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ON THE SCHATTEN CLASS MEMBERSHIP OF HANKEL
OPERATORS ON THE UNIT BALL

JINGBO XIA

ABSTRACT. A well-known theorem of K. Zhu [7] asserts that, for 2 < p <
oo, the Hankel operators Hy and Hf on the Bergman space L?l(Bn7 dv)
of the unit ball belong to the Schatten class Cp if and only if the mean
oscillation MO(f)(2) = {|f]2(2) — |f(2)]2}}/2 belongs to LP(Bp, (1 —
|2|2)~"~1dV (2)). It is well known that, for trivial reasons, this theorem
cannot be extended to the case p < 2n/(n + 1). This paper fills the
gap between 2n/(n + 1) and 2. More precisely, we prove that, when
2n/(n+ 1) < p < 2, the same theorem holds true.

1. Introduction

Let B,, be the open unit ball {z € C" : |z| < 1} in C" and let dV
be the volume measure on B, normalized in such a way that V(B,) = 1.
Recall that the Bergman space L2(B,,,dV) is defined to be the subspace {1 €
L?(B,,,dV) : 1 is analytic on B,} of L?(B,,dV). Let P be the orthogonal
projection from L2(B,,dV) to L2(B,,dV). Given a symbol function f, the
Hankel operator Hy: L2(B,,dV) — L2(B,,dV)" is defined by the formula
Hy = (1 — P)M;P, where My is the operator of multiplication by f.

As usual, we write (2,{) = 21( + -+ + 2p(, for z = (21,...,2,) and
¢=(C,---,¢n) in C™. It is well known that P has K(z,¢) = (1—(z,¢))™"!
as its kernel, i.e.,

¥(Q)
(1 - <Z’ <>)n+1

Associated with K are the unit vectors {k, : |z| < 1} in L2(B,,dV), where

ko(C) = {K (2,2} V2K (G ) = (1= 2P "2 (= (¢ )

wwwz/Kwome@:/ av(Q).
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914 JINGBO XIA
For any function f € L%(B,,dV), its Berezin transform is defined to be

F(2) = (fhan k) /f\kldV

Recall that the mean oscillation MO(f) of f is given by the formula

mour)e) = {178 - [} = { [ s sl krav)

Let dA denote the Mobius-invariant measure on B, i.e.,
dAz) = (1= |2) 7" av(2).

Recall that, for 1 < p < oo, the Schatten p-class C, consists of operators T’
satisfying the condition |||, < oo, where the norm ||.||, is defined by the
formula

Il = (o (TP = {or (T2}

In the study of Bergman space operators, a natural problem is to determine
the membership of H; in C, in terms of function-theoretical data. Indeed
there is a very rich literature on this subject (see, e.g., [1]-[3], [6], [8]). Of
particular relevance to this paper is [8], in which K. Zhu characterized the
simultaneous membership Hy € C;, and Hy € C,, in the case p > 2.

THEOREM 1 ([8]). Let2 <p < oo and f € L*(B,,dV). Then Hy € C,
and Hy € C, if and only if MO(f) € LP(By,,d)).

Zhu [8] further raised the question of what happens when p < 2. It is easy to
see that this result cannot be extended to the case where p < 2n/(n+1). That
is, if p < 2n/(n+1), then for trivial reasons the condition MO(f) € LP(B,,, d\)
is sufficient, but not necessary, for the simultaneous membership H; € C, and
Hjy € Cp. Indeed, because

17‘ | )n+1 1/2
Jlr=te]
( | |2)(n+1)/2

Nl inf 2qy v
> e g [t

when (p(n+1)/2) — (n+1) < —1, ie., when p < 2n/(n + 1), the condition
MO(f) € LP(B,,d)) forces the factor infyec [ |f — a|>dV in the above ex-
pression to be 0, which implies that f is a constant a.e. on B,,. But obviously
there are non-constant functions f on B,, for which both Hy and Hy are of
trace class. For example, if f is bounded and vanishes outside some {z € C™:
|z| < n}, n <1, then both Hy and Hf belong to C;. But this analysis and
Theorem 1 still leave us with the gap 2n/(n+1) < p < 2.

MO(f)(2)

Y
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This gap was recently filled in the special case of complex dimension n = 1.
That is, we showed in [5] that, for 1 < p < 2, the Hankel operators Hy and H
on the Bergman space L2 (D, dA) of the unit disc belong to the Schatten class
C, if and only if MO(f) € LP(D, (1 — |2|?)"2dA(z)). This special case gives
us the confidence that Theorem 1 can also be extended to 2n/(n+1) < p < 2
when n > 2. The main result of the present paper, where we focus on complex
dimensions n > 2, is that this is indeed true.

THEOREM 2. Let2n/(n+1) <p <2 and f € L*(B,,,dV). Then we have
Hy €C, and Hy € Cy if and only if MO(f) € LP(B,,,d)).

When 2n/(n 4+ 1) < p < 2, the “easy” and “hard” directions in the proof
are the exact opposite of the corresponding directions for the case 2 < p < co.
In other words, the difficulty in the proof of Theorem 2 is to show that the
condition MO(f) € LP(B,,d\) is necessary for Hy € C, and Hj € Cp, while
the sufficiency of this condition is trivial.

Indeed, when p/2 < 1, we have (|Hf|Pk,, k.) < (|Hp|?k,, k.)P/? = || Hyk.||P.
Now | H ks |2 = [ fRo]2 = [ PSRN < | fha | = | (P Fhes k)2 = (MO(f)(2)}2.
Obviously, MO(f) = MO(f). Thus

(1.1) tr (|Hy|” + |Hy|") = /<(\Hf|” + |Hf|") ks k2 ) dA(2)
<2 / (MO(f) ()} dA(2)

(see pages 115-117 in [7]). Therefore, when p < 2, the condition MO(f) €
LP(B,,,d\) implies Hy € C, and Hy € C,. This proves the “if” part of
Theorem 2.

The proof of the “only if” part of Theorem 2 amounts to reversing inequal-
ity (1.1) up to a constant multiple under the condition p > 2n/(n +1). Since
the reversal of (1.1) in the case of complex dimension n = 1 was accomplished
in [5], one would naturally expect the same method to work in complex dimen-
sions n > 2. In this sense one might consider this paper as a generalization of
[5] to the high-dimensional case.

It has been suggested that generalizations of this kind can range anywhere
from a trivial exercise to a breakthrough. While certainly not a breakthrough,
it is not clear where on this scale the present paper fits. This is because the
method in [5] works only if one has the right decomposition scheme for the
domain in question. When the domain is the unit disc, this scheme requires
the circular sectors

{re?:1-27""<r<1,277(—1) <0 <2755},

(1.2) .
{re? :1-27F<r<1-27F1 27k  —1) <9 <27Fj},
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where 1 < j < 2F and k > 1, and three other types of sectors generated by
these [5, pp. 3561-3562]. The non-trivial part of this particular generalization
lies in the search for the right analogue of these sets in the case of complex
dimensions n > 2. It is quite clear that the dyadic decomposition 1 — 2% <
r < 1—27%"1 is still the right one for the radial direction of the unit ball.
But it is far from obvious what the high-dimensional analogue of (1.2) should
look like in the spherical directions.

As it turns out, in complex dimensions n > 2, the right spherical decompo-
sition does not involve the FEuclidian metric or any other isotropic metric as
one might extrapolate from (1.2). Rather, the right spherical decomposition
involves the anisotropic metric
(1.3) d(u,v) = |1 — (u,0)|"?,  w,v€ B,
on the unit sphere. Given u,v € 0B,,, v has a component v orthogonal to u
with |vt| = (1 — [(u,v)|?)"/2. If n = 1, then, of course, |[v| = 0. But when
n > 2, |vt| can be as large as on the order of |1 — (u,v)|'/? = d(u,v). This
explains why [5] provides no hint for the right spherical decomposition for the
high-dimensional case: the anisotropic nature of this decomposition reveals
itself only in complex dimensions n > 2. Indeed our decision to publish the
case n > 2 is mainly based on such considerations. As expected, once the
right decomposition is found, the rest of the proof works in much the same
way as it did in [5]. But the details are more complicated here.

The rest of the paper is organized as follows. Section 2 contains the afore-
mentioned decomposition and other necessary preliminaries. The main part
of the proof consists of Lemmas 6 and 7, which are collected in Section 3.

2. Decomposing the ball

For any v in the unit sphere 9B, = {z € C" : |z| = 1} and a > 0, define
(2.1) Blu,a) ={v € 0B, : |1 — (u,v)| < a}.

Let do denote the surface measure on 9B, = S?"~! normalized so that
o(0By) = 1. Then
dV = 2nr?""dr do.

Fundamental to our subsequent estimates are the following facts about 8(u, a):

LEMMA 3.
(i) Let 0 < a < 1. Ifu, v € dB,, and B(u,a) N B(v,a) # 0, then
B(v,a) C B(u,9a).

(ii) There exist constants 0 < a1 < ag < oo which depend only on the
complex dimension n such that the inequality

ar1a” <o (B(u,a)) < aga™

holds for all w € 0B, and 0 < a < 1.
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Proof. Obviously,
ﬁ(uv CL) = Q(u, \/&)a
where
Q(¢,0) = {n € 9By : d(¢,n) < 5}

with d being defined by (1.3). By [4, Proposition 5.1.2], d satisfyies the
triangle inequality. Therefore, if Q(u,+/a) N Q(v,/a) # 0, then B(v,a) =
Qv,v/a) C Q(u,3v/a) = B(u,9a), which proves (i). Note that the value of
a(B(u,a)) = 0(Q(u,+/a)) is independent of the choice of u in dB,,. Hence (ii)
follows immediately from Proposition 5.1.4 of [4]. O

LEMMA 4. Suppose that 0 < b < a < 1/9. Suppose that uw € IB,, and
v1, ..., ON € OB, satisfy the conditions that 3(u,a) N B(vj,b) # O for every
1 <j <N and B(v;,b) N B(v;,b) =0 if 1 <i < j < N. Then we have the
bound N < (az/a1)-9"-(a/b)", where ay and ag are the constants that appear
in Lemma 3(ii).

Proof. Since b < a, Lemma 3(i) tells us that §(v;,b) C B(u,9a) for every
1 <j < N. By the disjointness of the 5(v;,b)’s and by Lemma 3(ii), we have

N N
Napb™ < ZU (B(v;,b) =0 U B (v;,b) | <o(B(u,9a)) < az(9a)".
j=1 j=1

The conclusion follows from this inequality. O

We now decompose 0B,, according to the facts provided by Lemma 3. Let
any integer k > 20 be given. By the lower bound in Lemma 3(ii) and by
virtue of the fact that 0(9B,) < oo, there is a mazimal finite subset {uy 1,
<oy U (k) } of OBy, such that

(2.2) B (uki:27%/9) N B (uk,277/9) =0 if 1 <i<j<m(k).

The term “maximal” means, of course, that if u € dB,,, then B(u,27%/9) N
Bluk,;,27%/9) # 0 for some j € {1,...,m(k)}. By Lemma 3(i), this implies
that if u € OB, then 8(u,27%/9) C B(us,;,27%) for some j € {1,...,m(k)}.
Hence

(2.3) U 8 (urj,27") = 0B,
j=1

For the rest of the paper, uy 1, . .., Ug, m(x) Will denote the points in B,, chosen
above. Keep in mind that these points satisfy conditions (2.2) and (2.3).
For any k£ > 20 and 1 < j < m(k), define the sets

(2.4) Thj={ru:1-2"F<r<1-2"%"1wep(uw;27")},
25) Qrj={ru:1-2""<r<1-2""2uep(uw,;9 27%)}.
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Our selection of the points uy ; ensures that
oo m(k)
(2.6) U Uni={zecr:1-27" <z <1}.
k=20 j=1
Furthermore, it follows from the definition of dA and Lemma 3(ii) that
(2.7) sup A (T} ;) < sup 2FFDOFDY (T, 1) < 0.
k,j k,j

To simplify notation, we will write |E| for the volume V (FE) of any Borel set
E C B,,. As usual, when |E| > 0, the mean value of f on E will be denoted
by fg,ie., fg = [, fdV/|E|. Furthermore, we will use the notation

(2.8) V(f;E) = El‘/Ev—fE\zdv,

which we think of as the “variance” of f over the set F.

Throughout the paper, universal constants will be denoted by Cq, Co, ...,
which may represent different values in the proofs of different lemmas. Let us
emphasize that these are constants which do not depend on anything other
than n and p, and some of them may even be independent of n or p or both.

Suppose that Fy, ..., E,, are subsets of a set X which have the property
that, for any 1 < j < m, the cardinality of the set

{ie{l,...,m}: E;NE; #0}
is at most N. Then there exists a partition
{].,...,m}:P1U"'UPN+1

of the index set {1, ..., m} such that, for any P,, if i, j € P, and i # j,
then E;NE; = (. This follows from an induction argument on the cardinality
m of the index set. In fact, this is trivial if m < N + 1. Now suppose that
j > N +1 and that the set {1,...,7} has a partition P/, ..., P{, with
the desired property. Since E;,; intersects at most N of the E;’s, there is
ap € {l,...,N+ 1} such that Ej,; N E; = 0 if i € PJ. Thus if we set
PItt = PJ for v # p and PI* = PJ U {j 4 1}, then Pt P s a
desired partition for {1,...,4, j+ 1}.

LEMMA 5. Let 1 <p <2 and let f € L*(B,,,dV) be such that Hy € C,
and Hy € C,. Then

oo m(k)

STV F Qe < .

k=20 j=1
Proof. We begin the proof with the inequality

(2.9) CulQuyl <= (2,01 < ColQuyl™t i 2, € Qny.
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To prove this, observe that C32~("*+Dk < |Q; ;| < C,2=(FDF by (2.5) and
Lemma 3(ii). On the other hand, we have 27572 < |1 — (2,¢)| < (2+93)-27*
when z,( € Qy,;. Indeed the lower bound holds because 1 — |z| < |1 — (z,()|.
For the upper bound, we write z = ru and ¢ = pv with u, v € B(ug,;,9?- 27F)
and 1 —27% <7 p<1—27%"2 Then
1= (2,0 < 11— 7ol + o1 — )] €227 + [1 = (u, )]
Since u € B(uy, j,9% - 27%), it follows from Lemma 3(i) that 8(u,9%-27%) >
B(ug,;,9% - 27%), which contains v. Therefore |1 — (u,v)| < 9% -27% This
proves (2.9).
For any k > 20 and 1 < j < m(k), define the integral operator

(Kt () = xau, ) | SO0

Set ¢ = p/(p — 1). Because g > 2, we have || K} ;||q < [|Kk ;|2 and
2 2
(2.10) 1Kk slly < 11Kk 5115

— 2 2
/Q /Q ,Wd‘f(odwz)

) £O) — F()? .
<3 /Q /Q T oae)

— 203V (£, Qi)
For any L > 20, let

Y(Q)av(¢), ¢ € L*(By,dV).

L m(k)
Ky = Z Z ek, Kk 5,
k=20 j=1
where
ey = AV (£;Qu)} 7"
in the case V(f;Qg,;) > 0 and ¢; ; = 0 in the case V(f; Qr,;) = 0. We claim
that

L m(k) a

(2.11) IKLl, < C5 ( D2 DAV (i Qua)y”?

k=20 j=1
To prove this, we note that the intersection Q) ;NQ4 ; can be non-empty only
when k' € {k — 1,k,k+ 1}. Also, if Qx,; N Qx; # 0, then B(uy,;,9% - 27%) N
Blugs i, 92-2*’“/) # (), which guarantees B(uy j,9%-2-27%) D B(up i, 2*’“//9) by
virtue of Lemma 3(i). And for each fixed &/, the B(us ;,27* /9)’s are pairwise

disjoint. Thus, according to Lemma 4, for any given (k, ), the total number
of pairs (k1) such that Q. ; N Qw ;i # 0 is at most

N =3 [(aa/on) - 97 (9°- 2/(1/9))"} =3 [(az/an) - 97" - 2]
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According to the paragraph preceding the lemma, there exists a partition
{(k’,j)QOS k<L,1 Sjgm(k)} =Pr1U---UPr Nyt

of the index set such that, for any v € {1,...,N + 1}, if (k,5), (¥',j') € P,
and (k,j) # (K',j), then Qr ; N Qi j» = 0. Thus, for each 1 < v < N + 1,
the subspaces {L*(Qx,;,dV) : (k,j) € Pr,} are mutually orthogonal. Let

App= > ojKij, 1<v<N+1
(k,j)EPL .

Then, by (2.10),

i S I
(k)j)GPL,V
< Cs Z CZ,j{V(f;Qk,j)}q/Q
(k7j)€PL,u
=Cs Y. AV (/i Quyyllr2arar
(kﬁj)EPL,y
=Co Y, {V(£HQ)".
(k,J)EPL,»

Now (2.11) follows from the identity K = A1 +---+ Ar ny+1 and the fact
that N depends only on the complex dimension n.
Under the assumption Hy € C, and Hj € Cp of the lemma, we have

[My, P] = [My, P| P+ [My, P|(1— P) = H; — (Hf)" €C,.
Furthermore,
(2.12)  [[[M, PI[|,, |21l

> tr ([My, P] Kp)
L m(k)

zzcm/

k=20 j=1 Q.

2
/Q ‘17 ey 22|+2 AV (¢)dV (2)

7_“)‘ dv(¢)dv
/QM op o)

=207 Z x5V (3 Q)

=20t - Y AV (@),
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where we used (2.9) and the definition of ¢ ;. Since [My, P] € Cp, the con-
clusion of the lemma follows from (2.11) and (2.12). O

We conclude this section with the recollection of the following elementary
fact, which will be used in the paper without further reference: If w is a
probability measure and if ¢ € L?(w), then

Jlo oo

3. Reconstructing MO(f)

2
dw < / lo — c|?dw for any c € C.

To control the kernel function |k,|?, we need another family of subsets of
B,,. Given any k > 20 and 1 < j < m(k), we define

Fk,j = {(637’) 4> kal S 1 S m(£)7ﬁ (U&i’sz) ﬂﬁ (uk,jag : 27’6) # ®}

and

(3.1) Sei=@i Uy U Qe

(£,3)EFy,;

Obviously,

Sk D {ru:1-2""<r<luep(u;,9-27%)}.
This implies that
(3.2) 11— (z,0)| >27F1 ifz/|]z| € B (uk,j,Z_k) and ¢ € B, \Sk ;-
Indeed, given a ( = pv € B,\Sk,;, there are two possibilities. Either p <
1 — 27% which implies |1 — (z,{)| > 1 — p > 2% and, therefore, (3.2). Or
p > 1 —27% which necessitates v ¢ B(ur;,9-27%). In the latter case we
write z = ru with 0 < r < 1 and u € B(uy,;,27%). According to Lemma 3(i),
B(u,27%) € B(uy,j,9-27F). Hence v ¢ B(u,27%), i.e., |1 — (u,v)| > 27*. Now
forany 0<t<1,0<a<1andf € R, we have

11— taew|2 =t]1- aew’2 +(1—1t)(1—ta®) > t|1- aeiaf.
Hence
11— (2,0)| > Vrp |l — (u,v)| > frp-27".

If r > 1—2720 then, of course, |1 — (z,¢)| >271-27% If r <1 2720 then
11— (2,¢)| >1—7r>2720 In any case, (3.2) holds as promised.

Suppose that E and F' are measurable subsets of B, such that |[ENF| > 0.
Then

[ s-1 dV' /IENF]

\fe — fEnF| =

< (|E|/|E N F)) /E e — f| dV/|E].
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By the Cauchy-Schwartz inequality, we have

\fe = fear| < (IE|/[ENF[) VV(f; E).

Therefore
(3.3) |fe = fr| <|fe = fenr| + | fenr — fF]
|E| |F
< VV(f; E vV V(I F).
LEMMA 6. Let1<p<2and f € L*>(B,,dV) be such that
oo m(k)
STV Qu)? < .
k=20 j=1
Then
oo m(k)
STV Sk < oo
k=20 j=1

Proof. Given k > 20 and 1 < j < m(k), it follows from (2.8) and (3.1) that

V(f§Sk,j)§T |f*fQ,m.|2dV
| k,J| Sk,
|Qk.j |Qeal 1 2
< V(i Qrg) + = f=fau, | av.
| Sk, ! 2 |Sk.51 1Qel QM| Q|

(Z,i)EFkyj
By (2.5) and Lemma 3(ii),
Qe < C127 D8 and |Sy 4| > Q. ;| > Co2~ "+,
Setting C3 = C1/Cs, we have
(34) V(fiSk;) <V (fi Q)
_ _ 1 2

+C; Z 9—(n+1)(¢ k)|Q ] ’f_ka,j’ dv.

(00)EFy 6l Qi

Let us consider a pair (¢,i) € Fj; for a moment. Pick an x € [B(ug,,
9-27F)n ﬁ(ug,i,2_é), which is possible since the intersection is non-empty
by the definition of F}, ;. Then there is a chain of indices {(¢,i(t)) : k <t < ¢}
such that (£,i(0)) = (£,1), (k,i(k)) = (k,j), and z € B(uy 1), 27") if k <t < L.
This implies that

Qi) N Qeyryit+1) O Tigrirry kSt <L
Indeed, since B(ug (1), 9-275) NB(Upt1,i41), 277 1) contains , it follows from

Lemma 3(i) that B(w1,it11),27 ") C Blug,ir), 92-27"). The above assertion
now follows from (2.4) and (2.5). Since

1 Tiiigesn)| > Cu27FDMHD = 9=n=1 g 9= (n+ Dt
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we have |Qt,i(t)|/|Qt,i(t) n Qt—i—l,i(t—‘—l)‘ < 2n+101/C4. By (33), we now have

|th,i(t) - thH,i(tH)’ < Cjs ({V (f7 Qt,i(t)) }1/2 + {V (f, Qt+1,i(t+1)) }1/2)
if k <t < {. Therefore

|fQ1«,_7‘ - fQZ,i

) /-1 2
< (Z |th,7i(t) - th+1,i(t+1) |>
t=k

< (205 Z {V(f:Quiw) }1/2>

t=k
‘
SACZA+L—=k) > V(£ Quiwy) »
t=k
where the last inequality results from the Cauchy-Schwarz inequality. Let
Grjwi={(w,h) : k<v<{1<h<mv), Buyn,27")N Blugi, 275 #0

and f(uyn,27") 0 Bluk 3,9 -27%) # 0}
Then the choice of (t,i(t)) guarantees that (t,i(t)) € G jy forall k <t < 2.
Therefore
2
(85)  fou — fau,| AR +L—K) > V(£Qua).
(v,h)EGr, e,
Substituting 2|f — fo,.|* + 2|fo.. — fo.,|* for |f — fq,,I* in (3.4), it now
follows from (3.5) that

V(f;Sk;) <V (f; Q)+ Co (Ak,j + Brj),

Agy= Y 270ERYV (100,

(Z’i)GFkJ
Biy= > 270ERGLi—k) Y V(£Qun)-
(e,i)EFij (V,h)EGk,j;e,i

Since (¢,7) € Gy j.0,i, we obviously have Ay ; < By ;. Therefore
(3.6) V(f; Skj) <V (f;Qr,j) + 2C6Br,j.
Let us estimate By, ;. First of all, if we set C7 = sup,,,5¢2~™/2(1 + m), then
37) By <Cr Y S 2 RERY (£:Q,,).

(£,0)EF), ; (V,h)EGK jie,i
Now, for each pair (v, h) withv > k, if v < £ and B(uy,pn, 277)NB(ues,27%) # 0,
then B(u,.pn,9-27%) D Bluei, 27%) by Lemma 3(i). Since the sets

{ﬂ (WJ,Z*K/Q) 1<i < m(é)}
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are pairwise disjoint, Lemma 4 tells us that, for each ¢ > v, the cardinality
of the set {i : 1 < i < m(¢), Bluei,27%) N Buy.p,277) # 0} is at most
(o/ar) - 9™ - ((9-277)/(27¢/9))" = Cg2"*~¥). Hence, if we set

Gk,j = {(V7 h) ‘v ka 1 < h < m(l/),ﬁ (uv,hvziu) N ﬁ (uk',jag . 27}6) 7é (D} 5

then a change of the order of summation in (3.7) yields

(38) Br; <Cr > V(fiQun) Zg (n+1/2)(¢—k)

(v,h)€Gy,;
x card {z : B (w,i, 2" ) ng (Uu,iu 27”) # (Z)}

oo
< C7C% Z V (f;Qun) Z 9—(1/2)(t=k)  9g—n(l=k)  gn({—v)
(v,h)EGk,; {=v

= Cy Z V(f?Quh)2_n(y_k)ZQ—(l/Q)(Z—k)
(v,h)EGK ; —

< Cio Z V(f;Qun)2 "),

(v,h)EGk 5
It is elementary that if 0 < r <1 and a,, > 0, then (3" a,,)" < > al,. Since
p/2 < 1, applying this to (3.8), we obtain

BIP <O N AV (£ Qua)yr/Penv 2,

(v,h)EGK,;
Thus
SHECCEY S ot
J (v,h)EG,;
:Cf/QZ{V (f; Qun) }p/2 Z 27" W=kP/2 card(H, 1),

20<k<v
where, for any 20 < k < v,
Hypg={j:1<j<m(k), Blur;,9-27%) N Bupp, 277) £ 0}
If j € H, pk, then Lemma 3() tells us that ﬂ(uk],92 27%) o Bluyp,277)
and, therefore, B(uk j,9% - 27%) D Bluk,;,9-27%) D Bluk,,27%/9) for any

other j' € Hy p1. It follows from (2.2) and Lemma 4 that card(H, p.1) < Ci1.
Hence

(3.9) N OBYZ< Y AV (£ Qua? S a2

k,j v,h 20<k<v

< Cis Y AV (1 Qua)?.

v,h



HANKEL OPERATORS ON THE UNIT BALL 925

Since p/2 < 1, it follows from (3.6) that
V(586> <V (£3Qua)y? + (26 BY.
Combining this with (3.9), the lemma is established. O

What we have done thus far is valid for all 1 < p < 2; in fact, it can even
be extended to the case p = 1 with minor changes only in the proof of Lemma
5. But for our next lemma, the requirement p > 2n/(n + 1) is absolutely
indispensable.

LEMMA 7. Suppose that 2n/(n+1) < p < 2. Suppose that f € L*(B,,,dV)
and that

oo m(k)
Z Z{V(f§sk,j)}p/2 < 0.

k=20 j=1
Then MO(f) € LP(B,, d\).

Proof. By (2.6) and (2.7), to prove that MO(f) € L?(B,,d\), it suffices to
show that

(3.10) Z sup {MO(f)(2)}’ < 0.

ko #€ Tk

Fix a pair of k, j and a z € T} ; for the moment. We have |k,(¢)]? <
(1 —[2[2)" /(1 — |2]?)2H2 < 2+ D(HD) < 0[Sy, ;7Y for all ¢ € B, where
the last inequality is due to the fact that Sy ; C {ru : 1 — 27k < < 1,
u € Blug,;,9%-27F)}. For any 20 < ¢ < k, there is an i(¢) € {1,...,m({)}
such that z/|z| € B(ug i), 27%). We stipulate that i(k) = j, which is allowed
because z € T} ;. For any ¢ < k, it follows from (3.2) and the fact z/|z| €
Bttesr o1y, 2~ D) that, if ¢ € Sp i)\ Set1,i(e11), then
n +1
[k ()7 < 20FEmE) (1 — 127)"
< 2(€+2)(2n+2) . 2(n+1) . 2—(n+1)k

— 25n+5 . 2(n+1)l . 27(714»1)(1@7@)

< ’55,1'(@\_1 9—(k—=0)(n+1)
Recall that we have defined m(¢) and Sy ; only for £ > 20 so far. We now set
m(19) =1, Si9.1 = By, and i(19) = 1. It follows from the above analysis that
k

2 15— (k—0)(n
k" < C5 Z {vai(f)| 27 (=0 +1)Xse,i<e>'
=19

Applying this in the inequality {MO(f)(2)}* < [ |f—fs, ,[*|kz|*dV, we obtain

k
1
(B11) MO <6 Y 2t om L [ o Pav.
=19 ‘S&i(é)’ Se.i(e)
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Now, for each 20 < ¢ < k, since

z/|z| € B (we,ice), 24) N B (wes1,i(e+1) 2_6_1) )
we have
B (ueie)s9-27%) D B (wesrier), 277
and, therefore, Sy ;o) O Quiey O Tyt1,i(4+1)- Since [Sg;| is on the order of
2-(*+DE and since |Tyi1,i(e41)] is on the order of 2= (DD — o=(nt1) .
2= (12 it follows that 1Se,i0)|/1Se,icey N Set1,ie41)l < Ca. A similar bound

holds for [Syi1ie+1)l/[Seie) N Se41,i¢e+1)]- Combining these bounds with
(3.3), we now have

’fsz,i(é) - fSl+1,i(£+1)’ <Cs ({V (f’ Sf,i([)) }1/2 + {V (f’ S€+1,i(2+1)) }1/2) :
Thus, if ¢ < k, then

k—1
’f - fS'k,j ’2 < (‘f - fsk,i(l) ’ + Z ’fst,i(t) - fSt+1,7‘,(t+1) |>
t=~C

2

& 2
< (!f—fsw! +2c5z{v<f;st,i<t>>}”)

t=¢

k
<2+Ek-1) {]f—fsu(,z)|2 +4C§ZV(f;St7i(t))}.

t=t
A substitution of this into (3.11) yields

(312)  {MO(f)(2)}’

k k
< Cy(1+4C2) Y 27 F 00 Q4 b —0) N "V (f; Spiw)
£=19 t=£

k
=C3 (1+4C2) >V (£ Stiw) Z 2= (k=0 (2 4 | — ¢)

t=19 =19
k o
< Cs (1+4C2) >V (£ Siw) Y, 2724 w).
t=19 v=k—t

We now use the condition p > 2n/(n + 1). Because (n + 1)(p/2) —n > 0, we
can choose an € > 0 such that

(3.13) (n+1—¢)(p/2) —n>0.

If we set
o0

Co=)Y 27(2+v),

v=0
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then

(o0}
Z 2—(n+1)V(2 +v) < Cp2~ (1= (k=1)

v=k—t

in (3.12). Thus it follows from (3.12) that

k
{MO(f)(2)}* < Cr Y 27900V (f15, 51)) -

t=19

Since p/2 < 1, we have (3 a;)P/? < Zaf/Q if a; > 0. Hence

k
{MO(f)()}" < C2/* 37 2= 1=0/2(k=0 [y (£:5, 1))}/

t=19
Recall that each pair (t,i(t)) was chosen so that z/|z| € B(u;(),27"). Thus,
if we let
Wi ={(t.h): 20 <t <k, 1 <h <m(1),
B (e, 27 N B (upy,27%) # 0} U{(19,1)},
then
(3.14) {MO(f)(2)}! < C&/? 3" 2 (H1-9@/ 200 gy (f15, )1/
(t,h)EWk,;

The set Wy ; is, of course, independent of the choice of z in T} ;. In other
words, (3.14) holds for every z € T}, ;. Therefore

(3.15)

> sup {MO(f)(2)}

ko 2€Ty,;

S VID VRS U I
kg (t,h)EWk ;

oo

= 05/2 Z vV (f; St,h)}p/Q Z 9~ H1=)®/D =Y card (Uy i)
t,h k=max{t,20}

where
Uhie = {5 : 1 < j <m(k), Blur,;,27%) N Bluep, 27") # 0}

for t > 20 and U9, = {1,...,m(k)}. If k >t > 20 and j € Uy p.i, then
Blugn,9 - 274 D B(uk,;,27%) by Lemma 3(i). Thus it follows from (2.2)
and Lemma 4 that card(Uy 1) < Cg(27/27%)" = 02" =) when t > 20.
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Similarly, card(Uig,1.x) = m(k) < Co2mk = 219nCy2n(k=19) " Ap application of
these bounds in (3.15) yields

sup {MO(f)(2)}* SCloz{V (f;St,h)}p/QZ2*{(n+1*6)(p/2)7n}(kr—t).

kg 2€Tk.i th =t

Because of (3.13), the above is finite whenever

Z{V(f55t,h)}p/2 < 0.

t,h

This proves (3.10) and completes the proof of the lemma. O

Proof of Theorem 2. Under the condition 2n/(n + 1) < p < 2, it follows
from Lemmas 5, 6 and 7 that, if Hy and Hy belong to Cp, then MO(f) €
L?(B,,,d)). The converse of this was proved in the Introduction. O
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