COHERENCE IN FINITE GROUPS CONTAINING
A FROBENIUS SECTION

BY
DaviD A. SIBLEY!

Let G be a finite group and N a subgroup of G. Let S be a set of irreducible
characters of N and V the Z-module generated by S. Let V; be the submodule
of V consisting of all generalized characters of degree 0. Suppose that there is a
Z-linear isometry 7 (i.e., preserving the usual inner product) from Vj into the
Z-module of generalized characters of G of degree 0. Following W. Feit [3] we
say that the pair (S, 7) is coherent if V;, # (0) and there is an extension of 7 to
V which is also a Z-linear isometry into the Z-module of generalized characters
of G. When 7 is understood from the context, we will simply say S is coherent.

An example of this situation of particular interest occurs under the following
hypothesis.

HypPoTHESIS (¥). The finite group G contains a subgroup of the form M x H,
M # {1}, satisfying the following conditions :

() Ifyisin M x H— H, then Cz(y) € M x H.

(ii) For every xin G — No(M x H),(M x H) nx(M x H)x™ ' < H.

(iii) Ng(M x H) # M x H, and both H and M are normal subgroups of
Ng(M x H).

(iv) M and H have coprime orders.

Let N = Ng(M x H) and C = M x H. Let e = |N: C|, whence e # 1.
Let Ay, Ay, ... be the irreducible characters of (M x H)|H, where Ay is the
principal character. Let B be any irreducible character of (M x H)/M. Set
S = {(LB)N | i # 0}. Let I denote the inertial group of B in N.

Groups satisfying Hypothesis (*) except for condition (iv) have been studied
by W. Feit [2] and H. S. Leonard, Jr. [9]. Feit showed that N/H is a Frobenius
group with Frobenius kernel C/H =~ M, that S'is a set of irreducible characters
of N (each arising from |I: C| distinct 4;), and that the usual inducing map t
is a Z-linear isometry on the Z-module V, described above, unless V, = {0}.
Furthermore, he showed that unless M is a nonabelian p-group with [M: M'| <
4¢?, S is coherent. The question of whether S is coherent in all circumstances
was left open. Of course, when G is a Suzuki group, M a Sylow 2-group and
H = {1}, we do not have coherence [12]. However, if G is any group satisfying
Hypothesis (*) and M is a 2-group, then M is a Sylow 2-group of G and a trivial
intersection set in G. Such groups have been described by Suzuki [13]. Our
main theorem settles all other cases.
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THEOREM 1. Suppose G satisfies Hypothesis (*) and M is not a 2-group. Then
either S is coherent or |S| = 1.

This theorem has several applications. Notably, as Feit [2] has observed, the
theorem of N. Ito [8] and G. Glauberman [6] can now be deduced by Feit’s
original methods. Also, Theorem 2 of P. Ferguson [5] may be proved by the
methods used earlier by M. Herzog [7]. Theorem 1 also allows the character-
theoretic techniques from the classification of CA-groups of odd order [11] to
be used in the classification of CN-groups of odd order [4]. All of the above
are applications of the theorem when H = {1}, so that N itself is a Frobenius
group.

We will apply Theorem 1 and a recent result of the author [10] to obtain
information about the values of certain irreducible characters of G.

THEOREM 2. Suppose G satisfies Hypothesis (*) and M is not a 2-group.
Assume 2e < |[M| — 1. Let 1 be the isometry for S guaranteed by Theorem 1
andlet p € T;. Letye M x H — H. Then ¢*(y) = ().

Of course, either ¢° or —¢° is an irreducible character of G. Theorem 2 is an
improvement of Corollary 2.4 of Feit [2].

1. Preliminaries

In this section we give a brief exposition of several results concerning the
character theory of groups satisfying Hypothesis (*). The first is a crucial part
of the proof of Theorem 1. It is implicit in Feit’s original work [2], as Leonard
[9] has pointed out.

LemMa 1. (Feit [3], Lemma 31.2). Suppose G is a finite group and N is a
subgroup of G. Suppose U is a set of irreducible characters of N and V is the
Z-module generated by U. Let V, be the submodule of V consisting of all general-
ized characters of degree 0. Assume there is a Z-linear isometry © mapping V,
into the Z-module of all generalized characters of G of degree 0. Suppose all of
the following hold.

(i) U= Uk, Uy, a disjoint union, where U; = {X;;| s =1,...,n;}, and
Jor each i either U, is coherent or all the characters in U; have the same degree.

(ii) There are integers a;; such that X (1) = a;X1,(1) and a;; | a;5 for
l<i<kandl <s <n;

(iii) n; = 2. For any integer m with1 < m < k,

(l) Z Z aizs > 2aml'

Then U is coherent. If U contains more than two characters the extension of t
to V is uniquely determined. Otherwise there are exactly two such extensions.

The next lemma is probably not crucial in our arguments, but it makes
several calculations neater.
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LemMA 2. Suppose E is a Frobenius complement of odd order, and p is a prime

not dividing |E|. Then all GF(p)| E}-modules on which E has faithful irreducible
Frobenius action have the same GF(p)-dimension.

Proof. E is metacyclic. Let A be a maximal normal cyclic subgroup of E.
Since any abelian subgroup of E is cyclic, we have Cx(4) = 4. It follows from
Clifford’s theorem that the faithful irreducible complex representations of E are
exactly those induced from faithful linear characters of A. Thus the faithful
irreducible complex representations of E are algebraic conjugates of one another.
In particular they all have the same degree. If F is the algebraic closure of
GF(p), all faithful irreducible F[E]-modules have the same F-dimension, and
their traces generate the same finite extension of GF(p), Now the lemma
follows from Theorems 24.10 and 24.14 of [1].

2. Coherence of subsets of S

We begin the proof of Theorem 1. Assume that G satisfies Hypothesis (*).
As we remarked earlier, in view of Feit’s work [2], we may assume M is a non-
abelian p-group for some odd prime p. Thus, e is odd. The main results of this
section are implicit in Feit [2].

Fix an N-chief series

M=My>M > oM, oM, =1

for M. Since M is nonabelian, m > 1, and since e is odd Lemma 2 shows
|M;/M;, | = qis independent of i. Thus |M/M;| = q'. Let S; be that subset
of S whose kernels contain M;,, but not M;,. We will show that each S; is
coherent.

Lemma 3. Let U; = \Ji_, Siforj =0, 1,..., m. Then for each j we have
eB(?IN: 1) + ¥, ¢(1)* = eq? !N I|(1)*.
¢$eUj
Proof. Say ¢ € U;. Then ¢ = (AB)" for some irreducible character 4 of M,

A # 1. Each such ¢ arises in this way from exactly |I: C| such A. The degree
of ¢ is eA(1)B(1). Hence,

2 2
¢ZU‘¢(1)2 = eITB(% ZI 1(1)2 — eIN: Ilﬁ(l)Z(q1+l _ 1),

where the sum 3’ is over all non-1 irreducible characters of M/M;,,. The
lemma follows.

LemMA 4. Foreachi = 0, 1,..., m, the set S; is coherent.

Proof. Let B(Dep** < B(1)ep**- - - be the distinct degrees of the characters
in S;. (The lemma is automatic if all members of S; have the same degree.) Let
n; denote the number of characters in S; of degree ef(1) p*/.
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The sum of the squares of degrees of characters in U; is that for U;_, plus
that for S;. Thus,

eq' TN 11B(1)* = eqIN: I1B(1)* + ¥ n;e”B(1)*p".

Cancelling ef(1)?, and noting that p?* | ¢* (for M, /M;,, < Z(M|M,,,)) we
see that for each index s,
s

=1
njep™™ = 0 (mod p**)
Jj=1

so that
s—1
.Zl n;p** =0 (mod p**).
i=
Thus,
s—1
Z n_pzk, > pzks
s

Dividing by p?*', this becomes

-1
(2) SZ njpzkj—Zkl > p2ks—2k1 > 2pks_kl
ji=1

since p > 2.

Writing S; as the disjoint union of sets of characters of the same degree, we
see that (2) is the inequality (1) of Lemma 1. All other hypotheses of Lemma 1
are easily verified, thus establishing the coherence of ;.

We let 7; denote the extension of 7 to .S;. When |S;| = 2, 7; is not uniquely
determined. This will be important later. If ¢ € S; then either +¢™ is irre-
ducible.

Let ef(1)f; be the least degree among the members of S;. Thus, f; is a power
of p. Foreachi = 0,1,..., m we define the character a; of N to be

5 )
b s ef (1)

Because the next lemma is a standard application of coherence, we omit the
proof.

¢.

LEMMA 5. There are integers c;, 0 < i < m,0 < k < m, such that for any
¢oeS;andge M*,

oy — ORI
4@ = #a) + 2 T cun(9)

Now that we know the values of ¢* on M *, we can obtain a congruence on
the degree of ¢®. This is only needed for ¢ € S,.
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LeMMA 6. For any ¢ € S, and g e M}, we have

m+1

©(1) = ¢°(g) + Cop 1— —— (mod qg™*!
¢™(1) = ¢™(g) on ﬁ()”CI( qm").

Proof. Since ¢ € Sy, ¢(1) = ef(i). Let ¢ = ¢ + X, Coxt. By Lemma
5, ¢™ | M — ¢ vanishes on M *, and so is a multiple of the regular representa-
tion of M. Thus, ¢*(1) = (1) (mod g™**) now for g € M* we have ¢(1) —
#(9) = Com(@m(l) — a,(g)) since g is in the kernel of each member of S; for
0<i<m— 1. Weseethat

at) = 3, SO
o5 oD

B efmﬂ(l) &, Y0

= 2 M| - IM: M,,
fmﬂ(l)ﬁ() T CI(I I =1 )

_BQ) e mi
A
_ Mg -1
Jm : C|

-q"

qTe
and that

_ y(@a)
tn(g) = WEZSM 750 Y(9)

1
= Y1y

0 — |M: M, )(1)?
ef,,,ﬁ(l)( l DB(1) Il Ci
B e .

= —_—q .
Jm 12 Cl

Hence,

m+1
$(1) — $(9) = Com 2

1).
7 B(1)

The lemma is proved.
3. Class multiplication constants

For any finite group K and any a, b, ¢ € K define
A(a, bs c, K) = {(xa y) I Xg~a, yK~b’ and Xy = C}.
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Then y(a, b, c; K) = |A(a, b, c; K)| is the usual class multiplication constant.
We fix g e M?. Note that g is not conjugate to g~ *.

LemMmA 7. Suppose ce M x H. Then
(9, g, ¢; N)  (mod |Cp(c))).

Proof. C,(c) acts on A(g, g, c; G) by conjugation. If I is an orbit of length
less than |M| = |C,(c)|, then some y € M * centralizes both of a, b € g¢ with
ab = c. Since M is a T.I. set, a and b are both in M and are N-conjugate to g.
Since N controls G-fusion in M, the lemma is proved.

(9, 9, ¢; G)

CoROLLARY. Ifce C — M}, y(g, g, c; G) = 0 (mod |Cy(0))).
Proof. If ce C — M,, we have y(g9,g9,c; N) =0 as geM,. If ¢c =1,

(g, g, 1; G) = 0 as g is not conjugate to g~ *.

LEmMMA 8. We have Y v(g, g, c; N) = e, where the sum is over a set of
representatives ¢ of the N-classes of M,,.

Proof. Clearly |g"|* = X' 9(g, g, ¢; N)|c"|. Since (g, g, 1; N) = 0, this
is e> = 3 7(g, g, ¢; N)e, for any element x € M? has Cy(x) = M x H.

LEMMA 9. Let ¢ € Sy and g € M2 as above. Then
¢*(1) = ¢™(g) (mod g™*?).

Proof. Let w be the irreducible representation of the complex class algebra
of G associated with +¢™ (whichever is irreducible). Since the sign cancels we
have

Gl ¢°(x)
ICa()] ¢™(1)’

for all x € G. Multiply the usual multiplication formula for @ by ¢ (1) to get
(3 p°(Dw(g)* = (1) ¥ 1(9, g9, x; G)o(x),

where the sum is over a set of representatives x for the conjugacy classes of G.
If x is not conjugate to an element of M x H, then no conjugate of x cen-

tralizes any element of M*. Thus, w(x)¢$™(1) is an algebraic integer divisible

by ¢"*!. Now applying Lemma 7 and its corollary, we see that (2) becomes

¢°(D(g)® = ¢°(1) ¥ (g, g, x; N)a(x) (mod g™*"),

where the sum is over a set of representatives x of the N-classes of M,,. Since
geM} and m # 0, we find that w(x) is independent of x € M?. Also
y(g, g, 1; N) = 0. Using this fact and Lemma 8, we have

¢p°(Dw(g)® = ¢™(w(gle (mod g"**).

w(x) =
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Now (p, w(g)) = 1, since the same is true in the associated p-block of N, so
we may cancel w(g) without disturbing the modulus. Hence,

|G| “
M x H] #*(9)

Since M is a T.I. set, |G: M x H| = e (mod ¢g™*'). Thus,
#™(g) = ¢™(1) (mod g™*")

e¢™(1) (mod ¢™*").

as required.
LemmaA 10. We have f,, | com-

Proof. Compare Lemmas 6 and 9.

4. Proof of Theorem 1

We first show Sy U S,, is coherent. Fix ¢ € Sy and X € S,, with X(1) =
ef(1)f,. The generalized character u = f,,¢ — X has support on M*. It
suffices to show p® = f,¢* — X Note that |u®|2 = ||u|Z = f% + 1.

Let y be any character in Sy and define / = ¥ + Y, cou as before. Since
u has support on M #, we have by Lemma 5,

(#Ga lpm)G = (4, l#to I N)y = (M’ '/7)N = fm(¢a ¢) + fmCOO = Com:
Thus,

B¢ = fud™ + (fuCoo — Comad + 0,

where 0 has no constituents in S§°. Now (af, ai)e = (0, %)y = (@ — D/|I: C|.
Welett = (g — D/|I: C|. Since |I: C|is odd and g is odd, ¢ is even. We have

"”G”é = fn2| + 1= (fm + fmCOO - COm)z + (fmCOO - cOm)z(t - 1)‘

First suppose ¢t > 2. Since f,, divides ¢y, by Lemma 10, we must have
Sin€oo — Com = 0. Thus, u¢ = f,.¢* + 0 where ||0]|2 = 1. It is easy to show
that 6 = — X ™, as required.

Now suppose t = 2. Here it is also possible that f,.coo — Com = —fm
However, in this case, there is a second isometry on S, extending 7. It is clear
that by changing 7, if necessary we again get u¢ = f,¢™ + 0 with 0|2 = 1.
It may also be necessary to change 7, to show § = —X™.

We have now shown that S, U S,, is coherent. The proof of Theorem 1 is
now an easy application of Lemma 1. Take U; = S, u S,andfor2 <i<m
let U; = S;_;.

5. Proof of Theorem 2

If Hypothesis (*) holds, M is not a 2-group, and 2e < |M| — 1. If M
is an abelian p-group, Theorem 2 is true by Theorem 1 of [10]. Hence, we
assume M is not an abelian p-group.
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Because of coherence of S, we have an immediate improvement of Lemma 5.
Using Brauer’s second main theorem, we can also extend Lemma 5 to elements
of C — H. (Compare Feit [3], Theorem 31.7). Here 7 denotes the extended
isometry on S.

LeMMA 11. There is an integer ¢, such that for ge C — Hand ¢ € S,
1 ,
#(9) = d(9) + 2D e, 3 ),
ep(1)
where the sum is over the N-conjugates 3’ of f.

To prove Theorem 2, we must show ¢, = 0. Say 8 has kK N-conjugates and
let ¢ = cok. We show ¢ = 0.

Let p be a prime dividing |M|. Let B be the union of all p-blocks represented
in S*. From Leonard [9], we know that any character in B — S® is constant
on M*. Say these are X, X,,... and X(g) = d,forge M*. Letg,he M*
with g and 4 in different p-sections. Then by block orthogonality

0 =Y X(9)X M) + 4,25 ¢*(9)¢"(h)

-pat+ 3 (400 + 20 )5 + 20

PesS e

-zt + 3, (600 + @0 + 3 K e + £D.)

¢Pes _e_
= X d? = ef¥(D) — 208(1) + L (M| = D).
Thus,

) 0> —e—2c+1(|M| — 1)
e

Now M has at least two N-chief factors, say of orders a and b. Then
el(@a— 1 and e| (b — 1). Hence, (e + 1)*> < |M]|, and if (e + 1)* = |M|,
M is a p-group. In the latter case p is odd so e is even, whence M is abelian,
contrary to our assumptions. Thus, (e + 1)* < |M].

Inequality (4) then implies that

0> —e—2c +1(e2 + 2e)c?
e

so that e 4+ 2|c| > (e + 2)c? > (e + 2|c|)|c|, whence 1 > |c| so ¢ = 0 as
required. This proves Theorem 2.
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