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1. Introduction

Let X be a compact subset of the complex plane C. We will denote by
Ro(X) the algebra of rational functions with poles off X, by R(X) the
uniform closure of Ro(X) in C(X) and by lip(a, X) and Lip(a, X), 0 < a < 1,
the spaces of Lipschitzian functions with the usual norm for which they are
Banach spaces [12]. If gl,..., gn are functions on X, then we will denote by
R0(S, gl,.--, gn) the rational module

Ro(X) + Ro(X)gl + +Ro(X)g,,.

When gl g are differentiable in a neighborhood of X we will write
Z (x X/Ogi(x ) 0), i= 1,..., n.

In the case that gl(z) ,..., g,,(z) 2", the closures in different norms of
Ro(X, gl,..., g,) have been studied by O’Farrell [5], in connection with
problems of rational approximation in Lip(a) norms, and by Wang [14], [15],
[16]. Trent and Wang [10] have proved that if X is a compact subset of C with
empty interior, then R0(X, ) is uniformly dense in C(X). It was shown later
(by Trent and Wang [11] and, independently, by the author [2]), under the
same hypothesis about X, that Ro(X, g,) is uniformly dense in C(X) if and
only if R(Zx) C(Zx). It was reasonable to try to extend this approximation
result to norms stronger than the uniform norm, for example the Lip(a)
norms. However Wang [17] has recently established relations between the
Lip(a) approximation by functions of Ro(X, ) and the Lp rational ap-
proximation, showing the failure of the analogous to the former result in
Lip(et) norm. At this point we pose the following question" If g is a differentia-
ble function, what functions gl,---, g, have to be added to Ro(X, g) to make
R0(X, g, gl,- g,) dense in tip(a, X)?. Theorem 1, which is the main result of
this work, gives a solution to above problem. Theorem I states that it is enough
to consider g F g, F being a holomorphic function. If we want to weaken
the hypothesis to analyticity of F, assuming only differentiability (of class C2),
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we have to assume that g h and g F h, with h holomorphic. This is
Theorem 2. Both theorems are stated in 2. In 3 we state some lemmas used
in the proofs of Theorem 1 and 2, presented in 4 and 5 respectively. Section
6 is devoted to analyzing the uniform closure of R0(X, g,..., g). In Theorem
3 a general result is achieved, without assuming functional relations among
gl,-", gn-

This work gives information on the problem proposed in III of [11], which
consists of the study of the closures (in different norms) of R0(X, gl,..., g)-
Some of these results are taken from the author’s doctoral dissertation [3].
Let us introduce some notations. If U is an open subset of C and k N, we

denote by C*(U) (resp. Dk(u)) the set of functions of class Ck (resp. of class
C with compact support included in U). When k oo we write D(U). The
Lebesgue two-dimensional measure in C is denoted by m. Throughout,

R(X) (resp. R(X, g,..., g))

stands for the Lip(a) closure of R0(X) (resp. R0(X, gl,.-., gn)), 0 < a < 1.

2. Formulation of the theorems

In this section we are going to assume that X is a compact subset of C with
empty interior.

THEOREM 1. Let g be a function of class C in a neighborhood ofX and let F
be a holomorphic function in an open subset V such that g(X) c V. Suppose
F" 0 in each component of V intersecting g(X). Let Z { w X/Og(w)
0). Then, for each a,

R’( X, g, F g) ( f lip(a, X)/fl z R(Z) ).

COROLLARY 1. Under the hypothesis of Theorem 1, R(X,g,F g)=
lip(a, X) if and only if R’(Z) lip(a, Z).

COROLLARY 2.
lip(a, Z).

If n >_ 2, then R( X, g, g") lip(a, X) if and only ifR(Z)

When g(z)= and n 2, Corollary 2 gives a generalization of a result of
Wang [14]. The condition F" #: 0 is necessary. In fact, if we take g(z) 2 and
F linear, then there is a suitable compact subset X such that R0(X, g, F g)

Ro(X, ) is not dense in lip(a, X) (see [17]).

THEOREM 2. Let h be an analytic function in a neighborhood U of X,
non-constant in each component of U and let F be a function of class C 2 in a
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neighborhood of h (X). Let

T= (x X/O2F(h(x)) 0}.

Then the following propositions hold.
(a) If R(T) lip(a,T), then R(X, h, ro h) lip(a,X).
(b) If R’( X, h, r h) lip(a, X), then R’(T, h) lip(a, T).

Let us point out that necessary and sufficient conditions for the approxima-
tion in lip(a, Z) by functions of R0(Z) are well known [7].
An interesting application of the above theorems is obtained when re(Z) 0

or m(T)= O.
The proofs of Theorems 1 and 2 are by duality. If q lip(a, X)*, then the

restriction of q to D x is a distribution q’l. We associate to qx a distribution
(defined by (2) with T replaced by ql)-It can be shown that tl is a
dm-absolutely continuous measure, the density function being continuous
(Lemma 4). If, moreover, 1 is orthogonal to Ro(X, gl, g:z), then we deduce
that 1 0 on C, From this it follows that 1 is supported in Z and is
orthogonal to lip(a, Z). The results will follow readily.

3. Preliminary lemmas

We will consider a general scheme which applies to the theorems above. We
assume that gx, g2 CI(U), U an open neighborhood of X. Also assume:

(1) There exists u CI(u) such that Og2 u Ogx in U.

In this case we define the kernel"

k(z,w) (g2(z) -g2(w) u(w) "(gl(Z) -gl(W)))/(z w), z,w U,

k(z, z) O, z U.

The function k is locally bounded in U U. We write

(z) fk(z,w)+(w) dm (w), DI(u).

This function is called the transform of q relative to g, g2. It is easy to see
that C(U). If T is a distribution of order 1 with compact support in U,
then we define the transform of T, relative to g, g, by

(2) (k) r(), k D(U)
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Let us recall the definition of the Cauchy transform of a compactly sup-
ported distribution in C [5]:

-r($) if q DI(C),
where

(w) f z
1
--W

We will also need the definition of the transform of q, relative to gl [11], [3];

4(w) f gl(Z) gl(w)
Zm W

(z) dm (z), DI(U),

and the corresponding one for compactly supporting distributions,

’(q) T(), DI(u).

LEMMA 1. Let gl and g2 satisfy (1). Let T be a distribution of order 1 with
compact support in U, such that and are measures. Then

(a) 1"" 3u " and
(b) " -gl" ’.

Proof We will only prove (a), the proof of (b) being similar. Since

’(q) T(-(q)~) and u.
it is sufficient to show that

(3) (k)" -(Ou. q)v inU, for k D2(U)
Let z0 U. We consider an open set G with G c U, OG piecewise of class

C1, supp q c G and z0 G. Let us choose an e > 0 in such a way that the
closed disc D D(z0, e) is included in G. If G G D, then G is an open
bounded set and its boundary is piecewise of class C1. We suppose this
boundary endowed with the orientation induced by the usual one in G. We
consider the following differential form of class C in a neighborhood of G:

k(zo, z) (z)dz.

Applying Stokes’ Theorem and using (1), we get

(4) "0 (z) d Adz fGgl(Z!z -z-gl(2) Ou(z)(z)d A dz

(Zo,)
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Note that

Ik(Zo, Z)’l (Z)l-- O(Iz0 Z[ -1),
g(zo) g(z) u (z)(z)

Z0 Z
z supp ,

and

k(zo, z)q(z)=O(1), z C(zo, ).

Letting e 0 in (4), we obtain (3).
From now on we will restrict ourselves to two cases:
(i) gl g, g2 F g, with F and g satisfying the hypothesis of Theorem

1. In this situation 9g2 (F’o g)- 9g; so (1) holds with u F’o g.
(ii) gl h, g2 F h, with h and F as in Theorem 2. Here

Og2 (OFo h)-gl,

i.e., u= OFoh.
The respective kernels for z 4= w, z, w U, are:

k(z,w) (F(g(z)) F(g(w)) F’(g(w))(g(z) g(w)))/(z w),
kl(Z,z ) --0,

k2(z,w ) (F(h(z)) F(h(w)) OF(h(w))((z) (w)))/(z w),
k2(z, z) OF (h(z)) h’(z).

Let us study the properties of the above kernels.

LEMMA 2. (a) The functions kl, k2 are continuous on U U.
(b) For each compact K c U, the functions ki(.,w), w K, are locally

uniformly Lipschitzian; i.e., for each compact L,

Ik,(x,w) k,(y,w)l<= C(g,K,L)Ix y[,

x,yL, wK, i=1,2.

Proof (a) It is sufficient to prove continuity at the points

(Zo, Zo) U U.

We will denote by g both the function g of (i) and the function h of (ii). Let V
be an open neighborhood of g(X) on which F is defined and such that
g(U) c v.



RATIONAL MODULES WITH THREE GENERATORS 423

Let zo U and let (z.,w.). be a sequence converging to (Zo, Zo). By
applying Taylor’s formula to F, we get

IF(z) F(z’) -F(z’)(Y. .’) OF(z’)(z z’)l= O([z z’12),

for every z and z’ in a closed disc centered at z0 and included in V. By the
continuity of g,

IF(g(z.)) F(g(w,,)) -F(g(w,))((z,,) (w,,))

OF ( g( w,,))( g( z,,) g(w.)) O(Ig(z.)
for n large enough.

In case (i) we have OF 0 and

z,,- w,, O(Iz,,- w,,I).

On the other hand, in case (ii) we obtain

(5)[k2(Zn,Wn)- OF(g(w,,))(g(z,,)- g(w,,))(z,,- Wn)-l[ O([z Wn[ ).

Since g is holomorphic, the function (g(z) g(w))(z w)- is continuous
on U x U. Thus by taking limits in (5) we obtain (a).

(b) Let K and L be two compact subsets of U. We will show that

(6) Ik,(x,w) k,(y,w)l<= C(g,K,L)Ix -Yl,
w K, x, y L, i= 1,2,

for x and y sufficiently close.
Let M K U L and let x, y, w be three fixed points in M with

Ix yl _-< 1/2d( t, C v).

By (a) we can assume in (6) that w [x, y]. In this case, ki(-, w) is of class C
in a neighborhood of [x, y]. If we estimate Oki(., w) and Okg(., w) uniformly,
then (6) follows. Let us calculate these derivatives.

Case (i). By the uniform continuity of g on M and by developing F in a
power series, we conclude that there exists , 0 < < d(M, C U), such that

F(g(z)) F(g(w)) F’(g(w))(g(z) g(w)) (g(z) g(w))2H(z,w),

for z w < , z, w M, where H is a differentiable function defined on a
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neighborhood of M M. A straightforward calculation shows that

(, w) 2
g() g(w) g ()H(, w) + (g() -g(w))

S--W
H(,w),

Ok (s,w) 2
(g(s) g(w)) )g (s)H(s,w) +(g(s) g(w))2 i)H(s,w)

S-- W

(g(s) g(w))2H(s,w)
142) 2

s[x, yl.

If Is w < 1/2 we can apply the mean value theorem, and if Is w ->_ 1/2
we can estimate directly to obtain

x, (, w) o(), Ok (s, w) O(1).
Case (ii). We have

(7)

S W)

for s [x, y].
The absolute value of the numerator of (7) will be less than

-F(h(s)) + F(h(w)) + -OF(h(w))(h(s) h(w)

+OF(h(w))(h(s) h(w))
+l(OF(h(w)) OF(h(s)))(h(s) h(w))

+l 0F (h(s))(h’(s)(s w) h(s) h(w))

It is sufficient to estimate these terms for s and w sufficiently close. They
turn out to be O([s wl-). The first is estimated using Taylor’s formula, the
second by the mean value theorem and the third recalling that h is a
holomorphic function. As a consequence we obtain Ok2(s,w) O(1) for
s [x, y] and w M.

Let us see a characterization of the dual space of lip(a, X), 0 < a < 1. The
original idea belongs to de Leew [4].

LWMMA 3. Let q lip(a, X)*. Then there are two regular Borel measures
and ,, on X and X X respectively, such that for any f lip(a, X) we have

(8) q(f) ffdlz + f f(x) -f(y)
dv (x, y).

x Ix YI""x "x
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Proof
We define the linear mapping

Let us consider the space E X u (X X) with the sum topology.

T: p(,, x) - c(e),

where f(x) f(x) if x X,

T(I) f

f(x, y) f(x) -f(y)
if x =/= y,

Ix -Yl
](x, x) o, x x.

It is clear that T is an isometry. The linear form ff can be defined on
T(lip(a, X)) and by the Hahn-Banach theorem we can extend it to C(E).
From the Riesz representation theorem we infer that there is a regular Borel
measure 0 on E such that (f)= ffdo:. Defining/z 01 x and v o1 xx
we obtain (8).

If lip(a, X)* we denote by ’1 the distribution of order 1, with compact
support, defined by

LEMMA 4. Let k lip(a, X)*. Then the transform 61 of 1 (both with
respect to k and k2) is a dm-absolutely continuous measure, with a continuous
density function.

Proof Let /z and v be the measures of Lemma 3 satisfying (8). If q
DUI(U), then

(x) (y)
dv (x, y)61() f?(z) dt (z) + fxxx Ix Y["

w)b(w)am (w)) dt (z)

fx ( f k(x,w) k(y,w) q(w) dm (w)) dv (x y)+
x Ix yl

According to Lemma 2 we can apply Fubini’s Theorem to (,) to obtain

with

w)(Iz*(w) + v.*(w)) am (w),

*(w) fk(z, w) a (z)
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and

f w)
dv (x, y).

Now we are going to show that * and v* are continuous functions. Let
wo U and let (wn) be a sequence converging to w0. By Lemma 2,

(,w)- (,Wo), z U,

and

k(x,w,,)-k(y,w,,)
Ix -y[’ Ix -YI"

k(x, zo)-k(y, zo)
x,yX,xy.

If x y, both expressions are equal to 0. Moreover k(z, w) O(1) and

[k(x,w,,)-k(y,w,,)[ O(Ix yl-"), x,yX,nN.

By the Lebesgue convergence theorem, *(wo) *(w0) and v*(wn) v,*(w0).

4. Proof of Theorem I

Let us write B {f lip(a, X)/f[ z R(Z)}. As Og O(Fo g)= 0 on
Z we have, as a consequence of a theorem of O’Farrell [8], that R"(X, g, F g)
c B. Let be a continuous linear functional on lip(a, X) which is orthogonal
to R0(X, g, F g). We must prove that is orthogonal to B. We consider the
distribution 1. By Lemma 4, it follows that

/ c’(u).

On the other hand, the representation of Lemma 3 gives

l(kl(’,W))--(* + wU.

If w X, then k (’’ W) R0( X, g, F g). Therefore/* + v* 0 on U X.
By Lemma 4, * + v,* 0 on U, so tl 0 on U. Since 1 satisfies

-< cllqlloo, tk Dl(U),d(supp,C U) >= ,
1 is a measure with support in X. The same is true of [5]. The hypothesis
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of Lemma 1 is satisfied, with u F’o g, and so

(9) g. (F"o g). , tl g" tl.
Let Z Z U ( x X/F"(g(x )) 0 ). By assumption F" has finitely many

zeros in g(X). Applying the implicit function theorem we obtain that Z1 Z
is contained in a finite union of subsets of Cl-curves, so that m(Z Z) O.
From (9) and the fact that +/- Ro(X) it follows that 1 0 on C- Z.
Since @1 is a din-absolutely continuous measure, we have 0 on C- Z
and so qb is orthogonal to Ro(Z).
Now let us show that

(10) Iql(h)l -< cllhllnp(,z, h cl(c),

where c > 0 does not depend on h.
We need the following property:

(11) If f lip(a, X) and f 0 on Z, then q(f) 0.

This means that q depends only on the values of f on Z. When f CI(C)
and f= 0 on a neighborhood of Z, (11) holds because suppql c Z. The
general case is proved as follows. We suppose that f has been extended to a
function of lip(a, X) [13, p. 174]. Let K be a compact neighborhood of X. By
a result of Sherbert [12] there is a sequence (fn) such that fn lip(a, K),
f, 0 on a neighborhood of Z and f, f in lip(a, K). Considering convolu-
tions of the functions f with an approximate identity we can also assume that
f, C(C). Therefore

(f) lim(f, lx) O,

and (11) holds.
We denote by E: lip(a,Z) lip(a, X) the linear continuous extension

operator defined in [13, p. 174]. If h Cx(C), then

thx(h) q(hlx) q(E(hlz)),

because the functions hlx and E(hlZ) are equal on Z. It follows that

[q,x(h)[ I1’11 IIEII IIhlzllup,,,z)= CIIhlzllnp<,z),

and so (10) is proved.
Next we claim that q is orthogonal to B. To see this, let f B and

h,, Ro(Z) such that flz lim h,lz. Then by (10) and (11) it follows that

q,(f ) ep(E(f[z)) lim(E(h,,lz)) O.
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5. Proof of Theorem 2

(a) Let q tip(a, X)*. In this case u 0(F h). Lemma 1 shows that

"tl (2F h) h-7 tl and

Let TI (x X/F(h(x))h’(x) 0}. By the hypothesis, we have

R(T) lip(a, T1).

The procedure of {}5 can be repeated now to show that is supported on T1
and is orthogonal to R(T1). Then (a) follows.

(b) We assume that R(X, h, F h) tip(a, X). It is enough to show that
F h R(T, h). First we remark that the integral formula of Proposition 1 of
[2] is also true with the following weaker hypothesis" There exists u C and
Of= u. Og.

In our case O(F h) ( OF h) Og on U. Let q, be an element of lip(a, T)*
which is orthogonal to R(T, h). An application of the aforesaid formula (for a
convenient subset G) gives

1 fo F(h(z))
dzbl(rOh) @1

G z w ( 1 far (z)-(w) dz)1 (h(z))
z w

As in [5] (see [3]) it can be shown that is a dm-absolutely continuous
measure with support on T. Since

fo F(h(z))
dz Ro(r )

G

and

fo63F(h(z)) (z)- (w) dz Ro(r, ),
Z-- W

it follows that ql(F h) 0. Thus (b) holds.

6. Further results

When dealing with the uniform approximation by functions of

Ro(X, gl,...,gn)

a more precise information can be achieved. Let R(X, gx,..-, g,) denote the
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uniform closure of Ro(X, gl,--., g,). To simplify notation we are going to
state the following theorem only for n 2.

THEOREM 3. Let X be a compact subset of C, and gl, g2 two functions of
class C in a neighborhood of X. Then the following assertions are equivalent:

(a) R(X, gl, g2)= (f C(X)/flzlnz2 R(Z1 ( Z2)}-
(b) " I Z1 I Z2.

LEMMA 5. Let X be a compact subset of C and g a function of class C2 in a
neighborhood of X. Given a measure on X, the following conditions are
equivalent:

(i) / R(X, g)+/-.
(ii) is concentrated on ( td Z and tt R(X U Z, g) +/-.

We omit the proof of Lemma 5. It can be obtained by using the ideas of the
proof of Theorem of [2] (see [3]).

Proof of Theorem 3. (b) (a). Let

B (f C(X)/f[zlcz2 R(Z 63 Z2) ).

Since Og 0 on Z ( Z2, then R(X, gl, g2) c B. Let/x R(X, gl, g2)_ and

f B_We will show that ffdl 0. By Lemma 5, /x is supported in " t2 Zx
and " u Za. Thus (b) implies that # is supported in Z Z2 and also that
/x R(Z N Z2)+/-. Therefore ffdol O.

(a) (b). We suppose that X Z f3 Za. There is an open disc D such
that D c c " and, let us say, that Z . If f R(X, gl, g2), then f
satisfies (in the distribution sense) the following equation on D"

f g
with Ok 0 on D.

Let

A= z D/) gl (z)=O

We distinguish two cases.
(i) 4: . For every function f R(X, gl, g2), we have

(12) O g =0 on.
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By choosing a function that vanishes in a neighborhood of Z N Z2 and
does not satisfy (12), we infer that B R(X, gl, g2)-

(ii) . . There is an open disc D c D such that

(13) 0 g =0 onDx,

where

q and f R(X, gl, g2).

We can always find a function that vanishes in a neighborhood of Z ("1 Z2

and does not satisfy (13); thus B

_
R(X, g, g2).

Remark. We observe that Lemma 5 is true for g only of class C on X.
Therefore (b) (a) of Theorem 3 holds when g, g2 are C on X. The stronger
differentiability of gl and g2 was only required to prove (a) (b) in Theo-
rem 3.

Theorem 3 provides a generalization of a theorem by Trent and Wang [17].
Next we present an application of Theorem 3 to a classical problem. Several
authors, for example Wermer [18] and Preeskenis [9], have studied the follow-
ing question: If D is the closed unit disc on C, for which functions g C(D)
is the closed algebra generated by z and g equal to C(D)? When we consider
this problem for another compact X of C, it is necessary to replace z by R(X),
and Theorem 3 provides a solution in the case " .
COROLLARY 4. Let X be a compact subset of C and g a function of class C

in a neighborhood of X. We suppose that c Z. Then the closed algebra
generated by Ro(X) and g is R(X, g) ( f C(X)/f[ z R(Z)).

Notice the similarity with the theorem of [18, p. 9].
Finally, we point out two problems whose solution we do not know.

Problem 1. Characterize the compact subsets X of C such that

R’( X, ) lip(a, X).

Problem 2. Characterize the compact subsets X of C such that R0(X, ) is
dense in DX(X) in the Lip(l) norm (see [5] for the definition of D(X)).

Notice that it is well known when R0(X) is dense in DI(x) [6].
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