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ALEKSANDROV OPERATORS AS SMOOTHING
OPERATORS

ALEC L. MATHESON

ABSTRACT. A holomorphic function b mapping the unit disk D into itself
induces a family of measures 74, |@| = 1, on the unit circle T by means
of Herglotz’s Theorem. This family of measures defines the Aleksandrov
operator A, by means of the formula Ay f(a) = [1 f(¢) dra(C), at least
for continuous f. This operator preserves the smoothness classes deter-
mined by regular majorants, and is seen to be compact on these classes
precisely when none of the measures 7o has an atomic part. In the pro-
cess, a duality theorem for smoothness classes is proved, improving a
result of Shields and Williams, and various theorems about composition
operators on weighted Bergman spaces are extended to spaces arising
from regular weights.

1. Introduction

If K is a compact Hausdorff space and X is a Banach space, there is a
one-to-one correspondence between bounded linear operators T: X — C(K)
and weak® continuous functions 7: K — &A™ given by the formula

Tx(k) = 7(k)(2),

or, equivalently,
(k) = T"(6x),

where d;, € C(K)* is the functional of evaluation at k, and T*: C(K)* — X*
is the adjoint of T. By a classical theorem (see [6]) T is weakly compact
if and only if 7 is weakly continuous, and compact if and only if 7 is norm
continuous. According to the Riesz representation theorem, C'(K)* can be
identified with M (K), the space of regular Borel measures on K, and then
denotes the unit point mass at k& € K. Moreover, if X = C(L) for another
compact Hausdorff space L, then T*(u) is a measure on L for each measure
@ on K. In particular, the map 7 assigns a measure 7(k) on L to each point
ke K.
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Specializing to the case K = L = T, where T is the unit circle, there is a
one-to-one correspondence between bounded operators T' on C' = C(T) and
weak* continuous functions 7 from T to M = M(T). An interesting class
of operators arises from the family of Aleksandrov measures induced by a
holomorphic map b of the unit disk D into itself. For each o € T, the analytic
function 338 has positive real part |1a “{7(( )‘lg , which, by Herglotz’s Theorem,

is the Poisson integral of a positive measure 7, on T. Thus,

1-b(2)]*
P,(¢) dra(C
oo —b(z)]2 / T

where P,(¢) = ‘14_75}2 is the Poisson kernel. Evidently,

B 1 [p(0)]2 1+ [b(0)]
I17all —/TdT(O “ o bO)F =T b0)’

with equality when « and b(0) have the same argument. It follows that the

Aleksandrov operator
- dr,
@) /T f(Q) dra(C)

takes continuous functions to bounded functions. As Aleksandrov [1] remarks,
the mapping o — 7, is weak™ continuous, and consequently A; takes contin-
uous functions to continuous functions. Applying A, to the constant function
1 shows that

1+ [6(0)]
1 —[b(0)]

In a different direction Sarason [16] showed how to extend the composi-
tion operator Cpf = fob to act on M Indeed if p is a positive measure
on T, its Poisson integral u(z fT is a positive harmonic func-
tion. Thus uob is also a posmve harmomc functlon, and hence, by Herglotz’s
Theorem, the Poisson integral of some positive measure v. Sarason defines
Cyp = v, and extends C to all of M by means of the Jordan decomposition
of measures. Noting that Cyd, = 7, for each a € T, it is easy to see that

ICollar = supg ||7all = ifl‘ggggl‘ Among other results, Sarason showed that

Cy(LY) C L', and that C} is compact on M if and only if C,(M) C L%,
which means that each of the measures 7, is absolutely continuous. He fur-
ther showed [17] that if Cj, is weakly compact on L', it is also compact. It is
now known that this compactness is equivalent to compactness of Cj acting
on any HY space (0 < p < o0). Proofs of this can be found in [20] or [3],
where the absolute continuity condition is shown to be equivalent to J. H.
Shapiro’s function theoretic characterization of compactness on H? (see [19]).
Sarason also showed that the formal adjoint C} takes continuous functions to
continuous functions. This observation coincides with Aleksandrov’s observa-
tion that A, (C) C C, where C denotes the space of continuous functions on T,

1A =
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since it is easy to see that Cy: M — M is the adjoint operator to Ay: C — C
(see [4]). When restricted to analytic functions, the duality between A, and
Cy breaks down in a minor way unless b(0) = 0. Indeed, if f € A, where A is
the disk algebra, then Ay f is meromorphic in D with a pole of order at most
one at b(0) and with residue f(0)b(0). Hence A,f is analytic if and only if
£(0) =0 or b(0) = 0. It follows that the rank-one perturbation A, of Ay given
by

< b

Anf(e) = Anfle) = £0) -2
maps A into itself. On the other hand, Bourdon and Cima [2] showed that
Cp maps the space K of Cauchy-Stieltjes transforms into itself, and it is well-
known that K can be identified in a canonical way with the dual A* of the
disk algebra. It is shown in [4] that C,: K — K is the adjoint of A,: A — A.
In order to simplify the subsequent discussion, it will be assumed from now
on that b(0) = 0, so that A, = Aj.

It turns out that not only does A; preserve continuity, but it also preserves
smoothness in the following sense. A majorant is a nonnegative, continuous,
increasing function w on [0, co) with w(0) = 0. The majorant w is Dini regular
if there is a positive constant « such that

/6&dt§aw(6)
, t

for all § > 0, and is said to satisfy the b, condition if there is a positive
constant ( such that

“w(t)
for all 6 > 0. A majorant is regular if it is both Dini regular and satisfies the

b1 condition.
Let A, be the collection of functions f € C' whose modulus of continuity

w(f,8) = sup{ [f({) = F(CN:[C = <o}
is majorized by w(d). With the norm

w(f,0)
w(d)

it is easy to see (and well known) that A, is a Banach algebra.

[flleo = lIflloo + sup

THEOREM 1. Let w be a regular majorant. Then Ay(A,) C A, and indeed
Ay is a bounded operator on A, .

The proof of this theorem will rely on the identification of A, = A, N A
with the dual space of a certain weighted Bergman space. The theorem will
then be seen to be a consequence of Littlewood’s Subordination Principle
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[5]. Known arguments about the compactness of composition operators on
Bergman spaces will then lead to the next theorem.

THEOREM 2. The operator Ay is compact on A, if and only if 7o, has no
atomic part for each o € T.

Specifically, A, is isomorphic to the dual of the weighted Bergman space
Al (v), where 9 (r) = w(1 —r2)/(1 — r?). In general f € AP(z)) if and only if

the integral
/ / F(2) [P (|2]) de dy

is finite. The following more general theorem will be obtained.

THEOREM 3. Let (1) = w(1—72)/(1—7r?) where w is a regular majorant.
Then the composition operator Cy, is bounded on the Bergman space AP () for
0 < p < oo, and is compact if and only if b has no angular derivatives.

It was shown by R. Nevanlinna [14] that b has an angular derivative in the
sense of Carathéodory at 8 € T if and only if 7,({ 5}) > 0 for some « € T.
This should be contrasted with the compactness condition for C, which is
equivalent to the absolute continuity of 7, for each «.

2. Preliminaries

For a majorant w, set

and
w*(t) :t/too@ds.

Then w is Dini regular if w,(t) < aw(t) for some o > 0 and all ¢ > 0, and
satisfies the b; condition if w*(t) < fw(t) for some S > 0 and all ¢ > 0. The
majorant w is regular if it is Dini regular and satisfies the b; condition.

The regularity assumption derives its importance from the following two
inequalities, whose proofs can be found in [11]. For a function f analytic in
D, let Moo(f,r) =sup{|f(2)|: |z| =r}. If fis analytic in D and continuous
on D, with modulus of continuity w(d§) = w(f,d), then

Myo(f',r)=0w 1 —-r)/(1=71)) asr—1".

On the other hand, if M (f',r) = O(w(1 —r)/(1 —r)), and if w.(t) — 0 as
t — 0%, the function f extends to a continuous function on D having modulus
of continuity

w(f,6) = O(w(d) + w«(0)) as 6 — 0.
These two inequalities combine to yield the following known propositions.
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PROPOSITION 1. Let w be a reqular majorant, and let f be analytic in the
unit disk D. Then f € A, if and only if

Moo (f',1) = O(w(L = 1) /(1 =1)).

PROPOSITION 2. Let w be a regular majorant, and let w be a real valued
function in A,,. Then the harmonic conjugate 4 also belongs to A, .

The proof of the second proposition depends on the fact that the derivative
of the analytic function f = w + i@ is given by the integral formula

re=1 [ artean= 1 [ e e
z) = — —u(e =— ——— (u(e") —ule
T (ezt _ 2)2 T ) . (ezt _ 2)2 ’
and it is this formula that is used to prove the first inequality above. The
same methods produce the following theorem about Toeplitz operators (cf.

11)).

THEOREM 4. Let s be a bounded analytic function on the unit disk D, and
let

Tof(2) 1/”wdt.

2 J_,. et —2z

Then Ts is a bounded operator on A, .

Corresponding results hold for the subspaces A, ¢ of A, and A, o of A,
consisting of those functions f which satisfy w(f,d) = o(w(9)).

Two regular majorants wy (t) and ws(t) are equivalent if there are positive
constants ¢; and ¢y such that

C1Ww1 (t) § wg(t) S CQ(UQ(t).

Clearly, equivalent majorants determine the same spaces of functions, with
equivalent norms. The author would like to thank the referee for suggesting
the following proposition and its proof. It leads to significant simplification
of the subsequent arguments. The original approach followed the methods
found in [12] and [7].

ProroOSITION 3. If w is a regular majorant, there exists an equivalent
reqular majorant wy and exponents 0 < v < p < 1 such that t—*w1 (t) increases
to 0o and t~"wi (t) decreases to 0 as t decreases to 0.

Proof. Choose A so that log A > max(a, 3%). Then

At At
wy(At) = /0 w(s) ds > w(t)/75 éds = w(t) log A.

S
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Thus, (1+6)w(t) < w(At) for some positive . Next, thereisan s, t < s < At,
such that

(5) 1o A — @/At%dug /At () gy < ) L 5o

s u2 t t

Now, since s < At,

WA _ /°° R /°° ww) o w(s).

At Ar U2 ar u? s

It follows that
* 2
w(At) < w*(s) S640(3) < 0% w(t)
At s S logA t
say, where 1 > 0. Thus w(At) < A(1 — n)w(t).
Now for each integer n let wi(A"™) = w(A™) and let logw; be a linear

function of logt between A™ and A™*!. Clearly, w and w; are equivalent.
Choosing u, 0 < p < 1, so that A* < 14 9§, shows that

AP (A= HD) < AR (1 4 §)w(A™ D) < ARPG(ATT),

= (1 7”)@7

so that the first assertion holds, at least at the special points A™. Similarly,
if0<v<land A'77(1—-17) <1,

A”"w(A_”) < Al—u(l _ n)AV(n-‘rl)w(A—(n—i-l) < Ay(n_;,_l)w(A_(n_,'_l))'

A simple computation shows that the derivative of t~%logws (t) with re-

spect to logt on (A", A"*1) is equal to log (%) /log A — a. The in-

equality (1 + §)w(A™) < w(A™1) shows that this derivative is greater than
log(1 4 0)/log A — a which is greater than 0 for ¢ = p. Similarly, the in-
equality w(A"T1) < A(1 —n)w(A™) shows that this derivative is smaller than
(log A(1 —n))/log A — a which is less than 0 for a = v. This completes the
proof. O

This approach can be used to construct regular majorants with various
properties. For example if {w, } ez is an increasing sequence such that

1 n 1. n
0<a= lim inf <7+ < lim sup Wi
log2 n——oco wy log2 no—oo wp

=b<1,

the regular majorant given by w(2") = w,, etc., satisfies the conclusion of
Proposition 3 only if 0 < 4 < a and b < v < 1. This answers a question posed
to the author by John R. Cannon.

It is easy to show that a majorant w satisfying the conclusions of Propo-
sition 3 must be regular. In the remainder of this paper it will be assumed
that the regular majorant w satisfies the conclusion of Proposition 3 with
exponents p and v.
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3. Duality

For a regular majorant w, the results of the preceding section allow the
identification of the space A, with a space of analytic functions of restricted
growth. Specifically, if ¢(r) is positive and continuous for 0 < r < 1 with
lim, 1 ¢(r) = 0, Ax(¢) will denote the space of functions f analytic in the
unit disk and satisfying the growth condition

sup Moo (f,)(r) < oo,
0<r<1
with the norm | f||4 of f set equal to the quantity on the left-hand side of

the above inequality. This space has a subspace Ag(¢) consisting of those
functions f in A (¢) which satisfy

lim M (£, 7)6(r) = 0.

The codimension-one subspace of functions f € A, which vanish at the origin
is then identified with A (¢) under the correspondence of f with f’, when
é(r) = (1 —r?)/w(1l —r). Similarly, A¢(¢) corresponds to the subspace A, o
of functions vanishing at the origin.

Rubel and Shields [15] showed that under rather general conditions A (¢)
is isomorphic to the second dual of Ay(¢), and subsequently Shields and
Williams [21] identified the intervening dual space under more restrictive hy-
potheses on ¢. To describe this, first consider a positive continuous function
(r) for 0 < r <1 with

/01 P(r)dr < co.

For f analytic in D define

1
|mmzfﬂammwmm
0
where

Mg =5 [ 1ftet) e

:ﬁ -

Then A'(t) will be the Banach space of analytic functions f with || f||, < oco.
A function ¢ as above will be called normal if there exist £k > ¢ > 0 and
ro < 1 such that

o(r)
(1 —r)e

o(r)
(1—r)k

10 and T oo (ro<r, r—17).

The functions (¢, 1) then form a normal pair if there is @ > k — 1 such that

¢(r)w(r)=(1-r1)* (0<r<1).
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If (¢,9) is a normal pair, there is a pairing between A..(¢) and A(z))
given by

//f oDz dedy, e Aw(d) g€ AX(W).

For f(z) =Y 07 g anz™ € Aoo(¢) and g(2) = > oo o bnz" € A'(3), this pairing
is also given by

o
anb,n!

(f’g):7;)(04+1)(a+2)"'(a+”+1)’

with the series converging in the sense of Abel. In particular, when a = 0,

the pairing is
o0

b
(fg) =Y 2
gn—kl

Theorem 2 of [21] then asserts that the dual space Ag(¢)* is isomorphic to
Al(¢)), and that A'(z))* is isomorphic to As(¢).

When w is a regular majorant, the function ¢(r) = (1 — r?)/w(1l — 7?)
is normal, and so the duality result of Shields and Williams holds between
Aso(¢) and Al(vp) with ¥ (r)¢(r) = 1. It will be more convenient to use the

dual pairing
//f 2V29(2) (|21 (|2]) de dy.

The analysis of Shields and Williams carries over. Moreover, in terms of
coeflicients the pairing is

oo

(f.9) = Gnbat1

— n+1

where, as above, the series converges in the sense of Abel. If h(z) = Y0 ¢, 2"
€ A, its derivative belongs to Ay (¢) and the dual pairing

— (n+ 1)cng1bnga
<hag> = cobo + (h/,g) :Cobo—l—;n——’_l Z b

leads to the following theorem.

THEOREM 5. Let w(r) be a regular majorant. If (r) is given by the
formula ¥(r) = (1 —r?)/w(l —1r?), the space A (1) is isomorphic to the dual
space of Ay, and in turn has dual space isomorphic to A,. For f(z) =
Yo panz™ € Ay and g(z) = 07 bz € AY(3)), the dual pairing is given

by
= Z anbru
n=0

where the series converges in the sense of Abel.



ALEKSANDROV OPERATORS AS SMOOTHING OPERATORS 989

4. Aleksandrov operators

Throughout this section b will denote a holomorphic function mapping the
unit disk into itself which fixes the origin. Theorem 1 now admits a simple
proof based on duality and Littlewood’s subordination principle in the form

My(fob,r) < Mi(f,7).

The next lemma is immediate.

LEMMA 6. Let ¥(r) be a positive, increasing, integrable function on 0 <
r < 1. Then the composition operator Cy is bounded on A'(x)).

If w is a regular majorant and (1) = w(1 — r2)/(1 — r?), then 1 (r) satisfies
the hypotheses of the lemma. Indeed,

() 15

is increasing, since each factor on the right is. Thus C}, is a bounded operator
on the dual space A'(v)).

As noted in the introduction, it was shown in [4] that A; is the formal
adjoint of Cy, when the dual pairing is given by

(f,9) = fuln.

With respect to the pairing used in this paper, Cp~ is the formal adjoint of
Ay, where b*(z) = b(Z). In particular, A, is bounded on polynomials in A.,.
In [16] Sarason observed that if b(0) = 0, the adjoint of C} takes polynomials
of degree n into polynomials of degree at most n. Since the polynomials are
dense in A, o, it follows that A is a bounded operator on A, o, and hence
also on A, since the latter space is isomorphic to the second dual of A, .

If f e A, and f is real valued, according to Proposition 2 its harmonic
conjugate f also belongs to A,. Hence F = f + if belongs to A,. Applying
Ay to F and taking the real part shows that A,f € A,. This completes the
proof of Theorem 1.

¥(r) =

5. Carleson measures and compactness

Because operators are compact if and only if their adjoints are, Theorem 2
will follow from the corresponding theorem for the composition operator Cf
acting on Al(w)), where 9 (r) = w(1—72)/(1—7?). Actually a somewhat more
general result is true. For 0 < p < oo, let AP(¢)) denote the space of functions
analytic in I for which

1150 = 5 [[ 1£GIPo(eD dody < .
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For 1 < p < oo, this is a Banach space and for all p it is an F-space. Little-
wood’s principle again guarantees that Cj is a bounded operator on each of
these spaces.

THEOREM 7. Let w be a reqular majorant, and let ¥(r) = w(1 —r?)/(1 —
r2). Then the composition operator Cy is compact on AP (1) if and only if b
has no angular derivatives in the sense of Carathéodory.

The proof of this theorem will use extensions of known arguments involving
the Carleson measures for these spaces. The Carleson measure aspects will be
treated in this section, and angular derivatives will be considered in the next.

A positive regular Borel measure p on D is a Carleson measure for AP (1))
if there is a constant C' such that

/D FEPdu < CIAIP.,

for every f € AP(1). As the following theorem indicates, Carleson measures
admit a geometric characterization. This theorem, whose proof will be given
below, is an extension of known results.

THEOREM 8. Let I be an arc of the unit circle and let R(I) denote the
Carleson square on I. Thus z € R(I) if and only if 1 —|z| < |I| and z/|z] € I,
where |I| denotes the normalized length of I. If w is a regular majorant and
P(r) = w(l —72)/(1 — r?), the positive reqular Borel measure u on D is a
Carleson measure for AP(v) if and only if

p(R(I)) < Clw(l])

for all arcs I on the unit circle. When this happens, the constant C and
the Carleson measure constant are proportional. Moreover, the embedding of
AP() into LP(u) is compact if and only if for every e > 0 there is a 6 > 0
such that

n(R(I)) < elI|w(]1])
whenever |I| < 4.

For each holomorphic function b mapping the unit disk into itself there is
an associated positive regular Borel measure u; determined by the change of
variables formula

/ ¢) dup(¢ //uob U(|z|) dz dy.

/ FOP dun(€) = / | 0 b(2)Pu(|2]) dx dy,

for each f € AP(3)), it follows from the boundedness of Cj, on AP(v) that uy
is a Carleson measure for each space AP(1)).

Since
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Now any operator T' from AP(¢) to a Banach space X is compact if and
only if |Tf,|| — 0 for every bounded sequence (f,) in AP(¢)) which converges
to zero uniformly on compact subsets of . If p; satisfies the last condition of
Theorem 8, the composition operator C} is compact on AP (). Indeed, given
e > 0, choose § > 0 so that uy(R(I)) < €|I|lw(|I|) whenever |I| < d. Let uy
be the restriction of up, to the disk |2] <1 — 6 and let us = pp — p1. If (fn)
is a bounded sequence in AP(1)) which converges to 0 uniformly on compact
subsets of the unit disk, then

ICofal?, = / Fal? dpn + / Fal? dto.

The first integral on the right tends to 0 because p; is supported on a compact
set, and the second does not exceed ce? for some constant c. It follows that
Cy is compact.

The following norm estimate will be needed for the proof of the converse
and again in the proof of Theorem 8. The argument comes from [21]. The
expression A &~ B means there are two positive constants ¢; and cs such that
C1 é A/B S Ca.

PROPOSITION 4. Let ko(2) = (1 —@z)~2/? for a € D. Then

w(l —|al?)
N T ja| — 1.

[1Kal

Proof. First note that

1 (7 ; 1
— ko(re®)|Pdf = ————.
2 J_ . ko (re™)| 1 —|al?r?

1 2
1 w(l—r2)
kol ., = dr.
I ”p’w /0 1—lal?r?2 1—1r2 "

It follows that

Since
1 wd=7r* 1 w@d-r)
1—la?2r2 1—¢2 " 1—Jajr 1—7 ~
it is enough to estimate the integral of the latter expression. Now, integrating
by parts gives

Lorow(—r) ! 1 "w(l—s)
A =w.(1
/Ol—pr 1—r dr w()+p/o (1—p7’)2/0 1—s ds dr

lw* -Tr
—es [

Low@d—r
zw*(l)-&-p/o ﬁ

dr.
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Since w is increasing,

V=) . w1 - pr) -
of Gt se ), A
:/1 Mdu
1—p u?

cwd=p
<1

which is half of what is needed.
To obtain the lower estimate, note that

Lo —r) _ L —r)k w(—7)
p/o <1fpr>2d’""’/o = @
1 / (1w —pr)

0

-2 (1 — pr)2+u

1 o—r)e
Sw(l - p)/o T

v

when, say, 1/2 < p < 1. The inequality then follows from the simple estimate

1
[ a=m ez - g,
0
which is valid for vy <1 and m > v+ 1. O

Suppose p = 1 (the argument for other values of p is similar). For each

nonzero a € D, let I, be the arc of the circle with length |[I,| = 1 — |a|
and center a/|a|. The functions f, = W(I}l'I kq are norm bounded, while the
estimate |1—az| < ¢(1—]a|) for z € R(I,) shows that |f,(2)] > C/(|1.|w(|1a]))

for z € R(I,). In particular, if u is a Carleson measure for A'(¢), then
W(R(ILL)) = / dp < e|L|w (L)) / fuldpt < ¢ Llw(| L),

(I R(I,
and the geometric condition of Theorem 8 holds for u.

If the last condition of Proposition 8 fails for the measure y, there is an
n > 0 and a sequence of arcs I,, with |I,| — 0 and such that p(R(l,)) >
NI, |w(|I]) for each n. If a,, is the point with 1—|a,| = |I,,| and with a, /|a,|
the center of I,,, then the functions f,, tend to 0 uniformly on compact subsets
of D, but the above estimate shows that

/|fan| dp>Cn  for all n,
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and so the embedding of A'(z)) in L'(u) cannot be compact.

The easiest way to show that u is a Carleson measure for AP (¢) if u(R(I)) <
C|Ilw(]I]) is to use a method of Luecking [10]. This method uses a family of
sets E(a), a € D, with the following properties:

(i) E(a) C D
(i) area(E*(a)) < ¢y area(E(a)), with E*(a) = U{E(b): E(b) N E(a) #0};
(iii) ¥ (b) < catp(a) for all b € E(a).
If the functions f € AP(v)) satisfy a mean value inequality

C3

O S sl o, ST i

Luecking proves that p is a Carleson measure for AP (1)) provided p(E(a)) <
¢4 [y ¥(2) dz dy for each a € D.

In the current setting it is enough to let E(a) be the hyperbolic disk with
center a and fixed radius r. The mean value inequality and the properties (i)
and (ii) are known to hold in this case. For the third property, if E(a) = {b:

’ a—b ‘ < r}, then

1—ab
|CL|—7‘ §|b|§ |CL|+’F.
1—lalr 1+ |alr
Since
2 1,12 2 _
1 la| + 7 :(1 la|?)(1 T)2(1—|a|2)1 7"’
1+ |alr (1+ lalr)? 1+7r
it follows that (1 — |b|?) > ¢(1 — |a|?) for all b € E(a). On the other hand,
jal —r |7 _ (1= la)(1 —r?) gy 147
1-— = <(1- —
1—alr (1 —alr)? < (1=l )1 r’

so 1 — [b]? < ¢(1 — |a]?) for all b € E(a), and thus w(1 — [b]?) < dw(1 — |a]?)
for some constant ¢’ depending only on ¢ and w. This establishes (iii).

Finally, each E(a) is contained in a Carleson square R(I), where |I| is
proportional to 1 — |a|. Thus u(E(a)) < u(R(I)) < C|I|w(|I]). On the other
hand, F(a) contains a rectangle

R(a) ={z:|argz —argal < k(1 —|a]), k(1 —|a|])<1—|z| < —|a])},

where 1 > k > 0 depends only on r. Hence

(2)dxdy > (2) dx dy
E(a) R(a)
1—|al ¢
>e0-ja) [ Ay
r(1-lal)

=z c6(1 = |al)w(rk(1 — lal)).
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Finally, w(k(1 — |a])) > &'w(|I|), where ' depends only on x. Thus the
condition on p follows.

Arguing as above, it is not difficult to see that when p is a Carleson measure
for AP(v), the embedding of AP(v) into LP(u) is compact if and only if

p(E(a)) = o((1 — |a[Jw(1 — |al))

as |a| — 1. The compactness results can be summarized as follows.

PROPOSITION 5.  The following are equivalent:

(i) Cp is compact on AP()) for some 0 < p < 0co;
(ii) Cp is compact on AP(¢) for all 0 < p < oo;
(iii) s (R(I)) = o(|I|w(|I])) as [I| — 0.

6. Angular derivatives

Since Proposition 5 shows that compactness of Cj, on AP()) does not de-
pend on p € (0, 00), it will be enough to consider A2(¢)). The proof of Theorem
2 will be completed by showing directly that compactness of C}, is equivalent
to the nonexistence of angular derivatives. The argument is an adaptation to
the current setting of an argument of J. H. Shapiro.

First suppose that b has an angular derivative. Then there is a sequence
(an) in D with a,, — a € T such that ¢(a,) — G € T and W —de
(0,00). It follows that
d
5(1 —lan]) <1 —|d(an)| < 2d(1 — |an|)

for large n. Arguing as in [18, Chapter 3], let f,, = k,, /
Cpka = ky(a), and so

‘ kan

2. Note that

1Eb(an) 113,45
1ka,, 113,
N 1- ‘an|2 w(l - |b(an)|2)
T pan)? w(l—lan])
and this is bounded away from 0 for large n. Now suppose that C} is compact,

and, passing to a subsequence if necessary, that C;f, — g. Let p be a
polynomial. Then

IC5 full3. =

e 200
n—oo ||ka” RY

Since p is bounded and | kg, |25, — o0, it follows that (g,p) = 0 for all
polynomials p. Since the polynomials are dense in A%(¢)) it follows that g = 0,
and so ||Cy fnll2,» — 0. This is a contradiction, so if Cj, is compact, b has no
angular derivatives.

(9:p) = lim (C§ fn,p) = lim (fn, Cop)
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Now suppose that b has no angular derivatives. To begin with, A2(1))
admits an equivalent norm

10 = FOF + 3 [ [ 1£GPw(el) dody,

where (cf. [5, p. 133])

Uo(r) = /Tl /Slw(t) dtds.

A simple argument shows that Ug(r) = (1 — r)w(1 — r). Indeed,

0= [ S e
Lt —t) \
Ry
/1/5 (1—t) 1 l—t)l—’/dtds
<[ 55 e
1
:_/T w(l—s)ds

v

%(1 —rw(l—r).

IN

An analogous argument produces the lower estimate. Thus ¥o(r) can be
replaced by ¥(r) = (1 — r)w(1 — r) in the equivalent norm.
Using ¥(r) in the equivalent norm, there is a change of variables formula

//| Fob)(2)2u(2) da:dy—//bD w)|2My (w) du dv,

where

My(w) = 37 w(z));

b(z)=w

see [5, p. 36]. Since b(0) = 0, the Schwarz Lemma shows that |w| < |z|
whenever w = b(z), and hence 1 —|z| < 1 — |w|. Suppose w # 0 and let zp be



996 ALEC L. MATHESON

the value of z of least modulus with b(z) = w. Then, because w is increasing,

My(w) = Y7 (1~ |zhw(l ~|2])

b(z)=w
<w(l—lzl) Y (-2
b(z)=w
w(l—|w) > (-2
b(z)=w
—fw) > 10g
b(z)=w

since 1 —|z| <log1/|z|. Now Littlewood’s Inequality (see [18, p. 187]) asserts

that
1 1
Z IOg T S log IR
=, I |wl
b(z)=w

so Mp(w) < w(l — |w|)logl/|w|. Hence there is a constant C' such that
My(w) < CU(|w|) if [w| > 1/2. On the other hand, M;(w) is clearly bounded
if |w|] < 1/2. Tt follows that C} is compact if My(w) = o(¥(Jwl)), as |w| — 1.
To see this, it is enough to show that ||Cyfn|p,w — 0 if (f,) is a bounded
sequence in A%(¢) which converges to 0 uniformly on compact subsets of D.
But given € > 0 there is a 6 > 0 such that M(w) < € whenever 1 — |w| < .
Then

1CH(f) 3 = |f (O / / )2 My () du do

< |fn(0 // w)|? du dv
|<1-— 5
// (w) du dv
(D)

< 1£ul0 / /M ) dudv -+ el

Since the first two terms clearly tend to 0, it follows that lim,, . [|Co(fr) 2,4 =
0 and so (Y is compact.
If b has no angular derivatives, then
1—1|b
1)
|z|]—1 1-— |Z|

Otherwise there is a sequence z, € D with |z,| — 1 such that hm|z|_,1 — |(Z)| =

a < oo, say. Passing to a subsequence if necessary, it may be supposed that
zn — «a € T and b(z,) — B € T. Then the Julia-Carathéodory Theorem
shows that b has an angular derivative at . Hence, given € > 0 there is a
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0 > 0 such that 1 — |z| < ¢(1 — |w|) whenever |w| > 1—§ and b(z) = w. It
follows that

My(w) = Y (1= [z)w(l —[2])

b(z)=w
<w(l—lzf) Y 112
b(z)=w
< Cw(e(l = w]) (L — [w])
e =)
w(1 = |w])
where zp is the value of z of least modulus such that b(z) = w and the

second inequality follows from Littlewood’s Inequality. Finally, since w(t)/t”
is increasing, it is easy to see that w(et)/w(t) < €. This completes the proof.

7. Concluding remarks

It would, of course, be of interest to see a proof of Theorem 1 that does
not use duality as in the present paper. As remarked in the introduction,
Ay is compact on C' if and only if the function @ — 7, is norm continuous.
If this function has modulus of continuity w(t), then w(Cyf,t) < Cw(t) for
every f € C, and so A,(C) C A,. This suggests a different approach to
smoothness. On the other hand, there are inner functions b without angular
derivatives, and so the corresponding operator A, is compact on the spaces
A, even though all of the measures 7, are singular, and the function a — 7,
has no point of continuity for the norm topology on M.

If a(z) = == is an automorphism of ), then « is a homeomorphism of T
onto itself. It is clear that « satisfies a Lipschitz condition

|a(ei(t+6)) —afe™)| < Ké
for 6 > 0. Consequently, if f € A,
| f(a(e™TT)) — fa(e™))] < Crw(la(e’ ™) — ale')])
< Crw(rd) < CyC'w(d).

Hence the restriction (0) = 0 is inconsequential.

Finally, it is clear that the analysis here can be carried over to spaces of
functions whose smoothness is determined by an integral modulus of continu-
ity. The details will be left to others.
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