ U2p—2
3 5 ’

4
|U2n+1 ‘ < 302n+1u2n7
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where we have used the fact that since N > m, ¢ty = uy. That is,

3
0 <ugp < 5 Can+1y/Uzp—2lizpt2, 1<p<n-1,

4 4 1
|ugp+1| < (502n+1 -3 Zc2n+1> VU2plopya, 0<p<n-—1,

2
U2p < 502n+16 U2n—2,

4
[Uzn 1] < 502n+16u2n~

This shows that ch(y% ) contains a region comparable to S§; for € < min{ep, €2}
Thus for both the even and the odd case, the theorem will be proved if we can
show that II(S§) contains a region comparable to S,. This follows immedi-
ately from Theorem 5.1 and the fact that since II is linear, II(T'Y,) =T',. O

One can naturally ask if an analogous theorem holds if ijH (z) is replaced

by the more general error 5; +1(a:) of Lemma 6.1 since the lemma established
the containment in one direction. The reverse containment in this more gen-
eral case is not yet clear.

7. Behavior for large e: criteria for a full neighborhood

One may also consider how the regions of extendability behave as the neigh-
borhood of the origin expands. An interesting phenomenon can occur. Con-
sider

]sz{(x—kiy,uz—i-ivg,ug—kivg) € C?lup = 2° 4 axt, uz = 2® + Bzt }.

By Theorem 6.2, for small e, Ny (7}%{) lies to one side of a hyperplane through

the origin. But if 82 + a < 0, for large e, it contains a full neighborhood of
the origin. N N
To see this, observe that y§, = I14(A(v5)), where A is the linear map

(w1, ug,us,us) = A(t1,ta, t3,ta)
= (tlth + Oét4,t3 + ﬁt4at4)

and TI4 is the projection (uy,us,us,uq) — (u1,u2,us). Then Z(No(fyfl)) is
comparable to the set of (0, us,us,uq) satisfying

(ug — OéU4)2 <uyg < 62(u2 — auy),

lug — Bug| < v/ (ug — aug)uy.

(7.1)
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The origin is a point of a region comparable to Ny (7}6\7) if there is some u4 such
that (0,0,0,us) satisfies (7.1). That is, we need a real number u4 satisfying

Q?ul < uy < —atuy,
|Blus < v —aug.

Thus we require
1
(7.2) e>— and B +a<0.
—«

In other words, although for small € Ny (7}6\7) is entirely to one side of a hyper-

plane through the origin, whenever 32+« < 0, for € sufficiently large (greater
than 1/v/—a), NO('y]e\?) contains a full neighborhood of the origin.

REFERENCES

[BD98] A. Boivin and R. Dwilewicz, Extension and approzimation of CR functions on
tube manifolds, Trans. Amer. Math. Soc. 350 (1998), 1945-1956. MR 1443864
(98h:32011)

[BER99] M. S. Baouendi, P. Ebenfelt, and L. P. Rothschild, Real submanifolds in com-
plex space and their mappings, Princeton Mathematical Series, vol. 47, Princeton
University Press, Princeton, NJ, 1999. MR 1668103 (2000b:32066)

[BGN98] A. Boggess, L. A. Glenn, and A. Nagel, Model rigid CR submanifolds of CR
dimension 1, Pacific J. Math. 184 (1998), 43-74. MR 1626508 (99g:32011)

[BR90] M. S. Baouendi and L. P. Rothschild, Cauchy-Riemann functions on mani-
folds of higher codimension in complex space, Invent. Math. 101 (1990), 45-56.
MR 1055709 (91j:32020)

[KN77] M. G. Krein and A. A. Nudelman, The Markov moment problem and extremal
problems, American Mathematical Society, Providence, R.I., 1977. MR 0458081
(56 #16284)

[Tum88] A. E. Tumanov, Eztension of CR-functions into a wedge from a manifold of finite
type, Mat. Sb. (N.S.) 136(178) (1988), 128-139. MR 945904 (89m:32027)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WI 53706, USA
Current address: Dept. of Math. Sci., University of Montana, Missoula, MT 59812,
USA

E-mail address: halfpap@mso.umt.edu



