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PRESCRIBING MEAN CURVATURE VECTORS FOR
FOLIATIONS

PAUL SCHWEITZER, S.J. AND PAWEL G. WALCZAK

ABSTRACT. Given a foliation F of a compact manifold M and a vector
field X on M, we provide some necessary and sufficient conditions for X
to become the mean curvature vector of (the leaves of) F with respect
to some Riemannian metric on M.

1. Introduction

Sullivan [13], using his work on foliation cycles [12] and a formula due
to Rummler [10], provided a homological characterization of p-dimensional
foliations F whose leaves become minimal submanifolds under an appropriate
choice of a Riemannian metric on the ambient manifold. Roughly speaking,
the condition is that there exists a volume p-form w along the leaves that
is relatively closed, i.e., dw(vi,...,vp41) = 0 whenever vy, ..., v, are tangent
to F. Haefliger [1] has shown that this criterion depends only on the transverse
structure of F.

Motivated by these results, G. Oshikiri [4]-[7] and the second author [14]-
[16] considered the following problem: Given a transversely oriented codimen-
sion-one foliation F of a compact oriented manifold M and a function f €
C>°(M), decide whether one can find a Riemannian metric g on M such that
f coincides with h = hz 4, the mean curvature function of (the leaves of) F
on (M, g). The well known formula [9]

(1) dQr g = —hQh g,

Qr 4 and Q7 4 being the Riemannian volume forms of (the leaves of) F and
of M, implies immediately that

(2) /hzO, / h>0 and / h<0
M Dy
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for any positive saturated domain D, and any negative saturated domain
D_, defined as follows. A saturated domain is positive (resp., negative) if
the positive oriented unit vector field v orthogonal to F points outwards
(resp., inwards) at all points of its boundary. Therefore, any such domain D
(resp., D_) has to contain a point x4 (resp., z_) for which h(x1) > 0 (resp.,
h(x_) < 0). If such domains do not exist, then F is said to be topologically
taut [13] and either h = 0 or h(z) - h(y) < 0 for some z and y of M. In [7],
Oshikiri proved that any function h satisfying the sign conditions described
above can be realized as the mean curvature function of F with respect to
some Riemannian metric g on M.

In this article, we consider the analogous problem for foliations of arbitrary
codimension. In this case, the mean curvature H = Hr 4 of F (with respect
to a Riemannian metric g with its Levi-Civita connection V) is defined by

P
(3) H=> (VgE)",

i=1
Es,...,E, (p = dimF) being a local orthonormal frame of vector fields tan-

gent to F, and becomes a vector field orthogonal to F. Therefore, our problem
can be formulated as follows: Given M, F and a vector field X on M, find
necessary and/or sufficient conditions for X to coincide with Hr 4 for some
Riemannian metric g. (Let us note that even in the case of foliations of codi-
mension one this problem is quite different from the scalar problem considered
in the papers mentioned before.)

Our Theorem 1 in Section 3 provides such conditions under the assump-
tion that we can solve the problem in a neighbourhood of ¥, the set of all
singularities of X, and leads to Corollary 1, which provides such conditions
for nowhere vanishing vector fields. Another result, Theorem 2 in Section 4,
provides sufficient conditions for the existence of a Riemannian metric g with
Hr 4, = X in a neighbourhood of ¥. The conditions formulated in Theo-
rems 1 and 2 are expressed in terms of currents and are analogous to those of
[13], where the problem of geometrical tautness of foliations was considered.
(Recall that a foliation is geometrically taut when there exists a Riemannian
metric for which all leaves become minimal (i.e., H = 0).) As in [13], the
Hahn-Banach Theorem plays an important role in the proofs. Similar meth-
ods were proposed in [2] (see Theorem 2.17 there) to get conditions for F
to be either geometrically tense or taut, expressed in terms of currents and
Q-valued 1-forms, where Q = TM/TF. This should be closely related to the
realization of such forms as mean curvature forms of F. We expect that our
conditions can be transformed into more geometric ones like those in [7].

We are grateful to the Erwin Schrodinger Institute in Vienna for its hospi-
tality during the final stages of the preparation of this paper.
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2. Preliminaries

Let (M, F) be an oriented closed manifold with an oriented foliation, m =
dim M, p =dim F. For any k € {1,...,m} and any closed set A of M denote
by Dy (A) the space of k-currents supported in A. By definition, Dy, = Dy (M)
is the dual of DF, the space of differentiable k-forms on M with the C'™
topology. (For information concerning currents we refer to Schwartz [11]. In
particular, we recall Theorem XIV in [11] which states that the dual of Dy
coincides with D¥.) Also let X be a smooth vector field on M and let ¥ be
the set of all singular points of X. Given A, a closed subset of M contained
in M \ X, consider the following subsets of D,, determined by F and X:

e Cr(A), the closed convex cone generated by all Dirac currents of the
form e; A--- Aep, where (e1,...,ep) is a positively oriented frame of
T,.F, the space tangent to the leaf through x, z € A;

e Cr x(A), the closed convex cone generated by all boundaries of the
form O(—X (z)ANe1A---Aep), where x € Aand ey, ..., e, are as above;

o Crx(A), the closed convex cone generated by the union Cr(A4) U
Crx(A);

o Pr x(A), the closed linear space generated by all Dirac currents X (z)A
vy - Avp_1, where vy,...,vp_1 € T, F and = € A.

We write Cr instead of Cx(M) and, if X = 0, éf7X, Cr x and Pr x
instead of éf,X (M), Cr x (M) and Px z(M), respectively.

In [12], Sullivan proved that the cone C'x has a compact base, that is, that
there exists a continuous linear functional A : Dy, — R, positive on Cz \ {0},
and such that the set A=!(1) N C is compact. Obviously, the same holds for
all cones Cr(A) with A closed in M. However, Sullivan’s argument cannot be
applied to the cones Cz x(A) (and, a fortiori, to Cr x(A)). In fact, in some
situations these cones do not have compact bases.

ExaMPLE 1. Let M be a closed oriented 3-dimensional manifold equipped
with a 2-dimensional foliation F and a nowhere vanishing vector field X
transverse to F. If (M,F) contains a Reeb component R bounded by a 2-
dimensional torus 7', then both currents fT and — fT belong to C~';c,X C Cr x.
Indeed, [, =0 [5, — [; = BfM\R and the integrals [}, and fM\R can be
expressed as limits of convex combinations of Dirac currents of the form
X(xz) A e; A ey, where ¢; € T,F and © € M. Since the cones C’]—'7X and
Cr x contain two non-trivial elements £c, ¢ € D», they cannot have compact
bases. The same argument applies to any codimension one foliation which
admits a domain U of type D, mentioned in the Introduction: Again, the
currents + [, belong to C'r x.

Now assume that X = Hr 4 for some Riemannian metric g. Let Q = Qxr ,
be the volume form of F with respect to g (i.e., the differential p-form which
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gives the p-volume on the leaves and vanishes if any argument is a vector
orthogonal to the leaf). Rummler [10] proved that

(4) dQUZ, En,...,Ey) = —(Z,X)
for every vector Z tangent to M. (Here, E1,...,E, is a positive oriented

orthonormal local frame of sections of TF.) If X # 0 on a closed set A, then
setting Z = X in (4) yields

() Q|Crx(A4)\ {0} > 0.
Since obviously Q|Cz \ {0} > 0, condition (5) implies that
6) QUCr x (4)\ {0} > 0.

Moreover, in this case we have the following result.

LEMMA 1. If X = Hr g and A C M \ X is closed in M, then the cone
Cr x(A) has a compact base.

Proof. Let B = Cr x(A) N Q71(1). We have to show that B C D, is
compact, i.e., that any continuous linear functional A : D, — R is bounded
on B.

According to the theorem of Schwartz cited above, any such A can be
represented by a differential p-form w. Take any current

c:Ztiei “Ne! —Zta (z;) Ael A ~/\e§)),
i

where z; € A, the (ef,... ,e]p“) s are positive oriented orthonormal frames of
TF at certain points of A and all coefficients ¢; and ¢; are positive. Note that
QOX(zj)Nel A+ A eé) =dUX(xj) ANel A A e;) = —|| X (z;)|?

by (4). Hence if ¢ € B, then

=Y ti+Y IX@)IPt =a > it ti],
7 7 ) 7

where
o = min {1, min{|| X (z)|*;z € A}} > 0.
Therefore,
|w(c)|§2ti\w(e§/\~ |—|—Zt |dw(X () A €] A o Aed)
i
<a (ol + [ldw] - ||X||)7
where

[ X1 = max{[| X (z)|}; = € M},
Jwll = max {[w(§)[; € € APTL M, [|€]| = 1,2 € M},
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and so on. O

Finally, it is obvious that if X = Hr 4, then
(7) Qr|Pr x(A) =0

for any closed set A contained in M \ ¥. Conditions (6) and (7) imply that
in this case the cone Cr x (A) intersects the space Pr x(A) trivially, i.e.,

(8) C]:’X(A) n P]-"X(A) = {O}
3. Away from singularities

In this section, we shall consider the problem of prescribing mean curvature
assuming that it is already solved in a neighbourhood of the singular set ¥
of a given vector field X. More precisely, given a closed oriented manifold
M with an oriented foliation F and a vector field X on M which vanishes
precisely on X, we shall prove the following.

THEOREM 1. Suppose that gy is a Riemannian metric on a neighbourhood
U of ¥ on which X = HF 4,. Let B be a smooth compact submanifold of M
with

YcInt(B)yc BCU
and let A be the closure of M \ B, so that 0A = 0B = AN B. Then there
exists a Riemannian metric g on M extending go|p and such that X = Hr 4
on M if and only if the cone Cr x(A) has a compact base and intersects the
space Pr x (A) trivially.

Proof. In the previous section it was shown that if the metric g exists,
then the cone Cr x(A) has a compact base and intersects the space Pr x(A)
in {0}. To prove the converse, let us suppose these conditions on the cone
C]:’X (A) hold.

In order to obtain the desired metric g, we shall first construct a differential
p-form 2 and then construct g so that € is the volume form along the leaves
of F. Let Qg be the volume form of F on U with respect to go.

CLAIM.  Under our hypotheses, the sum ker(Qo|B) + Pr x(A) also inter-
sects the cone Cr x (A) trivially.

To prove the Claim, take a small normal neighbourhood N C U of AN B
such that each point x in N has a unique shortest gg-geodesic v, joining x
to a point of AN B and so that ~, is entirely contained in N. If we denote
the endpoint of v, by pr(z), then the resulting projection pr : N — AN B
is a smooth map. Also equip the bundle TF|U with a linear connection V
(for example, the one induced by the Levi-Civita connection on (U, go)) and
let 7, denote parallel transport along -,. Finally choose a smooth function
f:+ M — R supported in N and equal to 1 at all points of AN B. With these
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tools in hand, define a projection map 7 : W — D,(A N B), W being the
closure of the linear subspace of D,(A) generated by the union Cr x(A) U
Pr x(A)UD,(ANB), in the following way. First, for generators of Cr x (A)
and Pr x(A) put

m(er A Aep) = fx) - Taler) A ATa(ep),
T(—=0(X(z) Ner A---Nep)) = —f(z) - O(X (pr(z)) ATeer A=+ ATgep),
and
(X (@) Avr A Avp_i) = f(2) - X(pr(z)) Amgvi A A TaUp—1,

whenever e; A --- A ey, is a positively oriented frame of T, F, v; € T,F and
x € N. Then 7 is well defined, since the generators of the cone (in the first
two formulas) are linearly independent, as can easily be shown by evaluating a
linear combination of them on appropriate differential p-forms, and this cone
meets the subspace Pr x(A) (whose generators appear in the third formula)
trivially. If z ¢ N, set m equal to 0 in all these cases. Next, put 7(c) = ¢ for all
¢ € D,(ANB). From the above formulas it is clear that 7 is continuous where
defined. Therefore, it can be extended over W by linearity and continuity.
This projection 7 : W — D,(A N B) maps the cone Cr x(A) into the cone
Cr x (AN B) and the subspace Pr x(A) into the subspace Pr x (AN B).

Now suppose that a non-zero element ¢ of Cr x(A) decomposes as ¢ =
¢1 + co with ¢; € D,(B) and ¢3 € Pr x(A). Since ¢; = ¢ — ¢y is supported in
AN B, 7(¢1) = ¢1. Therefore, w(c) # 0, since otherwise ¢; = —7(cg) would
be supported in AN B while ¢ itself would lie in the intersection Cr x(A) N
Pr x(A) = {0}. Consequently, Qo(c1) = Qo(m(c)) # 0, as claimed.

Now Qo on D,(B) extends to a continuous linear functional Ao : D,(B) +
Pr x(A) — Rby setting \g = 0 on Pr x (A), for g vanishes on the generators
of Pr x(A). Furthermore, since €}y is positive on currents in Cr x(4) \ {0},
where it is defined, the same holds for \g, so we can apply the Hahn-Banach
Theorem in the form stated in [3] (any continuous linear functional on a
closed subspace W of a Frechet space V' that is positive on the intersection of
a compact closed cone C' with W extends to a continuous functional on V' that
is positive on C) to extend Ao to a continuous linear functional A : D, — R
that is positive on Cr x(A) \ {0}. Clearly A = Q¢ on D,(B) and A = 0 on
Pr x(A). As before, X is represented by a unique globally defined p-form w.

Let © denote Sullivan’s purification of w with respect to TF [13]. This
means that if x € M and P, : T,M — T,F is the projection defined by the
condition

Lp, () (WINPT F) = (tp, (oyw)| AP T F = (ow) AP TLF, veT,M,
then
Q(Uh ey Up) = ("‘)(Pw(vl)7 s 7Pw(vp))
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for all vy,...,v, € T; M, x € M. From the above it follows directly that
(9) Qw,v1,...,0p-1) = w(w,v1,...,0p—1)

whenever w € T, M, v; € T,F, x € M. Since the bundle T'F is integrable,
for any w € T, M, g € M one can find a (p + 1)-dimensional submanifold
N such that w € TN and T, F C T,N for all x € N. If iy : N — M is
the canonical inclusion, then (32 = t};w and consequently (3,dQ) = (};dw. In
particular,

(10) dQ(w, v1,...,vp) = dw(w,vi,...,vp)

for any v1,...,v, € Ty, F. Equalities (9) and (10) show that (2 is strictly
positive on Cr x(A) \ {0} and vanishes identically on Pr x(A). Also, since
w = on D,(B) and Q is pure, the forms  and Qg coincide on B.

Now decompose the tangent bundle T'M over A into the direct sum

(11) TM =TF ®dkerQ =TF & Span(X) ¢ E,

where E is the (m — p — 1)-dimensional subbundle of ker Q? defined by the
equation
LwdQAPT, F = 0.

Observe that ker 2 coincides with the gg-orthogonal complement of T'F at all
points of B. Also, Rummler’s formula (4) implies that E is gg-orthogonal to
X on B.

Choose any Riemannian metric g = (-,-) on M making all components of
the decomposition in (11) orthogonal and such that the volume form Qg 4
equals 2 while

(12) (X,Z) = —dQUZ,Er, ..., Ep),

where Ey, ..., E, is any g-orthonormal positive oriented local frame of T'F.
Note that such a metric exists since dQ(X, E1,...,Ep) < 0on M \ X. Also,
without loss of generality, we may assume that g|TFQTF = go|TF QTF and
g|[E®QE = go| E® E at all points of B. Then the Riemannian metrics g and g
will coincide on B. Comparing (4) and (12) yields the equality X = Hz ,. O

The above Theorem (applied to the case ¥ = U = (), A = M) yields
immediately the following corollary.

COROLLARY 1. A nowhere vanishing vector field X on a closed foliated
manifold (M,F) can become the mean curvature of F (with respect to some
Riemannian metric g on M) if and only if the cone Cr x has a compact base
and intersects the subspace Pr x trivially. O

Let us now discuss some consequences of the conditions which appeared in
Theorem 1 and Corollary 1. We have already seen that if X is nonsingular
and transverse to a codimension one foliation F and the cone C'r x has a
compact base, then (M,F) contains no domains of type Di. Triviality of
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the intersection of the cone C'r x and space Pr x implies transversality of X
and F along M \ ¥. Indeed, if X (x¢) # 0 belongs to Ty, F and v1,...,vp_1
are such that (X (z¢),v1,...,vp_1) is a positive oriented frame of T, F, then
X (zo) Avr A--- Avp_q belongs to the intersection Cr N Pr x(A4) C Cr x(A)N
Pr x(A) for any closed set A C M\ X which contains zy. Another consequence
of triviality of this intersection is described in the following example.

F1cURE 1. A submanifold spanned by X and F

EXAMPLE 2. Let N be a compact (p + 1)-dimensional submanifold (with
boundary and corners) of (M,F) such that TN is spanned by X and TF
with the orientation given by (X (x),v1,...,v,), where (v1,...,v,) is a pos-
itive oriented frame of T,F, and suppose that ON decomposes into "N, a
submanifold tangent to X, and a union GIN U AL N of pieces of leaves, with
X pointing outwards along GIN and inwards along T N (Figure 1). Then
the p-current |, on Which takes a p-form « to the integral I an @ (where ON
has the induced orientation) has a decomposition

S his s o

with _faN S C]:,X, f@IN € Cyr, fBIN € Cr, and meN S P]-"X.

Now suppose that the flow (¢;) of —X (or of —fX, for some positive
function f) maps the closed bounded domain GIN on a leaf into itself, i.e.,
OIN = ¢4, (0] N) C 9] N for some to > 0 (see Figure 2 below). Then
fBIN — [orx = J € Cr, where B= 09[N\ 0T N, and consequently

*/ € Cr.x NPrx,
o N
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X

FIGURE 2. A vector field which cannot be mean curvature

so X cannot be realized as the mean curvature of F with respect to any
Riemannian metric on M. In fact, the mean curvature H = Hr, is the
negative gradient of the leaf volume, and therefore the volumes of pieces of
leaves have to increase when deformed by the flow of —H (or of —fH, f > 0).

The preceding example can be generalized to a construction involving a
submanifold N of dimension p + k£ + 1 in the presence of a suitable invariant
measure, so that a family of pieces of leaves flows backwards into itself without
preserving single leaves.

ExaMPLE 3. Let T and D be compact manifolds (possibly with boundary)
of dimensions k and p, respectively, and suppose that an embedding hq :
T x D — M is given such that the induced foliation hfj(F) coincides with the
vertical foliation V of T' x D whose leaves are {y} x D, y € T. Suppose that
the flow (¢¢) of —X (or of —fX, for some positive function f) generates an
immersion i : T x D x I — M, defined by setting

h(l‘,y,t) = ¢t(h0(xvy))7

where [ is an interval [0, o], such that the induced foliation h*(F) on T'x D x I
has leaves {y} x D x {t}, (y,t) € T x I. Also suppose that ¢, takes Ny =
ho(T x D) into itself, and that this is the only identification of points under
h. Tt follows that there exist a smooth embedding ¢ : T' — T and uniquely
determined subsets D, C D for each y € ¢(T) such that

(13) h({y} x D x{to}) = ¢1, 0 ho({y} x D) = ho({¢(y)} X Dy(y))-
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Finally, suppose that D and F are oriented and h takes the orientation of
D into the orientation of the leaves of F. In this situation we can extend
the argument of Example 2 to show that the vector field X cannot be the
mean curvature of F for any Riemannian metric on M. To this end, take
any non-trivial positive ¢-invariant Borel measure g on 7. Such a measure
exists by the Krylov-Bogolyubov Theorem ([17, Cor. 6.9.1]). The boundary
of N = h(T x D x I) admits a decomposition IN = " NUI™N, where 9T N
is the closure of Ny \ ¢+, (Ny). For every value of the parameter y € T we have

{y}xdDxI {y}xDxI {y}xDx{0} {y}xDx{to}

where these integrals are interpreted as p-currents operating on differential
p-forms on T' x D x I. Integration over T yields

(15) // duz—/a/ d,u—i—// du
T J{y}xdDxI T {y}xDxI T J{y}xDx{0}
L
T J{y}xDx{to}

Then h, will take the left hand side of (15) into Pz x and the first term on
the right hand side into C‘y.-, x. Next, we shall show that h, takes the sum of
the two remaining terms on the right hand side of (15) into Cx. From (13)
and the invariance of the measure p under ¢ we get

h*// du:h*// d,u:h*/ / dis.
T J{y}xDx{to} T J{o(y)} x Dy(yy x{0} &(T) J{y}x Dy x{0}

Therefore, if we set D, = () for y € T'\ ¢(T'), we have

L™ L s ™
T J{y}xDx{0} T J{y}xDx{to} T J{y}x(D\Dy)x{0}

which belongs to C'x, as desired.

Consequently,
h*// dMEC]:)XﬂP]:“X’
T J{y}x0DxI

and X cannot be the mean curvature vector field of F for any metric.

To give a concrete example of this situation, let M = S! x S? x R/ ~, where
~ is the equivalence relation generated by setting (y, z,t+1) ~ (¢(y), fy(z),t)
for diffeomorphisms ¢ : S — S' and f, : SP — SP for every y € S!, with
the property that ¢(y,z) = (¢(y), fy(z)) is a diffeomorphism of S' x SP to
itself. (Thus M is the suspension of ¢.) Let F be the foliation with the
slices {z} x SP x {t} as leaves, oriented by the standard orientation of SP.
Letting T = S! and fixing a p-ball D C SP, we suppose that for every y,
fy(D) € D. (For example, ¢ could be a rotation and every f, could be the
identity on SP, or f, could contract D into a smaller concentric ball.) Let
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ho : St x D = 8! x D x {0} — M be the inclusion and set X = —9/9t. Then
the flow (¢;) of —X on M preserves F and at time ¢ = 1 satisfies

é1 0 ho(T x D) C ho(T x D),

so the preceding argument shows that there is no Riemannian metric for which
X is the mean curvature.

4. At singular sets

A priori, the behaviour of vector fields in neighbourhoods of singular points
can be very complicated. In the case of mean curvature vectors of foliations,
one can get immediate obstructions. For instance, such vector fields take
values in the orthogonal complements of tangent bundles of foliations. Let us
look at this situation more closely.

So, again let (M, F) be a closed foliated manifold equipped with a Riemann-
ian structure g. Let X = Hr , be the mean curvature vector and F = T+F,
the orthogonal complement of T'F, the tangent bundle of F. Then X takes
values in F and Q = Qr 4, the volume form of F with respect to g, vanishes
on Pr g, the closed subspace of D, generated by all Dirac currents of the
form w A vy -+ Avp_1, where w € E;, v; € T,F and x € M. If ¥ is, as
before, the set of all singular points of X, then by (4) Q also vanishes on
B#(X), the closed subspace of D, generated by all boundaries of the form
O(wAvyA---Avy) with w € T, M, v; € T, F and z € ¥. Consequently, @ =0
on the sum Pr g+ B (X). Since Q is positive on the cone Cxz\ {0}, it follows
that

(16) Cr N (Prr+ Br(Y)) = {0}.

On the other hand, if K is an arbitrary compact subset of M satisfying the
condition analogous to (16)

(17) Cr N (Prg + Br(K)) = {0},

and (Ug)32, is a decreasing nested family of open neighbourhoods of K such
that Ny~ Ux = K, then Bx(K) = (,—, Br(Uy) and, in view of the existence
of a compact base of Cr,

Cr N (Pr g+ B#(Ur)) = {0}

for k large enough. By arguments similar to those of [13] we get the following
result.

ProrosiTioON 1. If K C M is compact, E C TM is a subbundle comple-
mentary to TF and condition (17) is satisfied, then there exists a Riemannian
metric g on M such that E is orthogonal to F and Hr ; =0 in a neighbour-
hood of K. Furthermore, given any Riemanian metric go on M, g can be

chosen so that g(v,w) coincides with go(v,w) whenever v and w belong to
E. O
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The following elementary fact can be obtained by easy calculation (or found
in the literature, for example in [4] or [14]).

LEMMA 2. If g and ¢’ = €*®g are conformally equivalent Riemannian
metrics on a foliated manifold (M,F), then the mean curvature vectors H
and H' of F with respect to g and g’ are related by the formula

(18) H' =e7? (H—p(Ve)h),
where p = dim F and (V¢)* denotes the component of the g-gradient of ¢
orthogonal to F. O

From (18) it follows that if H = 0 on an open subset U of M and X =
(Vf)+ for some g and f € C°(M), then H' = X on U when ¢’ = €2?g with
p

1
R )

where ¢ is a positive constant greater than max,cas|f(z)|. Also, if X is a
gradient field (i.e., X = VOf is the gradient of a function f with respect
to some Riemannian metric gp), X takes values in E, a subbundle of TM
complementary to T'F, and the conditions of Proposition 1 are satisfied, then
there exists a Riemannian metric g on U for which E is orthogonal to F,
the volume form Qx of F (with respect to g) is F-closed (i.e., vanishes on
Bx(U)) and g(v, w) coincides with go(v, w) whenever v and w € E. For this
g, Hr ;, =0 and (Vf)* = X on U. Therefore, Proposition 1 and Theorem 1
imply the following result.

THEOREM 2. If X is a vector field on (M,F) which takes values in a
subbundle E C TM complementary to TF, E and ¥ = {x € M; X(x) = 0}
satisfy (16), X|U is a gradient field for some open neighbourhood U of 3, and
the cone Cr x(A) has a compact base and intersects the subspace Pr x(A)
trivially for every closed set A C M \ X, then there exists a Riemannian
metric g on M for which X = Hr 4, the mean curvature of the foliation F
on (M,g). O

Let us conclude this article with some remarks on gradient vector fields.
These fields play an important role in the theory of smooth dynamical systems.
For instance (see [8]), Morse-Smale gradient fields are open and dense in
the space of all gradients. They have a number of simple properties: they
admit no closed orbits and the limit sets of their orbits consist of singularities
(infinitely many if more than one). These properties can be expressed in terms
of currents in the following way.

Let X be a vector field and X, as before, the set of all singular points of
X. Consider the closed convex cone C'x C D; generated by all Dirac currents
X(z), x € M, and the closed linear subspace Ps C D; generated by all 1-
currents ¢ for which there exist currents z supported in ¥ such that dc = 9z.
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If X =V for some f €C>®(M) and some Riemannian metric g, then
(19) Cx NPs C Di(X).
Indeed, if ¢ = lim,, . ¢, belongs to Py, where ¢, = ) . t, ;X (x,,;) for
some t, ; > 0 and xz,; € M, then setting X, ; = X (z,,;) we have
1 Xnill* = 9(Xnir Xni) = 9(Xni, V) = (X, df)
and therefore
Tim 3l Xl = e )

:<86,f>:<az,f>:<z,df>:()

for some z € D; supported in ¥. This implies condition (19).
Figure 3 below shows some situations when (19) is not satisfied.

N
c, z=0
N c, z=0

[

-

FI1GURE 3. Some non-gradient phenomena

Unfortunately, the cone C'x need not have a compact base even if X is a
gradient field. For example, if M = S! is a standard unit circle parametrized
by the angle 6, f : S — [0,1] is a function which has exactly two critical
points, zg with f(zg) = 0 and 7 with f(z1) = 1, and is strictly increasing
on oriented arcs Iy and I; with initial point zg and end point x;, then the
Dirac currents corresponding to the vectors +(9/00)(x¢) and +(9/900)(x1)
belong to C'v¢, and, therefore, Cv s has no compact base. However, a slight
modification of this simple example provides a gradient field Y for which Cy
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has a compact base. In fact, take f : S' — [0,1] such that f|Jo = 0 and
flJ1 = 1 for some disjoint non-trivial arcs Jy and J; contained in S*, while
f is strictly increasing on the complementary arcs Iy and I; whose endpoints
coincide with those of Jy and J;. Then there exists a 1-form 1 on S* which
coincides with df on Iy and —df on I;. In this case, n is positive on Cy \ {0}
and the set n~1(1) N Cy is compact.

If (19) is satisfied, the cone Cx is compact, and U is an open subset of
M for which U N'Y = (), then, again by the Hahn-Banach Theorem, there
exists a 1-form w such that w > 0 on Cx(U) \ {0} and w = 0 on Ps. Since
Ps, contains all 1-cycles, w is exact, i.e., w = df for some function f. Since
w is positive on Cx (U) \ {0}, df (X (x)) > 0 whenever z € U. Therefore, one
can find a Riemannian metric g on U for which X is orthogonal to ker df and
| X||> = df (X). For this g, X = Vf on U.

The problem of the realization of a vector field as a gradient in a neigh-
bourhood of its singular set seems to be much more delicate.
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