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GENERIC AUTOMORPHISMS OF SEPARABLY CLOSED
FIELDS

ZOE CHATZIDAKIS

ABSTRACT. We show that the class of separably closed fields with a
generic automorphism is an elementary class, whose theory is model
complete in a natural extension of the language of fields with an auto-
morphism. We describe the completions of this theory and obtain some
results on types, imaginaries, and modularity.

Introduction

Generic automorphisms of a saturated structure M appear in a paper by
Lascar [L], where they are used towards the study of the automorphism group
Aut(M). In many cases, if o is a generic automorphism of M, then the struc-
ture (M, o) is existentially closed in the class of models of Th(M) with a
distinguished automorphism o. A natural question arises: Given a model-
complete theory T, does the theory of models of T' with a distinguished auto-
morphism ¢ have a model companion 747 In [CP], Pillay and I showed that
if this model-companion T'4 exists, then it is well-behaved, and we obtained
a description of the completions of T4 and of the types. In case T is also
stable, we showed that T4 is simple (unstable in most cases), and obtained a
description of the imaginaries in terms of the imaginaries of the models of T'.

At the moment there is no general criterion for the existence of the theory
T4. We know that it exists when T is the theory of algebraically closed fields
(see [M] and [CH]), or when T is the theory of differentially closed fields
of characteristic 0 (unpublished result of Hrushovski). There are also some
criteria of existence when T is w-stable of finite rank; more details are given
in [CP] (see also [KkP]). The theory T4 is known not to exist for various
unstable theories T'; see Kikyo’s paper [K].

Consider the theory T' = SCF. of separably closed fields of degree of im-
perfection e, where e € NU {oo}. Does T4 exist? Recall that a field with
a distinguished automorphism o is called a difference field, so our question
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is equivalent to the following: Does the theory of separably closed difference
fields of a fixed degree of imperfection have a model-companion?

As stated, the question has an immediate negative answer, since SCF,
is not model complete in the language £ of rings. Hence we first need to
enrich the language £, and expand the theory SCF. accordingly, so that
in the new language, if K C L are fields then L is a separable extension
of K. This is done by adding to £ new function symbols, called the -
functions (see Section 1), getting a language Ly, and adding to T the axioms
defining these functions to obtain the theory SCF, . As these functions are
definable within the field language, we are not adding any definable sets,
but only strengthening the notion of substructure. If e is finite, one can

instead add constant symbols by,...,b. for the elements of a p-basis. Then
SCF.p = SCF U {b1,...,b. form a p-basis} is complete and model-complete
in L(by,...,be), but does not eliminate quantifiers.

Even with this first adjustment the problem is slightly delicate, because sep-
arably closed fields have a very rich and complicated structure. For instance,
observe that if o € Aut(K) and a € K satisfies the equation o(z) = 2P, then
necessarily a € (), oy KP". Thus the formula () = P implies an infinite
conjunction of L-formulas (modulo T'U {o is an automorphism}).

The main result of this paper is that if T is the appropriate extension of
the theory of separably closed fields in £y (or possibly in L(by,...,b.) if we
consider only fields of finite degree of imperfection), then T4 exists. We then
derive some easy consequences along the lines of [CP] and [CH].

This paper is organised as follows. In Section 1, we set up the notation
and conventions, and recall the basic facts on difference fields and separa-
bly closed fields needed in the paper. In Section 2 we show the existence
and give axiomatisations of the model companion SCFA. , of the theory of
difference fields models of T and of degree of imperfection < e (see (2.6)
and (2.12)); the cases of finite and infinite degree of imperfection need to be
treated separately. We deduce the existence and an axiomatisation SCFA,
of the model companion SCFA. ;, of the theory (in the language £, (b)) of dif-
ference fields with fixed p-basis b = {b1,...,b.} (see (2.7)). In Section 3, we
describe the completions of SCFA. ,, its types, the formulas, and prove the
independence theorem and elimination of imaginaries of the completions of
SCFA. . These results are slightly stronger than those obtained by applying
the results of [CP], but their proofs follow the same lines. In Section 4, we
extend various results obtained in [CH] for the model companion ACFA of
the theory of difference fields to SCFA, x: Let (K,0) = SCFA, »; then Fix(o)
is a PAC-field of degree of imperfection e, with absolute Galois group 7, if
n > 1 then (K,0") = SCFA, ; if K is w-saturated, then ), K?" |= ACFA.
We also show that if K is a separable extension of the difference field k and is
a model of SCFA. », then the subfield of K consisting of elements which are
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transformally algebraic over k is an elementary substructure of K. In Section
5 we study modular sets.

1. Preliminaries on difference fields and fields of positive
characteristic

(1.1) Setting and notation. We will always work inside a large al-
gebraically closed field Q of characteristic p > 0, which will contain all
fields considered. The language L, is obtained by adjoining to the language
L ={+,—,-,0,1} of rings a unary function symbol for o. A difference field
is a field K with a distinguished automorphism o, and is naturally an £,-
structure. I should mention that our definition of difference fields slightly
differs from the usual definition which only requires o to be a field embed-
ding, i.e., not necessarily onto. Our difference fields are called inversive by
Cohn. All the basic algebraic results on difference fields can be found in the
first few chapters of Cohn’s book [C].

If K and L are subfields of 2, we denote by KL the subfield of Q com-
posite of K and L, by K*® the separable closure of K inside 2, i.e., the set
of elements of Q which are separably algebraic over K, and by K?# the set
of elements of 2 which are algebraic over K. Since we are in characteristic
p, the map Frob: x +— P defines a monomorphism on K, called the Frobe-
nius automorphism, and the image K? of K by this map is a subfield of K.
Similarly, we denote by K'/? the image of K by the inverse of the Frobenius
automorphism. We denote by K?~ the field Mhen K?" and by K? ~ the
field J,, ey K 1/p" " AF denotes the k-dimensional affine space, and AF(K) its
K-rational points. We also view A*(K) as a k-dimensional K-vector space.

We assume familiarity with the basic notions of algebraic geometry: al-
gebraic sets and varieties (or absolutely irreducible algebraic sets), generic
points, linear disjointness, separable and regular extensions; see, e.g., [L2,
Chap. T-111].

(1.2) The theory ACFA. Recall that the model companion ACFA of the
theory of difference fields in the language £, is axiomatised by the scheme of
axioms expressing the following properties of (K, 0):

e K is an algebraically closed field and ¢ is an automorphism of K.

e If U and V are varieties defined over K, such that V' C U x o(U)
and the projections V' — U and V — o(U) are generically onto, then
there is a tuple a such that (a,o(a)) € V. (Here o(U) denotes the
variety image by o of the variety U.)

(1.3) Difference polynomial rings. Let k¥ C K be difference fields,
with K a sufficiently saturated model of ACFA. We define the difference
polynomial ring k[X1,...,X,]s by taking the ring k[X1,..., X,], to be the
ordinary polynomial ring k[o7(X;) | i = 1,...,n;j € N|, and extending o to
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k[X1,...,Xn]s in the way suggested by the name of the generating elements.
Note that o is not onto. The order of a difference polynomial f is the largest
m such that some indeterminate o™ (X;) appears in f.

Ideals I of k[X}, ..., X,], satisfying o(I) C I are called o-ideals. A perfect
o-ideal of k[X1,...,X,]s is a o-ideal T satisfying moreover that ac(a™) € I
implies a € I for all m € N. Thus a perfect o-ideal is radical. A prime
o-ideal is a o-ideal which is prime and perfect. Quotients of k[X1,..., X,]s
by prime o-ideals are domains on which ¢ defines an embedding. Thus they
embed uniquely in a smallest difference field. If a is an n-tuple of K, we
define I,(a/k) = {f(X) € k[X], | f(a) = 0}, where X = (X1,...,X,,). Then
I,(a/k) is a prime o-ideal of k[X1,..., X,]o-

While k[X1,...,Xn], has infinite ascending chains of o-ideals, it satis-
fies the ascending chain condition on perfect o-ideals and on prime o-ideals.
A o-equation (over k) is an equation of the form f(z,...,2,) = 0 where
f(Xq,...,X,) € k[X1,...,X,]o. The set of solutions (in K™) of a set of
o-equations is called a o-closed set; it can be defined by a finite set of o-
equations. Thus the topology on K™ whose basic closed sets are the o-closed
sets is Noetherian. A o-closed set is called irreducible if it is not the union of
two proper o-closed subsets. Every o-closed set of K" is the union of finitely
many irreducible o-closed sets, which are called its irreducible components.
If the irreducible o-closed set V' is defined by o-equations over k, then V is
defined over k, and the set of difference polynomials over k vanishing on
V is a prime o-ideal of k[X7,...,X,]s, denoted by I(V). If a € K™ and
I(V) = I,(a/k), then a is called a generic of V over k.

(1.4) Transformal transcendence bases. Let k C K be as above, and
let @ be a tuple of elements of K. We denote by k(a), the difference field
generated by a@ over k, i.e., the difference subfield k(c?(a) | i € Z) of K. If
the transcendence degree tr. deg(k(a),/k) of k(a), over k is finite then we say
that a is transformally algebraic over k. In that case, there is a non-negative
integer m such that k(a), C k(a,...,o™(a))*®. Observe that since o and 0!
are automorphisms of k(a@),, we then have k(a), C k(c’(a),...,o/t™(a))®
for every j € Z.

An element b € K is transformally transcendental over k, if the elements
o'(b), i € Z, are algebraically independent over k. Observe that a tuple
a is either transformally algebraic over k, or contains an element which is
transformally transcendental over k. We call a set B C K transformally
independent over k if the elements o7(b), b € B, j € Z, are algebraically
independent over k, or, equivalently, if the elements 07 (b), b € B, j € N, are
algebraically independent over k. If L is a difference subfield of K containing
k, and B C L is a maximal transformally independent set over k, then B
is called a transformal transcendence basis of L over k. Observe that L is
then transformally algebraic over k(B),. Any two transformal transcendence
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bases of L over k have the same cardinality, and this cardinality is called the
transformal transcendence degree of L over k, and denoted by A(L/k). If a
is a finite tuple, we also define A(a/k) = A(k(a),/k); observe that A(a/k) <
tr. deg(k(a)/k) (the transcendence degree of k(a) over k).

(1.5) p-bases. Details and proofs can be found in [B, §13]. Let K be a
field of characteristic p > 0 and k a subfield of K. Then kKP is a subfield of
K, and so K is a kKP-vector space. We say that elements by,...,b, € K are
p-independent over k if the set of p-monomials in by, ..., b,, i.e., monomials of
the form bi(l) e b;(") with 0 <i(1),...,4(n) < p— 1, is linearly independent
in the kKP-vector space K, or, equivalently, if b, ¢ kKP?(by,...,b;—1) for
1=1,...,n.

A subset B of K is p-independent over k if every finite subset of B is p-
independent over k. If B C K is not p-independent over k, then there is a
finite subset By of B and b € B\ By such that b € kKP?[By]. A maximal
p-independent over k subset of K is called a p-basis of K over k; if B is a
p-basis of K over k, then K = kK?"[B] for any n € N. Any two p-bases of
K over k have the same cardinality. We define the degree of imperfection of a
field K as the size of B if K has a finite p-basis B, and oo otherwise. Observe
that a p-basis of K over k is also a p-basis of K*® over k and over k°.

(1.6) Derivations. Let R C S be commutative rings. Recall that an R-
derivation on S is an additive map ¢ : S — S which vanishes on R and satisfies
0(xy) = 6(x)y + 26(y). Let A C Q be a finite set, and assume that every k-
derivation on k(A) vanishes on k(A). Then k(A) is separably algebraic over
k (see [L1, Prop. X.7.2]). We will use the following easy consequence of this
fact:

LEMMA. Let A, B be finite subsets of Q2.
(1) A C Kk(AP) if and only if A is separably algebraic over k.
(2) Assume that A is separably algebraic over k(BP) and that B is sepa-
rably algebraic over k(A). Then (A, B) is separably algebraic over k.

Proof. (1) If a is separably algebraic over k then a € k(a?), and this gives
the right-to-left implication. Conversely, assume that A C k(AP) and let D
be a k-derivation on k(A). Then D vanishes on k(AP), and therefore vanishes
on A. Hence A is separably algebraic over k.

(2) Let D be a k-derivation on k(A, B). Then D vanishes on k(BP) and
therefore vanishes on A since A is separably algebraic over k(BP). This implies
that D vanishes on B, and therefore that (A, B) is separably algebraic over
k.

(1.7). Recall that K is a separable extension of k if k and K? are linearly
disjoint over kP, or, equivalently, if any p-basis of k extends to a p-basis of
K. If B C K is a transcendence basis of K over k such that K is separably
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algebraic over k(B), then B is called a separating transcendence basis of K over
k. If K is finitely generated and separable over k then K has a separating
transcendence basis over k. This result does not hold when K is infinitely
generated over k: if ¢ is transcendental over k, then the field (J, oy E(tY/P")
is a separable extension of k, but does not have a separating transcendence
basis over k. If B C K is such that K is separably algebraic over k(B), then
B will contain a p-basis of K over k, and therefore a separating transcendence
basis of K over k is always a p-basis of K over k. The converse, however, only
holds if K is finitely generated over k as a field. Observe, however, that if B
is a p-basis of K over k, then the elements of B are algebraically independent
over k.

(1.8) Separably closed fields and the A-functions. For each e € NU
{o0}, the theory expressing that K is a separably closed field of degree of
imperfection e is a complete theory (Ershov [E]), which we denote by SCF,,
and is stable (Wood [W]). If K is separably closed and {b1,...,b.} is a p-
basis of K, then SCF. ;, = Th(K, by,...,b.) is model complete in the language
L(by,...,be).

For each n fix an enumeration m; ,(Z) (1 <7 < p™) of the p-monomials
xi(l)nmil(n) with 0 < §(1),...,i(n) < p — 1, and define the (n + 1)-ary
functions A; , : K" x K — K as follows:

If the n-tuple b is not p-independent, or if the (n 4 1)-tuple (b,a) is p-
independent, then \; ,(b;a) = 0. Otherwise, the \; ,,(b; a) satisfy

pn
a= Z Nin (b5 a)Pm; ().
i=1

Note that these functions depend on the field K, and that the above properties
define them uniquely. These functions are definable in the pure ring language,
and we call them the A-functions of K.

Consider the language £y = LU {X\;, | n € N, 1 < i < p"}, and let
Ty be the Ly-theory obtained by adjoining to the theory of fields axioms
expressing the defining properties of the functions A; ,,. Let SCF, , = SCF.U
T. Then SCF. ) is complete and eliminates quantifiers but does not eliminate
imaginaries (Delon [D]).

Fix a separably closed field K. When the degree of imperfection of K is fi-
nite, one may fix a p-basis {by,...,b.} of K, and only consider the unary func-
tions A; ¢(b1,...,be;x). Then Th(K) eliminates quantifiers and imaginaries in
the language L1 (b1,...,be) = LU{b1,...,be; Aie(b1, ... be;—) 1 1 < i < p°}
(Delon [D]).

(1.9) LEMMA. Let L be a subfield of K. Then K is a separable extension
of L if and only if L is closed under the A-functions of K.
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Proof. This follows easily from the definition of the A-functions of K, but
we will give the proof. Assume that K is not a separable extension of L.
Choose a tuple (ai,...,a,) € L™ which is p-independent in L but not in
K, with n minimal. Then aq,...,a,_1 are p-independent in K, and a,, €
KPlay,...,an-1], an ¢ LPla1,...,an—1]. Hence \;n,_1(a1,...,an—1;a,) €
K\ L for some i. This shows one direction. For the other direction assume that
for some ay,...,a, € L and some i the element \; ,,_1(a1,...,an—_1;a,) is not
in L. Note that the A;(a1, ..., an—1;a,) are (the unique) solutions of the equa-
tion (x) : >, XPmjn-1(ar,...,an-1) = an. From A ,—1(a1,...,an-1;0,) ¢
L, we obtain first that {aj,...,a,—1} is p-independent in K, and then that
{a1,...,a,} is p-independent in L, for otherwise there would be elements b;
in L satisfying (*) in L, and we would have b; = X, ,—1(a1,...,an—1;a,) € K
for all j. Thus ay,...,a, is p-independent in L but not in K.

(1.10) Basic A-terms. We work in a large separably closed field K, with
finite p-basis B = {b1,...,b.}. Welet I = I(B) = {1,...,p°}, Mi(B;—) =
Xie(b1, ... be;—) and m;(B) = mye(by,...,b.). If p € I™, we define by
induction on n the function A, (B; —) and the p”-monomial m,,(B) as follows:
if n = 0, then A\,(B;z) = x, m,(B) = 1; if n > 1, write 4 = v i, where
ve I, i€, and define

Au(Bsz) = Xi(B; Au(B;x)),  mu(B) =mi(B)"  m,(B).
Then we have, for any a € K and n € N,

a—Z)\ (B; a)?" m,(B).

peln

If n € I, we call A\, a A-term of level n. Note that all basic A-terms are terms
of the language Ek(bl, coobe). Welet I<¢ =, e I™

If B C K is infinite, then by abuse of notation, we will denote by {\,(B; ) |
p € I™} the set of all terms A, (b1,...,be;x) where e € N, by,...,b. € B,
and pu € I({b1,...,be})". Note that for a given element ¢ € K, the set
{\u(B;c) | u € I} is finite, and that ¢ € F,[\,(B;c) | u € I"P"[B].

LEMMA. Let k C L C K, assume that L is a separable extension of k,
and that B is a p-basis of k and of K. Let C be a p-basis of L over k, and let
E(C) = k(A (B;c) | c € C,u € IS¥), the A-functions being those of K.

(1) Ifc € LP"(B), then \,(B;c) € L for every p € I™.

(2) LK(C) is closed under the \-functions of K. If a € L and v € I™,
then A\, (B;a) € LI\,(Bsc) |ce CopeIm.

(3) If D is another p-basis of K and a € L, v € I", then A\, (B;a) €
FpAu(Dsa), A\ (B;d) | d € D, € I™]. If D C k, then A\, (B;a) €
EX.(Dsa) | peIm].



700 ZOE CHATZIDAKIS

Proof. (1) As B C L, we have LP"(B) = L?"[B], and ¢ € LP"[By] for
some finite subset By of B, so that we may assume that B is finite. Then
c= e ¢im;(B) for some ¢; € LP"". Thus ¢; = \;(B;c) € L*" . Since
Ay = Ay o Aj for some v € "' and j € I, an induction on n gives us that
A (B;ej) = A\u(B;e) € L.

(2) By assumption, B U C is a p-basis of L; hence L = LP"[B,C] for
every n > 0. By the definition of the A-functions, we also have that ¢ €
(Fuo[M\u(Bjc) | p € I")P"[B] for any ¢ € K. Hence L C (L[\,(B;c) | ¢ €
C,p € I")P"[B], and (1) gives that \,(B;a) € L[\, (B;c) | c € Cypu € IM].
Hence Lk(C) is closed under the A-functions of K.

(3) By assumption, K = K?"[D] = K?"[B]. Ifa € L, then a € (F,[\,(D;a)
| p € I")P"[D], and if d € D then d € (F,[\,(B;d) | u € I™])?"[B]. Thus
a € Fy[\u(D;a), \y(B;d) | p € I",d € DP"[B], and (1) gives the first asser-
tion. The second assertion follows from the fact that D C k and that k is
closed under the A-functions of K.

(1.11) A-polynomial rings over k when k has finite degree of im-
perfection. Let B be a p-basis of k of finite size e. Then the set I defined
above has size p°. We define k(X)<, p to be the quotient of the polynomial
ring k[X,, | u € I="] by the ideal generated by the polynomials

X, =Y XV m;(B)
el
for € I="=1 and we let k(X)p = U, k(X)<n, 5. If we consider only one p-
basis B, then we will omit B from the notation. We define k(X1,...,X,)<n B
and k(Xy,...,X,)p analogously.

Then B is a p-basis of (the field of fractions of) k(Xy,...,X,)p. If B
is a p-basis of an extension K of k£ and aq,...,a, € K, then there is a
unique k-morphism k(Xi,...,X,)p — K which sends X; to a;. Note also
that k(X1,...,X,)p is generated as a ring by the elements A\,(B;X;),i =
1,...,n,u € I(B)<¥.

If C is another p-basis of k, then there is a natural k[X, ..., X,]-isomor-
phism : k(X1,..., X,,)p — k(X1,...,Xn)c. This follows from the previous
observation, and the fact that by Lemma 1.10(3), we have k(X1, ..., X)<m.c
- ]{J<X1, “ee 7Xn>§m,B and k‘<X1, SR aXn>§m,B - k‘<X1, ce 7Xn>§m,C for ev-
ery m € N.

(1.12) LEMMA. Let K be a separable extension of k, with p-basis B over
k, and let C C k be p-independent. Consider the fields ky = k(c'/? | ¢ € C)
and ky = k(c'/?" | ¢ € O,n € N). Then B is a p-basis of ki K over ky and of
koK over k.

Proof. Clearly k1K = k1 KP[B] and koK = ko KP[B], so we only need to
show that B is p-independent over ki in ki K and over kg in koK. Since K
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is a separable extension of k, the fields k? ~ and K are linearly disjoint over
k. Hence K is linearly disjoint from ki and from ko over k. This implies
that k1 KP and K are linearly disjoint over kKP. Hence linearly independent
elements of the kKP-vector space K stay linearly independent in the k; KP-
vector space k1K. This shows that B stays p-independent over k; in ki K.
The proof for ko K is similar.

2. The main result

Let e € NU {00}, and £y, = £ U {c}. In this section we prove that
the £y s-theory of difference fields models of T\ and of degree of imperfection
< e has a model companion, and that the £, (b1, ..., b)-theory of difference
fields with p-basis {b1, ..., b} has a model companion. Before embarking into
preparatory lemmas, let me explain the strategy of the proof.

Clearly existentially closed difference fields (in £y, or in L4 (by,...,be))
need to be separably closed, since any automorphism of a field extends to an
automorphism of its separable closure. By a linearisation argument already
used for the axiomatisation of the theory ACFA of existentially closed dif-
ference fields, one reduces the problem of solving systems of o-equations to
the problem of finding a point @ in some variety U defined over K, such that
(@,o(a)) € V for some variety V contained in U x o(U) and projecting gener-
ically onto U and o(U). While in the theory of difference fields we know that
such a problem always has a solution in some extension (cf. the axiomatisa-
tion of ACFA; see [CH] or [M], or (1.2)), here we need to find conditions on
V', that are elementary in the parameters of K used to define V', and which
ensure that there is a solution a in some L) ,-extension L of K. In particular,
such an @ must generate a difference field which is separable over K.

It turns out that the main difficulty is to find elementary conditions which
ensure that K (a), is a separable extension of K: if we manage to do that, then
Lemma (2.2) allows us to complete the proof. We then reduce the problem to
the case where dim(U) = dim(V); see Lemma (2.1). To show that K(a), is a

separable extension of K, it is enough to show that K(a,o(a),...,c™(a)) is
a separable extension of K for every m € N. We solve this problem in (2.4)
and (2.5).

Let me mention a case where the solution of the problem is easy. Let
K(V) = K(z,7), and assume that 7 is separably algebraic over K(Z). This
condition is certainly elementary in the parameters defining V. Let (a,a;) be a
generic over K of the algebraic set V', and let o be an extension of o to €2 which
sends @ to a1. Then o(a) € K(a)®, and therefore K(a,...,0™(a)) C K(a)®
for every m > 0, which implies that K(a), is a separable extension of K.
A similar argument applies if Z is separably algebraic over K () in K(V).
However there are examples of equations solvable in a separable extension of
K which are not of this form; e.g., the equation o?(x)? + bo(z) + P = 0 has
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a solution in a separable extension of K. (Note also that if a is a solution
of this equation which is generic over K, then the degree of transcendence of
K(a)s over K is 2, and K(a), has same p-basis as K.)

(2.1) LEMMA.  Let k be a difference field, and k(a), a separable extension
of k. Then there is a transformal transcendence basis b C a of k(a), over k,
such that k(a), is a separable extension of k(b),.

Proof. The proof is by induction on the transformal transcendence degree
A(a/k) of @ over k. If it equals 0, there is nothing to prove, so we will
assume that it is positive. It suffices to find an element b € a such that b
is transformally transcendental over k and k(a), is a separable extension of
k(b),. We will then use induction applied to the extension k(a), of k(b), to
obtain the result.

For n € N consider the field K,, = k(a,o(a),...,0™(a)). Replacing a by
a~ -~ o™(a) for some m, we may assume that tr. deg(K, /k) = d+ne where
d = tr.deg(a/k) and e = A(a/k). Each K, is a finitely generated separable
extension of k, and therefore has a separating transcendence basis over k of
size d + ne. In other words, we have

(1) (K s k(KR = p™tre.

CraM. There is b € a such that for any n > 0 the elements b,o(b), ...,
o™(b) are p-independent over k in K, .

Otherwise, for each b € @, there is an n = n(b) such that the elements
b,a(b),...,0™(b) are not p-independent over k in K,. Take n minimal with
this property; then for some i < n we have o%(b) € k(KZ)(b,o(b),...,o=1(b)).
As o(K,) C Kuq1, we get that o'™1(b) € k(KL )(b,...,0c"7 (b)), ...,
o™ (b) € k(KP,,,)(b,...,071(b)) for m > 0, so that any subset of {b, ...,
o™*"(h)} which is p-independent in K, ., has size < n.

Let N = sup{n(b) | b € a}, and let m > N. By the above argument,
any subset of {@,...,0™ (@)} which is p-independent in K,, has size at most
|a|N. Then [K,, : k(KP)] < pl®¥ which contradicts the unboundedness of
[Kp, : k(KE)] given by equation (1) and proves the claim.

Take an element b satisfying the conclusion of the claim. Then the elements
a'(b),i € N, are p-independent over k in the field k(c%(a) | i € N). Using the
fact that o~! is an automorphism, we deduce that the elements o(b),i € Z,
are p-independent over k in k(o’(a) | i € Z) = k(a),. Hence k(a), is a
separable extension of k(b),.

(2.2) LEMMA. Let k be a difference field with finite p-basis B, and let
k(a)s be a finitely generated difference field extending k which is separable
over k. Then k(a), embeds into a difference field M with p-basis B.
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Proof. By (2.1), it suffices to show the result in the following two cases:

(a) @ is transformally independent over k.
(b) @ is transformally algebraic over k.

The separable closure of k has also p-basis B, so we may assume that & is
separably closed.

(a) Note that k(a), is a purely transcendental extension of k, with tran-
scendence basis {0%(d) | d € a,i € Z} over k. As o induces a permutation of
this transcendence basis, the automorphism o of k(a), extends uniquely to
an automorphism of M = k(o*(d)"/?" | d € a,i € Z,n € N). Then M is a
separable extension of k, with p-basis B.

(b) Let C be a p-basis of k(a), over k. Then k(a), = k(a?),(C). If C =0,
then we are done: B is a p-basis of k(a),. Assume therefore that C' # 0.
Consider the quotient of the polynomial ring k(C){(X. | ¢ € C)p by the ideal
generated by the polynomials X, — ¢ for ¢ € C, and let My be its field of
fractions. Then Mj is a separable extension of k, with p-basis B, and we
may choose My free from k(a), over k(C), because the elements of C are
p-independent over k in k(a@),. Hence M = Myk(a), is a separable extension
of k, with p-basis B (by (1.10)(1) and because k(a), = k(a?),(C)). We
consider the A-functions of M indexed by I = I(B), and define o(\,(B;¢)) =
Au(0(B);o(c)) for p € I<¥. We need to show that o defines an automorphism
of M. For n € Nlet M,, = k(a)o(Au(B;c) | c € C,pu € I™), let 0, be the
element of I™ corresponding to the p™-monomial 1, and let J, = I\ {0,}.
Then the elements \,(B;c¢),c € C, u € J,, are algebraically independent over
k(a), and generate M, over k(a),. As o(B) is also a p-basis of M, we know
that for ¢ € C' we have o(c) = 3 ,cn Au(0(B); a(c))?"m,(a(B)), and by the
definition of o this coincides with >_ ;. oM. (B;c)P")a(m,(B)). Hence o
extends uniquely to a ring homomorphism M,, — M,,. We have:

k(@) (A\u(Bic) | c € Cop € IM) = k(a)g(\u(B,o(c)) | c€ Cop e I™)
(by (1.10)(2))

= k(@)s(Au(0(B),0(c)) | e € Oy e ™)
(by (1.10)(3)).

This shows that o is onto, and therefore is also injective as the elements
Au(0(B),0(c)),c € C,p € Jp, must be algebraically independent over k(a),.
Hence o defines an automorphism of M, for every n, and therefore defines an
automorphism of M.

(2.3) An example. The following example shows that Lemma (2.2) does
not generalise to the case where B is infinite.
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Let b be an element transformally transcendental over F,,, k = F,(b), and
let a be a solution of o(z) = z +b. If L is a difference field containing k(a),
which is separable over k, then {o%(b) | i € Z} U {a} is p-independent in L.

Let B = {o%(b) | i € Z}, let L be a difference field containing k(a),,
separable over k, and assume that a € LP[B]. Let m < n € Z be such that
a € LP[o™(b),...,0™(b)] and n —m is minimal. Let By = {o™(b),...,0™(b)},
and write a = Y, X\j(Bo;a)’m;(By). By the minimality of n — m, we get
that o™ (b) € LP[a, 0™ 1(b),...,0™(b)] and o™ (b) € LP[0c™(b),...,o" (), al.
This implies that there are indices ¢ and j such that A\;(Bo;a) # 0, A\;(B;a) #
0, and the exponents of 6" (b) in m;(By) and of o™ (b) in m;(By) are positive.
Then o(a) —a = >, A\e(0(Bo;o(a))Pmy(Bo) — A\e(Bo; a)?my(By), and the
coefficients of the monomials m;(By) and o(m;(By)) in this expression are
non-zero, because o™ (b) ¢ o(By), c"T1(b) ¢ By. But this contradicts the
p-independence of B and the fact that o(a) —a = 0.

(2.4) LEMMA. Let k(a), be a separable extension of k, with o(a) € k(a)™e,
and let d = tr.deg(k(a)/k). Then there is a separating transcendence basis
cUd of k(a,o(a),...,0%a)) over k, such that c¢Uo *(d) CaUo(a)u---U

o?1(@) and o=1(d) is separably algebraic over k(cP,d).

Proof. Let 0 < i < d+ 1, and consider the field
Kgi=k@@b,...,o"" @ar),o' (a),...,o%a)).

Then Kqo = k(a,...,04a)), Kqas1 = k@?,...,0%ar)) = k(K ,), and
K4, is a purely inseparable extension of Kg ;41 for every ¢ < d. As Kg
is a separable, finitely generated extension of k, of transcendence degree d
over k, we have [Kuo : Kga411] = p?. Hence there is 0 < i < d such that
Kg; = Kair1, and we fix such an i. Choose d C o*l(a) U --- U o%(a)
maximal p-independent over k in Kgo. Then Kg; = Kq,+1 = k;(Kg’O)[cZ], and
Kao = Kgi1(a,...,071(a)). Choose ¢ CaU---Uo'~1(a) such that cUd is

a p-basis of K40 over k. Then E,id satisfy tpe cqnclusion: §ince O'_l(d) € Kg,
we have that o~ (d) € k(K} ,)[d] C k(e”,dP)*[d] C k(e d)*.

(2.5) LEMMA. Let U and V be varieties of dimension d defined over the
difference field k, and assume that V C U x o(U), and that V projects gener-
ically onto U and onto o(U). Write k(V) = k(x1,...,Zn,Y1,.--,Yn) and

assume that there is 1 < r < d such that (x1,...,Tr, Yr+1,---,Yd) 1S a sepa-
rating transcendence basis of k(V') over k, and that x,41, ..., x4 are separably
algebraic over k(z,... 22, yp41,...,ya). Then there is a tuple a such that

k(a), is a separable extension of k, and (@, o(a)) is a generic of V over k.

Proof. Choose in some difference field (K, o) containing & (e.g., in a model
of ACFA) a tuple @ = (ay,...,a,) such that (a,o(a)) is a generic of the
algebraic set V. Our assumption on the dimensions of U and V implies that
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o(a) is algebraic over k(a), so that k(a), C k(@)s. Let ¢ = (ai,...,a,),
and d = (o(ar41),...,0(aq)). Then €U d is a separating transcendence basis

of k(a,o(a)) over k, and o~!(d) is separably algebraic over k(e?,d). We will
show by induction on m > 1 that

(i) o71(d),...,0™2(d) are separably algebraic over k(c?, 0™ (d));

(ii) ¢ U o™ 1(d) is a separating transcendence basis of k(a,...,oc™(a))
over k.

For m = 1, this is our assumption. Assume the result proved for m.
Then o(¢) € k:(c, d)® and by applying o to (i) we get that d,. 1(d) €
k(o(¢)?,0™(d))*. By Lemma (1.6)(2) applied to k(¢,o (d)) d and o(e),
we obtain that o(¢),d € k(¢,0™(d))*, and therefore that d,...,c™ " !(d) €

k(cP, 0™ (d))® (as o(¢)P € k(cP,a™(dP))®). From o~ 1(d) € k:(c*’,cf)s we deduce
(). )
We know that a € k(¢,d)* C k(¢,0™(d))*, and by the induction hypothesis
we have o(a),...,oc™ 1 (a) € k(o (¢),0™(d))*. As o(€) € k(E,d)*, we get (ii).
Hence k(a, . Um(d)) is a separable extension of k for every m > 1. This
implies that k(é)g is separable over k.

(2.6) THEOREM. Let e € N. The theory of difference fields of degree of
imperfection < e which are models of Ty, has a model companion SCFA. x.
The theory SCFA, » is axiomatised by formulas expressing the following prop-
erties of the Ly ,-structure (K,o):

(i) SCFe,x.
(ii) o is an automorphism of K.
(iii) If U and V are varieties defined over K and satisfy the hypotheses of
(2.5), then there is a tuple @ such that (a,0(a)) € V.

Proof. We will first show that (iii) is expressible by an infinite collection
of first-order statements. Let U and V be varieties defined over K. Then
there is a finite tuple ¢ of elements of K, and finite tuples F(X,T) and
G(X,Y,T) of polynomials over F,, such that the ideal of K[X] of polyno-
mials Vamshlng on U is generated by the tuple F(X,¢), and the ideal of
K|[X,Y] of polynomials vanishing on V is generated by G(X,Y,¢). Write
K[Vl =K[z,y],Z = (z1,...,2n), § = (Y1,---,Yn), and let r < d be such that
K(z1,..., %0, Yrt+1,---,Yd) 18 a separating transcendence basis of K (V') over
K, and 2,41,...,x4 are separably algebraic over K (z,...,22,yr41,...,Yd)-
Since the algebraic varieties U and V are defined over F,(¢), this implies
that F,,(¢)(V) is separably algebraic over F,(¢)(x1,...,%r, Yr+1,---,Yd), and
Tyi1,...,Tq are separably algebraic over F,(¢)(zl, ..., 22, yri1,. .., ya)-

If d is a finite tuple of K of the same length as ¢, define U(d) to be the
algebraic set defined by the equations F(X,d) = 0, and V(d) to be the alge-
braic set defined by G(X,Y,d) = 0. We claim that there is a quantifier-free
formula ¢ of the language £ of rings satisfied by (¢,o(¢)), and such that if
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(d,o(d)) satisfies ¢, then the algebraic sets U(d) and V (d) have the following
properties:

U(d) and V (d) are (absolutely irreducible) varieties of dimension d.
V(d) C U(d)xU(c(d)), and the projections V(d) — U(d) and V (d) —
( (d)) are generically onto.

F,(d)(V(d)) is separably algebraic over Fy,(d)(z1, . .., T Yri1, - - - Yd)s
and the elements x,41,...,2q of F,(d )(V( 1)) are separably algebraic

over Fy,(d) (27, ... ,xfi,yrﬂ, ey Yd)-

Since the theory of algebraically closed fields is strongly minimal and elim-
inates the quantifier 3°°, the property of the Zariski closure of a definable set
of being of a given dimension is elementary in the parameters defining this
set. Then standard results on polynomial rings over fields (see, e.g., [DS]) and
elimination of quantifiers of the theory of algebraically closed fields give that
the first two items are elementary properties of d.

The conditions of separability given in the third item are easily express-
ible using the polynomials G(Z,#,d), since they correspond to some sub-
determinants of the Jacobian of G(Z, 7, d) being non-zero; see [L1], Proposition
X.7.3. Note that as d = dim(V(d)), the elements x1,..., 2, Yri1,-..,Yq of
F,(d)(V (d)) are necessarily algebraically independent over F,(d).

Using compactness, we deduce that there is a scheme of axioms expressing
the properties (i), (ii) and (iii). It now remains to prove that SCFA. ) is
indeed the model-companion of the theory of difference fields of degree of
imperfection < e which are models of T). We will first show that every
difference field (K, o) of degree of imperfection < e which is a model of T)
embeds in a model of SCFA, .

First note that if K is a model of T}, then any field automorphism o of K
is an Ly-automorphism, since the A-functions of K are first-order definable in
K. Also, any difference field of degree of imperfection f < e embeds in one of
degree of imperfection e: Let ¢ be an (e — f)-tuple of elements algebraically
independent over K, and extend o to K(f) so that it fixes the elements of ¢.
Then the degree of imperfection of K () is e. Also, any automorphism of a
field K extends to an automorphism of the separable closure K* of K, and
we may therefore assume that K satisfies (i) and (ii).

Let U and V be varieties defined over K and satisfying the hypotheses of
(iii). By (2.5), there is a separable extension K (a), of K such that (a,o(a))
is a generic of V. By Lemma (2.2) there is a difference field M containing
K(a),, separable over K and with the same p-basis as K. Thus we have
shown that every occurrence of axiom (iii) can be satisfied in some separable
extension M of K with the same p-basis as K. A standard limit argument
then shows that K embeds in a model of SCFA, ). It remains to show that
SCFA, » is model-complete, i.e., that if K C L are models of SCFA, ) then
K is existentially closed in L.
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Let (K,0) C (L,0) be models of SCFA. \. As e is finite, if B is a p-
basis of K, then B is also a p-basis of L, and therefore L is an elementary
L-extension of K. Any quantifier-free formula of £ is equivalent, modulo the
L (B)-theory of (K, B), to an existential £(B)-formula. Hence it is enough
to show that any quantifier-free £,-formula ¢(z) with parameters in K which
is satisfied in L is already satisfied in K. Using the usual trick of replacing
the formula (z # 0) by (Jy 2y = 1), we may furthermore assume that ¢(Z)
is positive, i.e., that ¢(Z) is a finite conjunction of difference equations with
coefficients in K. Let a be a tuple of L satisfying ¢(Z). Because ¢ is a finite
conjunction of difference equations, any tuple d with I, (d/K) 2 I,(a/K) will
satisfy . We will show that such a tuple exists in an elementary extension
K* of K, and therefore also in K.

By Lemma (2.1), there is a subtuple b of @ such that b is transformally in-
dependent over K and K (a), is a separable transformally algebraic extension
of k = K(b),. Choose m large enough such that k(a), C k(a,...,o™(a))e,
and such that if @’ is a tuple (in some model of ACFA containing K') such
that there is a k-isomorphism sending (@', ...,c™(a’)) to (a,...,c™(a)), then
this k-isomorphism extends to a k-isomorphism of difference fields k(a’), —
k(a), (see [C, 8.20.13] for the existence of such an m). By (2.4) applied to
k = K(b),, there is an integer n > m and a separamng transcendence basis
cud of k(a,...,o™(a)) over k with ¢U o~ (d) Cau---Uo™ !a), and such
that ail(d) is separably algebraic over k(c?, d).

Let U be the algebraic locus of (a,...,0" !(a )) over k" (i.e., the small-
est algebraic set defined over k* and contalnlng (a,. ~1(a@)), and V the
algebraic locus of (a@,...,o"~ 1(a),a(&),...,a”(a)) over ks. As K(a), is a
separable extension of k = K (b),, the algebraic sets U and V are varieties de-
fined over k°, of the same dimension (because k(a), C k(a,...,o" (a))*#),
and they satisfy the hypotheses of (2.5) over k°® after some renaming of the
variables.

Let K* be a sufficiently saturated elementary extension of K. It then suf-
fices to show that (Z) is satisfied in K*. We first claim that K* contains
arbitrarily large finite tuples of elements which are transformally transcen-
dental over K. First observe that any instance of (iii) with the varieties U
and V defined over K has a realisation € in K* with (&,0(€)) a generic of
the algebraic variety V over K. This follows from the saturation of K* and
the fact that, by (iii), any formula (z,0(z)) € V A 29(Z,0(Z)) = 1, where
g € K[V]\ {0}, has a solution in K. Thus, for any n,m, there is an m-tuple
€ of elements of K* satisfying o™(z) = = and tr.deg(k(é),/k) = nm. By
saturation, there is &€ € (K*)™ such that the elements o%(g),g € €, € N, are
algebraically independent over K.

Choose a tuple ¢ of K*, of the same length as b, and which is transformally
independent over K. Then the difference fields k = K (b), and K(¢), are K-
isomorphic, by an isomorphism f sending b to & By Proposition 2.10 of [CH],
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if 7 is an automorphism of K(¢): which agrees with o on K(é),, then 7 is
conjugate to o by an element of Gal(K(¢)3 /K (¢),). Hence the isomorphism
f extends to a difference field embedding f : k* — K*. By axiom (iii) and
saturation of K*, there is a tuple € in K*, such that (€,0(€)) is a generic of
f(V) over K(¢):. Then & = (d,...,0""}(d)) for some tuple d of the same

o

length as @, and I,(a/K) = I,(d/K) because n > m, so that d satisfies .

(2.7). We added only the A-functions symbols to the language to ensure
that if (L,o) is an extension of (K, o) then L is separable over K. In case
the degree of imperfection e is finite, this could have been achieved as well
by adding constant symbols for the elements of a p-basis, together with the
axioms expressing that these elements form a p-basis.

THEOREM. Consider the language Ly (b1, ..., be), and the class of differ-
ence fields (K, o) with p-basis {b1,...,b.}. The existentially closed members
of this class form an elementary class, aziomatised by (ii) and (iii) above,
together with (1’): SCFe.

Proof. This follows easily from (2.6) and the following observations: a field
expands uniquely to a model of T); if K C L are two difference fields with
the same p-basis, then K is an £, ,-substructure of L.

(2.8). Let us denote this theory by SCFA. ;. Note that this gives a slightly
less general result than (2.6), as the p-basis is fixed by o. However, the
advantage is that the theory SCF.; of separably closed fields with p-basis
{b1,...,b.} eliminates imaginaries. It is also model-complete but doesn’t
eliminate quantifiers as the A-functions are only existentially definable. We
will see that it implies that any completion of SCFA, ; eliminates imaginaries
(in the language L, (b)).

(2.9). The case e = oo necessitates a few more lemmas. The problem
comes from the fact that quantifier-free £y-formulas are not equivalent mod-
ulo SCF » to existential £-formulas, because the A-functions allow us to say
that elements are p-independent. Indeed, the formula A, (X\; n(21,...,2n;y) =
0) Ay # 0 says that either (x1,...,x,) are p-dependent, or that (z1,...,2Zn,y)
are p-independent. We have a first reduction:

LEMMA. Let ¢(Z) be a quantifier-free Lx-formula. Then, modulo SCFu »,
©(Z) 1is equivalent to a finite disjunction of L-formulas of the form
3y (. 7) N O(Z,7),
where Y (Z,q) is quantifier-free, and 0(Z, ) is a conjunction of universal for-
mulas expressing that some subtuples of T ¢ are p-independent.

Proof. Unraveling the A-functions appearing in ¢, it is easy to see that
there are an integer m, a tuple § = (y1,...,Ym), a quantifier-free L-formula
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¥o(Z,§), and a formula 6y (Z, §), which is a conjunction of formulas of the form
yi = \jx(Z;t) with (2,t) some (k 4 1)-subtuple of (Z,y1,...,y;—1), such that
©(Z) is equivalent to the formula
3? ’@[JO(‘(E? g) A 00(3777 g)
Modulo SCF  », the formula y = X; 1(Z; 1) is equivalent to a formula
(Fu ;(z,t,y,u) V (y = 0N 0;(2,1)),
where 9; (2 t,y, ) is the quantifier-free £-formula

pk' k
t—Zumzk YA u; =y)V (y—O/\O—Zumzk /\\/UZ#O
1=1 =1

and Hj(z, t) is the universal £-formula expressing that (z,t) is p-independent.
The result follows.

(2.10) LEMMA. Let a be transformally algebraic over the difference field
k. Assume that o(a) € k(a)™®, and that k(a), is separable over k. For

some m, there are tuples b C {a,...,c™ '(a)}, ¢ C {o(a),..., 0™ *(a)} and
d c{o(a),...,a™(a)}, such that
(a) b,¢ d is a separating transcendence basis of k(a, ...,o™(a)).

(( ; e k(bp &, 5(c))*, and o(c) € k(b?, d?,e)*.

o~1(d) e k(b” ¢, d)°.

Proof. Let ¢ C {c*(a) | i € Z} be a p-basis of k(a), over k. Replacing ¢ by
o'(é) for some i € Nand @ by a~ ---~ 0’(a) for some j € N, we may assume
that @ contains ¢Uo~1(¢), and that ¢ € k(a)?(oc~1(¢)), o1 (c ) € k(a)P(c). Let
d = tr.deg(k(a),/k), and consider the fields K4, 9 =0,...,d + 1, defined in
(2.4). Let i be such that Kg ;41 = Kq,; then K4,41 contains the tuple od(e),
which is p-independent over k. Let d C {O'H_l( ),...,0%@)} be such that
(04(¢),d) is maximal p-independent over k in K. Let b c{a,...,o" (a)}
be such that b, ¢,d is a p-basis of K4 over k. Then o~ 1(d) € k(bp ¢,d)® (see

(2.4)), and so (6, ¢,d) is our desired tuple.

(2.11) LEMMA. Let U and V be varieties of dimension d, defined over
a difference field k. We assume that V. C U x o(U), and that V projects
generically onto U and o(U). Let us write k(V) = k(x1,...,Tn,sY1y- -, Yn)-
We also assume that there are integers 1 < r < s < d such that

o (T1, . TryYrt1,---,Yd) @S a separating transcendence basis of k(V)
over k.

® Z,41,...,xs are separably algebraic over k(x¥,... xP y.11,...,Ys,
Yoo yh) andyei1, ..., ys are separably algebraic over k(xf, ... aF,
Lyylse-- 7Isay§+17 cee 7y§)

® Tsi1,...,xq are separably algebraic over k(. ..., 2P yri1, ..., Ya)-
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Then in some difference field extending k, there is a tuple a such that k(a),
is separable over k, (a,o(a)) € V and (ar41,...,as) is p-independent over k
in k(a)e.

Proof. Choose in some difference field (K, o) containing & (e.g., in a model
of ACFA), a tuple @ = (aq,...,a,) such that (a,o(a)) is a generic of the
algebraic set V. Our assumption on the dimensions of U and V implies
that o(a) is algebraic over k(a), so that k(a), C k(a)*®. Let b = (a1, ...,a,),
¢=(o(ars1),-..,0(as)),and d = (0(asy1),---,0(aq)). Then bUEUd is a sep-
arating transcendence basis of k(a, o(a)) over k, and o~'(d) is separably alge-
braic over k(b?, ¢, d). Moreover, ¢ is separably algebraic over k(b?, o~ 1(¢), dP)
and oc~1(¢) is separably algebraic over k(b?, ¢, dP), and therefore, for every
M > 0, we have
(%) k(@,....c" ™ (@)P)(e) = k(@”,...,a" " (@)?) (e (e)).

As in (2.5), one shows that for all M:
(a) o~ (d),...,cM~2(d) € k(b?,0M~1(¢),cM~1(d))*.
(b) bUcM~L(, d) is a separating transcendence basis of k(a, . .., o™ M (a))
over k.

By (%), if =1 < j < M, then b, 07 (¢), 0™ ~1(d) is also a separating transcen-
dence basis of k(a, ...,o™ M (a)) over k. This implies that ¢ is p-independent
over k in all the fields k(c%(a) | —n < i < n), and therefore is p-independent
over k in k(a),-.

(2.12) THEOREM. The theory of difference fields models of T has a model
companion SCFA x, which is aziomatised by expressing the following prop-
erties of the Ly ,-structure (K,o):

(i) SCFx .
(ii) o is an automorphism of K.

(iv) For all m, if U and V are varieties defined over K satisfying the

hypotheses of (2.11) (over K ), then K satisfies:

V21, .y Zmy IT1, .o T, (ZT,0(Z)) €V
A ({21, .., 2m} p-independent

— {21, oy Zm, g1y .- ., Ts } p-independent).

Proof. As in Theorem (2.6), one shows that these axioms are indeed first-
order. We will first show that every difference field model of T embeds in
a model of SCFA x. Let K be a difference field, and let U,V be varieties
satisfying the hypothesis of (2.11), let b be a tuple of elements of K, which we
may assume p-independent in K. Consider the separable extension L = K(a),
of K given by Lemma (2.11). Then a,41,...,as are p-independent over K,

and therefore also over Fj,(b). We conclude as in (2.6) that every difference
field embeds in a model of SCFA .
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It remains to show that SCFA  is model complete. Let K be a model
of SCFA », and L a difference field containing K and separable over K.
Let ¢(Z) be a quantifier-free £ ,-formula with parameters in K, and assume
that it is satisfied in L by a tuple a. By (2.9), enlarging a if necessary, we
may replace ¢(Z) by a formula ¢(Z) A 6(Z), where ¥(Z) is a quantifier-free
positive L, (K )-formula, and (Z) is an L£L(K)-formula expressing that certain
subtuples of (Z, &) are p-independent, for some € in K.

We will show that there is d in some elementary extension K* of K, such
that K* is a separable extension of K (d),, and such that the difference fields
K(a), and K(d), are isomorphic by a K-isomorphism f sending @ to d.
Let € € K; if a subtuple of @ is p-independent over F,(&) in L, then it is
also p-independent over F,(€) in K(a),, and therefore its image by f is p-
independent over F,(€) in K(d),, and also in K* as K* is separable over
K(d),. Finding such a d will then finish the proof.

By (2.1), there is a tuple b C @ such that b is transformally transcendental
over K, K(a), is separable and transformally algebraic over K(b),. The
saturation of K* implies that K* contains a tuple ¢ of the same length as
b, of elements transformally transcendental over K, and such that K* is a
separable extension of K (&),. Indeed, let n = |b|; then for any m, the partial
type saying that the elements o(z;), i = 0,...,m — 1,j = 1,...,n, are
distinct and p-independent over K (in K*), is finitely consistent, and therefore
realised in K*. Choose a tuple ¢ = (c1,...,c,) such that the elements o(c;),
1 € Z,1 < j < n, are p-independent over K. Then the tuple ¢ is transformally
transcendental over K, and K* is a separable extension of K(¢),.

As in the proof of (2.6), we show that there is a K-isomorphism of difference
fields f : K(b)S — K(¢) C K*. We use the saturation of K*, (2.10) and
(2.11), axiom (iv), and reason as in the proof of (2.6) to get a tuple d in K*
and a difference field isomorphism extending f : K (b,a), — K* and sending
a to d. By axiom (iv) and (2.11), we may assume that the p-basis of K(d),
over K(¢), stays p-independent in K*, and this implies that K* is a separable

extension of K(d),. This finishes the proof.

(2.13). At first sight, the axiomatisations of SCFA, » are quite different
for e € N and for e = co. We will show that SCFA » is nevertheless the
limit of the theories SCFA, », e € N.

PROPOSITION.  Let 0 be an Ly ,-sentence, and assume that SCFA » = 0.
There is ey such that for all e > ey, SCFA. » = 6.

Proof. By compactness, it suffices to show the assertion for all sentences
occurring in the scheme of axioms given in (2.12). This is clear for axioms
of type (i) or (ii). Let K = SCFA, ), let b be an m-tuple of p-independent
elements of K, and U, V varieties defined over K and satisfying the hypothe-
ses of (2.11). Assume moreover that m + (s — ) < e (in the notation of
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(2.11)). We will show that there is a tuple @ in K such that (a,o(a)) € V and
{b,asy1,...,as} is p-independent.

Let 0(%,7) be the L) ,(K)-formula expressing this property of the tuple
(a,b), and let K(a), be the extension of K constructed in Lemma (2.11).
Then {a;41,...,as} is contained in a p-basis C of K(a), over K. Fix a p-
basis B of K containing the m-tuple b, and consider the extension M of K (a),
constructed in Lemma 2.2(b). Then M is a separably algebraic extension of
a field My which is isomorphic to the field of fractions of K(X, | ¢ € C)p.
Hence it is enough to show that the elements of {b, X,, | i = r +1,...,s}
are p-independent in the field of fractions of K(X. | ¢ € C)p. This will
immediately follow from the following claim:

CLAIM. Let ¢y,..., ¢, be distinct elements of B. Then B\ {c1,...,cp} U
{X1,...,X,} is a p-basis of the field of fractions K,, of K(X1,...,Xn)B-

Proof. This is proved by induction on n. Assume first that n = 1. We
identify I(B) with I(B\ {c1}) x {0,...,p — 1}, by viewing a p-monomial in
B as the product of a p-monomial in B\ {¢1} with a p-monomial in ¢;. This
allows us to write

X = z_:( > XPimi(B\{a}))dl.

i=0 jel(B\{c1})

Hence ¢ satisfies an equation of degree p — 1 over KV[B\ {c1}, X]; ¢1 is
also purely inseparable over this field, and hence is an element of this field.
As B is a p-basis of K1, so is B\ {¢1} U {X}, which proves the claim when
n=1.

Assume the result proved for n and view K, 41 as the field of fractions of
K, (Xn+1)B. By induction, B, = B\ {c1,...,cn} U{X1,..., X, } is a p-basis
of K,, and by (1.11), K,,(X,,41)p is naturally isomorphic to K,,(X,+1)p, by
a K, [X,,+1]-isomorphism. Hence the case n = 1 gives us that B, \ {c,4+1} U
{Xns1} =B\{c1,. . ,ent1} U{X1,..., Xpnt1} is a p-basis of K.

By the claim, M is a separable extension of K, of the same degree of
imperfection as K, and which satisfies 3z 0(Z,b). By model completeness of
SCFA. », K also satisfies this formula. Note that the integer ey does not
depend on the parameters defining U and V but only on m + s — r. This
proves the proposition.

3. Elementary invariants and types

Recall that if K is separably closed and A C K, then the model-theoretic
algebraic closure of A inside the L-structure K is obtained by taking the
separable closure of the L£y-substructure of K generated by A (see [D]). Let
K be a model of SCFA, , for some e. If A C K, we define acl,(A) (or
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acly x (A) if we need to specify in which field we take the A-closure) to be
the smallest separably closed subfield of K that is closed under o, ¢~! and
the A-functions of K and which contains A. We know by results in [CP] that
any completion of SCFA, , is simple. We also know that if K = SCFA, »,
then the theory of K is completely determined by the isomorphism type of
any difference separably closed subfield K of K of degree of imperfection e.
Thus, a priori, the theory of K might depend on the action of ¢ on a given
p-basis. We will show that this is not the case, and that Th(K) is completely
determined by the isomorphism type of its difference subfield F;. We will also
obtain a slight generalisation of the independence theorem, and show that
types over algebraically closed sets coincide with Lascar strong types. We
start with a description of p-bases when e € N.

(3.1) LEMMA. Let K = SCFA. ), and assume that B is a finite p-
independent subset of K such that o(B) C KP[B]. Then there is a finite
set D of elements fized by o, such that KP[D] = KP[B].

Proof. Let e = |B|, fix an enumeration of the p-monomials m;(B) in B,
i=1,...,p°% and let m;(c(B)) = o(m;(B)). As o(B) is also p-independent
in K, we have that K?[o(B)] = KP[B]. Let A = (a;;) be the (p® x p°)-
matrix with entries in K defined by m;(a(B)) = 3_; a ;m;(B). Then A is an
invertible matrix. Consider the following system of equations, in the unknown

X =(X1,...,Xpe):

X1 o(Xy)
) | =a|

Xpe o(Xpe)
If (c1,...,cpe) is a solution of (1) in AP*(K), then

e e

a(_ cfmi<B>> = Y ote)rmia(B) = Y ole) Y af my(B)

=3 (o(ei)azi)’m;i(B) = &m;(B),
L £ =

so that Zf; c?m;(B) is fixed by o and belongs to K?[B]. Let F = Fix(o).
The set of solutions of (1) in A?"(K) forms an F-vector space, and we will
first show that it generates a K-vector space of dimension p¢. We prove by
induction on ¢ < p® that there are p°-tuples ¢1,...,¢; which are solutions of
(1) and are (K-)linearly independent. Assume that we have already found the
elements ¢y, ..., ¢;, and that ¢ < p. Consider the (p¢ x (i + 1))-matrix with
columns X, ¢, ...,¢. Since the vectors ¢y, ..., ¢ are independent in AP"(K),
this matrix has a submatrix of size (i + 1) x (i + 1) with non-zero determinant
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g(X) € K[X]. Let U C AP"*! be the variety defined by g(X)X’ = 1, and let
V C U x o(U) be defined by X = AY. Then U and V satisfy the hypotheses
of axiom (iii) of SCFA. ) (note that k(U) = k(V)), and therefore there is
(¢,c) in K such that ¢ = Ao(¢) and ¢g(¢)c’ = 1. Then ¢4, ...,¢;, ¢ are linearly
independent solutions of (1).

Fix linearly independent solutions ¢; = (¢1;),...,Cpe = (cpe,;) of (1), and
let dj = >0_, ¢} ;m;(B) for i = 1,...,p° Then the elements di,...,dp. are

linearly independent in the KP-vector space K. We claim that {di,...,dpe}
contains a p-independent subset of size e. This is again proved by induction
on i < p° Assume that j(1),...,j(i) are such that d;q,...,d;q;) are p-
independent in K. Then KP[d;,...,d;@)] is a KP-vector space of dimension
p'. If i < e then there is an n such that d,, ¢ KP[d;qy, ..., dj@), ie., such
that d;(1),...,dj(),dn are p-independent in K, and we let j(i +1) = n.
Hence KP[B] N F contains a p-independent set D of size e. This implies that
KP[B] = K?[D].

(3.2) COROLLARY. Lete € N and let K be a model of SCFA. x. Then K
has a p-basis consisting of elements fized by o.

(3.3) COROLLARY. Let K |= SCFAx x, and assume that K is transfor-
mally algebraic (over §). Then K has a p-basis contained in Fix(c).

Proof. If @ is a tuple of elements of K, then the field F,(a), has finite
transcendence degree, and therefore KP(a), is a finite extension of KP. By
(3.1), there is a finite tuple b of elements of Fix(c) such that K?(a), = KP(b).
Hence we get that K C KP(Fix(c)), and therefore Fix(o) contains a p-basis
of K.

(3.4) LEMMA. Let k be a separably closed difference field, let K1 and Ko
be difference fields containing k, which are linearly disjoint and separable over
k. Let By be a p-basis of K1 over k and By a p-basis of K5 over k, and assume
that there is an injection f : By — B, and that the elements of By U f(B)
are fized by o. Then K1 and Ky are contained in a common difference field
L, which is separable over Ky and over Ko, and in which Bs is a p-basis of
L over k. If f is onto, then By is also a p-basis of L over k.

Proof. As K; and K, are linearly disjoint over k, the field K7 K> has a
unique structure of a difference field extending those of K7 and Ks; this result
is well-known but we will repeat the proof. To avoid confusion, let us denote
by o; the automorphism of K;, for i = 1,2. By assumption o7 and o9 agree
on k. Since K and K are linearly disjoint over k, their composite K7 K> is
separable over K7 and over K>, and is isomorphic to the field of fractions of
K ®y Ky. Define o on K1 K5 by setting o(a ® b) = 01(a) ® 02(b) for a € K3
and b € Ko, and extending to K1 Ks. This is well-defined as K; and K5 are
linearly disjoint over k and o1 and oy agree on k.
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Let C = {b—f(0) | b € By} and L = K, K5[c'/?" | ¢ € C,n € N].
By assumption, the elements of C are fixed by o, which implies that the
automorphism ¢ of KjKs extends uniquely to an automorphism of L, with
o(ct/P")y = cM/P" for ¢ € O, n € N. Clearly we have L = kLP[Bs], so it is
enough to show that B; and By stay p-independent in L. This will ensure
that L is separable over K; and over Ks.

As K7 and K5 are linearly disjoint over k, we know that B; U B is a p-basis
of K1 K5 over k. Then B1 UC U (Bg\ f(By)) is also a p-basis of K1 K over k.
Thus K3 K5 is a separable extension of k(C), with p-basis By U (Bz \ f(B1))
over k(C'). Lemma (1.12) tells us that B;U(B2\ f(B1)) remains p-independent
over k(c'/?" | ¢ € C,n € N) in L. This proves the result for By; the proof for
B> is similar, using the fact that B U C' is a p-basis of K1 K> over k.

(3.5) THEOREM. Let (Ky,01) and (K3,02) be models of SCFA, x, with
a common difference subfield (A, o), and let A; =ger acly, i, (A) fori=1,2.
Then

(K1,01) =4 (K2,02) <= (A1,01) >4 (A2, 09).

Proof. The left-to-right implication is clear. For the reverse implication,
let f: (A1,01) — (Az,02) be an A-isomorphism of difference fields. Let
g be an A-automorphism of the field Q which extends f~!. Because A; is
separably closed and K7, g(K>) are separable over A;, we may choose g such
that the field g(K>) is linearly disjoint from K over Aj; then g(A4s) = 4; is a
substructure of the difference field (g(Kz), go2g~1), and it is enough to show
that (9(K2), go29™ 1) =4, (K1,01). Hence we may assume that A = A; = A,
and that K; and Ky are linearly disjoint over the separably closed field A.
Then there is a unique automorphism o of KiKs which extends o1 and o5
(see the proof of (3.4)).

Our assumption then implies that K; and K> are separable extensions of
A, and that they have the same degree of imperfection e € N U {oo}. If
e = 0o, then by (2.12) the £ o-structure (K1K5,0) embeds in a model L of
SCFA . », separable over K; and over K».

If e € N, then by (3.1) K; and K> have p-bases which are fixed by o7 and
o9, respectively. Let C; C K; NFix(o;) be a p-basis of K; over A for i = 1, 2.
If B is a p-basis of A, then |B|+|C;| = e, and therefore |C;| = |Cs|. By (3.4),
there is a difference field Lo containing K K5, which is separable over A, and
in which C; and Cy are p-bases over A. Thus Lg is a separable extension of
K7 and of K, of degree of imperfection e. By (2.6), Ly embeds in a model L
of SCFA. ), separable over K; and over Kj.

In both cases, the model completeness of SCFA, » gives us that (K;,0;) <
(L,0) for i = 1,2, and therefore that (K1,01) =4 (K2,02).
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(3.6). This result has numerous consequences, which we now list. Most of
them already appear in [CP].

COROLLARIES. Let K be a model of SCFA, ».

(1) Let A = acly(A) and B = acl,(B) be subfields of K. Any difference
field isomorphism f between A and B is elementary.

(2) Let K = SCFA., let A C K, and let @ and b be tuples from K.
Then tp(a/A) = tp(b/A) if and only if there is a difference field iso-
morphism f : acl,(A,a) — acl,(A,b) which fives A and sends a to
b.

(3) The completions of SCFA. x are obtained by describing the isomor-
phism type of the difference field ;.

(4) Lete € N, b= {b1,...,b.}. The completions of SCFA., are obtained
by describing the isomorphism type of the L, (b)-structure
(Fp(by, ... be)* by, ... be).

(5) Let A C K. Then acl,(A) is the model theoretic algebraic closure of
Ain K.

(6) Let o(Z) be a formula of L. Then ¢(Z) is equivalent modulo SCFA. »
to a disjunction of formulas of the form

(%) 3 ¢ (Z,9),

where (T, ) is a positive quantifier-free Ly ,-formula. Moreover
there is a finite tuple F(Z) of terms of the language L » such that in
any difference field K, if (a,b) is a tuple of K satisfying ¥, then b is
separably algebraic over F,(F'(a)).

(7) If b= {b1,...,b.}, then any completion of SCFA., eliminates imag-
maries.

Proof. (1) Extend f to an automorphism of €2, and consider the difference
field (L,7) = (f(K), fof~!). Then acl, (B) = B; by (3.5) this implies that
(L,7) =p (K,0). As f defines an isomorphism between the difference fields
(K,o) and (L, 7), this implies that f is elementary.

(2)-(4) are clear by (3.5).

(5) As acly(A) is separably closed, and K is a separable extension of
acl, (A), there is an acl, (A)-automorphism g of £ such that the field g(K) is
linearly disjoint from K over acl,(A). As in the proof of (3.5), there is a model
M of SCFA. », containing the difference fields (K, o) and (g(K),gog™"), and
separable over K and g(K). Then K < M, g(K) < M, and every type over A
realised in K\ acl, (A) is realised anew in g(K), and is therefore non-algebraic.

(6) Let X be the set of formulas of the form given by (x). Then ¥ is closed
under finite conjunctions.

Let K be a model of SCFA, ), and let @ be a tuple of elements of K.
By (3.5), the type of @ (over @) is obtained by describing the isomorphism
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type of the difference field acl,(a) with distinguished constants the elements
of a. Hence it is axiomatised by an infinite conjunction of formulas of ¥
(note that for any formula 6(y) we always have 0(y) <= 0(o(7)); this
allows us to describe the isomorphism type of acl,(a) without using o~1).
Use compactness to deduce that each formula is equivalent modulo SCFA. »
to a disjunction of formulas of X.

(7) Let K |= SCFA. ;. Then any algebraically closed substructure of K
is a separably closed field of degree of imperfection e, because the language
contains symbols for elements of a p-basis. Thus Theorem (3.7) of [CP] (the
independence theorem) holds over any algebraically closed subset of (K,b).
The proof of (2.9) in [CP] then gives us the result.

(3.7) Definition of independence, and the independence theorem.
Let K = SCFA., let A,B,C C K. We say that A and B are indepen-
dent over C' iff the fields acl,(C, A) and acl,(C, B) are linearly disjoint over
acl, (C), and if, moreover, K is a separable extension of acl,(C, A) acl, (C, B)
when e = oo.

The following result is a simple generalisation of (3.7) in [CP], and implies
that any completion of SCFA. ) is simple, and that independence as defined
above is non-forking, provided acl,(C) contains a p-basis of K if e is finite
(see [KP]). It also gives a description of the Lascar strong types: Lstp(a/A) ~
tp(a/ acly(A)), provided acl,(A) contains a p-basis of K when e € N.

THEOREM. Let K |= SCFA, , let E = acl,(E) C K. Let a,b,¢, and ¢
be tuples from K which satisfy:

(i) @ and b are independent over E, @ and ¢, are independent over E, b
and ¢ca are independent over E.
(i) tp(c1/E) = tp(ca/E).
(iii) If e € N, then E contains a p-basis of K.
Then in some elementary extension of K there is ¢ realising tp(¢1/E U a) U
tp(G2/FE Ub), which is independent from (a,b) over E.

Proof. The proof is absolutely standard, and follows the lines of (3.7) in
[CP]. Below we will indicate some changes or remarks, which will allow the
reader to modify suitably (3.7) of [CP]. Let A = acl,(FE,a), B = acl,(E,b),
C = acl,(F,¢ ), Co = acl,(F, ), and T = SCF..

(1) Note that our independence assumptions on A, B, C' and Cy simply
mean that tpy(A/B), tpy(A/C) and tpy(B/C3) do not fork over E; see [D].

(2) Moving ¢; by an A-automorphism, we may assume that C' is indepen-
dent (in the sense of T') from (A, B) over E: if e = oo, this is immediate; if e
is finite, this is because E contains a p-basis of K.

(3) delr(—) will denote the A-closure, and acly(—) the separable closure
of dclp(—) (i.e., we are not working in 7°% as in [CP]). In our case, the
independence assumptions give dcly (A4, B) = AB, acly(A, B) = (AB)?, etc.
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(4) The claim is replaced by the following:
CrLamM. (AB)*(AC)® and (BC)*® are linearly disjoint over BC.

By Remark (1.9) in [CH], we know that (AB)*(AC)* N (BC)* C B¥sCals,
As B¥8(C? is purely inseparable over BC, this implies that (AB)*(AC)* N
(BC)® = BC, which gives the claim because (BC)® is a Galois extension of
BC.

(5) From this new claim, we deduce that o U o2 defines an automorphism
of L = (AB)*(AC)*(BC)®. Since the degree of imperfection of L is < e,
we can embed L into a model K* of SCFA. . The result then follows from

(3.6)(2).

(3.8) COROLLARY. Independence as defined in (3.7) coincides with non-
forking.

(3.9) CorOLLARY. Let A = acl,(A) C K = SCFA, x, and assume that
A contains a p-basis of K if e is finite. Then the Lascar strong type over A
of a tuple @ in K is implied by tp(a/A).

Proof. We first recall the definition of the Lascar strong type. Let K* be
a large saturated elementary extension of K, and consider the group H of
automorphisms of K* generated by all groups Aut(K*/M) where A C M <
K*. Then two elements of K* have the same Lascar strong type over A if
they are conjugate by some element of H.

It is enough to show that if b realises tp(a/A) and is independent from
a over A, then there is a difference field M containing A, such that M =4
K and tp(a/M) = tp(b/M). Since A is separably closed, there is an A-
automorphism f of Q such that f(K) is free from acl, (A, @,b) over A. Then
(K, fof™') =4 (K,o0). Since @ and b realise the same type over A, there
is an A-isomorphism ¢ : acl,(A4,a) — acl,(A,b) which sends a to b. By
the independence theorem (3.7), there is M realising tp(f(K)/acl,(4,a)) U
g(tp(f(K)/acl,(A,a)), and independent from acl, (4, a,b) over A. Then we
have M =4 K, and tp(a/M) = tp(b/M).

4. Properties of models of SCFA, )

In this section, we show how some of the results of [CH] generalise to the
theory SCFA. . If K |= SCFA. ), we study Fix(o), the difference fields
(K,0™), and the difference field K?~ when K is w-saturated.

(4.1) PROPOSITION. Let (K,0) be a model of SCFA. x, and let n > 0.
Then (K,o™) = SCFA. x. If (K, 0) is k-saturated, so is (K,o™).
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Proof. The result will follow from the following claim:

CraM. Let (k,o0) be a separably closed difference field, let (K,o™) be a
separably closed difference field extending (k,o™), separable over k, and of
the same degree of imperfection as k if e € N. Then there is a difference
field (L,o) containing (k,o) and such that (L,o™) extends (K,o™) and is a
separable extension of K.

The proof of this claim is identical to the proof of (1.12) of [CH], but we
will repeat it. For i = 1,...,n — 1, choose a field extension K; of k, which
is isomorphic to K by an isomorphism f; : K — K; which agrees with % on
k, and let Ky = K, fo = id. Since k is separably closed and the K;’s are
separable extensions of k, we may assume that the K;’s are linearly disjoint
over k, so that the composite L of Ky --- K, _1 is the field of fractions of the
domain Ky®y K1 Q-+ ®k K,_1. Note that L is a separable extension of Kj.
Fori=0,...,n—2,let ; = fi+1fi_1 : K; — K, y1; then o; is an isomorphism
which agrees with ¢ on k. Let 0,1 = o” n__ll : K,,_1 — K; then o,_1
is an isomorphism which agrees with ¢ on k. Thus the isomorphisms o;,
1 =0,...,n—1, extend to a unique automorphism ¢’ of L, which agrees with
o on k. It remains to show that o’" agrees with ¢™ on K. Let a € K; then
0"(@) = Ons -+ 0100(a) = (0" £ ) (Fus - £ V(iS5 @) = 0" (a).

Thus any instance of axiom (iii) or (iv) for (K,0™) has a solution in a
difference field (L, o) containing (K, o), separable over K and of the same
degree of imperfection. This shows that (K,c™) is a model of the scheme of
axioms (iii) and (iv) if e = co. It is also clearly a separably closed o"-difference
field of degree of imperfection e, and is therefore a model of SCFA. y. The
statement about saturation is proved similarly.

(4.2) PROPOSITION. Let (K,0) be a model of SCFA, x, let T = o™ Frob™
for somen > 1 and m € Z, and let F = Fix(7), the subfield of K fized by
7. Then F is a PAC field (i.e., every absolutely irreducible variety defined
over F has an F-rational point), and Gal(F*/F) ~ 7. Furthermore, K is a
separable extension of F', and the degree of imperfection of F is e if m = 0,
and 0 otherwise.

Proof. Let us first do the case m # 0. Then F C k = KP | so that
F is perfect. Let V be a variety defined over F. Let (L,0) be a model of
ACFA containing k, linearly disjoint from K over k and let F’ be the subfield
of L fixed by o" Frob™. The composite field KL is then a difference field,
separable over K and of the same degree of imperfection, so that it embeds in
some elementary extension K* of K. Since V is defined over F' C k, and L is a
model of ACFA the variety V has an F'-rational point, and Gal(F'*/F") ~ Z.
Hence, in K*, if F* = Fix(¢™ Frob™), then the same statements are true of
F*.
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If m = 0, then by (4.1) we may assume that 7 = 0. Let V' C Q" be an
absolutely irreducible variety defined over F, and consider the subvariety W
of V xV intersection of V' x V with the diagonal of 2" x Q™. Then W satisfies
the assumptions of axiom (iii) or (iv), and so (K, o) contains a tuple a with
(a,o(a)) € W. Then a € V(F) by definition of W.

Fix n > 1, let t1,...,t, be algebraically independent over K, and extend
o to K(ty,...,t,) by setting o(¢t;) = t;41 for i < n, and o(¢,) = t;. Then the
difference field K (t1,...,t,) is a separable extension of K, and satisfies the
sentence 3z 0" (x) = x A /\?:_11 o'(z) # x. As K is existentially closed, K also
satisfies that sentence, and therefore F' has at least one extension of degree n
for every n > 1. On the other hand, we know that Gal(F*/F) is generated
by the restriction of ¢ to F'®, which implies that F' has at most one extension
of degree n for each n. Hence Gal(F*/F) ~ Z.

As the A-functions of K are definable, F' is closed under the A-functions of
K, and therefore K is a separable extension of F'.

If e € N, then (3.2) shows that F' contains a p-basis of K. If e = oo,
then axiom (iv) ensures that F' contains infinitely many elements which are
p-independent in K.

REMARK. The conclusion that Fix(o) is PAC with absolute Galois group
isomorphic to Z was also proved by Kudaibergenov; see [Ku.

(4.3) PROPOSITION. Let (K, 0) be a model of SCFA. » for some e € N,
let 7 = o™ Frob™ for somen > 1 and m € Z, and let F = Fix(r). Then every
definable subset D of F* is definable using only parameters from F. If n =1,
then D 1is definable in the pure field F'.

Proof. Let D C F* be definable in K. The automorphism o fixes D, and
therefore, by elimination of imaginaries of SCFA.; ((3.6)(7)), the set D is
definable by a formula of £, , with parameters in F.

If n = 1, then any field automorphism of F' is an L) s-automorphism
(because o|p = 2P~ " is definable in the pure field language, and because K is
a separable extension of F'). Fix a finite set of parameters ¢ in F' over which D
is defined, and let Fy be a countable elementary substructure of F' containing
¢. By compactness, it suffices to show that SCFA, , Utpp(a/Fo) F tpg (a/Fo)
for any a € D. (Here, tpp(a/Fo) denotes the type of the tuple @ over Fy in the
pure field F, and tpy(a/Fp) the type of @ over Fy in the difference field K.)
Without loss of generality, we may assume that F' is sufficiently saturated.

Let d € F realise tpp(a/Fp). Then there is a field automorphism f of F
which leaves Fj fixed and sends @ to d. Since Fp is an elementary substructure
of F, F' and F§ are linearly disjoint over Fy, and F§F = F°. Hence f
extends to an automorphism of F'® which is the identity on F{§. This implies
that f commutes with o because Gal(F*/F) ~ Gal(F§/Fy). By (3.6)(1),
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f is an elementary partial map of the difference field K, and this gives the
conclusion.

(4.4) LEMMA. Let k C K be difference fields, and assume that K is sep-
arable over k. Let L be the subfield of K consisting of elements transformally
algebraic over k. Then K is a separable extension of L.

Proof. Let a be a finite tuple of elements of L. By the definition of L,
the transcendence degree of k(a), over k is finite. Hence there is a finite
tuple b C {o*(a) | i € N}, that is maximal p-independent over k in K. Then

k(@), € kKP[b]. As o is an automorphism of K, we also have k(a), C
kKP[o"(b)] for any n. Also, there is a positive integer m such that k(a), =
k(@P)q[a,...,oc™(a).

We will show that there is a finite tuple @ of elements of K, such that

o™(a) C k(a?), (b, uP) for every n € Z. Indeed, choose @ such that @, . .., 0™ (a)
€ k(b,uP); then k(a), C k(a?),[a,...,o™(@)] C k(a?),(b,uP). As o is an
automorphism of K, each ¢"(b) is also p-independent in K. Consider the
k(aP), (uP)-vector space V generated by the p-monomials in b. It has di-
mension pl’l. The p-monomials in ¢™(b) are also linearly independent in V'
because the elements of o™ (b) are p-independent in K, and this implies that
k(aP), (b, uP) = k(aP),(c"(b),uP) for every n € Z. Fix a p-basis B of k. Then
o™(B) is also a p-basis of k and k = kP[B] = kP[c"(B)]. Hence for every
n € Z we have
(1) k(@a)s C (k(a)o(w))"[B,b] = (k(a),(@))"[o"(B), " (b)].
Fix ¢ € k(a), and a finite subset By of B such that ¢ € KP[By,b]. From
equation (1), we get that \;(By U {b};c) and X\;(c™(By) U {a"(b)}; 0™ (c)) €
k(a),(u) for every n € Z (the A-functions are those of K). As the latter is the
image of the former by ¢™, we obtain that the difference field generated by
the elements \;(By U {b};c), where ¢ € k(a), and By is a finite subset of B,
has finite transcendence degree over k(a),, and therefore is contained in L.

This shows that L is closed under the A-functions of K, and therefore that
K is a separable extension of L.

(4.5) PROPOSITION. Let e € NU {oo}, and let k be a difference field of
degree of imperfection < e. Let (K,o0) be a model of SCFA, x, separable over
k. Let L be the set of elements of K which are transformally algebraic over
k. Then L < K.

Proof. The difference field L is certainly separably closed; hence L satisfies
(i) and (ii). Any instance of axiom (iii) or (iv) is satisfied in a transformally
algebraic extension of L contained in K, and hence in L, by the definition of
L. If e € N, then K has a p-basis consisting of elements fixed by o (by (3.1)),
and these elements are therefore in L. If e = oo, then Fix(o) C L has infinite
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degree of imperfection by (4.2). By Lemma (4.4), K is a separable extension
of L. The model-completeness of SCFA.  gives the result.

(4.6) PROPOSITION. Let K be an w-saturated model of SCFA. x, and let
k= KP". Then k = ACFA.

Proof. Clearly k is a difference subfield of K and is algebraically closed. We
need to show that if U and V are varieties defined over k, with V' C U x o(U),
and such that V' projects generically onto U and onto o(U), then there is a
tuple a in k such that (a,o(a)) € V. Let ko be a countable algebraically closed
difference subfield of k over which U and V are defined. Choose, in some satu-
rated model of ACFA containing kg, an element a satisfying (a,c(a)) € V, and
such that ky(@), and K are linearly disjoint over ko. Consider k; = ko(a)2®.
As kg is algebraically closed, ki is a separable extension of kg, and therefore
k1K is a separable extension of K, of the same degree of imperfection. Hence
there is an elementary extension L of K containing kK, and a € LP” . By
w-saturation of K, tp(k1/ko) is realised in K.

(4.7) PROPOSITION. Let k and K be as above. If D is a quantifier-free
definable subset of K™, then DNK™ is quantifier-free definable in the difference
field (k, o).

Proof. We will first show that we may assume that D is quantifier-free
definable by an £,-formula, and then that we can assume that its defining
parameters are in k. The first assertion follows from the fact that the value of

the Ad-term X; o (%1, ..., Tm; Tm1) at any tuple (a1, ..., amy1) with a; € KP
is a}/ Pifj=m+41,aq,...,an are p-independent, and the p-monomial corre-
sponding to A; ,, is the p-monomial 1, and is 0 otherwise. Hence there is an in-

teger £ such that a tuple (a1, ..., a,) is in DNK™ if and only if (ai/pe, ceey ai/pz)
satisfies some L, (K)-quantifier-free formula, if and only if (aq,...,a,) satis-
fies an L, (K)-quantifier-free formula. Hence we may assume that D is a
Boolean combination of o-closed subsets of K™.

For the second assertion we may therefore assume that D is a o-closed
subset of K™. Then D’ = D N k™ is a o-closed subset of k™. If a;,7 € N,
is an infinite indiscernible sequence of tuples in D’, then D’ is defined over
acl, (@;,7 € N); see [CH, (2.13)]. As acl,(a;,7 € N) C k, we get the result.

REMARK. There are, however, definable subsets of £ which need param-
eters from K. E.g., if the characteristic is # 2, let b € K \ k be such that
o(b) = b, and consider the set D defined by

olx)=xzAJyoly)=yAy*=x—b.
Then D Nk is not definable in the difference field (k, o).
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5. Modularity

In this section we investigate modularity of definable subsets of models of
SCFA., (for a fixed e € N). A word of warning on the terminology: our
notion of modularity does not coincide with the notion of modularity defined
on minimal sets; in the case of a stable theory, our notion agrees with one-
basedness. Recall that in models of ACFA we have the following results (see
[CHP)):

Let S be the set of realisations in a model of ACFA of a set of types over
some set E. If S is modular, then all elements of S are transformally algebraic
over E. Assume that all elements of S are transformally algebraic over E.
Then S is modular if and only if S is orthogonal to all formulas o™ (z) = 2",
withn > 1, m € Z.

We investigate how these results extend to models of SCFA, ;. We are not
able to show the first assertion in our case. Assume now that S is such that
any tuple of S is transformally algebraic over E. We are then able to show
that non-modularity of S implies that S is non-orthogonal to some formula
o™(x) = xP" as above; the converse only holds if S is definable, and we give
examples of modular co-definable subsets of Fix(c™ Frob™ ™). It is also likely
that there are co-definable modular sets which contain elements not trans-
formally algebraic over E. We derive some consequences of modularity for
quantifier-free definable subsets of modular subgroups of an algebraic group.
We end the chapter with some questions and an example.

(5.1) Definition of modularity. Let T be a simple theory, M a large
saturated model of T and E = acl(E) a small subset of M. Let S C M™ be a
set which is invariant under Aut(M/FE). Thus, S is either a definable set, or
is the union of realisations of a set of types over E.

We say that S is modular if whenever @ and b are finite tuples of members
of S and C = acl?®(E,a) Nacls(E,b), then tp(a/C,b) does not fork over C.

(5.2). We will consider the theories T = ACFA and T = SCFA. ;. Note
that any completion of either theory is simple and eliminates imaginaries.
Recall that in case T' = ACFA, the algebraic closure of a subset of a model
of ACFA is simply the smallest algebraically closed difference field containing
that set (see [CH, (1.7)]). In case T = SCFA., algebraic closure coincides
with acly; see (3.6)(5).

In both theories, independence of sets A, B over C' is defined as linear
disjointness of acl(C, A) and acl(C, B) over acl(C), and the independence
theorem holds, thus showing that our notion of independence coincides with
non-forking. It follows that the modularity of S can be expressed as follows:
If @ and b are finite tuples of members of S, then the fields acl(E,a) and
acl(E,b) are linearly disjoint over acl(FE,a) N acl, (E,b).
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The following lemma is routine. Note that we are using here that if A =
acl(A) and @, b are independent over A, then acl(4,a) Nacl(A,b) = A. The
corresponding statement with acl®d may be false in an arbitrary simple theory.

LEMMA. Let K |= SCFA., be sufficiently saturated, and let S be a set of
realisations of a set of types over some E = acl,(FE) C K. Assume that S is
modular. Let o(Z,q) be a formula over E, and assume that for every a € S
the set defined by p(a,q) is finite. Then the set U of tuples b such that there

isa € S satisfying (ZT,b) is modular.

Proof. Assume that U is not modular, and let ¢ = (¢1,...,¢,) and d =
(di,...,dn) be tuples of elements of U such that & and d are not indepen-
dent over C' = acl,(E,¢) N acl,(E,d). Choose tuples @ = (a1,...,a,),b =
(b1, .. by) in S such that ¢(a;, ;) and ¢(bj,d;) hold for all i, j, and such
that @ and d are independent over E U ¢, and b and @ are independent over
EUd. Then acl,(E,a)Nacl,(E,b) = C, since our independence assumptions
imply that acl, (E,a)Nacl, (E,b) C acl,(E,d), and acl, (E,a)Nacl, (E,¢,d) C
acl, (F, ). This contradicts the modularity assumption on S.

(5.3) LEMMA. Let K |= SCFA., and let S C K™ be a set of realisations
of a set of types over E = acl,(E) C K. If S is modular, then for any tuple
a of elements of S and any tuple b of elements of K, a and b are independent
over acl, (E,a) Nacl, (E,b).

Proof. Let @ be a tuple of elements of S and b a tuple of elements of K and
assume that @ and b are not independent over C' = acl,(E,a) N acl, (E,b).
Choose ¢ in acl, (E,a) and d in acl, (E, b) such that the fields C(¢), and C(d),
are not linearly disjoint over C'. Thus there is some algebraic set V' defined
over C(d), and not over C, such that (¢,...,0™(¢)) is a generic of the variety
V over C(d),. Let (@n,¢,),n € N, be an infinite sequence of realisations of
tp(a, ¢/ acl,(E,b)) that is independent over acl, (E,b), with (a1, ) = (@, ).
Then acl,(E,a1) Nacl,(F,a; | ¢ > 1) = C, and the tuples (¢;,...,c™(&)),
i > 1, are generics of V and algebraically independent over acl,(E,b). By a
classical result in algebraic geometry, a variety is defined over the algebraic
closure of a finite set of independent generic solutions, and this implies that V'
is defined over the algebraic closure of Fp(és, . .., ), for some n. This shows
that @, and (@s, . .. ,ay) are not independent over C, and therefore shows that
S is not modular.

(5.4) Definitions of orthogonality. We work in a model K of the theory
T, where T'= ACFA or T'= SCFA_ ;.

(1) Recall that two complete types p over A and ¢ over B are orthogonal
if, for any set C' containing A U B, if a realises p and is independent from C
over A, and b realises ¢ and is independent from C over B, then @ and b are
independent over C.
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(2) Let p be a complete type over A and S a set of realisations of a set
of types over E = acl(E). Then p is orthogonal to S if for any F = acl(F)
containing F and @ € S, tp(a/F) is orthogonal to p.

(3) If S and T are two sets of realisations of sets of types over some E =
acl(E), then S and T are orthogonal if for any F' = acl(F') containing E and
a€S,beT,the tuples @ and b are independent over F.

(4) Let E = acl(E) be a subset of K, and let S C K™ be a set of realisations
of a set of types over . We say that S is orthogonal to the fized fields if S is
orthogonal to all formulas ¢”(z) = 2?” where n > 1, m € Z. Similarly, we
say that a type p over E is orthogonal to the fixed fields if it is orthogonal to
all formulas 0™ (x) = 2P" where n > 1, m € Z.

REMARK. If tp(a/E) is orthogonal to the fixed fields, and b € acl(E,a),
then tp(b/E) is orthogonal to the fixed fields.

(5.5). The following result should have been proved in [CHP], but was
somehow overlooked:

PROPOSITION. Let L be a model of ACFA, let E = acl(E) C B =
acl(B) C L, let a € L be transformally algebraic over E, and assume that
acl(E,a)N B = E. Ifa and B are not independent over E, then tp(a/E) is
non-orthogonal to a fixed field.

Proof. Assume that B and a are not independent over E, but that tp(a/E)
is orthogonal to all fixed fields. Then E(a), and B are not linearly disjoint
over E. By [CH] (2.13)(1), Cb(a/B) is contained in the algebraic closure of
the difference field generated by finitely many realisations of tp(a/E), and
therefore is transformally algebraic over E. Hence there is b € B, with
tr.deg(E(b),/E) < oo, such that E(a), and E(b), are not linearly disjoint
over E. We may therefore assume that B = acl(E,b). The proof is by induc-
tion on SU(b/F), for all F' and all @ such that tp(a’/F) is orthogonal to all
fixed fields, and acl(F,a’) Nacl(F,b) = F.

Since b has finite SU-rank over E, by (3.4)(1) of [CH], there is F' = acl(F)
containing F and independent from b over E, and ¢ € acl(F,b) such that
SU(c/F) = 1. We may choose this F' independent from (@, b) over E, and this
implies that acl(F,@)Nacl(F,b) = F. Note that c is independent from @ over F'
because SU(¢/F) =1 and ¢ ¢ acl,(F,a). Hence tp(a/F, c) is orthogonal to all
fixed fields and SU(b/F,c) < SU(b/E). To use the induction hypothesis and
prove the result, it is therefore enough to show that acl(F,a,c) N acl(F,b) =
acl(F), c).

Assume that this is not the case and let d € acl(F,a,c) N acl(F,b), d ¢
acl(F,c). Using the semi-minimal analysis of tp(b/ acl(F, c)) (see [CHP] (7.3)
and [CH] (5.4)), we may assume that either tp(d/F, c) is modular of rank 1,
or that tp(d/F,c) is qf-internal to some fixed field defined by an equation
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o"(z) = 2" for some n > 1 and m € Z. Since tp(a/F,c) is orthogonal to all
fixed fields, it will be orthogonal to anything which is ¢f-internal to a fixed
field. Tt follows that tp(d/F,¢) is modular and of rank 1.

If tp(c/F) is modular, then so is tp(c, d/F) (see [CHP, (7.4)]), which gives
us a contradiction, as acl(F,c,d) Nacl(F,a) = F and d € acl(F,a,c). If
SU(d/F) = 1 and tp(¢/F') is non-modular, we also reach a contradiction,
since d € acl(F,a,c) implies d € acl(F,a). Hence we are left with the case
where SU(d/F) = 2 and tp(¢/F) is non-modular. Note that ¢ € acl(F,d).
Let (¢,d) = (¢1,d1),-..,(cn,dp),. .., be an infinite sequence of independent
realisations of tp(c,d/acl(F,a)); because a and (c¢,d) are not independent
over F'| the sequence (¢,,d,) is not independent over F', and there is a
largest ¢ such that SU(ey,dy,...,¢,d;/F) = 2i. Then dj,...,d; are inde-
pendent over F, and SU(d;+1/F,dy,...,d;) < 1. By the choice of our se-
quence, c¢iy1 ¢ acl(F,dy,...,d;), and d;11 € acl(F,dy,...,d;,c;y1). Hence
tp(di/ acl(F,da,...,d;,c;+1)) does not fork over F', and is not almost or-
thogonal to the modular rank-1-type tp(d; 1/ acl(F, ¢;+1)). This means that
tp(d/F) is non-orthogonal to a modular type of rank 1. Hence there is
F' = acl(F"), independent from (@,b) over F, such that acl(F’,d) contains
an element e realising a modular type of SU-rank 1 over F’. By the first case,
we have that acl(F”,a,e) Nacl(F’,b) = acl(F’,e). By the induction hypothe-
sis on SU(b/F',e) < SU(b/F"), we get that (a,e) and b are independent over
acl(F',e), and therefore that @ and b are independent over F’, which gives us
the desired contradiction. Hence this case cannot happen, which means that
acl(F,a,c) Nacl(F,b) = acl(F, c), and we are done.

(5.6) PROPOSITION. Let K |= SCFA.,, E = acl,(E) C K, and let S C
K™ be the set of realisations of a set of types over E, and assume that all
elements of S are transformally algebraic over E. If S is non-modular, then
S is mon-orthogonal to a fixed field.

Proof. Let L be a model of ACFA containing K, and assume that S is not
modular. Then there are ai,...,a, € S, and B = acl,(B) 2 E such that
(@1,...,4m,m) and B are not independent over C' = acl,(E,ay,...,a,) N B.
Let d € A = acl,(E,ay,...,a,) be such that the fields C(d), and B are not
linearly disjoint over C. We may assume that d contains @i ---" Gp,. By
Lemma 4.4, d is transformally algebraic over E, and therefore also over C.

We will denote by acly(—) the algebraic closure in the sense of L, and
by tp; types in the sense of Th(L). Recall that A = acl;(A) if and only
if A is an algebraically closed difference field. Hence, if A = acl,(A), then
aclp(A) = A¥e = AP~

Our assumption on A, B, C implies that acly(A) Nacly (B) = acly (C), and
that d is not independent from B over C (in the sense of L). By (5.5), this
implies that tp; (d/C) is non-orthogonal to a formula ¢”(x) = 2P for some
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n > 1 and m € Z, and we may assume that (n,m) = 1. Let Fix(r) be the
subfield of L fixed by 7 = o™ Frob™ ™.

Cramm.  There are independent realisations di,...,dp of tp(d/C) in K
such that C(dy, ...,dr)s NFix(T) contains an element not in C.

Indeed, since tp; (d/C) is non-orthogonal to o”(z) = zP”, there are in-
tegers k, /¢, and independent realisations di,...,dy of tp;(d/C?®®8) in L, el-
ements by,...,by of Fix(7) that are independent over C' and such that the
fields acly (C,dy,...,d;) and aclp(C,by,...,be) are not linearly disjoint over
C#e (see Remark (3.1)(1) in [CH]). Now acly,(C, by, ...,b,) is algebraic over
C(by,...,bg,..., 0" (b)), and hence we obtain that (by,...,oc" (b)) are
not algebraically independent over C(dy,...,d;),. Let V be the algebraic
locus of (by,...,0" (b)) over C(dy,...,dg)s; then (by,...,a" (b)) is a
generic of V, is fixed by 7, and therefore is also a generic of 7(V). Hence
7(V) = V, the field of definition of V is fixed by 7, contained in the per-
fect hull of C(dy,...,dy)s, and not contained in C?®%2. This implies that
C(dy,...,dy)s contains an element of Fix(7) not in C.

The above result depends only on the isomorphism type of the differ-
ence field C(dy, ..., dr)s, and so one may furthermore impose that the tuples
di,...,d} realise independent realisations of tp(d/C) in K. This proves the
claim.

Hence we have aj,...,amx in S, such that acl,(E, a1, ..., amk) N Fix(7)
contains an element b not in C, and hence not in £. Thus there is ¢ such that
beacl,(F,a1,...,3;), b ¢ acl,(E,as,...,a;—1), and we have shown that S is
non-orthogonal to a fixed field.

(5.7) PROPOSITION. Let K = SCFA.y, let S be a definable modular
subset of K™, defined over E = acl,(E). Then S is orthogonal to the fixed
fields.

Proof. By (5.2) it suffices to show that any infinite definable subset S of
a fixed field k = {z | 0"(z) = 2"}, n > 1, m € Z, (n,m) = 1 if m # 0, is
non-modular.

We first assume that m = 0. By (4.3), we know that S is definable in
the pure field language within k. Let B be the p-basis of k (which is also a
p-basis of K). By Theorem 3.5 and Proposition 4.1, the type of a tuple a of
k is determined by the isomorphism type of its algebraic closure, which is the
relative separable closure in k of the closure of F\,(B, @) under the A-functions
Xi(B;—), i € I(B). Hence, using compactness, it follows that S = 7(W (k))
for some algebraic set W and algebraic morphism 7, which is finite-to-one on
W (k). By (5.2), we may therefore replace S by W (k), where W is a (absolutely
irreducible) variety defined over k. Then the function field k(W) is a regular
extension of k. Let z € k(W) be an element of a separating transcendence
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basis of k(W) over k, and let y € k(W) be such that k(W) Nk(z)® = k(z,y).
Then k(W) is a regular extension of k(z,y). If f(x,Y) € k(z)[Y] is the
minimal polynomial of y over k(z), then the equation f(X,Y) = 0 defines
an absolutely irreducible curve C, and we have a rational map g : W — C|,
defined over k; then, for all but finitely many (a,b) € C(k¥8), g~'(a,b) is
absolutely irreducible. Hence, since k is PAC, g(W (k)) is a cofinite subset
of the infinite set C(k). Thus we have reduced the problem to showing that
C(k) is not modular.

The proof now uses a trick already used for pseudo-finite fields. Observe
first that k(z'/?",y | n € N) is a separable extension of k, because k(z,y) is
separably algebraic over k(x). Let k1 be a saturated extension of k, and let
(a1,a2), (b1,bs) € C(k1), with a1,b1 € kfoo, transcendental and algebraically
independent over k. Consider (k;)*8(z,y). By 11.7 and 12.9 of [FJ], there
is a Zariski open subset U of A? such that if a,b € U, then the polynomial
f(a+bx,Y) is irreducible over (k1)8(x,v); since f has its coefficients in k,
the Zariski open set U is defined over k, and therefore contains a; and b;.

This shows that the algebraic set defined by f(z,y) =0 = f(a; +bix,y’) is
absolutely irreducible, and defined over k;. Hence it has a solution (¢, ¢z, ds)
in k1, and we may assume that c¢; belongs to k]foo and is transcendental
over k(al,bl). Let di = a1 + bicy. Then (61,62),(d1,d2) S C(kl) Since
ai,bi,c,dy € kfw, we have acl, (k,ay,b1) C k(ay,b1)® and acl, (k,c1,dy) C
k(c1,dq)*#, and therefore acl, (k, a1, b1) Nacl, (k, c1,dy) C k¥8Nk; = k. How-
ever, (a1,b1) and (c1,dp) are not independent over k, and this shows that
C(k) is not modular.

If m # 0, then k C KP~. Proposition (7.1)(1) of [CHP] gives that if F
is a difference field, and a € k, a ¢ E, then tr.deg(a/E) = n. This implies
that in K, any element of k is either in E or independent from F, so that
SU(k) = 1. Hence SU(S) = SU(k) = 1, and the non-modularity of the field
k implies the non-modularity of S. Observe that this also proves the result
for an oco-definable S.

(5.8) PROPOSITION. Let K |= SCFA.p, let S be a definable modular sub-
set of K™, defined over E = acl,(E). Then every tuple a € S is transformally
algebraic over E.

Proof. By (5.2) and (3.6)(6), we may assume that S is defined by a quan-
tifier-free L,-formula. Assume by way of contradiction that there is a =
(ai1,...,ay) € S which is not transformally algebraic over E. By Lemma 2.1,
a contains an element, say a;, which is transformally transcendental over FE
and such that F(a), is a separable extension of F(ay),. If S is the projection
of S on the first coordinate, then S is also modular by (5.2), and because
S is defined by a quantifier-free formula of £,, S7 contains all elements of
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K which are transformally transcendental over E. Then E(a, azfn | n € N),
is a separable extension of F, and we may therefore assume that a; € KP™ .
Let b = o(ay) — ay; then a; ¢ acl,(E,b), and acl,(E,b) C E(b)2# because
b e KP”. Hence the set Sy defined by = € S A o(x) —x = b contains aq, and
is infinite, and hence is modular and orthogonal to the fixed fields by (5.2)
and (5.7). But the set of solutions of o(x) —z = b equals a; + Fix(o), and we
get a contradiction.

(5.9) REMARK. Proposition 5.7 does not generalise to co-definable sub-
sets of K™ if e > 0. Indeed, let & = Fix(c). Hrushovski has shown the
following result (see 2.15, 2.16 and 5.6 in [H]):

Let L be a separably closed field, let G be a simple abelian variety defined
over L but not isomorphic to one defined over L™ . Then I' = (" [p"]G(L) is
modular.

Assume that L = k®, and that G is defined over k. Observe that if A C k,
then acly(A) (the model-theoretic algebraic closure of A in the sense of the
separably closed field L) equals acl,(A). Indeed, acl,(A) is obtained by taking
first the A-closure of the field generated by A under the A-functions of L, and
then its separable closure. On k, the A-functions of K, k and L agree (as they
have a common p-basis B), and this shows the assertion.

This implies that if A, B C k, then A and B are independent over C' =
acl, (4) Nacl, (B) if and only if they are independent over C in the separably
closed field L. Hence I' N G(k) is a modular subgroup of G(K).

(5.10) Two questions.

(1) Let S be an co-definable subset of K™, and assume that S is modular.
Does this imply that every element of S is transformally algebraic over
the set over which S is defined?

(2) Is there a criterion analogous to (5.6) for modular subsets of models
of SCFA » 7 Recall that by (3.7), forking may arise at the level of
p-independence and so we may have acl, (F, a) and acl, (E, b) linearly
disjoint over E = acl,(E), but @ and b not independent over E. We
also do not have a good description of imaginaries in SCF ».

(5.11). Modularity is an important tool in the study of definable sets, and
in our context, modular subgroups of algebraic groups have good properties.

THEOREM. Let K = SCFA, », let G be an algebraic group definable over
K and let S be a subgroup of G(K) which is co-definable by quantifier-free
L o-formulas and which is modular. Let U C G(K) be quantifier-free defin-
able. Then UNS is a Boolean combination of cosets of definable subgroups of
S. If S is defined over E = acl,(E), then so are these subgroups.

Proof. We assume K sufficiently saturated, and let B be the p-basis of K
(which is fixed by o and contained in F because the elements of B are in the
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language). Consider the set A of quantifier-free £y ,-formulas. Then over
any subset E = acl,(E) of K, there are at most |E|Y A-types. Indeed, the
A-type of a tuple @ over E is determined by the L)-type of the countable
tuple (¢%(@));ez over E. Since the theory SCF,  is stable, there are at most
|E|X0 L-types of countable tuples over F, and hence at most |E|®0 A-types
over E. The result now follows by a result of Pillay [P], because the formulas
of A are stable and witness forking. Since Pillay’s result is unpublished, we
will give an alternate proof of the result in our particular case, using the
underlying topology on Cartesian powers of K. Since we will be dealing with
integers which are powers of p, we will use the notation A" (K') to denote the
Cartesian product of m copies of K.

We put two topologies on A™(K): the o-topology and the Ao-topology.
The o-topology is the topology whose basic closed sets are defined by positive
quantifier-free £,-formulas, and we call these sets o-closed. This topology is
Noetherian (see [C]), and therefore any o-closed set X is the union of finitely
many irreducible o-closed sets, called the irreducible components of X. Note
that A™(K) is compact and Hausdorff.

The Ao-topology on A™(K) is generated by the closed sets X C A™(K) de-
fined by positive A-formulas; we call these sets basic Ao-closed. The Ao-tology
is not Noetherian, but every Ao-closed set is the intersection of countably
many basic Ao-closed sets. Again, each A™(K) is compact and Hausdorff.

For each n € N, we identify K with AP""(K) via the map ¥, : = —
(Au(B;))uer(sy»- Then the algebraic group G gives rise to an algebraic
group G,, = ¥,,(G) defined over K, of dimension p*” dim(G).

If X is a basic Ao-closed subset of A™(K), there is an integer n such that
X, = n(X) is o-closed in A™""" (K), and then X = (X,,). Thus the \o-
topology on A™(K) is the smallest topology such that all maps ¢, : A™(K) —
A™"" (K) are continuous, where A™P"" (K) is equipped with the o-topology.

We call a Ao-closed set X irreducible if it is not the proper union of two
closed subsets. We say that a Ao-closed set X is defined over C' if it is
defined by positive A-formulas with parameters in C. If X is defined over
C = acl,(C), and a € X, we say that a is a generic of X over C if X is the
smallest Ao-closed set defined over C' and containing a. By the saturation of
K, any (non-empty) irreducible Ao-closed set has a generic.

If H is an oco-A-definable subgroup of G(K), then H is Ao-closed, and H
is the intersection of definable Ao-closed subgroups of G(K). Indeed, H =
N, ¥ ' (H,), where H, is the o-closure of ¥, (H) in G, (K). We define the
connected component H° of H as the intersection of all Ao-closed subgroups
of H of finite index in H. Then HY is irreducible. Indeed, if H® is not
irreducible, then for some n the o-closure H? of 1,,(H°) is not irreducible in
the o-topology. Since the o-topology is Noetherian, ﬁg has a o-closed proper
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subgroup of finite index H’, and , *(H') N H° is then a proper Ao-closed
subgroup of H of finite index in HY.

Note that if H is defined over A = acl,(A4) D E, then so are the groups H,
and ﬁg, and therefore so is H°. Moreover, [ﬁn : ﬁg} < 00, and by elimination
of imaginaries, this implies that all cosets of fNIg in H, are defined over A.
Hence all cosets of H in H are defined over A.

The proof of the theorem follows the line of the classical proof, using the
Ao-topology. Let a be a tuple in S9, let E C A = acl,(A) C K, and let X be
the Ao-closure of the set of realisations of the quantifier-free type of a over A.
We will show that X = Ha, where H is an co-definable subgroup of S, and
that H is defined over F.

By definition, X is Ao-closed, defined over A, and is an irreducible \o-
closed set, since A = acl,(A). Let H = {g € S | gX = X}. Then H is a
Ao-closed subgroup of S, and Ha C X, by the definition of H.

Let g € S be a generic of S° over AU a. Then b = ga is independent from
a over A. [Proof: If V is a basic Ao-closed set defined over acl,(A4,a) and
containing b, then Va~! contains g, and therefore also S°, and is defined over
A. Hence V contains S%a, and this shows that b is a generic of S%a over AUa;
as S is defined over A = acl,(A), this implies that b is independent from a
over A.] Consider the Ao-closed set Y = gX. Then b is a generic of Y over
AUg.

CraM. The fields of definition of Y and of gH have the same algebraic
closure over A.

Let 7 be an automorphism of (K,o0) which fixes A. Then 7(X) = X
and 7(H) = H, as X is defined over A; hence 7(Y) = Y if and only if
7(9X) = gX if and only if 7(9)X = ¢gX if and only if g~'7(g) € H if and
only if 7(gH) = gH. Let Cy = acl,(Ch), resp. Cy = acl,(Cs), be the smallest
algebraically closed subsets of K containing A over which Y, resp. gH, is
defined. Assume Cy € C3. By (3.6)(5), there is some A-automorphism 7 of
(K, o) which fixes Cy and moves C1; then 7(Y) # Y and 7(gH) = gH, which
gives us a contradiction. Similarly, we cannot have Cy € Cj, and therefore
Ci=Cy=C.

Note that b is a generic of Y over AU g, and Y is defined over C' and
over AU g. This implies that b and g are independent over C, and that
C C acl,(A4,b) Nacly(A,g). (Here we are using the fact that modularity is
preserved under addition of constants.)

From the independence of a and b over A, we deduce that a is independent
from b over C, and therefore the set of realisations of qftp(a/C,b) is dense
in X. Note that if a’ realises qftp(a/C,b), then ba’ " realises qftp(g/C,b),
and is therefore an element of gH. Since gH is Ao-closed, this implies that
bX 1 C gH. From Ha C X we deduce that

b(a 'H) CbX ™' C gH,
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and therefore that bX ! = gH, and X = Ha.

The proof of the theorem now follows by compactness. We may assume
that U is defined by positive quantifier-free formulas. If a € U, then Ha C U,
and this implies that H'a C U for some quantifier-free definable subgroup H’
of G(K) containing H. Thus UNS is a finite union of translates of quantifier-
free definable subgroups of S.

REMARK. In the particular case that the subgroup S is contained in
G(KP™), there is a direct proof of this result. By (4.7), S = G(K?~ )N S,
where S’ is oo-definable in the language £,. As any descending sequence
of o-closed subsets of a difference field stabilises, this implies that S is a
quantifier-free definable subgroup of the difference field (K?™, o). Hence, by
(4.6) the results of [CHP] apply and give us the desired conclusion.

(5.12) An example and some questions. The criterion for modularity
given in (5.6) is very impractical. Even in simple cases, it is quite difficult
to determine whether a set is modular or not. We will illustrate this with an
example. Assume p # 2, and consider the subgroup S of G,,(K) defined by
o(x) = 2%. We do not know whether this group is modular (but we conjecture
that it is).

The “generic” of S is the type specifying that o(z) = 22 and that for each
n € N, the elements \,(B;x), u € I(B)", are algebraically independent. At
the other extreme, we have the type o(z) = 2> Az € K?~ . The set of its
realisations is the group G,,(K?” )N S, which is modular by (7.4) in [CHP]
(since the multiplicity of x over ¢™(z) is 2", and hence unbounded).

In order to prove that .S is modular, one needs to solve the following prob-
lem: Let a € S, let F = acl,(F) contain a p-basis, and show that there is no
element b € acl, (E, a) \ F satisfying 0" (z) = 2P for some n > 1. In fact (see
[CHP] (7.1)(2)), it suffices to show that there is no such b in the A-closure of
the field E(a). From the equation o(a) = a?, we deduce equations relating
the elements \;(B;a), i € I(B), and the elements o(\;(B;a)) = \;(o(B); a?),
i € I(B). However, determining which additional algebraic relations are al-
lowed is quite complicated.

Of independent interest would be to describe the quantifier-free definable
subgroups of S. The first difficulty here is to determine the quantifier-free
L-definable subgroups of G,,(K). Note that these are A-closed (i.e., defined
by Lx-equations). Examples of such groups are the following: Let n be an
integer, and cy, ..., ¢, € K; then KP'[cy, ..., cy] is a subfield of K definable
in K, and all definable subfields of K are of this form (Messmer [Me]). Then
G (KP"[c1,...,cm]) is a A-closed definable subgroup of G,,(K). The first
question we need to answer is the following: Is every A-closed subgroup of
G (K) of this form? Then one needs to investigate the A-closed subgroups of
G (K)™ for n € N in order to describe the quantifier-free definable subgroups
of S. Such a subgroup is defined by (g,0(g),...,0" *(g)) € U for some n and
A-closed subgroup U of G, (K)™.
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