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SPACELIKE SURFACES OF CONSTANT MEAN
CURVATURE +1 IN DE SITTER 3-SPACE S3(1)

SUNGWOOK LEE

ABSTRACT. It is shown that spacelike surfaces of constant mean curva-
ture £1 (abbreviated as CMC =1) in de Sitter 3-space S (1) can be con-
structed from holomorphic curves in PSL(2;C) = SL(2;C)/{£id} via
a Bryant type representation formula. This Bryant type representation
formula is used to investigate an explicit one-to-one correspondence, the
so-called Lawson correspondence, between spacelike CMC =1 surfaces
in de Sitter 3-space S‘i’(l) and spacelike maximal surfaces in Lorentz
3-space IE:I’ The hyperbolic Gauss map of spacelike surfaces in S‘%(l)7
which is a close analogue of the classical Gauss map, is considered. It
is shown that the hyperbolic Gauss map plays an important role in the
study of spacelike CMC =1 surfaces in S3(1). In particular, the rela-
tionship between the holomorphicity of the hyperbolic Gauss map and
spacelike CMC +1 surfaces in S3(1) is studied.

1. Introduction

In the study of minimal surfaces in Euclidean 3-space E3, the Gauss map
and the Weierstrass representation formula play crucial roles. Details of their
roles in minimal surface theory can be found in many places in the literature;
for example, see [13] and [15].

In [5], R. L. Bryant proved a representation formula for surfaces of con-
stant mean curvature 1 in hyperbolic 3-space H?(—1), which is an analogue
of the classical Weierstrass representation formula for minimal surfaces in E3.
Locally, Bryant’s representation formula can also be written in terms of holo-
morphic data as the classical Weierstrass representation formula. In fact, long
before Bryant discovered his formula, L. Bianchi [3] pointed out that local sur-
faces of constant mean curvature 1 in hyperbolic 3-space admit a Weierstrass
representation formula. A very readable account of Bianchi’s ideas can be
found in de Lima and Roitman [12]. Although they are essentially equivalent
to each other, Bryant’s representation formula is different from Bianchi’s.
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Using his representation formula, Bryant showed that constant mean cur-
vature 1 surfaces in H3(—1) are locally isometric to minimal surfaces in E?
and have many properties in common with minimal surfaces in E3. This is
an expected result due to the so-called Lawson correspondence introduced
by H. Blaine Lawson. In [10], Lawson showed that there exists a one-to-one
correspondence between minimal surfaces in E3 and constant mean curvature
1 surfaces in H3(—1) and that the corresponding surfaces satisfy the same
Gauss-Codazzi equations. However, there are striking differences between
such constant mean curvature 1 surfaces in H3(—1) and minimal surfaces in
E3. For example, the total curvature of constant mean curvature 1 surfaces
in H3(—1) need not have a certain quantization, while the total curvature
of minimal surfaces in E3 always does. Bryant also showed that the hyper-
bolic Gauss map, an analogue of the classical Gauss map, of constant mean
curvature 1 surfaces (of finite total curvature) may not be holomorphically
extended across the finite number of punctures, in contrast to the classical
Gauss map of minimal surfaces in E3.

In [16], B. Palmer proved that there exists a Lawson correspondence be-
tween certain constant mean curvature spacelike surfaces in different Loren-
tzian space forms. In particular, there is a one-to-one correspondence between
spacelike maximal surfaces in Lorentz 3-space E$ and spacelike surfaces of
constant mean curvature £1 in de Sitter 3-space S3(1). On the other hand,
O. Kobayashi [9] and L. McNertney [14] gave a Weierstrass type representa-
tion formula for spacelike maximal surfaces in E$. Hence one might expect
a Bryant type representation formula for spacelike surfaces of constant mean
curvature +1 in S3(1).

In this paper, motivated by Bryant’s results, we prove a Bryant type rep-
resentation formula for spacelike surfaces of constant mean curvature +1 in
S$(1), which is an analogue of the Weierstrass type representation formula in
Kobayashi [9] and McNertney [14] (see Section 3).

In Section 4, we study an explicit one-to-one correspondence between space-
like surfaces of constant mean curvature +1 in S3(1) and spacelike maximal
surfaces in Ef using the Bryant type representation formula.

An analogue of the hyperbolic Gauss map! can be defined for spacelike
surfaces in S$(1) and plays an important role in studying spacelike surfaces
of constant mean curvature 1 in S3(1). We study the hyperbolic Gauss map
along with secondary and generalized Gauss maps in Section 5. In Section
7, the relationship between the holomorphicity of the hyperbolic Gauss map
and spacelike surfaces of constant mean curvature 41 is studied using the Lax
system.

IThe hyperbolic Gauss map was introduced by C. Epstein in [6] and used by R. L. Bryant
[5] to study constant mean curvature 1 surfaces in H3(—1).
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In Section 6, a duality property of spacelike surfaces of constant mean
curvature 1 in S3(1) is obtained, which is analogous to that of M. Umehara
and K. Yamada [22].

In Section 8, we consider an Umehara-Yamada type parametrization [19]
of the Bryant type representation formula and show that it can be deformed
to the Weierstrass type representation formula for maximal surfaces in E3.
Although the main idea comes from M. Umehara and K. Yamada’s paper
[19], we use settings similar to those in the paper [1] by R. Aiyama and
K. Akutagawa.

Some examples of spacelike CMC +1 surfaces in S3(1) are presented in the
appendix (Section 9).

2. Spacelike surfaces in de Sitter 3-space Sj(1)

Let E‘f be the Lorentz 4-space with rectangular coordinates xg, x1, T2, 3
and the standard Lorentzian metric ( , ) of signature (—,+,+,+) given by
the quadratic form

— (20)? + (21)* + (z2)* + (23)*.

The de Sitter space S3(1) is a complete Lorentzian 3-manifold of constant
sectional curvature 1 that can be realized as the hyperboloid of one sheet in
E:

ST(1) = {(zo, 71,2, 3) € B} : —(20)* + (21)” + (22)* + (23)* = 1}

Let M be an oriented 2-manifold and f : M — S}(1) be an immersion. The
immersion is said to be spacelike if the induced metric I on M is Riemannian
(positive definite). The induced metric I determines a conformal structure
Cr on M (and hence M and f can be regarded as a Riemann surface and
conformal immersion).

Let (x,y) be an isothermal coordinate system with respect to the conformal
structure C;. Then the first fundamental form I can be written in terms of
(z,y) as

I =ds* = e"{(dz)? + (dy)?}.
Let z = x +iy. Then (z, z) defines a complex coordinate system with respect

to the conformal structure C;. The first fundamental form I can also be
written in terms of (z, Z) as

I =ds? = e%dz ® dz.
In terms of complex coordinates z and Zz, the differential operators % and %
are given by

by D _1(2 0\ 0 _1(0 5
' 0z 2\ox 0Oy) 0z 2\0x Oy’
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Using the differential operators (2.1), we can compute
1
<fz7fz> = <f27f2> =0, <fz7f2> = 56”.
Let N be a unit normal vector field of M. Then
<N’N> =-1, <fzaN> = <f2;N> =0.

The quadratic 1-form Qdz ® dz := (f.., N)dz ® dz is called Hopf differential.
Abusing the terminology, we will simply call the coefficient Q = (f.., N) Hopf
differential. It is well-known (for example, see [4]) that a surface immersed in
hyperbolic 3-space H?(—1), f : M — H?(—1), has constant mean curvature
if and only if the Hopf differential is holomorphic, i.e., @z = 0. This is still
true for spacelike immersions into de Sitter 3-space S3(1), f : M — S3(1),
as shown in Section 7 (see equation (7.2)). The second fundamental form IT
of M derived from N is

II = —{(df,dN) = Qdz ® dz + He"dz ® dz + Qdz ® dz,

where H is the mean curvature of M. The mean curvature H is computed as
(f22,N) = 1He".

Let M be a simply-connected Riemann surface and f : M — S3(1) a
spacelike surface? with unit normal vector field N. Then we can find an
orthonormal frame field F defined by

F=(Ne 2 foe2fy, f): M — SO(3,1)*,
where SO(3,1)™ is the identity component of the special Lorentz group
SO(3,1) = {A € GL(4;R) : |A| = 1, (Av, Aw) = (v, w),v,w € E{}.

Let (zo,21,%2,73) € E]. Then v = (x¢, 71,2, 23) can be identified with the
2 X 2 hermitian matrix

(2.2) <x0 +x3 x1+ ixg) '

T, — ixz o — I3

The standard basis elements eg, €1, ea, e3 for E} can be identified with the
Pauli spin matrices

(10 _ (0 1 (0 1 (1 0
=\ 1) 7\t 0) 27 =i o) 0 —1)
Let v,w € E{. Then
1
(v,w) = —3 tr(vozw'os).
In particular,

1
(v,v) = —3 tr(vosv'ios) = —detv,

2Throughout this paper, we will assume the smoothness of spacelike immersions in S‘I’(l)
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i.e., the above identification is, in fact, an isometry.
The complex special linear group SL(2; C) acts isometrically on E{ via the
group action

pu:SL(2;C) x Ef — Ef; u(g)v = gvg*.

This action is transitive on S$(1). The isotropy at o5 = (§ %) is SU(1,1)
and S$(1) is represented as the symmetric space® S3(1) = SL(2;C)/SU(1, 1).
The action p induces a double covering SL(2; C) — SO(3,1)" of the identity
component of the Lorentz group SO(3,1). By using this double covering we
can find a lift F' (called a coordinate frame) of F to SL(2;C):

w(F)(oo,01,02,03) = F.

Let M be a Riemann surface and f : M — S3(1) a spacelike immersion.
Then there exists a local framing F' : U — SL(2; C) (which is unique up to
the sign), where U is an oriented and simply connected open set in M, such
that

eo = wp(F)(og) = FooF* = FF* = N,
er = p(F)(o1) = ForF* = e "/2f,
(23) * —u/2
ez = pu(F)(o2) = Fo " = e fys
€3 = ,U,(F)(O’g) = FO'3F* = f

Following Cartan’s formalism, there exist unique connection 1-forms {w? :
a,=0,1,2,3} such that

(2.4) deq = epw?

o

We use the index range 1 < 4,4,k < 3 and denote by w’ the connection form
w{. Then equation (2.4) can be written as

i
deg = e;w",

_ i J
de; = epw’ + ejwy,

0

w'=wy =w,;,

0=wj+ wy.
Note that for this framing F' of the immersion f we have

(2.5) W Awl 4+ w? Awd =0,

(2.6) wd =0.

3This symmetric space representation explains Remark 8.4.
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For our adapted framing F', Cartan’s structure equations include (2.5), (2.6)
and the following five equations:

(2.7) dw' +wi Aw? =0,

(2.8) dw? +wiAnw' =0,

(2.9) dwy +ws Aws = —w' Aw? (Gauss equation),
(2.10) dw} 4wy A w3 =0 (Codazzi equations),
(2.11) dwd +winwi=0

which in short can be written as

dw® = —w;» AW,
dw;1 = —wi /\w}C —wh AW
Denote by ds? the metric in S3(1) induced by the canonical Lorentzian metric

in E}. Then
(2.12) es(ds®) = (des,des) = —(w?)? 4 (w3)? + (w3)%

This gives rise to an indefinite metric in the oriented orthonormal frame bundle
F of S3(1).

Let f : M — S}(1) be a spacelike immersion and F a local framing
from an open set in M to SL(2;C) associated with the immersion f. Let
Q) := F~YdF € s1(2;C). The Gauss and Codazzi equations are equivalent to
Maurer-Cartan equation

(2.13) A0+ QAQ =0,

which is the null curvature (integrability) condition of the Maurer-Cartan
form Q.

The Maurer-Cartan form Q = F~!dF can be written as the following
equation:

1 3 P2 1_ 1 S22
(2.14) F'dF = §F* ( W+ wy (W' —w3) +i(w w3)> .

(w! +wg) —i(w? +w3) —(w’ +iwi)
Here, F'* denotes the pull-back map F* : sl(2; C)* — T*M.
PROPOSITION 2.1. Let f : M — S}(1) be a spacelike immersion. If

{N = eg, e1,e2} forms an adapted frame field along f, then the mean curvature
H and Gaussian curvature K of f satisfy the following equations:

(2.15) wr Aw? = (K + 1ws Aw?,
(2.16) W Awl 4w Aw! =2Hw AWl
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3. Bryant type representation formula for spacelike surfaces of
constant mean curvature 1 in S3(1)

DEFINITION 3.1. Let M be a Riemann surface. Then a holomorphic
map F : M — SL(2;C) is said to be null if F*(¢) = 0 or equivalently
det(F~'dF) = 0, where ¢ is the Cartan-Killing form* ¢ = —4det(g~'dg).

We now show the following Bryant [5] type representation formula for
spacelike surfaces of constant mean curvature 1 in de Sitter 3-space S3(1).
From now on we simply abbreviate the term “constant mean curvature 1” by
CMC 1.

THEOREM 3.2 (Bryant type representation formula). Let M be a Riemann
surface and F : M — SL(2; C) a holomorphic null immersion. Assume the
pull-back metric e}(ds?) = —(w3)? + (wi)? + (w3)? is nondegenerate, where
ds? is the induced metric in S3(1). Then

(3.1) fi=e30F =Fo3F*: M — S3(1)

is a spacelike CMC® 1 immersion. Conversely, let M be an oriented open
simply connected Riemann surface and f : M — S3(1) a spacelike CMC
1 immersion. Then there exists a holomorphic null immersion F : M —
SL(2; C) such that f = esoF'. Moreover, F is unique up to right multiplication
by g € SU(1,1).

Proof. To simplify our calculations, we use the notation w = wi + iw?
and 7 = w! —iw? Assume that F : M — SL(2;C) is a holomorphic null
immersion. By equation (2.14),

_ 1 w3 + iw? (Wl —wid) +i(w? —w?)
F'dF = —F* ! 3T 3
2 ((wl +wid) —i(w? +w?) —(w? +iw})
1, (W +iw? T—w
=5F ( T+  —(wPtiw?) )"

F*(w? +iw]) = 2a,
(3.2) F*(n + @) = 28,
Frr—w) =2,

4The quadratic Cartan-Killing from ¢ in sl(2;C) is, in fact, ¢ = —8det(g~'dg). Here,
it has been rescaled to —4 det(g~'dg).

5Since the sign of the mean curvature H depends upon the orientation of a surface, i.e.,
the orientation of the unit normal vector field N, the representation formula may as well
define a CMC —1 spacelike immersion in S3(1).
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where «, 3,7 are holomorphic 1-forms on M. Since F' is null, we have
F*(¢) = 4(a® + 37) = 0,
F* (W) =a+a,
F*(w) =
Now let f =e3 o F. Then
ds} = f*(ds?)
= F* o e}(ds?)
= F*(-(@*)? +we)
=—(a+a)?+@-1eB-7)
=-2a@a+BQB+7®7.
By assumption, ej(ds?) is nondegenerate; hence ds # 0. Since F is an
immersion, the last expression defines a positive deﬁnlte metric. We show
that for the immersion f: M — S}(1), H = 1.
Let U C M be a simply connected open set in which there exists a smooth

1-form® 7 of type (1,0) such that dsfc =n®T7. Clearly, M is covered by such
open sets. There exist functions A, B, C defined in U such that

F*(w? 4 iw}) = 24n,
(3.3) F*(r +w) = 2By,
F* (T —w) = 2Cn,

and

(3.4) A?+BC =0, —2AA+ BB+ CC =1.

In the open set U, dsfc = (—2AA+BB+CC)nen = n®7. Since A2+ BC = 0,
we see that there exist smooth functions p, ¢ defined in U (unique up to
replacement by (—p, —q)) such that

A = pq,
B = ¢,
C = _p27

and

— 2pgpq + ¢*F + p*P* = (bp — q7)* = 1 in U.

6Such a smooth 1-form 7 can be written as n = % dz, where u(z, Z) is a solution to the
elliptic Liouville equation u,z = —e™%.
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By the continuity of pp — qg, either pp —qg=1in U or pp —gg = —1 in U.
Without loss of generality, we may assume that pp —qgg = 1 in U. Recall that
the Lie group SU(1,1) C SL(2;C) is defined as follows:

{(2 g) € SL(2 C):p,qE(C}.

Let h : M — SU(1, 1) be a map defined by

for each z € M. Then

o= (29 (3 ) (D)
-

PP — qq pq—qp>
qp—DPq qq — PP

(1
_0—1

= 03,
and so, ez o (Fh) = e3 o F'. Moreover,

(Fh)"Yd(Fh) = (h"*F~ Y ((dF)h + Fdh)
=h" ( “rdF)h + htdh
.2
—pL (Pg p )77h+ h~tdh
g
_ ( pdp—qdq pdq—qdp—n
—qdp+pdq  —qda+ pdp
1 w3 + iw? T—w
s (VL)

T+w  —(w®+iw?)

It follows that (Fh)*(w?) = 0 and (Fh)*(w) =n. Thus, Fh : U — SL(2;C)
is an oriented adapted framing in U along the immersion f = ego F' = eg(Fh).

Using equation (2.16) in Proposition 2.1 it is easy to show that f has
constant mean curvature H = 1 in U iff (Fh)*(7 + @) is a 1-form of type
(1,0). Since An, Bn, Cn are holomorphic 1-forms and 7 is a 1-form of type
(1,0) in U, we see that p/q is a meromorphic function in U. Similarly ¢/p is
also a meromorphic function in U. The 1-form pdq — ¢dp is of type (1, 0) since
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it can be written as

p?d (g> where p # 0,
p

pdq — qdp = D
—q¢%d <5> where g # 0.

Hence (Fh)*(m+w) = (Fh)* () +7 = 2(pdq — qdp) is of type (1,0). Therefore
H=1inU and so H =1 in M as stated.

To prove the converse, let M be an oriented and simply connected open
Riemann surface. Let f : M — S$(1) be a smooth spacelike immersion with
CMC H = 1. There exists a 1-form 7 of type (1,0) in M such that ds?c = nR7.
We can choose a lifting g : M — SL(2;C) such that the associated frame
field {e5(g)} is adapted with g*(w) = —n. Then

g ldg = 19* ( 1 u{?’ i z:wi 2 S w§)3—|— Z(wz . w%)) .
2 (W' + w3) —i(w* + w3) —(w? +iwy)
Let p = g*(w?) and £ = g* (7 +w). Then ¢ is a 1-form of type (1,0) (since the
mean curvature of f is 1) and

_ 1/(ip €-2

Consider the su(1, 1)-valued 1-form in M

_L(ip ¢
”2(6 —ip)'

It follows that p satisfies the differential equation dy = —p A p since both
¢ and 7 are 1-forms of type (1,0). The equation satisfies the integrability
condition; hence, by the Frobenius Theorem, there exists a smooth map h :
M — SU(1,1) (unique up to left translation by a constant in SU(1, 1)) such
that = h=tdh. Since h € SU(1,1), h can be written as

(0 3)

for some smooth functions p and ¢ defined in M. Set F' = gh~!. Then
F~YF = (gh™')"td(gh™")
= h(g~'dg)h™ + hdh™*

— h(h~ldh =1 (8 é))h‘l + hdh™

2
pqg —p
2 ) n.

qa  —pq
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Since 1 is a l-form of type (1,0), dFF = —F (Zg 22) n is a 1-form of type
(1,0); hence OF = %—gd% = 0, i.e., F is holomorphic. Clearly F' is null
(det F~*dF = 0) and satisfies

esoF =e3zo0(gh™)=e30g=f.

From this we get f. = (e3 o F'). = e3, o Fi. Since f, and es, are one-to-one,
F, is also one-to-one, i.e., F' is an immersion.

Now we show the uniqueness of the holomorphic lifting of f up to right
multiplication by constants in SU(1,1). Let Fy, F5 : M — SL(2;C) be two
holomorphic liftings of f. Then f : e3 o0 Fy = ego Iy, ie., FlosF) = FyhoskFy.
Solving this equation for Fi, we get

Fy = Fyo3(F ' Fy) o3t
Let h := 03(F1_1F2)*03_1. Then F; = Fyh and
FiosFy = Fyo3Fy = Fy(hosh™)F5 = FaosFy
= hosh™ = o3
= h € SU(1,1).

Hence h : M — SU(1,1) is an antiholomorphic map of M into SL(2;C).
However, SU(1,1) is a totally real submanifold of SL(2;C), so h must be
constant. O

REMARK 3.3. One can immediately see that this theorem is a close ana-
logue of the Weierstrass type representation formula by O. Kobayashi [9] and
L. McNertney [14] if we replace S3(1) by E3, SL(2;C) by C?, e3 : SL(2;C) —
S3(1) by Re : C3 — E3, the Cartan-Killing form ¢ by the natural complex
inner product in C3, and finally H =1 by H = 0 in the Theorem 3.2.

REMARK 3.4. A holomorphic null immersion F' : M — SL(2; C) induces
both a CMC #1 surface in hyperbolic 3-space H?(—1) by Bryant’s represen-
tation formula [5] and a spacelike CMC =1 surface in de Sitter 3-space S3(1)
by Theorem 3.2. In fact, the following duality diagram holds:

dual

. . B — o . .
maximal in E? minimal in E3

Lawson corresp. Lawson corresp.

dual

CMC +1 in S3(1) CMC +1 in H*(—1)

REMARK 3.5. In Theorem 3.2, we have excluded the compact simply con-
nected Riemann surface, i.e., the Riemann sphere S. The reason is that there
is no non-zero non-constant holomorphic 1-form globally defined in S2.
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4. A correspondence between spacelike CMC +1 surfaces in S3(1)
and spacelike maximal surfaces in E3

The hyperbolic 2-space H?(—1) can be described as
H2(—1) = {z € Herm(2) : 3 = 0, detz = 1, ¢ > 0}
by identifying E{ with the collection Herm(2) of 2 x 2 hermitian matrices (2.2).
Since the Lie group SU(1,1) acts on H?(—1) isometrically and transitively,
H?(—1) = SU(1,1)/U(1) = {hh* : h € SU(1,1)}.
H?2(—1) can also be regarded as the Poincaré open disk D = {2z € C: |z| < 1}
with the metric ds? = 4|dz|?/(1 — |z|?)? through the stereographic projection

U : H?(—1) — D from —eq = (—1,0,0) € E$. Let (zg,71,72) € H?(—1).
Then

(20,71, 22) = (0 1 z2 ) ~ T1+1iTo

9 9 == E]D)
:L'()+1 .’£0+1 1'0+1

Given h = (Zg) € SU(1,1), we have
Wt — (PPTad  2pq \ _ To Ty + iy
2pq  pp+aqq Ty — T2 Zo

\I/(l'(),[L'l,iCQ) = \I/(hh*) =

and

hSIRENY]

ED:>QE]D).
p

Let F: M — SL(2;C) be a holomorphic null immersion with F' = (f?; I;i)
and F1Fy — F,F3 = 1. Then by Theorem 3.2, f = Fo3F* : M — S}(1) de-
fines a spacelike CMC +1 surface in S$(1). Let U C M be a simply connected
open subset of M. Recall that the holomorphic 1-form F~'dF can be written
as

2

(4.1) F~ldF = (pg P )77 = (qg%Q - )pzn

¢ —pq —q/p
27,2
("0 ) e

Here, 7 is a 1-form of type (1,0) defined in U such that dsfc =n®mn and p,q
are smooth functions defined in U such that p/q and ¢/p are meromorphic
functions and [p|?> —|¢|> = 1. Let g = ¢/p and w = p?>n. Then g : U — D
is a holomorphic function and w is a holomorphic 1-form defined in U. The
map g is called the secondary Gauss map” of the local spacelike CMC +1
surface f : U — S$(1). We adopted the name secondary Gauss map® from

"This Gauss map is, in fact, closely related to the classical Gauss map. This will be
discussed in Section 5.
8R. Aiyama and K. Akutagawa [1] called such a Gauss map the adjusted Gauss map.
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M. Umehara and K. Yamada (see, for example, [20] or [21]). Since 7 is of type
(1,0), it can be written as = €"“/2dz, where v : U — R is a real-valued
function defined in U. By letting h = p?e*/2, we get w = hdz and

_ -1 g -1
4.2 Flap = (9 ) w= ( > hdz.
(42) (92 —g 9 -y

The induced metric of the local spacelike CMC +1 immersion f is
dst =n@mn=|h*(1—|g/*)?dz> in U C M.

Corresponding to this spacelike CMC +1 immersion f, there exists a local
spacelike maximal immersion ¢ in E$ with Weierstrass data (g,w) given by
the integral formula

¢

(4.3) Y() = Re/ (2gh, (1 + ¢*)h, —i(1 — g*)h)dz, z € U,
Co

by the Weierstrass type formula in Kobayashi [9] and McNertney [14]. The

induced metric of the spacelike maximal immersion is

ds3, = |h|*(1 = [g[*)*|dz|* in U.

One can find another spacelike maximal immersion that corresponds to the
same spacelike CMC =1 immersion in S$(1). This time, in equation (4.1), let
g=7p/qand w = ¢*n. Then g : U — C\ D is a meromorphic function and
w is a holomorphic 1-form defined in U. This function g is also called the
secondary Gauss map. Note that this secondary Gauss map is the inversion
of the previous one. By letting h = ¢?¢*/?, we get w = hdz and

2 2
4.4 Flgp = (9 9 )w - (9 -9 >hdz.
( ) (1 _92 1 _g2

The induced metric of f is again ds} = |h[*(1 — |g[*)?|dz|> in U C M. Then
we find a corresponding spacelike maximal immersion given by the integral
formula (4.3) with the new Weierstrass data (g,w).

Conversely, let ¢ be a spacelike maximal immersion from a Riemann surface
M into E$. Then, as asserted in [9], ¥ can be described locally as the integral
formula

¢

w(0) = Re [ (20h, (14 ¢, ~i(1 = g*)h)dz, 2 € U,
Co

where U is a simply connected open subset of M and g: U — C\ {z € C:

|z| = 1} is a holomorphic or a meromorphic functions. By the continuity of

g, either |g(z)] < 1in U or |g(z)] > 1 in U. In either case, we consider the

following initial value problem:

FdF = (g% :;) hdz if |g(z)] < 1
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or

2
FdF = (g _gg> hdz if |g(2)| > 1,
with initial value condition, for instance, F'(z9) = o¢. Here, o¢ is the 2 x 2
identity matrix o9 = (§9), as before. Note that the equation satisfies the
integrability condition, i.e., = F~1dF is a solution of the Maurer-Cartan
equation (2.13). Hence there exists a unique solution F' : U — SL(2;C),
which is a holomorphic null immersion, to the initial value problem. Theorem
3.2, then, yields a spacelike surface f : Fo3F* : U — S3(1) of CMC =1 with
the induced metric ds7 = [h[*(1 - |g|*)?|dz|?. Therefore we see that there is a
one-to-one correspondence between spacelike CMC =1 surfaces in S3(1) and
spacelike maximal surfaces in E$. This correspondence is not a coincidence
and is expected. In fact, B. Palmer [16] proved the following Lorentzian ver-
sion of Lawson correspondence [10]: There exists a one-to-one correspondence
between spacelike CMC Hy surfaces in E3 and spacelike CMC ++/HZ + 1 sur-
faces in S3(1). In particular, there is a one-to-one correspondence between
spacelike maximal surfaces (Hy = 0) in E$ and spacelike CMC =1 surfaces in
S$(1). One must note that this correspondence is local.

5. The Gauss map of spacelike CMC =1 surfaces in S}(1)

In this section, we consider an analogue of the hyperbolic Gauss map (see [5]
or [6]) of spacelike CMC =1 surfaces in S$(1) and investigate the relationship
between the secondary, hyperbolic, and generalized Gauss maps.

Let f: M — S3(1) be a spacelike surface in S3(1). At each base point
es = f(m) € S}(1), eg € Te, S3(1) is an oriented unit normal vector to the tan-
gent plane f,(T,,M). The oriented timelike geodesic in S3(1) emanating from
es, which is tangent to the normal vector eg(m), asymptotically approaches
the ideal boundary S% at exactly two points [eg + e3], [eo — e3] € SZ. The
orientation allows us to call [eg+e3] the initial point and [eg — es] the terminal
point. Define a map G : M — S% by G(m) = [eo + es](m) for each m € M.
This map is an analogue of the hyperbolic Gauss map of surfaces in hyper-
bolic 3-space H3(—1) and we will also call it the hyperbolic Gauss map. By
identifying S2 and the Riemann sphere CU{occ} with the canonical conformal
structure, we can consider the holomorphicity of the hyperbolic Gauss map.

Suppose that M is an oriented open simply connected Riemann surface and
f: M — S3(1) is a spacelike CMC +1 surface in S3(1). Then, by Theorem
3.2, there exists a holomorphic null immersion F' : M — SL(2; C) such that
f =e30F = Fo3F*. As we have seen earlier, the holomorphic 1-form F~1dF
can be locally written as

2
F—ldF _ pq —P ) ,
(q2 —pg) "
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in some simply connected open set U C M. Here, 5 is a 1-form of type
(1,0) in U and p, g are smooth functions in U such that ¢/p is meromorphic

as before. Define h : U — SU(1,1) by h = (5%). Then the mapping

Fh:U — SL(2;C) is a local adapted framing in U, and we can compute
f:€30F=€30(Fh) = (Fh)O'g(Fh)* :F‘O'?,FM< in U.
Now,

(eo +e3)(Fh) = (Fh)(eq + e3)(Fh)*
= Fh(eo + eg)h*F*

p 7\ (1 O\ (P T\
=2F : F

(q p> (0 0) (q p)
:2F<§><F<Z>> e N3 or N3~ =82

={z €E}: 2= (xo,21,22,23), (x,2) =0, 29 > 0}

Here,

N3F

is the future light cone and
N3 ={z € R} :x = (xg,21,20,23), {x,2) =0, 29 <0}

is the past light cone, either of which can be identified with the ideal boundary
S2_. Let us write F' = (% Fz) Then

r(P) = (Fr B2\ (p\_ (Fwp+ g
q s Fy) \q Fsp+ Fuq)

G = [eo + €3] = [Fip + Faq, F3p + Fiq] € CP!

Hence,

= [dFy, dF3]
_ dF; dFy
- { d—Fl] dF, € CY ek
Similarly, we also get
dF,

G = [dFQ,dF4] = d? S (CU{OO}

If G = [eo — e3], then G = dF3/dF; = dFy/dFs, where dF = F (pq *pZ) 7.

As seen in Section 4, the holomorphic 1-form F~'dF can also be written

as
F'dF = (g% :;) w
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in a simply connected open set U C M. Here, g : U — D is the secondary
Gauss map and w = hdz for some holomorphic map h defined in U. Then,

g -1 Fig+ Fog> —(F1 + Fag)
dF = F hdz = hd
<92 —9> : <F3g + Fug® —(F3+ Fug) =

and the hyperbolic Gauss map can be written in terms of the secondary Gauss
map g as

G = [eo + e3] = [Fip + Faq, F3p + Fuq| = [F1 + Fag, F3 + Fug).
Hence,
_ F3+ Fyyg
F1 +Fgg7

ie., G(z) = ¢, 0g(z), where ¢, : C — C is the Mdbius transformation given
by

G

- Fs + FyC
0=(C) = B+ Foc

Similarly, if F~1dF is given by

2
Fl4F = (9 g )w,
1 —yg

where g : U — C\ D is the secondary Gauss map and w = hdz is a holomor-
phic 1-form defined in some simply connected open set U C M, then

_ F3g+ Fy
Fig+ Fy’

i.e, G(z) =1, 0 g(z), where ¢, : C — C is the M6bius transformation given
by
) = DL R)
1(2)C + F2(2)
This relates the secondary Gauss map to the hyperbolic Gauss map. Hence
we see that if the spacelike immersion f : M — S$(1) has CMC =1, then
the hyperbolic Gauss map is holomorphic®.

We now consider the generalized Gauss map of spacelike surfaces in Ef
and investigate its relationships to the hyperbolic Gauss map (and to the sec-
ondary Gauss map as well). The main ideas presented here are based upon the
work of R. Aiyama and K. Akutagawa [1]. Let G(2,[E}) be the Grassmannian
of oriented spacelike 2-planes in E}. The oriented spacelike 2-plane spanned
by two spacelike vectors v; and vy is denoted by [vq Ava]. The Grassmannian
G(2,E?) has the following complex structure: Let C} denote the complexifi-
cation of E} endowed with complex linear coordinates w = (wg, w1, wa, w3)

9t is interesting to ask if the converse is also true. That is, is it true that if the hyperbolic
Gauss map of a spacelike immersion f : M — S‘;’ is holomorphic, then f has CMC +1?
This question is answered in Section 7.
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and the indefinite Hermitian product (w, w) = —|wg|? + w1 |? + |we|? + |ws 2.
The complexified Lorentz space C} can be identified with the 2 x 2 matrix

S— wo + ws w1 + i’LUQ
_ w1 — iwg wo — W3 ’

wm-tifn(s 2 (s )}

If w is a real vector in Ef C Cf, then this identification coincides with the
one given by equation (2.2). Let CP} be the complex projective space of the
spacelike lines in C} and [w] or [w] denote the (spacelike) line through the
origin 0 in C} = gl(2,C) such that (w,w) > 0. The complex quadric Q% in
CP$ is the algebraic variety

and hence

2= {[w] € CP? : det w = —(w0)? + (w1)? + (w3)? + (ws)? = 0}.

The Grassmannian G(2,E$) can be identified with the complex quadric Q?
by the natural correspondence

Q? — G(2,E}); [w] — [Rew A Tmw].

G(2,E?) can also be realised as a homogeneous space: SL(2;C) acts transi-
tively on G(2,E3) = Q? by the group action

g-[ViAve]:=[g-viAg-vy,

where g € SL(2;C) and [vq A v2] € G(2,E}). The above action can also be
written as

g-[vi+iva]: = [g(vy +ivy)g"].

The isotropy group at [eq A es] = [o1 +io2] = [(1])] is

- {(; )-vecro)

G(2,E}) = Q? = { [g (? 8) g*} cCPl:gc SL(Q;C))} =~ S1,(2;C)/C*.

Thus,

We now use the following complex coordinates in G(2,Ef):

¢ = (f1,¢2) : G(2,E}) — C x C;

0 0) . go1 922
= ==, fi = (gi;) € SL(2;C).
(1 0)o] — (2 22) o= esieo
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This map ¢ is bijective to C x C\ {(¢,¢)|¢ € C}. SL(2;C) acts conformally
on each C by the Md&bius transformation

921 + g22¢ A
=25 T2 = (g;;) € SL(2;C), ¢ e C.
[¢] J F ol 79 (9i5) (2,0), ¢

Note that ¢1(g) = g[0] and ¢2(g) = g[oo]. Let f: M — E} be a spacelike
immersion from a Riemann surface with complexified isothermic coordinate
z =z +iy. The generalized Gauss map of f is then identified by

G:=[fa Nyl =fo+ify)) =[]+ M — G(2,E}) = QF.

Let G :=¢10G and Gy :=¢po0G. Let f: M — S‘%(l) C ]E‘l1 be a conformal
spacelike immersion from an oriented and simply connected open Riemann
surface M into S3(1), with ds} = e“|dz|*. Then there exists an adapted
framing F : M — SL(2;C) of f such that e; o F = ¢~"“/2f, and ey 0 F =
e*“/ny. Let F = (1;; %;) Then the generalized Gauss map G of f can be
written as
G=leror)n@or)]=|F(] §

and G, = F3/F) = F|0], Go = F4/F, = F[oo]. On the other hand, the
hyperbolic Gauss map G : M — Szo of f is given by

G =leg+es](F) = [F ((1) 8) F*]
[(3)e w5

That is, the hyperbolic Gauss map is identified with the first projection G;
of the generalized Gauss map G. By taking the opposite orientation of nor-
mal geodesics (i.e., the opposite orientation of the Riemann surface M), the
hyperbolic Gauss map is defined to be G = [eg — e3]. In this case, the hyper-
bolic Gauss map is identified with the second projection Go = Fy/F5 of the
generalized Gauss map G.

We have seen that the hyperbolic Gauss map G is also given by G =
dF3/dFy; or G = dFy/dF;. Hence the first and second projections of the

generalized Gauss map can be explicitly written as Gy = dF3/dFy = dFy/dF;
and Gy = dF3/dFy = dF,/dFy, respectively.

) F} ‘M — G(2,E}) = Q}

6. A duality property of spacelike CMC =1 surfaces in S$(1)

In [22], M. Umehara and K. Yamada defined the dual surfaces of CMC 1
surfaces in hyperbolic 3-space and studied their properties. In this section,
we also consider the dual surfaces of spacelike CMC =1 surfaces in S3(1) and
study properties similar to those in the hyperbolic case.
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DEFINITION 6.1 (The dual spacelike CMC =1 surfaces in S3(1)). Let F :
M — SL(2;C) be a holomorphic null immersion. Then we easily see that
F~!: M — SL(2;C) is a holomorphic null immersion as well. By Theorem
3.2, the map f! :=ez0F~! = F~lo3(F~1)* : M — S}(1) defines a spacelike
CMC +1 surface in S3(1). This surface f* is said to be the dual surface of f.
It follows immediately from (F~1)~! = F that (f*)* = f.

Let F : M — SL(2;C) be a holomorphic null immersion with F =

(g; ?Z ). In Section 5, we have seen that the hyperbolic Gauss map G can be

locally written as
F3+ F,
a3 + 149
Fy + Fyg
if |g(z)| <1 or
_ Fzg+ Fy
Fig+ F,
if |g(=)| > 1. Let G := —(F1+ Fag) and Gy := —(F3+ F4g), where |g(z)| < 1.
Then by direct computation we see that

G -1

-1 _

(6.1) FdF~' = (GQ _G) Hdz,

where G = G1/Go and H = —(Gy)?h. Similarly, if we let G := Fyg+ Fy and
G1 := F3g + F, where |g(z)| > 1, then

c (M2
FdF~' = <Gl E%Q )H*dz,

where G® = & = &2 and H* = —(G1)?h.

THEOREM 6.2. Let f: M — S3(1) be a spacelike CMC +1 immersion
with Weierstrass data (g,w) and Hopf differential® Q = w®dg. Then the hy-
perbolic Gauss map G*, the Weierstrass data (g%, w*) and the Hopf differential
Q" of the dual surface f* are, respectively, given by

b b t__Q i _
G'=g, ¢ =G, w Fiel Q Q iflg(2)] <1
and
G g, g = GA, w2 P = —Q i lg(2)] > L.
b b dG‘?

100ne can easily see that this holomorphic 2-form is actually the same as the Hopf
differential. For more details see, for example, [5] or [19].
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Proof. We prove the statement when |g(z)| < 1 in M. Let F = (% %)
Then from G = dF3/dF) = dFy/dF5 we get the equation dF3dFy — dFydFy =
0. Thus,

dF,
_dFy _ dFy (F4 - d_F§F3>

_ FydF; — F3dFy

 FydFy — F3dFy’
Set F¥ = F~!. Since FF~! = I, d(FF~') = (dF)F~' + FdF~' = 0. We
compute

G

(FH~YdF* = FdF—!
=—(aF)F!
_ (dFy dF)\ ( Fy —F
T \dRs AR ) \-F R
_ (FdFy — F3dF, —FodFy + FidF,
= \FudFs — F3dFy —FydF3 + FidF,

R
= (9:12 1u> W,
9 —g

gu _ (gu)Qw - F4dF3 — F3dF4

This implies

gﬁw a F4dF1 — ngFQ o
and h* = H. Replacing F by ¥, we also get G* = g. The induced metric of
the dual surface f# is given by

ds® = [h*[*(1 — |¢*|?)?|dz=[?
= [H]*(1 = |G[*)?|dz[*.
We now prove that w* = —Q/dG and Q* = —Q. Since G = G,/Gy, dG =

(GodG1 — G1dG0)/(G0)2 Recall that Gy = —(Fl + Fgg) and G7 = —(Fg +
Fyg). Then,

GodG1 — G1dGy = {(F1 + Fgg)ng — (F3 + F4g)dF1}
+{(F1 + Fag)dFy — (F3 + Fyg)dFs}g
+ (F1F4 - FgFg)dg + (F2F4 - F4F2)gdg
=dg.

Thus,

Q  wedg
dG ~  dg/(Go)? (Go)*w = —(Go)?hdz = Hdz = o,
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and

d
OF = wf @ dg* = Hdz ® dG = —(Go)?hdz © ﬁ = —wedg=—Q.

Similarly, we can prove the statement in the case when |g(z)| > 1in M. O

7. Spacelike CMC +1 surfaces in S(1) and the holomorphicity of
the hyperbolic Gauss map

In this section, we assume the same geometric setting of spacelike surfaces
in S3(1) as in Section 2.

Let f: M — S3(1) be a spacelike surface in S(1) and F' : M — SL(2;C)
a local framing satisfying (2.3). Then the Maurer-Cartan form Q = F~1dF €
5[(2; C) can be written as

F~1dF = Udz + Vdz,

Uz —u/2 usz (H+1) u/2
e e
U—_<Hl4u u ),V—_<4 2 )
( > )6 /2 42 e /2Q 4z

where

The local framing F' satisfies the Lax equations

F, = FU,

The compatibility condition F,z = F3, gives
U:—V,-[UV]=0,
which can be written as the following Gauss-Codazzi equations:

(7.2) Uz — @e“ +2QQe " =0,

(7.3) Qs = 2H.e".

From equation (7.3) we immediately see that the mean curvature H is constant
if and only if the Hopf differential () is holomorphic.

Let F': M — SL(2;C) be a local framing of a spacelike surface f : M —
S$(1) satisfying

60:]\72}‘_‘0'()1'7‘*:.FF'*7

Jfa .
e = :F(J'lF,

|fal

fU *
62:—‘:FO‘2F,

|1yl

63:f:FO'3F*.
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In [7], S. Fujimori, S. Kobayashi and W. Rossman gave an alternative form of
the Bryant type representation formula for spacelike CMC 1 surfaces in S$(1)
based on the above geometric settings. Namely, they showed:

THEOREM 7.1.  Any conformal spacelike CMC' 1 immersion from a simply-
connected Riemann surface into S3(1) can be written as FosF* for some an-
tiholomorphic map F' € SL(2;C) satisfying the equation (4.2) or (4.4).

Note that, with the orientation we are using in this section, spacelike CMC
—1 surfaces are induced by holomorphic framing while spacelike CMC 1 sur-
faces are induced by antiholomorphic framing.

Using the Lax system, we can prove the following proposition that relates
the holomorphicity of hyperbolic Gauss maps to that of spacelike CMC +1
surfaces in S$(1).

PROPOSITION 7.2. Let f : M — S3(1) be a spacelike immersion and G
its hyperbolic Gauss map. Then:

(1) The hyperbolic Gauss map G := [eg+es] = [N+ f] (when G preserves
the orientation) is holomorphic if and only if f is totally umbilic.

(2) The hyperbolic Gauss map G := [eg — e3] = [N — f] (when G reverses
the orientation) is holomorphic if and only if [ satisfies H = —1.

Recall from Section 5 that the hyperbolic Gauss map [eg + e3] is identified
with G; = Fy1/F11 and [eg — e3] is identified with Gy = Fsy/Fo, where the
local framing of f is given by F = (%1 %3) € SL(2;C). Here, we say that
the hyperbolic Gauss map [eg + e3] (resp. [eg —es3]) is holomorphic if Gy (resp.
Gs) is holomorphic.

Proof. From the Lax system (7.1),

Fg = FV
_ (Fu F12) < T %6“/2(H+1)>
Fy Fpy) \e/?Q —F

_ F11%+F1267u/2@ %Flleu/z(H+1)7F12%
Fo Y2 + Faoe "2Q  1Fye"/?(H+1) — Fp'e )’

The hyperbolic Gauss map Gy = F3;/F11 is holomorphic, i.e., (G1); = 0, if
and only if

(Fo1):Fi1 — For(Fiy)z = e */2Q = 0.

Hence we see that G; is holomorphic if and only if the Hopf differential van-
ishes, i.e., f is totally umbilic.
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Simlilarly, the hyperbolic Gauss map Gy = Fs3/F5 is holomorphic if and
only if

1
(Fp2)zF12 — Foa(Fi2)z = —ie“(H +1) =0.
Therefore Gs is holomorphic if and only if H = —1. O

COROLLARY 7.3. Let f : M — S}(1) be a spacelike immersion. Then
f s totally umbilic and satisfies H = —1 if and only if the hyperbolic Gauss
map of [ is constant.

8. The Umehara-Yamada type parametrization and deformation of
representation formula for spacelike CMC +c surfaces in S3(c?)

In [19], Umehara and Yamada showed that minimal surfaces in R?® are the
limit surfaces of CMC ¢ (¢ > 0) surfaces in hyperbolic 3-space H3(—c?) of con-
stant sectional curvature —c? as SL(2;C) collapses into C3. In this section,
we derive a similar result that a parametrized Bryant type representation for-
mula in Theorem 8.2 can be deformed to the Weierstrass type representation
formula (4.3) for spacelike maximal surfaces in E. We first reformulate the
Bryant type representation formula (3.1) as follows.

DEFINITION 8.1 (de Sitter 3-Space S$(c?)). Let S3(c?) be the de Sitter
3-space of radius 1/c in Ef, i.e.,
S3(c?) = {(t,x1, 20, 23) € BY : —t? + 22 + 22 + 22 = 1/2}.
This de Sitter 3-space has constant positive sectional curvature c2.
THEOREM 8.2 (Reformulation of Theorem 3.2). Let M be an open simply
connected Riemann surface with a base point zg € M and a an s1(2;C)-

valued holomorphic 1-form in M. Suppose that « satisfies the following two
conditions:

(8.1) det o = 0,
(82) tr{&aga*ag} > 0,

where & is the cofactor matriz of a. Then there exists a unique holomorphic
immersion F': M — SL(2;C) such that
(1) F(z0) = oo,
(2) F7YF = q,
(3) f = 1Fo3F* : M? — S}(c?) is a conformal spacelike CMC +c
immersion.

Proof. Let a := F~1dF and F(z)) = 09. The equation F~1dF = «
satisfies the integrability condition; hence F~!dF = a with the initial value
condition F'(zg) = oo has a unique solution F : M — SL(2;C). Since
F~1dF = « is a holomorphic 1-form, F is a holomorphic map. From the
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condition det o = 0, we have det(F~1dF) = 0, that is, F' is null. Recall that
the holomorphic 1-form F~'dF = « can be locally written as

2
pq —p
a= ,
(q2 pq) K
where p, ¢ are smooth functions such that |p|? — |¢|*> = 1, and 7 is a 1-form
of type (1,0). Then the cofactor matrix & of « is

2
~_(-pq p
o =
(—q2 pq>77

and
__ -
o = <pq2 7 ) _
-p —Pq
Hence,
~ —[pPlgl?* + [p[* —pq ) _
a3 o3 = - &
3T ( P4 gl + =Ipl?lql?) T
and

1 |
dsfc = 0_277@)17 = C—Qtr{aaga o3>0

by the assumption. This means that F' is an immersion. Therefore, by The-
orem 3.2, f = 5Fo3F* : M — S}(c?) is a conformal spacelike CMC +c
immersion. O

REMARK 8.3. The representation formula in Theorem 8.2 had previously
been discovered by R. Aiyama and K. Akutagawa and is stated in their paper
[1] without proof. The author is grateful to J. Inoguchi [8] and W. Rossman
[18] for pointing out to him this work of R. Aiyama and K. Akutagawa, which
was unknown to him at that time. The author thanks R. Aiyama for providing
him her papers including [1].

REMARK 8.4 (SU(1,1) ambiguity). Let b € SU(1,1). Then the s((2;C)-
valued holomorphic 1-form bab* induces the same immersion f.

REMARK 8.5 (An isometric perturbation of spacelike CMC +¢ immersions
in S3(c?)). Let F: M — SL(2;C) be a holomorphic null immersion. Then,
by Theorem 3.2, f = %FUgF* is a spacelike CMC =c immersion in S$(c?). If
b € SU(1,1), then bFb* : M — SL(2;C) is also a holomorphic null immer-
sion. Thus, by Theorem 3.2,

L 6Fb)os (0Fb) = b <3F03F*> b* = bfb*
& C



SPACELIKE CMC +1 SURFACES IN DE SITTER 3-SPACE $2(1) 87

is a spacelike CMC +c immersion in S$(c?). We show that
tr{[(bFb*)~Ld(bFb*)]os | (bFb*)~d(bFb*)] o3}

— tr{(F-1dF)o3(F~'dF)* o3},

and hence that the induced metrics dff and dfbfb* are the same. That is, the
spacelike CMC +c¢ immersion f and its perturbation bfb* for b € SU(1, 1) are
isometric to each other. We first compute

(bFb*) rd(bFb*) = (b*) ' F~ o~ b(dF)b*
= (03bo3)F~Y(o3b*03)b(dF)b*
= (03bo3) F~1dFb*
= (b)Y FYdF)b*.

If A and B are two nonsingular matrices, then AB=BA. IfAisa nonsingular
matrix with det A = 1, then A = A~!. With these properties, we get

—_~—

[(bFb)—Ld(bFb*)|os[(bFb*) " d(bFb*)] o

= [(b*) " (F-1dF)b*)os[(b*) "L F~1dFb]*
= [(b) " (F1dEY) o3 b(F " dF)*b Yoy
= (b*)[(F-1dF)(b"o3b) (F~'dF)*b ™ o)
= (b") M [(F1dF)os(F dF)b o).

Since tr(AB) = tr(BA),

tr{[(bFb*)~1d(bFb*)|o3[(bFb*) " d(bFb*)] o3}
— tr{(6") M [(F1dF)os(F~'dF)"b 3]}
= w{(FTdF) (b o3b)(F~ dF)* (b~ o5(b) ™))

—_~—

= tr{(F~1dF)o3(F'dF)*o3)}.

REMARK 8.6. The converse of Theorem 8.2 also holds, i.e., for a conformal
spacelike CMC +c immersion f : M — S3(c?) there exists a holomorphic
5[(2; C)-valued 1-form « in M satisfying

deta = 0,
tr{aa3a*03} > 0.
Moreover, « is unique up to the change described in Remark 8.4.

DEFINITION 8.7 (Tasaki-Umehara-Yamada deformation of Lie groups).
Let I C R be an open interval and {G;} a 1-parameter family of connected Lie
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groups of dimension n. Then an (n+1)-dimensional real analytic differentiable
structure on the set £ = {(t,a) : ¢t € I, a € G,} is called a real analytic
deformation of Lie groups if it satisfies the following three conditions:
(1) Each G is an analytic submanifold of L.
(2) The multiplications of G are real analytic with respect to t.
(3) The curve (t) = (t,e:)(t € I) is real analytic with respect to the
parameter ¢t.

Let £ = {(t,a) : t € I, a € G¢} be such a real analytic deformation of
Lie groups. We denote by 6; the Maurer-Cartan form of G;. The Lie algebra
of G; is considered as n-dimensional Euclidean space R™ with a Lie bracket
[, ]t~ The following lemma holds.

LEMMA 8.8 (Tasaki-Umehara-Yamada). Let M be a simply connected dif-
ferentiable manifold and zo a base point. Let {ai}icr be a real analytic 1-
parameter family of R™-valued 1-form of M such that

1
dOlt + i[at AN Oét]t =0.

Then there exists a unique real analytic 1-parameter family of maps
fi: M — L(t € I) such that

(1) fe(M) C Gy,

(2) fi0r = ou,

(3) fe(z0) = ().

Proof. doy + 3o A oyl = 0 is the integrability condition of the system
fi0: = ap with the initial condition fi(z9) = ¢(t). Hence, by the Frobenius
Theorem, the lemma holds. O

Let p(c) : S$(c?)\ {z3 = —1/c} — E3 be the map defined by

p(e)(t, x1, 22, x3) = (t,x1,20), (t,x1,29,23) € ST(c?)\ {x3 = —1/c}.

1 + I3
This map is, in fact, the stereographic projection from the point (0,0,0,—1/c).

LEMMA 8.9. Let {G(c)}e>0 be a 1-parameter family of Lie groups defined
by
_ [SL(Z;,C) (c#0),
Gle) = { 3 (e=0)
There is a real analytic structure on the set L = {(c,a) : c € [0,00), a € G(c)}
satisfying:
(1) Each G(c) is an analytic submanifold of L.
(2) The curve 1(c) = (¢,id)(c € [0,00)) in L is real analytic.
(3) The multiplications of G(c) are real analytic with respect to the pa-
rameter c.



SPACELIKE CMC +1 SURFACES IN DE SITTER 3-SPACE $2(1) 89

Proof. Note that G(c) can be identified with
C
SHe?)” ={(t:Q) eRx C*: —#2+(F+ G+ (5 =1/}
by identifying (¢,¢) € S§ (02)(C with the 2 x 2 hermitian matrix

vt =ie( T2 4TI eszo

In V, :=S3(c2)°\ {¢3 = —1/c}, we define a map
2p(c)°: Ve — We =R x C*\ {4+ (=1 + (7 +¢3) = 0}
by

20(0)° (01 orG0) = T (1 o).
Hence,
vic)o (2p(e)S)™ s W — Vo(:=v(e) (V) € G(c) = SL(2;C)).

Let £° := v(c) o (2p(c)®)~1(€) for € € W. C R x C2. Also, let Vi = {(c,a) €
L: aeV, ifc#0}and Va = (0,00) x SL(2; C). Then the coordinates (c, &)
on V7 and the canonical coordinates on V5 define a real analytic structure on
L. This real analytic structure on £ satisfies (1), (2) and (3). O

For each £ € W,

=3 %)l <) vorr
lim (¢, &%) = (0,¢) in L,

c—0
and
lim . €703 (€°)
_ 10 G+& L+ &L+ilG+ &) 2
_25%(67 (0 1) +C<52+§2 —i(§3 +&3) L +& ) +0(c))
= (0,6 +¢&) in L.

Let M be a Riemann surface and fy : M — E$ a conformal spacelike
maximal immersion. Then the C3-valued holomorphic 1-form o = dfy =
(a1, a9, a3) satisfies the following properties:

(8.3) (@1)? + (a2)? = (a3)* = 0,
(84) a7 + agan + agag > 0.

Conversely, when M is simply connected, the Weierstrass type representation
formula (4.3) asserts that a C3-valued holomorphic 1-form a determines a
conformal spacelike maximal immersion fo : M — E$ such that a = 9.
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We denote the first and second fundamental forms of fy by ds3 and hy,
respectively. For each real number ¢ € R* we define a symmetric covariant
tensor of type (0,2) by

hczho+c-d5(2).
Then, by the fundamental theorem of the surfaces, there exists an isometric
immersion f. : (M, ds3) — S3(c?) whose second fundamental form is h.. We
call these immersions { f.}.cr+ a canonical 1-parameter family of immersions
associated with the minimal immersion fy. The following theorem shows that

0. Kobayashi’s representation formula is a limit of the Bryant type represen-
tation formula in Theorem 8.2 as ¢ — 0.

THEOREM 8.10. Let M be a simply connected Riemann surface and zy €
M a base point. Let o be a holomorphic C3-valued 1-form in M satisfying
(8.3) and (8.4). Then for each c € R*, the holomorphic sl(2; C)-valued 1-form

a@—cQﬁﬁ% m;”ﬂ

satisfies the assumptions (8.1) and (8.2) of Theorem 8.2. Moreover, the con-
formal spacelike immersion f, = 1F.03F : M? — S3(F.(20) = I3) with
constant mean curvature H = tc induced from a(c) by Theorem 8.2 has the
following properties:

(1) There exists a conformal spacelike mazimal immersion fy such that

fo=1lim._o2p(c) o fc and o = 0fy.
(2) The 1-parameter family of immersions f.: M — E3 defined by

fom {wO0F (e 20)
fo (C = 0)
1s real analytic with respect to the parameter c € R.

(3) fulz0) = 0.

(4) {fc}eerr coincides with the canonical 1-parameter family of immer-
sions associated with fy.

REMARK 8.11. The above theorem implies that the secondary Gauss map
of each f, is nothing but the Gauss map of fj.

Proof. The first fundamental form ds?(c) and the Hopf differential Q(c)
are given by
(8.5) ds?(c) = trace{aoza*os},
— (o —i @
(8.6) Q(c) = (o —ias)d <a1 — ia2> .
The assertion (4) is straightforward because ds?(c) and @ do not depend on
the parameter c. Let o(0) = a. Then {a(c)}c>0 is a 1-parameter family of
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g(c)-valued 1-forms on M?, where g(c) is the Lie algebra of G(c). This 1-
parameter family {a(c)}e>o is real analytic with respect to c. Let Fy = 1 fo.
Then Fy : M — E3 € C3 and F. : M — SL(2;C)(c # 0) satisfy 2dF, =
a(0) and (F.)"*dF. = a(c). Hence Lemma 8.8 implies that the 1-parameter
family of maps (¢, F.) : M — L(c > 0) is real analytic with respect to ¢, and
thus

111%(0, F.)=(0,Fp) in L,

hr%(c, FCU3F:) = (OvFO +FO) - (Oaf()) in L.

For each ¢ > 0, we get v(c)(f.) = F.o3F? and
2p(c) o fo = (2p(c))°(fe) = (2p(e)® o v(e) " (Fuo3FY).

Therefore, lim. .o 2p(c) o fe=fo. O

9. Appendix: Some examples of spacelike CMC =1 surfaces in
S3(1)

In this appendix, we present some examples of spacelike CMC =+1 surfaces
in S3(1).

Let us consider the following stereographic projections in order to view
the isometric images of spacelike CMC +1 surfaces in S3(1) into the exterior
Ext H2(—1) = {(xg,z1,72) € E} : —23+22+23 > —1} of hyperbolic 2-space'!
H2(-1).

Let o, : S3(1)\{z3 = —1} — E3\H?(—1) be the stereographic projection
from —e3 = (0,0,0,—1). Then

i) T X9
9.1 _ .
(9-1) o+ (w0, 21, 22, 73) <1+x3’1+x3’1+x3>

Let o : S3(1) \ {w3 = 1} — E3 \ H?(—1) be the stereographic projection
from e = (0,0,0,1). Then

X X xr
(92) p_($0,$1,$2,1‘3) = ( 0 ! 2 ) .

1—!1)3’1—1'371—1'3

Cut S3(1) into two halves by the hyperplane z3 = 0. Denote by S$(1)
(resp. S$(1)_) the half containing ez = (0,0,0,1) (resp. —e3 = (0,0,0, —1)).
Then o4 : S3(1); — ExtH?*(—1) and p_ : S3(1)- — Ext H?(-1).

HyUsually, the upper hyperboloid {(z0,71,22) €E}: —z2+22+22 = -1 and zo > 0} is
called the hyperbolic 2-space H?(—1). The upper hyperboloid is isometrically diffeomorphic
to the Poincaré model of hyperbolic 2-space via the stereographic projection from —eg =
(—1,0,0) as seen in Section 4. In this section, we regard the hyperboloid of two sheets
{(z0,z1,22) € E} : —22 + 27 + 23 = —1} as hyperbolic 2-space H?(—1).
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SN

Ly

FIGURE 1. o4 : S(1); — ExtH?(—1)

EXAMPLE 9.1 (Spacelike Enneper cousin in S$(1)). Let (g,h) = (2,1).
Then using the Umehara-Yamada type representation (4.2), we set up the
following initial value problem:

FdF = (;2 _i> dz, F(0) = oo.

This initial value problem has a unique solution

—zcosz+sinz cosz

9.3) F<zsinz—|—cosz —sinz)

which is a holomorphic null immersion into SL(2;C). The Bryant type repre-
sentation formula (3.1) then yields a spacelike CMC +1 surface in S3(1). The
resulting surface corresponds to the spacelike Enneper surface in E3 under
the Lawson correspondence. For this reason, the resulting surface is called
spacelike Enneper cousin in S3(1).

Figure 2 shows the spacelike Enneper cousin projected into Ext H?(—1) via
£+
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FIGURE 2. Spacelike Enneper cousin projected into
ExtH?(—1) via p; with light cone and the boundary
H?(—1) in E3

EXAMPLE 9.2 (Spacelike catenoid cousin in S3(1)). Let (g,h) = (1/z,1).
Then, using the Umehara-Yamada type representation (4.2), we set up the
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following initial value problem:

FldF = (11//;2 _1},2) dz, F(1) = oy.

This initial value problem has a unique solution

Fll F12
9.4 F = ,
(04) (F21 F227>
where
3—v5 /1 3 V5
[ 1.3 _
1 2 <2+10\/g>2 T
3—-v5 /1 3 s 3+vV5 /1 3 Vs
Fro— — Z4 2 — -
12 2 <2+10‘/5>Z ’ 2 (2 10 5)Z o
= §(27172x/5 B Z?H;/E)’
1 3 145 1 3 1-VE
Fog= (- — = 42 ,

The map F is a holomorphic null immersion into SL(2;C) and the Bryant
type representation formula (3.1) yields a spacelike CMC =1 surface in S3(1).
The resulting surface corresponds to the spacelike catenoid in E$ under the
Lawson correspondence. For this reason, the resulting surface is called space-
like catenoid cousin in S3(1).

Figure 3 shows different views of the spacelike catenoid cousin projected
into Ext H?(—1) via g

K. Akutagawa [2] and J. Ramanathan [17] proved the following theorem.

THEOREM 9.3. Let M be a complete spacelike surface in S3(1) with con-
stant mean curvature +1. Then M is a totally umbilic flat surface. Moreover,
M is a parabolic type surface of revolution.

By Theorem 9.3 and Corollary 7.3, the hyperbolic Gauss map of complete
CMC =1 spacelike surfaces is constant. Hence they can be regarded as analogs
of the horospheres in hyperbolic 3-space H?(—1).
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FIGURE 3. Spacelike catenoid cousin projected into
ExtH?(—1) via g, with light cone and the boundary
H2(—1) in E3

EXAMPLE 9.4 (Horosphere type spacelike surfaces in S3(1)). Let (G, H) =
(0,1). Then using equation (6.1), we set up the initial value problem:

0 -1

-1 _
FdF~ = 0 0

dZ, F(O) = 0p.
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(a) (b)

FIGURE 4. Horosphere type spacelike surface (9.5) projected
into ExtH?(—1) via o, with light cone and the boundary
H2(—1) in E3

This initial value problem has a unique solution

1 =z
P~ 1)

which is a holomorphic null immersion into SL(2; C). The Bryant type repre-
sentation formula (3.1) yields a horosphere type spacelike surface in S3(1)

(9.5) f=FosF* = <1 ~ P :i) .

—Z

Figure 4 shows the horosphere type spacelike surface (9.5) into Ext H2(—1)
via o .
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