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1. Introduction

By a result of W.B. Johnson [6], there exists a sequence (G,) of finite
dimensional Banach spaces such that for any separable Banach space G, the
I*-sum of (G,) contains an isometric 1-complemented copy of G’. From this
we see that the /®-sum of a family (E,),r of Banach spaces may contain
many very different complemented infinite dimensional subspaces even if none
of the spaces E, does. However, the situation becomes quite different when we
consider complemented subspaces isomorphic to ¢,. In fact, our main result
shows that if the cardinality of the index set I' is smaller than the first
real-valued measurable cardinal, then the /®-sum of (E,),cr contains a
complemented copy of ¢, if and only if one of the spaces E, does. From this
we obtain that the /*-sum of certain families of Grothendieck spaces is again
a Grothendieck space.

Our terminology is standard. However, we want to explain some frequently
used terms and fix some notations. For a (real) Banach space E we denote by
E’ the dual and by E” the bidual of E. On E’, the weak* and weak topologies
are the topologies o(E’, E) and o(E’, E”) respectively. A sequence (x,) in E
is called weakly summable if

YI(x;,x")| < oo forall x' € E".

E is said to contain a complemented copy of ¢, if E has a complemented
subspace isomorphic to ¢,. Given a set I', we denote by |I'| the cardinality of
T. If (E,),<r is a family of Banach spaces and 1 < p < oo, the /P-sum of
(E,),<r is the space (X @ E,);»r, which consists of all x = (x(7)),<r such
that x(y) € E, for all y and

T Ix(IP < oo (supllx()l < 0if p = o0),
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endowed with the norm

1/p
1O = ( Z0ee) " (IGO0 = suplix(l it p = o).

yeTl'

In case E, = R for all y, we write /*(T) instead of (X ® E,) ). In the
following, we will use the well known identification of /*(T")" as the space of
all bounded finitely additive set functions on the power set of T' [1, IV.5.3]
without further comment.

2. Preliminary lemmas

In this section we state and prove several lemmas from which the main
result follows easily. The first lemma is a well known result [2, Theorem 1]
which provides a (necessary and) sufficient condition for a Banach space E
to contain a complemented copy of c,. Recall that a subset 4 of a Banach
space E is a limited set if for every weak* null sequence (x/) in
E’,lim, sup, ¢ 4|{x, x/)| = 0.

LEMMA 1. Let (x;) be a weakly summable sequence in a Banach space E. If
(x;) is not a limited set, then there is a subsequence (x,) which spans a
complemented subspace of E isomorphic to c,.

Let (E,), <r be a family of Banach spaces and let F = (X & E,)=r,. For
x € Fand 4 c T, define xx, € F by xx ,(y) = x(y) if y € 4 and xx 4(v)
= 0 otherwise. Furthermore, we will denote by P the projection from F’ onto
the subspace (L @ E;)r) given by

(x, Px’y = 3 {xX(y)> X')
yell

for all x € F and x’ € F'. We remark that P is o(F’, F)-sequentially
continuous [10, Lemma 11.4]. The next lemma shows that the weak* null
sequences in F’ cannot have “coordinatewise disjoint supports”.

LEMMA 2. Let (x,) be a bounded sequence in F and let (x!) be a weak* null
sequence in F'. Define finitely additive set functions (X;) on T by A, (A) =
{x;X 45 X!). Then (\,) is relatively weakly compact in I*(T').

Proof. If (X)) is not relatively weakly compact, then we may assume that
there exist disjoint subsets (4;) of T and & > 0 such that |A,(4,)| > ¢ for all
i. Let y; = x;x 4 for all i. Then (y;) is a weakly summable sequence in F.
Furthermore, (y;) is not a limited subset of F since (x/) is weak* null and
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[{yi» x!)| = |A;(A4,)] > e for all i. According to Lemma 1, we may thus
assume that ( ;) spans a subspace of F isomorphic to ¢, which is comple-
mented by a projection S. On the other hand, for every (a;) € L™, the
coordinatewise sum Ya,y; exists trivially and T: (a,) = Xa,y; is a bounded
map from /* into F. Clearly S o T defines a map from /* onto [y;], which is
isomorphic to c; this is a known impossibility. B

Before stating the next lemma, we recall some terminology regarding the
measurability of cardinals.

DEFINITION. A cardinal m is said to be measurable (resp. real-valued
measurable, resp. atomlessly measurable) if there exists a set I' with cardinality
m such that there is a non-zero {0, 1}-valued (resp. [0, 1]-valued, resp. atomless
[0, 1]-valued) m-additive measure defined on the power set of I' which van-
ishes on all subsets of I'. The first real-valued measurable cardinal, it it exists,
will be denoted by m,.

It is known that on the basis of axioms of Zermelo-Fraenkel and the axiom
of choice the existence of real-valued measurable cardinals cannot be proved.
If the continuum hypothesis or Martin’s axiom is assumed to be true, then
atomlessly measurable cardinals do not exist [5, 27.3, 27.7] and every real-
valued measurable cardinal is measurable [5, 27.5, 27.7]. We will need the
fact that if T' is a set with |[I'| < m,, then any countably additive measure
on the power set of I' which vanishes on finite sets must be identically zero
[S, 27.4 Cor.]. More on these cardinals can be found in [3, p. 972}, [5], [12], and
[13].

Under the appropriate measurability condition on the cardinality of T, we
are now able to prove the following key lemma from which we can conclude
that any projection map from F onto a subspace isomorphic to ¢, must
originate from a weak* null sequence in PF’ = (T @ E;)a(r).

LemMA 3. Let (E,), <r be Banach spaces where T is an index set satisfying
IT] <m, and let F = (X ® E,)mry. If (x;) is a weakly summable sequence in
F and (x]) is a weak* null sequence in F' which lies in (Id — P)F', then
lim,(x,, x}) = 0.

Proof. Define (A;) as in Lemma 2. Then (A,) is relatively weakly compact
by the same lemma. We may thus assume that (A;) converges weakly to some
A € [°(TY. We claim that A is countably additive. Otherwise, there exist
e >0 and a sequence (A4;) of subsets of I' which decreases to @ while
|A(4;)| > & for all i. Without loss of generality, we may then assume that
[Ai(4;)| > e forall i. Let y; = x;x 4, for all i. Then (};) is a weakly summable
sequence such that |(y, x/)| > e for all i. Applying Lemma 1, we may
assume that [y,] is a complemented subspace of F isomorphic to c¢,. On the
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other hand, for every y €I, the sequence (y,(v)) has only finitely many
non-zero terms since (A4;) decreases to . Using this observation and the fact
that () is weakly summable, we obtain that the coordinatewise sum Xa,y,
exists and is in F for every (a,) € I*, and that T: (a;) = La,y, is a bounded
map from /* into F. We may then proceed as in the proof of Lemma 2 to
obtain a contradiction. This establishes the claim that A is countably addi-
tive. Now for all finite subsets 4 of T' and for all i, A,(4) = O since x; €
(Id — P)F’; hence A(A) = 0. By the measurability condition on the cardinal-
ity of T, we must have A = 0. In particular,

lim{x;, x/) =limA,(T) = A(T) =0,

as claimed. W

Remark. The conclusion of Lemma 3 fails without the measurability
assumption on I' [11, Remark after Prop. 3.1}.
The final lemma states that every weak* null sequence in

PF' = (T ®E})
must essentially be supported by finitely many coordinates.
LEMMA 4. [8, Lemma 2.8]. Let
(x)c(ze EY’)P(I‘)

be o((X @ E,)pry, F)-null, x] = (x[(y)). Then for all ¢ > 0, there exists a
cofinite subset A of T such that

sup X [lx/ (V)] < e.

i yed
3. The main result and its consequences
We are now in a position to prove our main result.

THEOREM. Let (E),cr be Banach spaces where T is an index set with
T} <m,. Then F = (X ® E,) = contains a complemented copy of c, if and
only if some E., does.

Proof. Suppose F contains a complemented copy of ¢,. There exist
biorthogonal sequences (x;) and (x/) in F and F’ respectively so that (x,) is
equivalent to the ¢, basis and (x/) is weak* null. Since P is weak* sequentially
continuous, ((Id — P)x!) is weak* null. Thus

(x;,(Id — P)x]) = 0
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by Lemma 3. Let y/ = Px/. Then (x;, y/) = 1 and (/) is weak* null
Moreover,

Y € (E ® Ej )1‘(1‘)

and hence we may write y/ = (y/(y)) where y/(y) € E; for all y. Now
(¥/(v)) is o(E,, E,)-null for every fixed y and also

sup Y |ly/(¥)Il <1/2

i yed

for some cofinite subset 4 of I' by Lemma 4. Hence there exists a finite subset
B of T with limsup{x,x 5, /) = 1/2. By passing to a subsequence, we may
assume that for some y € B, inf;{x,(y), y/(v)) > 0. Since (x,(y)) is a weakly
summable sequence in E, and (y/(7)) is a o(E/, E,)-null sequence, Lemma 1
shows that E, has a complemented subspace isomorphic to ¢,, as required.

]

Before stating some corollaries, we recall that a Banach space E has
property (V') if every operator from E into a Banach space G which maps
weakly summable sequences onto summable sequences is weakly compact. The
space E is a Grothendieck space if weak* null sequences in E’ are weakly null.
It is known that every L'-predual (i.e., every Banach space whose dual is
isometric to a space L') has property (V) [7] and a Banach space with
property (V') is a Grothendieck space if and only if it contains no comple-
mented copies of ¢, [10, Korollar 3.3].

COROLLARY 1. Let (E,), 1 be Banach spaces where T is an index set with
|| < m,. Suppose F = (L ® E,) ) has property (V) and no E, contains a
complemented copy of cy. Then F is a Grothendieck space.

In particular, if E, is an L'-predual for every y € T, then the hypotheses of
Corollary 1 are fulfilled if and only if each E, is a Grothendieck space (cf. [11,
Corollary 2.5]). We thus obtain the next result.

COROLLARY 2. If (E,),cr is a family of L'-preduals where T satisfies
|| <m,, then (£ & E,) =, is a Grothendieck space if and only if each E. is
a Grothendieck space.

This generalizes results in [10, §11] on the /*-sum of Grothendieck spaces.
We close this section with a question (cf. also the appendix) and a remark,
phrased as a proposition.

Problem. 1s the measurability condition necessary in the theorem?
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It is known that the measurability condition may be removed for some
special cases.

PROPOSITION. Let I' be an arbitrary index set and let (E)),.r be a
collection of Banach spaces satisfying one of the following properties:

(a) No E, contains a copy of c;

(b) There is a constant k < oo such that each E. is complemented in its
bidual by a projection of norm < k.
Then F = (X ® E,) =) contains no complemented copies of c,. In particular,
the measurability condition in the theorem can be removed if each E. is separable.

Proof. Let (x;) be a sequence in F equivalent to the standard c, basis so
that there is a projection Q from F onto [x,]. Regard F as a subspace of
H = (X ® E])p~r), which is the dual of G =X & E});r,. Since (x,) is
weakly summable,

(a,) = o(H,G) — Zayx,
defines a bounded map T from [® into H. A simple computation shows that.
T(a,)(y) = o(E), E}) — Zax,(y) forally.

If condition (a) holds, every weakly summable sequence in E, is summable
[9, Proposition 2.e.4]; hence T(a;)(y) € E, for all y. Thus T(/®) C F. But
then Q o T maps /® onto [x,], which is isomorphic to ¢y; a known impossibil-
ity. If case (b) is valid, F is clearly complemented in H by some projection R.
Thus Q ¢ R T maps /® onto [x,], yielding the same contradiction as in case
(a). Finally, the last assertion follows immediately from case (a) due to the
separable injectivity of ¢, [9, Theorem 2.£.5]. W

Appendix

The authors wish to thank Professor Richard Haydon for pointing out some
suggestions to remove the measurability condition in our main result. He
conjectures the following.

CONJECTURE.  Let (E,), <1 be Banach spaces where |T'| is smaller than the
first atomlessly measurable cardinal. Then F = (L ® E,) s r) contains a comple-
mented copy of c, if and only if some E,, does.

Under the continuum hypothesis or Martin’s axiom, a positive solution
would imply that the main theorem is true for arbitrary index sets. However,
all we know at this point is the following result of Haydon [4] which uses to
some extent the methods of Lemma 3 together with facts on ultraproducts.
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PROPOSITION. Suppose that atomlessly measurable cardinals do not exist.
Let (E,), <1 be Banach spaces and assume that sup, |E, | is smaller than the first
measurable cardinal. Then F = (L ® E ), contains a complemented copy of
¢o if and only if some E. does.

This solves the conjecture in the affirmative provided there is a positive
answer to the following question.

Problem. Is there a cardinal number m, smaller than the first measurable
cardinal, such that a given Banach space E and a non-complemented subspace
G isomorphic to ¢, there is a subspace H with G C H C E, |H| < m, and G
is not complemented in H?
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