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EVERY LOCALLY BOUNDED SPACE WITH TRIVIAL
DUAL IS THE QUOTIENT OF A RIGID SPACE

JAMES W. ROBERTS

ABSTRACT. Letting T}, denote the class of separable p-Banach spaces
(for 0 < p < 1) with trivial dual, we show that T, does not have any
projective spaces, i.e., there is no space X in T} such that every space
in T} is a quotient of X. In lieu of a projective space we construct
the Lp(w) spaces, which are structurally similar to the space L,. We
then define a particularly well behaved type of Ly,(w) space, namely the
uniform Ly (w) spaces, and we show that every space in T} is a quotient
of some uniform Lp(w) space. We then define a badly behaved type of
Lp(w) space, namely the unbalanced biuniform L, (w) spaces. If Ly(w)
is unbalanced biuniform and C' denotes the one dimensional subspace
of constant functions, then L,(w)/C is a rigid space. We then show
that each space in T}, is a quotient of one of these rigid spaces. This
last result is used in an essential way to prove the nonexistence of a
projective space in 1.

1. Introduction

Every separable Banach space is a quotient of /1. This can be generalized
to p-Banach spaces with 0 < p < 1, i.e., every separable p-Banach space is
a quotient of [,. In other words, in the class of separable p-Banach spaces,
0 < p <1, 1, is projective (see for instance [3]). With 0 < p < 1 fixed,
we shall let T, denote the class of separable p-Banach spaces X such that
X has trivial dual (i.e., the dual of X consists of only the zero functional).
It is natural to ask whether there is a space X that is projective in T}, i.e.,
so that every space in T}, is a quotient of X. If (P) is a property such that
every quotient of a space with property (P) also has property (P), then either
every space in T}, has property (P) or X is an example of a space failing to
have property (P). Questions involving “quotient friendly” properties have
already been posed and resolved. Let (P;) be the property that X is not the
domain of a nonzero compact operator, and let (P») be the property that X is a
needlepoint space. Both of these are quotient friendly properties. N. J. Kalton
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and J. H. Shapiro [5] showed that there is a space in T}, failing property (P;),
and Kalton [1] showed that there is a space in T}, failing property (P2). Of
course, any projective space in 7}, would fail to have both properties. It turns
out that there is no projective space in 7}, and there is a natural reason for
suspecting this. It frequently happens that if X € T}, there is a ¥ € T,
so that there is only the trivial continuous linear operator from X to Y,
ie, L(X,Y) = {0}. In [4] Kalton and the author produced a cardinality c
collection {X,, : a € [0, 1]} of subspaces of L, such that if & # 3, L(X,, X3) =
{0}. In Theorem 4.4 below we show that, given X in T}, there is a space Y
in T, such that L(X,Y) = {0}. Thus there is no projective space in T,. In
lieu of a projective space we shall produce a projective class of spaces in T,.
(We call a subclass S of T, a projective class if, whenever Y is in T}, there is
an X in S such that Y is a quotient of X.) To carry this out, we shall use a
class of spaces L,(w) which are generalizations of the space L,. The idea is to
give some intervals a weight (given by the weight function w) different from
their usual length. This involves an infimum norm construction. The details
of this, including the formal definition of the L,(w) spaces, are carried out in
Section 2. In Section 3 we define the uniform L,(w) spaces. We show that
this particularly nice class of spaces is projective in T,,. We also show that for
every X in T), there is a compact operator from some uniform L,(w) space
into X. In Section 4 we introduce the unbalanced biuniform L,(w) spaces.
We show that the quotient of one of these spaces by the one dimensional space
of constant functions is rigid. We also show that this class of rigid spaces is
projective in 7},. In particular, every space in T}, is the quotient of a rigid
space. We then use this fact to show that T}, has no projective spaces. Our
notation will be fairly standard. Throughout the paper all scalars will be real,
although all the results hold for complex scalars. If X is a vector space and
0 <p<1,afunction || - ||: X — [0,00) is called a p-seminorm if

(D) [z +yll < [zl + [y for all 2,y € X,
(2) ||oz|| = |a|P||x| for all @ € R, x € X.

A p-seminorm is a p-norm if, in addition,
(3) for z € X, ||z|| = 0 implies = 0.

If X has a p-norm || - || such that the metric d(z,y) = ||z — y|| is a complete
metric on X, then (X, || - ||) is called a p-Banach space. Henceforth, we shall
assume that p is in the range 0 < p < 1. For instance, the space of all
sequences x = () with

oo

lzllp =D lnl?

n=1
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is called I, and (I, || - |lp) is a p-Banach space. The space of measurable
functions x = x(t) on [0, 1] such that

1
lall, = [ late)l < oc
0

is called L, and (Lp, || - ||p) is a p-Banach space.

If X and Y are p-Banach spaces we let L(X,Y") denote the space of con-
tinuous linear operators from X to Y. If X =Y we denote L(X,Y) by L(X),
and if Y = R, we set L(X,R) = X*. We say that X has trivial dual if
X* = {0}. Note that L, has trivial dual but I, does not (see [3]). Finally if
I is an interval we let || denote the length of I. If F is a finite set we let
|E| denote the cardinality of E. This should not cause any confusion. Before
proceeding we note that the examples E, constructed by Kalton in [2] are all
L,(w) spaces in disguised form.

2. L,(w) spaces

We begin with the notion of infimum norm. This is defined in far more
generality in [3].

DEFINITION 2.1. A sequence ((Sp, || ||»)) is said to be a stacked sequence
if it satisfies the following conditions:

(1) Each S, is a finite dimensional space equipped with a p-norm || - |-
(2) For every n, S, C Spi1.
(3) If x € Sy, then ||z, < ||zt

DEFINITION 2.2. If ((Sp, | - |l»)) is a stacked sequence we define the infi-
mum norm || - || on S = US, by

lz]| = inf{ZkaHk tx = Zxk with ap € Sg, 0 <k < n},

k=0 k=0

and we say that || - || = inf]| - |-

PROPOSITION 2.1.  Suppose ((Sy, ||-|In)) is a stacked sequence and suppose
that || - || = inf || - ||n. Then we have:
(1) |I- 1 is a p-norm on S = US,.
(2) If | -| is a p-seminorm on S such that for all n and for every x € Sy,
|z| < ||z|ln, then for every x € S |z| < ||z|.
(3) If for each x € S,, we let

Np(z) = inf{z llek]x : Zxk =z with x, € S,,0< k< n},

k=0 k=0
then N, (z) = ||z||.
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(4) For every x € Sy, there exist xy € Sk, 0 < k < n, such that

n

[EE A

k=0
Furthermore, ||zk|lx = [|zk| for 0 <k <n.
Proof. (1) Tt is easily verified from the definition that || - || is a p-seminorm.

If x € S and  # 0, ||z|| > 0 will follow once we have established (4).
(2)Ifx € S and x = ZZ:owk with zj € Si, 0 < k < n, then

n n
ol <D lew] <D Ml
k=0 k=0

By taking the infimum, we obtain |z| < ||z|.
(3) It suffices to show that for z € S,, N,(z) = N,y1(z). Obviously
Npt1(z) < Np(z). Let x € Sp,. If ¢, € S, 0 < k < n+ 1, such that

n+1

xr = E Tk
k=0

then
n
Tnp1 =7 — Y Tk € Sp.
k=0
Thus
n+1 n—1
S el =D llawllk + lonlln + a1l
k=0 k=0
n—1
2 Z zklle + lznlln + [[2nt1lln
k=0
n—1
2 Z el + [|#n + Tnilln = No(2).
k=0
Hence

N, (z) > Npy1(x).

(4) If z € Sy, let K denote the set of all (zg,z1,...,%,) € [[1_q Sk such
that [|zx|[x < 2[|z]| +1,0 <k <n,and Y__,x, = z. Since each Sy is finite
dimensional, K is compact. Define ® on K by

@((l’o,l’h cee 7{En)) = Z ||£Ck;||k
k=0
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Since ® is continuous, it assumes its minimum at some (zg, z1,...,Zy), i.€.,
we have

2]l = Nu(2) = D lllle-
k=0

Since
n n
el < D Nl < D llalle = Il
k=0 k=0
we obtain
ekl = llzell,  0<k<n. O
If ((Sn, |- |ln)) is a stacked sequence with || - || = inf || - ||,,, we let |||-[||, =

infg>n || - ||&, i-e., for x € S =US,,

N N
(T 1ll,, inf{z lklle D> wx = 2,21 € Spon <k < N}.
k=n k=n

PROPOSITION 2.2.  Let ((Sy,||-|[n)) be a stacked sequence and let S denote
the completion of S = US,, with respect to || - || = inf || - ||. Then we have:

(1) fII-1ll,, s equivalent to || - || on S and therefore on S.
(2) If x, € Sy for k > n such that

oo
>l < oo,

k=n

then Y p_, @y is absolutely convergent in S and

o0 oo
Dol <D el
k=n k=n

(3) If v € S and € > 0, then there exists a sequence (z,,), with x, € S,
for each n, such that

n

oo
xr = E Tl
k=0
and

(oo}
> llwklle < llaf +e.
k=0
(4) If x € S, then for each integer n > 0 there exist y € S,, and z € S
such that x =y + z and |||, = [ylln + 12,41 .
(5) If x € S, then for each integer n > 0 there exist y € S, and z € S
such that x =y + z and ||| = [lyll + [ 2ll,41-
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Proof. Since S, is finite dimensional there is a constant C > 1 so that
llz|ll,, < C|lz|lx for each z € Si, 0 < k < n. Thus |||, < C| - [|x on Sk,
for every £ > 0. By (2) of Proposition 2.1 we have |||, < C|| -||. Since
-1 < lI-]ll,, on S, assertion (1) follows. (2) is obvious. To obtain (3) suppose
(en) is a positive sequence such that

oo
2 an < E.
n=1

Since US,, is dense in S we may select a sequence N; < Ny < --- with
Yn € SN, so that

m

> yn

\(y—’fi%) (-5

m—1
Yy — Z Yn Z Yn
n=1

for each m. Note that

[ym | =

< Em—1+eEm

if m > 2. Since
[yl < Nzl + [z =yl < llzfl + eq,
we obtain

00 0o
D llnll < el +2) " en < |zl +e.
n=1 n=1

If Y, = S0, Thn With 2, € Sk, 1 < k < N,,, then

N,
lynll =D k-
k=0
Thus

oo
D lwknlle = > llynll < llll + .
k,n n=1

Let xx = > xkpn. Then zy € Si,
oo
> ks <zl +¢
k=0

and > 2, = . (4) is a special case of (5) once we observe that [||-]||,, =

infy>p || - [[s. To prove (5) we note that by (3) we have, for any ¢ > 0,
oo

x =), Tk such that

oo
> llzklle < llaf +e.

k=0
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If we let

n o0
yzkaeSn and z = Z Tk,
k=0

k=n-+1
then x =y + z and

n o0
ol + M1zl < Dzl + D Nl < llzl +e
k=0 k=n+1

Thus, for each n, we may select y; € S, and z; € S such that x = Yk + 2k
and

1
el + Wz lll., <zl + -

By passing to a subsequence, if necessary, we may assume that limy, = y
since S, is finite dimensional. But then

lim 2z, = lim(x — yi) = — v,
i.e., with z = z — y we have
il = Nyl + =1, »
by the continuity of the norms. O

Note that assertion (3) of Proposition 2.2 provides an infinite version of
our definition of infimum norm; i.e., if x € S, then

oo
]l = i 3 e,
k=0

where zj, € S, and Yo = .
It is often convenient to have a sequence (z), where ||z|| = 327 |2k | -

DEFINITION 2.3.  Suppose {(Sy, | - ||ln)) is a stacked sequence and x € S.

(1) « is robust if there exists a sequence (xy) such that x € Sy for each
ky Yo rk = @ and ||z = 3502, |k s
(2) xis languid if ||z| = ||« ]|],, for every n.

We say that S is robust if every point in S is robust.

Note that a point can be both robust and languid; e.g., the origin is both
robust and languid.

PROPOSITION 2.3.  If {(Sk, | - |lx)) is a stacked sequence and x € S, then
T =1y + z, where y is robust and z is languid.

Proof. We inductively select a sequence (zj) with xy € Sy such that

n
= E Tk + Zns1
k=0
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and
n
2l =Y lzalls + Il 201 s -
k=0
Suppose

n—1
T = E Tk + Zn
k=0

(or, when n = 0, z = %) such that

n—1

lzll =D sl + 1l 2l -

k=0

By assertion (4) of Proposition 2.2, z, = x, + 2,41 with z, € S, such that
lznll,, = Nzl + [l 2041 (Il 41 Thus

n
2l = >~ wwlle + Mz s -
k=0

Note that since

n
lzll < D llzklli + llzna

k=0
n
<D lzwll + W zns1 gy = N,

k=0
we have ||zpp1] = (2041 g & <041, then |- | < [[-[ll, < lI[-[ll,415
so that ||zp41| = ||| zn41 ||, for all k&, 0 < k < n+ 1. Now let y = D27 z.
Clearly |lyl| = Y2 llzkllx so that y is robust. We let z = limz,. Since
Il 2 lll; = llzn|l once n > k, we have ||| z||[, = ||2]| for all k, so z is languid. [

PROPOSITION 2.4.  Suppose ((Sk, || - ||x)) is a stacked sequence.

(1) If there is a sequence {(cy) such that for every x € Sy, ||z|p+1 =
enllzl|n and T102 cn = oo, then S is robust.

(2) If there is a sequence (c,) such that for every x € Sy, ||z|n+1
collz|ln and lime, = A > 1, then S is robust.

Y

Proof. (1) Note that by assertion (3) of Proposition 2.1 applied to ||| -[||,, =
infr>y, || - ||k, we have ||yll|,, = llyll» if y € Sn. Now suppose = # 0, x € S,
and © = >, @k, so that > o [lzk|lx < co. Let & > 0 so that 3¢ < ||z].
Choose N so that Y "\ [|[zx][x <e. Note that if n > N + 1, then

oo o0
Zxk < Z||$Uk||k<5.
k=n

n k=n




QUOTIENTS OF RIGID SPACES 1127

Forn>N+1,
N n—1 0o
ell, 2 |[ S| || 2 w| || S
k=0 n k=N+1 " k=n n
N n—1
2| Sa|| | Z | -
k=0 n k=N+1 "
N n—1
> 1w = 3 Ml e
k=0 n  k=N+1
N n—1
=] = 2 Nl —e
k=0 n  k=N+1
N n—1
=CN..-Cp—1 Tk — Z Ck...cn_1||$k||k—€
k=0 n  k=N+1
N n—1
> cN .Cn_1< Z.’L‘k — Z ||xk||k> — €
k=0 n  k=N+1
N
ch...cn_1< Zxk —a) — €
k=0
N
>CN .Cn_1< Zxk 26)
k=0

>cen.opo (|l2]) — 3e) .

Since lim,, o0 €N ... Cp—1 = 00, We obtain lim, . ||z, = co. Thus z
is not languid. Since 0 is the only languid element in S, S is robust by
Proposition 2.3.

To prove (2) we may assume ||z|| = 1. Chose € > 0 so that 2e < 1 — 1/,
i.e., so that Ag(1 —2¢) > 1 where 1 < A\g < A. Now select a sequence (zy)
with each zy, € Sy such that > 7z =z and Y ;- [|zk|lx < 1+e. Forn
sufficiently large with ¢, > Ao we have Y 72 [|zxllx <e. Let y =3,z
and z = Y77 | @, so that ||| z]|,,,; <e. Then

M llnsr = My llngy = M2llgn = My lllngs =€
= yllns1 == Dollylln —e = Aollyll — ¢
> No([lz] — &) — & > Xo(1 - 2¢) > 1 = |z,

so « is not languid. By Proposition 2.3, S is robust. O

We are now ready to define the spaces L, (w).
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DEFINITION 2.4. For each nonnegative integer n we let II,, denote a par-
tition of [0, 1] into a finite number of intervals such that

(1) I = {[0,1]};

(2) II,4; refines II,,;

(3) if I € 1I,,, then the intervals in II,, 14 that subdivide I are of equal
length.

We let IT = US2 (I1,,. A function w: II — (0, 00) is said to be a weight function
if
(4) w([0,1]) =1;
(5) if I € II,, and I is subdivided into intervals Iy, I, ..., I, from II,
then w(l) < >0, w(ly);
(6) limg,— oo maxzem, w(l)/|[I|P = 0.

If w is a weight function on II, we let S,, denote the 11, -step functions, i.e.,

m
Sn = {ZaklIk tai, ..., qp are scalars } ,
k=1

where II,, = {I1,...,I,,}. We define || - ||, on S,, by

m
E orly,
h—1

= loklPw(I).
k=1

n

Condition (2) in our definition of the weight function ensures that ((Sy,
[I-]l)) is a stacked sequence. We call S = U5 ,S,, the set of II-step functions,
and define || - ||, = inf,>0 || - [|n and L,(w) = S.

Note that each space (S, || - [|,) is isometrically isomorphic to [;* where
m = |II,,|. Also notice that if we take w(I) = |I| then L,(w) is isometrically
isomorphic to L,,. Recall that a p-Banach space X is said to have trivial dual
if its dual consists of only the zero functional, i.e., if X* = {0}.

PROPOSITION 2.5.  The L,(w) spaces have trivial dual.

Proof. Let A € Ly(w)* such that X is nonexpansive, let I € II and let
e > 0. By condition (6) there exists n suitably large so that if J € IL,,, then
w(J) < e|J|P. Let I,...,I,, denote the intervals from II,, that are contained
in I. Then for each k, 1 < k < m, we have

w(I)

< —<e.
w k[P

1
—1
H|Ik|
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M) = <i i (m |1“<>>
_Z||I| <|I| ) Zlm_

Since ¢ > 0 is arbitrary, A(1;) = 0. Thus A(S) = {0}. Since S = L,(w),
A=0. O

Thus

The major virtue of the spaces L,(w) is that it is easy to construct maps
from these spaces to other trivial dual spaces. The following simple but useful
proposition justifies this point.

PROPOSITION 2.6.  Suppose w is a weight function on Il, X is a p-Banach

space and {T,) is a sequence of linear maps T,,: S, — X satisfying:
(1) For I el,, | T.(11)|lx < w(I), or equivalently

1 w([)
T, _1,)‘ <wd),
’ (|f| x P

(2) If I €10, and I4,...,1I,, are the intervals in 11,11 which partition I,
then T, (1) = >0 Tut1(11,), or equivalently

(m) Z|Ifk|| <|f|”)'

Then there is a unique nonexpansive T € L(Ly(w),X) such that for every
z €Sy, T(x)=T,(x).

Proof. First note that each T;, € L(S,, X) is nonexpansive, i.e., if II,, =
{I,...I,} and x = Y_]" | ay1y,, then

Z aan(ljk)

| |P1[Tn (L)l x

1T ()] x =

X

=7

<

i
I

NE

< lagPw(ly) = [|2]|n-

>
Il
—

Clearly, by condition (2), there is a linear map T: S — X such that X
agrees with each T, on S,. If x € S, we define a p-seminorm on S by
|z| = || T(x)||x. Then, as observed, if € S,, then |z| < ||z|,. By assertion
(2) of Proposition 2.1, for all x € S, we have ||T'(x)||x = |z| < ||2||w- Since S
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is dense in L,(w), T extends to a unique nonexpansive linear map from L, (w)
to X. 0

If I € 11,,, we shall say that ﬁll is a I, -block, and if I € II, \_}Ill is called a
block. Notice that if b = I%Ilf is a II,,-block, then for some I1,...,1,, € II,11

we have I = U], I}, and since the intervals Iy,...I, have equal length,
[Ir|/|I] = 1/m. Thus if we let by = ﬁhk, then

1 SN AN 1 &
b= —1;= — | —1 = — by
I 2 RN m; ;
In other words, every II,-block is a unique average of II,,1-blocks. In light

of these comments we can give (without proof) the following restatement of
Proposition 2.6:

PROPOSITION 2.7.  Let B,, denote the I1,,-blocks of a space L,(w) and let
B = U5 By. Suppose X is a p-Banach space and ®: B — X satisfies the
following conditions:

(1) For every b = \_}lll € B,

@) < 1

enever b € b, an = = _, by with each b, € B,,.1, then
(2) Wh be B db izg_lb h h b B, th

d(b) = % > d(bi).
k=1

Then there exists a unique nonexpansive T € L(L,(w), X) such that T(b) =
®(b) for each b € B.

Notice that if T € L(Ly(w),Y) and X = T(Lp(w)), then X* = {0}
(since if A € X*, then AoT € Ly(w)* and so AoT = 0). For this rea-
son we concentrate on operators from L,(w) to X with X* = {0}. To see
how one might map a space L,(w) into X note that X* = {0} if and only if,
whenever € X and ¢ > 0, there exist x1,...2, € X such that ||zx|lx < ¢
for each k and x = = > | xp. If we have z = L 37" |z as above, we may
then write each zj as an average of small elements. Continuing with this we
can produce a tree-like (actually a bush-like) construction with points on the
lower branches tending to zero in norm. Mapping L,(w) into X amounts to
mapping the blocks in L,(w) to the points in our tree-like structure so that
averages are preserved and appropriately set for each block. This idea will be
a central theme throughout the rest of the paper.
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3. Uniform L,(w) spaces

We now define a special class of L,(w) spaces.

DEFINITION 3.1. L,(w) is said to be uniform if the intervals in each II,
have the same length and the same weight.

Note that in a general L,(w) space, if I € II,, then the subintervals of
I in II,, 11 have the same length, but if J is another interval in II,,, the size
and number of subintervals in J may be different from those in I. If L,(w) is
uniform this irregularity does not occur. Indeed, if |II,,| = N,,, each interval
in II,, has length 1/N,,. Of course, N1 must be an integer multiple of N,,.
Also if

1 w([)
En = 1i|| =2
S, P
for each I € II,, (with the sequence (e,) is chosen so that lime, = 0), then
En
w(I) = ep|IP = NP
Furthermore, if
Nn
T = Zakhk € Sy,
k=1
then
Ny, Nn €
Izl = lonlPw(ly) =) k" <5
n
k=1 k=1
N, 1 N,
NP lanl? - = nNA Yl Pl = 0N ol
k=1 k=1
Thus, with C,, = £, N} 7P, we have
H ’ ||n = On” : Hp'
Since (Sy, | - ||») is a stacked sequence, (C},) is a nondescending sequence.

It is easy to see that if the sequence (C,,) is bounded, the space is isomorphic
to L,. Szarvas [8] has shown that if (C},) is unbounded then the uniform
L,(w) space is not isomorphic to L,. The inclusion map from the uniform
L, spaces into L, is clearly nonexpansive. Szarvas showed that if (C),) is
unbounded, the inclusion map is a compact operator. Since L, does not admit
compact operators, these spaces cannot be isomorphic to L,,. Rowe [6] studied
a special class of uniform L,(w) spaces in which the sequence (C),) increases
very rapidly. He showed that in this class of spaces, all compact convex sets
are locally convex (i.e., can be affinely embedded into locally convex spaces)
and that these spaces are robust. Note that by Proposition 2.4 the uniform
L,(w) spaces are robust if the sequence (C),) is unbounded.
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It is natural to ask for a representation of elements in a uniform L, (w)
space as functions on [0, 1]. Szarvas [8] showed that the inclusion map from a
uniform L, (w) space to L, is one-to-one. Thus the elements of L,(w) can be
represented by equivalence classes of functions in L. It turns out, however,
that if the sequence (C,,) is increasing suitably rapidly, the only continuous
functions in L,(w) are the constant functions, though we shall not prove this
here. Indeed, it is not true that if z,y € S and |z| < |y| then ||2|w < ||y]lw-
For this reason, these spaces are a bit more pathological than they appear to
be at first sight. We now prove a lemma that will be useful in this section as
well as in the next section.

LEMMA 3.1. Suppose X is a p-Banach space with trivial dual. Also sup-
pose x1,...,xn, € X and € > 0. Then there is an integer M so that if N is
an integer multiple of M, then for any k, 1 < k < N, we have

1 N
T = N;l"lm

with ||zkil|lx < e, 1 < i < N. Furthermore, if y € X is such that ||y| < e,
then we may choose the elements (xy;) so that x1; = y.

Proof. Since X has trivial dual, for each k, 1 < k < n, we have

with |lyellx < e We let M = II?_, M. If N is a multiple of M, say
N = mM, then for each k, we let xx1,... 25Ny be a finite sequence such that
each yy; is listed exactly N/Mjp-many times. Thus

1 & 1 &/ N 1 &
W= X () = =
i=1 j=1 Jj=1
To obtain the second part of the lemma we need only show that

1 My
1'1:—2 T4
M 4 !

Jj=1

with ||z1;||x < € for each j, 1 < j < M, and z11 = y. We then apply
the above argument. Since X has trivial dual there exist yi,...,ya, with
llyjllx < 6/2 such that

1 M
X1 = 75— Yj
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where 6 = ¢ — |ly||x. Now let 21; = y and

Y-y
T =Yt
if 2<j < M. Then, for 2 < j < My,
)
) < Ny
sl < Tl + | =2 |

)
< ysllx + v llx + llyllx < st lyllx =e.

Now

1 & 1 A Y1 — Yy
_— . 1_
Mlj;xlj_Ml y+Z(yﬂ+M11>

1 My 1 W
_ — - = — — . ‘:l
v G (y1 —y) + 12::2 yj 7 ; y; = a1

The following lemma is a standard (and easily proved) metric space result
(see [3, p. 203]).

LEMMA 3.2. Suppose (X,d) is a metric space and (K,) is a sequence
of compact sets such that K, C Kni1 for each n. Also suppose there is a
sequence of positive numbers (e,) such that ZZO:O en < o0 and so that if
x € Kpy1, then d(z, Ky,) < e,. Then U (K, is totally bounded.

THEOREM 3.1. If X is a p-Banach space with trivial dual, then there exists
a uniform L,(w) space and a nonzero compact operator T': Ly(w) — X.

Proof. Let (e,) and (,) be positive sequences with §,, < &, lim, ., &n
= lim, 0o 8, = 0, and Y02 0,/e, < co. We shall define inductively a
sequence (N,) of positive integers such that, for each n, N, is an integer
multiple of N,, (with Ny = 1). Corresponding to each N,, is the partition IT,, of
[0, 1] into Ny, intervals of length 1/N,,. Also, if I € II,,, then w(I) = €, /N and
Il |ln = Cnll - I, with C,, = &, N,.~P. We shall define T},: S,, — X inductively
so that each T),;1 extends T),, each T, is nonexpansive on (S, || - ||»), and if
x € Sy, with ||z, <1, then || T, (z)||x < 0n/en.

Let a € X such that 0 < |ja||x < 1, and let Tp(1) = a. Suppose that
No,Ny,...,N, and Ty, Ty, ..., T, have been defined satisfying the above con-
ditions. Let II,, = {1, Is,...,In,} and let

1
Tn (I—klljk> = Tk, ISkSNn
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By Lemma 3.1, there exists an integer M such that if IV, is an integer multiple
of M then, for each k,

1 - .
Tk = 3 Zx;ﬂ» with  [|zgi|lx < dnt1-
=1

Choose N,, large enough so that N,, > (g,/ens1)/P). We divide each
interval Ij into intervals Ixi,...,Ixn each of length 1/(N,N), and we let
Npt1 = N, N. We define

Thus T),41 extends T,. Also, since

= En+1

— 15,
H |Ik1| g n+1

and ||zgi|lx < dpt1, if € Spy1 and ||2]|ny1 < 1, then

[Tn1(2)]x <

Thus, since 6p,41/6n+1 < 1, Ty41 is nonexpansive on (S,i1, || « ||n+1). Also,
C'nJrl = 5n+1N +1 = 5n+1N1 le P
Z gnN% P = Cn»
by our choice of N. We let T’ denote the common extension of (T5,) to L, (w).
Let B = {z € L,(w) : ||z|lw < 1}, and let B,, = S, N B. Note that, since
each S, is finite dimensional, B,, is compact in L,(w) and T(B,,) is compact
in X. Also, U52 B, is dense in B. To demonstrate the compactness of T’

it suffices to show that T (U2 (B,) = U T(B,) is totally bounded. We
apply Lemma 3.2 along with our assumption that > -, 8, /e, < co. Suppose

y € T(Bny1), ie, y = T(z) with € B,yy. Then x = Y77} 24 such that
each xy, € Sy and ||z, = Z"H lzxlle < 1. In particular, ||zp41|lne1 < 1 and

> r_o Tk € By,. Thus

The compactness of T now follows. O

d(y, T(B)) < O+l

= [T(zni1)lx <

n+1

T

LEmMMA 3.3. Suppose X and Y are p-Banach spaces and T € L(X,Y).
Further suppose that there exists D C'Y and X > 0 satisfying the following
conditions:

(1) The set {y/||y||1/p y € D} is dense in the unit sphere of Y.
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(2) For every y € D, there exists x € X such that T(z) =y and ||y|ly
> Af|lx-

Then T is a surjection.

Proof. Let

Yy
Do{l:yGD}.
lylly/”

Since Dy = {y € Y : |ly|ly = 1} and, by assumption (2), Dy C T(By,,), the
closed unit ball in Y, we have By C T(By,5). The lemma now follows from
Theorem 1.4 in [3]. O

THEOREM 3.2. The class of uniform L,(w) spaces is projective in T,;
i.e., if X is a separable p-Banach space with trivial dual, then there exists a
uniform Ly(w) space such that X is a quotient of Ly(w).

Proof. Let (e,) be a positive sequence such that lim,_ . &, = 0. Further
let (y,) be a sequence in X such that €,/2 < ||ynllx < &y for each n and

such that {yn/||yn||¥p n=12.. } is dense in the unit sphere of X. As

in the proof of Theorem 3.1 we define (N,) and (T;,) inductively so that
each T,,: S, — X is nonexpansive and each 7,11 extends T,. We further

insist that for each n there exists I € II,, such that T, (ﬁl]) = ¥y, where
HﬁlIH = g¢,. Suppose Ny,...,N, and Ty, T1,...T, have been defined.

Further suppose II,, = {I1, Is,...,In, }. We let 2, = T, (lll—klljk), 1<k<
N,. By Lemma 3.1 there exists an integer M such that if N is an integer
multiple of M, then there exists xy1, ... xxn € X such that ||xg||x < €n41 and
T = % ng’:l Zk;. We may further insist that 17 = y,41. We choose N large
enough so that N > (gn/an’,l)l/(lip), and let N1 = NN,,. Each [}, € TI,, is

divided into intervals Iy1, ..., Ixn, and we define T}, 11 (ﬁlij = xp;. Since

H\IlTi\lfki =ept+1 and ||zgi|lx < ent1, Tna1: Sne1 — X is nonexpansive.
n
We let T' denote the common extension of (T,,) to a nonexpansive linear
map on L,(w). By our construction, for each n =1,2,... there exists I € II,,

such that

€n

= |7
o T

11
i

and T <‘—}|11) =y, with |lyn||x > /2. By Lemma 3.3, it follows that T is a

surjection. O

n
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4. Biuniform unbalanced L,(w) spaces

We now introduce the biuniform unbalanced L,(w) spaces. This will turn
out to be another projective class in 7,,. These spaces have the property
that their quotient by the constant functions (a one dimensional subspace) is
rigid. As a consequence of this fact, we shall show that every space in T}, is a
quotient of a rigid space in T},.

We now define the biuniform unbalanced L,(w) spaces.

DEFINITION 4.1. Suppose that (R, Rs,...) is a sequence of intervals in
II such that R, € UZ;&H;C and suppose that (4,) and (B,,) are sequences of
positive numbers such that Ay < By < A3 < B3 < ---. Further suppose that
L, (w) satisfies the following conditions:

(2) For n > 2, there exist integers p, and ¢, such that for I € II,, if
I C Ry, then |I| =1/p,, and if I C RS, then |I| =1/qgy.
(3) If x € S, with n > 2, then

|l = An”anx”;n + BnulR;pr-

Then the space L,(w) is said to be biuniform.

Condition (1) is not really essential, but is included for the sake of neatness.
Notice that if p,, = ¢,, and A,, = B,, for all n > 2, then L,(w) is a uniform
space.

DEFINITION 4.2. Suppose that L,(w) is biuniform. We say that L,(w) is
unbalanced biuniform if it satisfies

(4) for each I € II, R,, = I for infinitely many n,

and there exists a positive decreasing sequence (g,,) with lim,_,o &, = 0 such
that

(5) for n > 2, co(Bye, N Sp—1) C Be, , N Sp_1,
(6) A, =en,pi™? >2B,_; forn >2,
(7) Bp =¢enq:7? > (M> B, _1 for n > 2.

En—1

Notice that if I € II,, and I C R, then |I| = 1/p,, and

1 1 A
H|I| wo L, e "

by condition (6). Similarly, from condition (7), if I C RS, then

1
—1;
HIII

En-

n
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The imbalance comes from condition (7), where B, is necessarily much larger
than A, (and consequently ¢, is much larger than p, ). Henceforth, we let C
denote the constant functions in L,(w), i.e., C = {cl:c € R}.

THEOREM 4.1. If X is a separable p-Banach space with trivial dual, then
there exists an unbalanced biuniform space L,(w) such that X is a quotient

of L,(w)/C.

Proof. Recall that IIy = {[0,1]} and II; = {[0,1/2],[1/2,1]}. Select a €
X such that |ja||x < 1/2. Define To(1) = 0 (so that Tp(C) = {0}) and
Ti (10,1/9) = a = —T1 (1p/2,1))- Also || - [lo =]l = || - [lp- The selection
of the sequence (R, ) will be accomplished as follows: Let (L, ) be a sequence
of intervals with rational endpoints such that every interval with rational
endpoints appears in the sequence infinitely many times. For n > 2, we let
R, = L, , where k,, is the least integer such that L;_ € U?z_oll_[j and k,, ¢
{kj : 7 < n}. Thus, as the sequence (II,,) is constructed, we automatically
obtain (R,) with condition (4) satisfied. Now let {z, : n = 2,3,...} denote
a dense sequence in {x € X : ||z||x = 1}. Suppose that e, pg, qr and
nonexpansive Ty have been selected for all k& < n (so that Iy, Sk, Rk, Ak, By,
and || - || have been determined for k£ < n). In the following we take p; = 2.
(Note that there are no intervals in II; of length 1/¢;.) We then let

n?

{111,121,...IT1} = {I S Hn—l 1 C Rn and |I| = l/pn—l}

and
{11271227. . ,ISQ} = {I ell,_1:ICR, and |I| = ]./qn,l}.

We further select &, with 0 < ¢, < min{l/n,e,_1} such that co(Bas, N
Sp-1) C Be,_, N Sy_1. This is possible since S,,_; is finite dimensional.

We let
1
Tri = Th1 (I—killkl)

with 1 <k <rifi=1,and 1 <k <sifi=2. By Lemma 3.1 there exists an
integer M such that

1M
Tei = 31 Zykij
j=1

with ||yij||x < €n. Furthermore, we may insist that y111 = (5n/2)1/p zn (so
that ||y111]|x = €n/2). Now let p,, be an integer multiple of p,,—1¢,—1 M chosen
large enough so that ,pL~? > 2B, _;. Notice that if [0, 1] is partitioned into
intervals of length 1/p, then the resulting partition refines II,,_;. Each Iy
(with 1 < k < r) is divided into p,/pn—i-many intervals Iyi1,...Ix1; with
l = pn/pn—1. We list each of the elements, yg11,- .., Yk1:, Pn/Mpn—_1-many
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times in a finite sequence, Tg11,...,xk1;, and define

1
T (o) = oo
Thus

1 M 1
Th-1 (—hkl) =Tp = Zymg =2y
Tl [ 2
N L Po
=7 ZTn —1k1j = 7 ZTn(llklj)
I 2 T I

1
T(15,,) = pn1Tn(lr,) =Ty <I |1Ik1)

Thus T, (as defined so far) extends T,,—1. We define T,, similarly for the
characteristic functions of the remaining intervals in R,, of length 1/p,,. Note
that for a subinterval Ij;;,

N|“@
3

1 | ki | - pp
A, 1; —¢ 1—p 12kijl lpizg.
|Ikw‘ " " g " pn "
Also
\T(” )| = st =
Tns = ||Tkijllx <€
(Thig| K v
Note also that for some zy1; we have zp1; = Y111 = (En/2)1/p zn Wwith
ly111llx = en/2. Thus, when the induction is completed, the conditions

of Lemma 3.3 will be met so that the resulting T" is a quotient map.

The same procedure is carried out for the characteristic functions of inter-
vals in II,,_; that are in R{. The intervals are subdivided into intervals of
length 1/g,,, with ¢,, chosen large enough so that €,¢} ™ > (A,11/6n—1) Bn_1.
Also, T,, is extended so that T, is nonexpansive with respect to || - ||, O

Notice that in any unbalanced biuniform space, if I, J € IT and I C J, then
I €11, and J € II,, with m > n. Thus

= w(I) = Em,
m P

I
Trlr
]

so that w(I) = ep|I|P < e,|J|P = w(J). In other words, if I C J, then
w(l) < w(J). Notice that for any I,J € II we have either I C J, J C I,

or INJ = 0. Consequently w(INJ) < w(J) (we define w() = 0). Thus if
=Y ,_,ol €5, then

Hl[l‘”w < Zakw(IﬂIk) < Zakw(Ik).
k=1 k=1
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Therefore ||1rz]l, < |||y for all z € S. Hence multiplication by 1; is a
nonexpansive operator on S and extends to a nonexpansive operator on Lp(w).
We denote this operator acting on = € Ly(w) by 1yz. If E is a finite union
of intervals in II we define 1gz for # € L,(w) similarly. The operator 1g
may not be nonexpansive, however. Note that if I € II, then ||1;cz|, =
|z — 112w < |2)lw + 1112]lw < 2||z||w. Also if E is a union of intervals in
I1,, then ||1gz||x < ||z||x if € Sk with k& > n, i.e., 1g is nonexpansive with
respect to the norms || - || when k& > n. (Note that || - ||x is just a weighted
Iy norm with my, = [II|.) Thus 1 is nonexpansive on L,(w) with respect
to ||[-]ll,,, by the same argument as in Proposition 2.6. We record this in the
following proposition:

PROPOSITION 4.1.  Suppose L, (w) is an unbalanced biuniform space. Then
we have:

(1) If I € 11, then for every x € Ly(w), ||11z||lw < ||z|lw and |1rez|w <
2[|z[w-

(2) If E is a finite union of intervals in IL,,, then for every x € Ly(w),
ez, < =,

THEOREM 4.2.  Suppose that L,(w) is biuniform unbalanced. Also suppose
that T € L(L,(w), Ly(w)/C) and that I € II. Then there exists xg € Ly(w)
such that 1rxg = xo and T(11) = q(zo) where q(x) = x + C is the quotient
map from Ly(w) to L,(w)/C.

Proof. We let H = I¢ and we shall show that there exists zy € L,(w) such
that T'(17) = q(zo) with 1o = 0 so that 129 = x¢. To simplify matters
we may suppose that ||1;]l, < 1. Without loss of generality we may assume
that T is nonexpansive. Since ||1;]j,» < 1, we have |[T(1;)|] < 1. Hence
we may select © € L,(w) with ||z]l» < 1 so that T(1;) = ¢(x). Now let
E ={n: R, = I}. Since L,(w) is robust, by conditions (6) and (7) and
Proposition 2.4, there exists a sequence (ay) with each ay € Sy so that

o0 oo
=Y ap and |zfw = farlr <1.
=0 k=0

For each n € F, we let

n—1

oo
Yn = g ar, and 2z, = g a.
k=0 k=n

Thus = = y, + 2z, with y,, € S;,—1 such that

(W) lyall + = lll,, = l2fle <1,
(2) limpep [ znll, = 0.
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For fixed n € E, we have

1
lr=1r, = 3 > Naly,,
" k=1
where I}, € I,,, |Ix| = 1/pn, and N,, = |Ry|pn. Now

=eyp.
n

1
HanlkHw < ”anIan = || |Rn|pn11k”n < ||pn11k||n = Hmllk

Since T is nonexpansive, we have T'(Ny1y,) = q(uy) with |Juk|lw < 2,. Now
u = v + wy, where v, € S, and ||vg|lw + [[|wk|ll,, = ||uk|lw < 2¢n. Noting
that I = R, € U?:_Olﬂj and H = I° vy € S,_1, we have, by Proposition 4.1,
1 rvkllw < 2||vg]lw < 46, Now let

L 1
v:m;vk and w:mkzﬂwk

Since 1yv € co(Bye, N Sp—1), we have ||1gv||w < €n—1. Also

i, = H 5

n
N,

1 n Nn

= 2N} Pe, < 2pl=Pe, .

since N, = |Ry|pn < pp. Since g(z) = N%L Z,ICV;‘I q(ug), we have ¢(z) = q(v+
w)j; i.e., for some constant ¢, v+w = ¢, 1+x = ¢, 14y, +2, withv,y, € Sp—1.
Thus ¢, 14y, —v =w—2, € Sp—1. So ly(chl4+y,—v) =1lg(w—2,) € Sp-1.
Now, recalling that H = R;,, we have

Byul[1a(cnl +yn — U)”p = Nulenl +yn —0)|ln < [1a(cnl +yn —v) |||n
=11a(w—20) l,, < I1awlll,, + [ 1e2n]l,
< lwlll,, + Ml znlll,, <205 Pen +1,

where the next to last inequality follows from Proposition 4.1. Hence

2pl=Pe, +1

1a(enl +yn —0)lp < B,
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Thus, since 1g(cpl + yn —v) € Sp_1,
[1r(cnl +yn = V)[lw < [Ma(cnl + yn — V)|ln-1 = Bu-1l1m(cnl + yn —0)llp

En—1

Bn—l 1—
< 2zl opl=re 4 1) <
- B, (2p e + )_An+1
(2p, Pen +1)

=E&n-—1 —
" (o Pen + 1)

(2p Pen +1)

< 25n—1-

Hence
e (el +yn)llw < [La(cnl 4+ yn = v)]lw + [1a0]w
< 2671—1 +én-1= 3571—1-
Applying this to all n € E, we obtain
}LIEI% 11a(cnl + yn)llw = 0.

Since limycg || zn |||,, = 0, we have

rllierr}E 1 (cnl + 2)|lw = 0.

Clearly the sequence (c,,) is bounded. So by passing to an infinite subset of
E, if necessary, we may assume that, for some constant ¢, lim,cgc, = c.
Consequently,
1g(cl +2) =0.
Setting
xo=cl+x € qlx)=T(11).
completes the proof. O

DEFINITION 4.3. A p-Banach space X is rigid if, whenever T' € L(X)
there is a constant ¢ such that for every x € X, T'(x) = cx, i.e., T = cl.

THEOREM 4.3. If L,(w) is an unbalanced biuniform space and C denotes
the constant functions, then Ly(w)/C is rigid.

Proof. Suppose T € L(L,(w)/C). Let q: L,(w) — L,(w)/C be the quo-
tient map and let Ty = T o ¢ so that Ty: L,(w) — L,(w)/C. For any positive
integer m let II,, = {I1,I,...,I,,}. By Theorem 4.2 we have, for each k,
1<k <m,Ty(11,) = q(zk), where 1,z = x1, Now

0="Ty(1) = > T(11,) = 60 (Z ) .
k=1 k=1

Hence > ", zr = cl for some constant c. Also it is easily verified that
1r,xz; =0if j # k. Thus,

m

Ap, =1, (cl) =1p, | Y ;| = 12, = ax,
j=1
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ie., To(1r,) = cq(ly,). Thus for € Sy, T(q(z)) = To(z) = cg(x). Since
the partitions (II,,) are increasing (in the refinement sense), the constant c
is the same for all IT,,. Hence, for x € S we have T(q(x)) = ¢q(x) and thus
T =cl O

THEOREM 4.4. If X is a separable p-Banach space with trivial dual, then
there is an unbalanced biuniform space Ly(w) such that if Y = Ly(w) or
Y = L,(w)/C then L(X,Y) = {0} and X is a quotient of Y. In particular,
we have:

(1) Every X € T, is a quotient of a rigid space in T).
(2) T, contains no projective spaces.

Proof. First we observe that there is an unbalanced biuniform space L, (w)
such that if Y = L,(w)/C, there is a quotient map @ from Y onto X such
that Ker Q # {0}, i.e., @ is not an isomorphism. To see this, let L,(wo) be
an unbalanced biuniform space with a quotient map ¢; from L,(wo) to X
such that ¢1(1) = {0}. Let L,(w) be an unbalanced biuniform space with a
quotient map g2 from Y = L,(w)/C onto L,(wy), and set Q = ¢1¢2. Since
Ker ¢; # {0}, we have Ker @ # {0}.

Now let T' € L(X,Y). Then TQ € L(Y), so that TQ = cI for some
constant ¢. Since Ker @) # {0}, we have ¢ = 0, i.e., TQ = 0. Since Q is onto,
T=0.

Now suppose T' € L(X, L,(w)). Let ¢ denote the quotient map from L, (w)
to L,(w)/C so that ¢T € L(X, L,(w)/C). Then ¢T = 0, so T maps X to the
one dimensional space C. Since X* = {0}, it follows that T' = 0.

(1) follows directly from Theorem 4.1 and Theorem 4.3. (2) follows since
if X € T, there exists Y = L,(w) an unbalanced biuniform space such that
not only is Y not a quotient of X but L(X,Y) = {0}. O

The author at one point had conjectured (but was unable to prove) that,
given any X € T, there is a uniform space L,(w) such that L(X, L,(w)) =
{0}. This has now been proved by Szarvas [8].

In [7] Sisson showed that there exists a rigid space which admits compact
operators. This result motivated most of the results of this paper. Specifically,
the author was led to suspect that every space in T}, is a quotient of a rigid
space in T,. This now turns out to be the case. Note that Sisson’s Theorem
is a consequence of this fact. Let X € T}, be any space admitting a compact
operator T' to a space Z € T,,. There is a quotient map () from a rigid space
Y €T, to X. Thus T'Q is a compact operator from the rigid space ¥ to Z.

The final theorem of this paper is motivated by the result in [4] mentioned

in the introduction. Namely, there exists a collection of subspaces {X, : a €
[0,1]} of L, so that if o # 3, then

L(XavXﬁ) = L(XﬁvXoe) = {0}
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This suggests that, in a rather strange sense, T}, is a very wide class of spaces.
Theorem 4.5 will show that T), is also a rather tall class of spaces. First we
shall prove a simple lemma.

LEMMA 4.1.  If (X,,) is a sequence of spaces in T),, there exists a space Y
of the formY = L,(w) orY = L,(w)/C with L,(w) an unbalanced biuniform
space such that

(1) each X, is a quotient of Y,
(2) L(Xn,Y) ={0}.

Proof. Let X =% ° | X,, denote the l;-sum of the spaces (X,,), i.e.,

X = {(xn> : for each n, 7, € Xo, [(@n)llx = D llonllx, < oo} .
n=1
It is easily seen that X € T),. Thus there exists Y as above with a quotient
map @ from Y onto X such that L(X,Y) = {0}. Let P,: X — X,, denote
the projection defined by P, ({xy)) = x,. Then P,Q is a projection from Y
onto X,,. Also, if T € L(X,,Y), then TP, € L(X,Y). But then TP, =0 so
that T'= 0. d

THEOREM 4.5. Let A denote the first uncountable ordinal. There exists a
family {Y, : a € A} such that Y, = Ly(wy) or Yo = Ly(wy)/C, where each
L,(wq) ts an unbalanced biuniform space such that

(1) if a < B, then L(Y,,Ys) = {0},

(2) if a < B, then Y, is a quotient of Yg.

Proof. The spaces {Y, : @ € A} are constructed by transfinite induction.
Let 5 € A. If 3 is the first ordinal, let Y be any space as above. Otherwise,
it 8 € A, {Y, : a < B} is at most countable. By Lemma 4.1 there exists Y3
as above such that for each o < 8, L(Y,, Y3) = {0} and each Y, is a quotient
of Y. O
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