ON THE SCHUR MULTIPLIER OF A
WREATH PRODUCT

BY
E. W. READ

Introduction

This work is a generalization of a paper by N. Blackburn [1] on the Schur
multiplier of the wreath product of two finite groups G and H. This wreath
product is the group called the complete or unrestricted wreath product by
H. Neumann [5], and the regular wreath product by Huppert [3]. We will
consider wreath products as defined by Kerber [4] and Huppert, and the
notation G "U H will always be taken to mean a group defined in this way. The
regular wreath product of G and H will be denoted by G, H.

Our proofs sometimes follow closely along the lines of those of [1], and
where the argument is almost identical, we have omitted the details. To
show that our work is in fact a true generalization of Blackburn’s work, we note
that G, H = G "_UH™, where H" is a permutation group on the elements of
H which is itself isomorphic to H; indeed, we are able to recover Blackburn’s
result as a corollary to our main theorem (Theorem 3). We also apply our
results to determine the multipliers of the groups C, \_S,, C; U4,, S;"U S,,
S, U4, 4,°US,, 4,°C A4,, where C, is the cyclic group of order /, and S,
and A, are respectively the symmetric and alternating groups on / symbols.

Section 1

Let G be a finite group, H a permutation group on the set X = {1,..., n}.
We define G U H to be the set {(f, h) | f: X = G, h € H}, together with the
product (f, h)(f’, ') = (ff+, hk'), where fi(i) = f'(h~(i)) for all i € X. This
makes G "U H into a group with identity (e, 1), called the wreath product of
G with H, where e(i) = 15 for all ie X. (See [4, p. 24].) Let G* =
{(f; 1) | f: X > G}. Then

G* = X G;<a G"UH where G; = {(f; 15) | f(j) = Igforallj # i} = G.
=1

If H* = {(e, h) | he H} =~ H, then G* n H* = {(e, 1)}, and G U H is the
semidirect product of G* and H*. Thus |G U H| = |G|"|H|. Henceforth, we
will identify H* with H.

Let {X;|i = 1,..., m} be the orbits of H on X, and for simplicity of nota-
tion, we assume thatie X;,i = 1,..., m. Wedefine W(H) = {he H | h(i) =
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i}, i =1,..., m. (We will merely write W; when no confusion arises over the
group H in question.) Then for alli = 1, ..., m, there exist {w; | j € X;} such
that wy(j) = iif je X;, and H = (J;cx, Ww;, i = 1,..., m. From now on,
we will always assume that

{wjljeXbi: 1,...,m}

is a fixed set satisfying these conditions with w; = 1 foralli = 1,..., m, and
thus if j € X; and A € H then

W}W,,-l(j) = VV,(W,h) and G.I = G:vj = W;lGin.

If G? = X x, G, then G* = X7, G, and each x € G* may be written
(uniquely) as a product x = [T, x?, x? € GV, Further, each x? € G,
i =1,..., m may be expressed in the form x'” = [];.x, x}’, where each x;,
j € X; is an uniquely defined element of G; called the jth component of x'V. At
this stage, it is convenient to introduce some standard notation which will often
be used without further reference. A, A’, A" will denote arbitrary elements of
H, h; an element of H\W,, h;, h{ elements of W;, and g,, g}, g! elements of G,
i=1,...,m
We now derive a set of generators and relations for G "U H.

THEOREM 1. Let {v(h) | h e H}, {v(g;) | g; € G;} be sets in 1-1 correspondence
with H and G, i = 1,..., m, respectively, and let F be the free group generated
by {v(h), v(g,)}, with v(1g) = v(lg) =1, i =1,...,m. If R is the normal
closure in F of the elements

bi(gi 99 = v(g:9)~ '0(g)v(g?),  c(h, h') = v(hk')™ o(h)v(h")
d¥(g;, g9) = [v(g)"™, v(g)],  elhl, ) = [v(h?), v(g)]
f:';(gv g;) = [v(gi)v(h)’ v(gi)]’ .] 7é io l = 19 e,y
then F|R =~ G " H.

Proof. From the above work, it is easy to see that G °_ H is a homomorphic
image of F/R. Forhe H,g;€ G,je X,,i = 1,..., m, we define

ui(g) = v(g)*™ R,  u(h) = v(WR.

Then any element of F/R may be expressed as a product [T}-,; u;(g)u(h), where
h e H and g; € G; whenever j € X;, and thus |F/R| < |G|"|H]|.

Section 2

Let F, R be as above. We now consider the group R/[F, R]; the Schur multi-
plier of G "_ H (denoted by H%(G " H; C*)) is then isomorphic to the torsion
subgroup of R/[F, R]. (See [3, p. 631].)

We shall use 7 to denote the left coset of [R, F] containing r € R. Thus
R/[Fs R] is generated by Bi(gi’ g:), E(ha h,)9 a?i(gi) g’;)’ éi(hli, gi)’ f?j(gia gj)3j # 1.
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THEOREM 2. These elements satisfy the following relations:
(1) big» 1) = b1, 9) =1, blg:95 9))b(9:> 99 = big’, 9)b:(g:s 9:97),
@ @h, 1) =1, h)y =1, ehk,h)e(h, k') = e(h’, B")e(h, h'h"),
3 di(9:9% 97) = (9 9)A1(g% 97),  di(95 9397) = d1(g, 901915 97),
di(gs, 90d" (g 9) = 1,

“ di"™ (g, g7) = di(gi 97
(5 ehihi, g) = efh}, glefhi, ), e(hi, 9:97) = e(hi, gnedhi, g7)

9 9,97 = Fig6 9)F X9 97, FiN9:95 9) = Fixan 9)f (g% 9))

g0 9075 (95 9) = 1, Ji"™ (95 9)) = Tli(9s 9)),

Sforalli=1,...,m,j # i

6)

Proof. (1), (2), (3) are proved in a similar manner to (7)-(10) in [1, p. 120].
For (4) we need the following result:

LemMa 1. (v(g)"*) 'o(g)" "™ e R, i=1,...,m
Proof. v(hih) = v(h)v(h;)c(h)y hy)~*, where c(h), h;) € R, and thus,
(o(g)"*) ™ o(gy ™
= v(h) " o(g) ™ 'o(he(hi, hyo(h) ™ o(h) ™ o(gdo(ho(h)e(hy, )™
= v(hy) ™ 'o(g:) ™ 'o(h)e(hi, hyo(h) ™ 'ro(gi)vCh)e(h, h)™!

where r € R, which gives the result.
Then we have

di(gi 90d1"(g5, 907 = [0(g)"™, v(g)][v(g7), v(g:)"* ™ ][F, R]
= [o(gD, ((g)" ™)™ o(gs) ® ™ ][F, R]
= [F, R]
by Lemma 1, and thus, d%(g;, g7) = d"™(g,, g}). Further,
di"(gi, g = @ "7 (g5 9)™" by (3),
= (@ (g, 97!
= di(g, 9) by 3).

This proves (4).
(5) is proved as in [3], p. 650, and (6) is proved as (3) and (4) above.
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Section 3

Let A be the abelian group generated by
{b(gi’ gi)a g(h, h,)’ d?i(gi’ glz)’ -ei(h z) f (gv g_))’ l = 1 m’j ?é i}a

with relations given by inserting b, ¢, d;, e;, f;; for b,¢c d,e,f; ; respectively in
(1)—(6) of Theorem 2. The map ®: 4 — R/[F, R] given by ®(b;) = b;, ®(c) =
¢, 0(d) = d;, D) = &, O(f;;) = fii = 1,..., m,j # i,is an epimorphism.
We now show that @ is an isomorphism.

DEFINITION. Let z € G for some i = 1,..., m, h e H. We define z, to be
the A~ '(i)th component of z. In other words, if z = [];.x, X}, x; € Gy, then
Zh = xh—l(i).

LEMMA 2. Let z€ G, h, i’ € H. Then (z"), = z,-1.

Proof. Let z = [Ijex, x}’. Then z" = [Tjex, x}'" = [Tjex, X" =
l—.[jeXi x,‘,‘;’j). Thus (Zh)h' = x,,(,,«)_l(i) = x(,,f,,_l)-l(i) = Zpp-1.

Let x, y, ze G*, he H. We define mappings a, p, 1: G¥ x G* > A, and
T Kyt G* — A as follows:

a(x, y) = I_]l I b(x?, yi),
m
e, ») =TT II 4y '(xQ, o,
i=1 j,kEX(
Jj<k
Mx, ) =TT IT foe ', vy,
i<j ’;EXI’

m
wz) = l_I1 [T a8, 29,
i

JrkeX;,
J<k,
B> 1(K)

6@ =TT TT el ™'wi 29,
LeMMma 3.
o(x, Y)o(xy, z) = a(x, yz)o(y, z),  o(x", y*) = a(x, ),
p(xy, z) = p(x, 2)p(y, 2),  p(x, yz) = p(x, Y)p(x, z),
Th(xy)‘fh(x)_lfh()’)_l = P(xha yh)P(x, J’)—l, T (X) = Th(x)fh'(xh ),
Kpp(X) = Kh(x)xh’(xh ),

l(xy yz) = l(x’ y))l(x, Z)a A(xy9 Z) = l(xs z)/l(y, Z), }-(xh’ yh) = }'(x’ y)’
forall x,y,ze G*, he H.
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Proof. These results are mostly proved as in Lemma 2 of [1]. We give two
proofs.

m
ku(z) = [T Tl ewi(hh)7'wit, 2()  where k = (hh')™'(j)
i=1 jeX;
mn .
=11 ewi(h) " 'wi twh T wit, 29) where I = hT(j)
i=1 jeX;
m .
= [1 H ewih' " twi L zO) | T e(wih™'wit, 20)
i=1 \jeX JjeXi
" 1 1,,-1 i
= l_[ (l—[ e(wh'™ wy, (k)s (Z(’))w;. m)(n e(wih™ wi) 2$3(x,)),
i=1 \jeX; JjeXi
= Ku(z")K(2)
m
W= 1 i i
w(z") = IT i ((z%, 0D
i=1 JskeXi,
J<k,
WIG)y>h (k)
. e, (i) @)
—_— Wiwg — 13
B iEII i keXi, di ™ (Z“l"'U)’ th(k))
h' - 1(J)>,;' ~1(k)
m
— n H dWJWk (Z(') z('))
i=1 i, ke Xy,
h=1(j)<h-1(K),
(hh")=1(j)> (hh*) = 1(k)
Thus
T(2")T(2)

= ™ d;vjwk—l(z‘(:)’ z(z)) dw;wk—l(zsv,), Z(n))
j J

i=1 ke Xi, Js kexh
h=1(j)<h~1(K), <k,
(hh")=1()> (k') =1 (k) W= 1) > B 10k

= Tyy(2)

(using Equation (3) of Theorem 2).
We now define a mapping a: G ~~H x G~ H — A as follows:

a(xh, x'h") = p(x, X" Ya(x, x™* HAx, x™ e(h, B)T,-1(x")e,-1(x"),
where x, x’ € G*, h, i’ € H. Lemma 3 implies that a(r, s)a(rs, t) = a(r, st)a(s, 1),
forallr, s, t € G~UH. Let K be the extension of 4 by G v H with factor set a.
Thus, there exists an injective mapping 6: G "~ H — K such that 6(r)0(s) =
O(rs)a(r, s) for all r, s € G v H, and we may easily prove;

LEMMA 4.
6(g:97)7'0(9)0(g7) = bl(gi» 93),  O(hR)T'O(M)O(K') = c(h, hY,
[6(g)°™, 0(g)] = di(g» 9, [0ChY), 0(g)] = efhi, g:)s
[6(g)°™, 0(9)] = fixgs 95)
Soralli=1,...,m,j # i.
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Thus, K is generated by {0(g,), 6(h) | g; € G;, h € H}, and as F is free, there
exists an epimorphism yx: F — K such that x(v(g;) = 0(9;), 9:€ G, i =
1,..., m, x(v(h)) = O0(h), h e H. Further, y maps R onto A and vanishes on
[F, R], and thus yx gives rise to an epimorphism %: R/[F, R] — A such that

X(b(9i 9D) = bi(gi 9D, X(@E(h, b)) = c(h, h'),
Z(a?i(gii g:)) = d?i(gi, g/l)’ X_(él(hlw gl)) = gt(h’u gi)9
X—(.f?j(gis gj)) = .f?j(gi, gj),
foralli = 1,...,m,j # i. Hence @ is the identity map, and 4 =~ R/[F, R].

Section 4

In order to determine the torsion subgroup of 4, we consider the following
groups:

Bt(G) = <bi(gi’ g:)>9 i = 1’ B (8 C(H) = <_C(h’ h,)>9
Di(G9 H) = <-d:l'(gng:)>’l= 1, -..om, Ei(G’ H) = <gl(h,1’\ql)>’l = 13' ey m,
F(G’H)=<f:lj(gl’g])’l= 1,,m,_]751>

Then 4 = (X, (B{G) x D{(G, H) x E(G, H))) x C(H) x F(G, H).

If we denote the torsion subgroup of a group J by Tor (J), then Tor (B,(G)) =
H*G; C¥%),i=1,...,m, and Tor (C(H)) = H*(H; C*). (See [3, p. 652.])
E(G, H) = G ® Wy(H) (see [3, p. 650]) where ® denotes the tensor product
of groups, and is a finite group. Thus Tor (E(G, H)) = G ® W, (H). Let
Fi; = {fi{g>9) i # j>. Then F;; = F;; (j # i), and if p;; is the number
of (W;, W;) double cosets in H, F;; =~ X" (G ® G) (see [3, p. 650]) and hence,
F(G, H) = X9(G ® G), where ¢ = 3,.; p;;- Finally we consider D,(G, H).
Let a; be the number of nontrivial, self inverse (W;, W;) double cosets in H, and
let 2b; be the number of (W,, W;) double cosets which are not self-inverse. If
T(G) is the subgroup of G ® G generated by elements of the form

9®9)N9 ®9, 9.9 €,

then DG, H) = X% (G ® G)/T(G) X" (G ® G) (argument as in [1, p. 119]).
The following result enables us to determine D(G, H) more explicitly.

LemMA 5. Let G/G’ (derived factor) = C, x C,, x -++ x C,, where C, is
the cyclic group of order r; generated by x;, j = 1,...,t. (ry, ry,..., F, are
called the invariants of G/G’.) Then:

() G® G = X ;=1 Cq,r, where C, ., is generated by x; @ x;.

(i) (G ® G)TG) = Xi<j Cpi,rp X* Ca where s is the number of even r,,
i=1,...,¢t

Proof. (i) See [3, p. 649].
(i) Let J;; (i <j) be the subgroup of C,,, x Cg,,, generated by



462 E. W. READ

(*; ® xj, x; @ x), and let J; be the subgroup of Cy,, ,,, generated by (x, ® x;)>,
i=1,...,t Then
t
TG) = X J; X J i
i=1  j<k

and the result now follows since (Cg,,,) X Cq, )iy & Cq,,ry and
Courplti = {1} if r;is odd, and = C, if r; is even.

Since G ® G is a finite group, F(G, H) and X, D(G, H) are both torsion
groups and we have our main result:

THEOREM 3. Let the notation be as above. Then

HXG~. H; C*) =~ HX(H; C*%)
x (X (H(G; C*) x D(G, H) x (G ® W(H)) X (G ® G))

Applications

(i) The regular or complete wreath product G , H (G, H arbitrary finite
groups), is defined to be the set {(f, h) | f: H —» G, h € H}, together with the
product

s (S, B) = (ff}> hR), where fi(h") = f'(h"h)

for all h, h" € H. (See [3, p. 95]) Let he H. We define h*: H—» H by
(hH)(W) = Wh™! for all ' € H. Then h" permutes the elements of H, and
+: H - Symy is a monomorphism. Routine checking gives the following
result.

LEMMA 6. G°U, H =~ G- H* where H" is now thought of as a subgroup
of Symy,.

We can now derive Blackburn’s result [1, Theorem 1]. H* is a transitive
subgroup of Symy, and thus m = 1. Wy(H*) = {h* | AT(1) = 1} = {1}.
Hence G ® W (H") = {1}, and D,(G, H) reduces to Blackburn’s group
C(H; G).

(i) G {1} =@ X" G, where {1} represents the identity subgroup of S,. In
this case, m = n, and

DG, {1) =G W({1) = {1}, i=1...,n

and thus H*(X" G; C*) =@ X" H*(G; C*) X" V2 (G ® G), which is a
simple generalization of the well-known result on the Schur multiplier of a
direct product. (See [3, p. 650].)

(iii) Before proceeding further, we list some well-known properties of the
groups C,, S,, and 4,. Proofs of those results which are not immediate may be
found in [6], [7], and [8].
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LEmMMA 7.
@) S,/S, =2 C, ifn>2,
~ {1} ifn=1
(ii) AJA, = C3 ifn = 3,4,
~ {1} ifn# 3,4
(iif) HS,; C¥) = C, ifn> 4,
= {1} ifn<3.
(iv) H*(4,;C* = C, ifn=4,n+#6,7,
~C, ifn=261,
~ {1} ifn < 3.
) H*(C,; C*) = {1} for all n.

LEMMA 8. Letn > 1.

(i) S, is transitive on {1,...,n}, and W (S,) is the symmetric group on
{,...,n}.

(i) G ® Wi (S, x~ X®C, ifn > 2 where s is the number of even invariants
of GIG’ and G ® W,(S,) =~ {1}.

(iii) There is precisely one nontrivial, and thus self inverse, (W(S,), W1(S,))
double coset in S,.

LEMMA 9. Letn > 2.

(i) A, is transitive on {1,..., n} and W (A,) is the alternating group on
{2,...,n}.

t
(“) G ® Wl(An) = X C3 l:fl’l = 4a 5’
~ {1} ifn #4,5
where t is the number of invariants of G/G' = 0 (mod 3).

(iii) If n > 4, there is one nontrivial, and thus self inverse, (W (4,), W1(4,))
double coset in A,. If n = 3, there are two nontrivial (Wy(45), Wy(43)) double
cosets in A5 which are inverses of each other.

Write
m m q
U(G, H) = X D(G, H) X G ® W(H) X G ® G.
i=1 i=1
We may now determine H*(G " H; C*) (G = S,, C,, A,, H = S,, A,) by

determining U(G, H) in each case, and then applying Theorem 3 and Lemma 7.
We firstly consider the trivial cases.
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Lemma 10.
(1) U(Ga SI) = U(G’ Al) = U(Sl’ H) = U(Al’ H) = U(A2a H) = {1}'
() UG, 4,) =~ GQ®G.

Proof. S; = A; = A, = {1}, and (i) follows from Lemma 5 and the fact
that {1} ® J = J ® {1} = {1} for all finite groups J. To prove (ii), we simply
note that 4, has two orbits on {1, 2}.

Henceforth, we will only consider S, for n > 2, and 4, for n > 3.

THeorEM 4. U(C,, S,) = X" C, where
r=2 ifliseven,n > 2,
=1 ifliseven,n = 2,

= 0 otherwise.
Proof.

D(C, S,) = C,® C/J/T(C) (by Lemma 8 (iii))) = C, if /is even,
~ {1} iflis odd
(by Lemma 5 (ii))
Ifn > 2,
C,® Wi(S,) = C, ifliseven
~ {1} iflisodd (by Lemma 8 (ii)).
C,® Wi(Sy) = {1}.
Note. See [2] for an alternative derivation of H*(C,~\_ S,; C*).

THEOREM 5. U(S,, S,) = X" C, wherer = 2ifn > 2,andr = 1 ifn = 2.

Proof.
DS, S,) = S, ® S/T(S) (by Lemma 8 (iii)).
=~ C, (by Lemmas 5 (ii) and 7 (i)).
S, ® Wi(S) = C, ifn> 2,

~ {1} ifn =2 (by Lemmas 8 (ii) and 7 (i)).
THEOREM 6. U(4,, S,) = {1}.

Proof.
D4, S,) = 4, ® A4/T(4)

=~ {1} (by Lemmas 7 (ii) and 5 (ii)).
A, ® Wi(S,) = {1} (by Lemmas 7 (ii) and 8 (ii)).
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THEOREM 7.
U(C, 4;5) = C,.

U(C, A) = U(C, A5) = C, x C3 if I = 0 (mod 6),

=~ C, if 1 = 3 (mod 6),
~ C, ifl = 2,4 (mod 6),
~ {1} ifl = 1, 5 (mod 6).

UC,A4,) = C, ifn>5,]1even,
~ {1} ifn > 5,10dd.

Proof. D(C,, A3) =~ C; ® C, (by Lemma 9 (iii) &~ C, (by Lemma 5 (i)).
Ifn > 3,

D(C, 4,) = C,® C/T(C) (by Lemma 9 (iii)) = C, if/iseven,

=~ {1} iflis odd
(by Lemma 5 (ii)).
C®WM,)=Cy if3|L,n=45,
=~ {1} otherwise (by Lemma 9 (ii)).
Tueorem 8. U(S, 4,) = C,.

Proof. D(S;, 43) = S, ® S, (by Lemmas 9 (iii) and 5 (i)) = C, (by Lemma
7@d). Ifn> 3,D(S, 4,) =S, ® S/T(S) (by Lemmas 9 (iii) and 5 (ii)) =
C, (by Lemma 7 (i)). S, ® W;(4,) = {1} for all /, n (by Lemma 9 (ii)).

THEOREM 9.
U(Al’ An) = C3 l.fl = 31 4: n = 33 43 5,

~ {1} otherwise.
Proof.

Di(4, A3) 2 A, ® A, (by Lemma 9 (iii)) = C; if/ = 3,4,

~ {1} ifl+# 3,4
(by Lemma 7 (ii)).

Ifn>3,D,(4,,4,) = A, ® AJT(4) = {1} (by Lemmas 5 (ii) and 7 (ii)).
A, @ Wi(4,) = Cy ifl=3,4,n=4,5,
~ {1} otherwise (by Lemmas 9 (ii) and 7 (ii)).
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