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A CHAIN OF CONTROLLABLE PARTITIONS OF UNITY
ON THE CUBE AND THE APPROXIMATION
OF HOLDER CONTINUOUS FUNCTIONS

CHRISTIAN RICHTER

ABSTRACT. Controllable partitions of unity in C (X) are partitions of unity whose supports fulfil a unifor-
mity condition depending on the entropy numbers of the compact metric space X. We construct a chain
of such partitions in C([0, 2]"") such that the span of any partition is a proper subspace of the span of the
following one. This chain gives rise to approximation quantities for functions from C ([0, 2]") as well as
for C ([0, 2]")-valued operators and to corresponding Jackson type inequalities. Inverse inequalities are
presented for Holder continuous functions and operators.

1. Introduction

Let (X, d) be a compact metric space. C(X) is to denote the Banach space of real-
valued continuous functions on X equipped with the usual norm || f|| = sup{| f(x)| :
x € X}. Let us recall that a finite system ® = {¢y, @3, ..., ¢x} € C(X) is said to be
a partition of unity if

O0<gpx)<1l forxeX,1<i<k (N
and

k
Z(p,-(x)=l forx € X. 2)

i=1
In her paper [Ste], I. Stephani introduced the class of controllable partitions of unity
which are defined by a uniformity condition for the size of the supports
supp(¢i) = {x € X : ¢i(x) # 0}

of the single functions. The condition refers to the concept of metric entropy in the
space X. The k-th entropy number of a subset S C X is given by

& (S) = inf{s > 0 : there exist points xy, X2, ..., Xk

k
in X such that § C U B(x;, €) I s

i=1
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160 CHRISTIAN RICHTER

where B(x;, €) denotes the closed ball of radius ¢ > 0 centered in x; (cf. [Ca/Ste],

p. 7). A partition of unity ® = {¢y, ¢, ..., ¢} of cardinality k > 2 is called
controllable if

e1(supp(pi)) < &—1(X) for 1 <i <k. (3)

In [Ste] it is shown that controllable partitions of unity are peaked, i.e. the partition
functions are of norm 1. This notion goes back to E. Michael and A. Pelczynski. In
their paper [Mi/Pe 1] they prove that for any infinite compact space (X, d) there exists a
sequence (®,);2 , of peaked partitions of unity ®,,, card(®,) = n, such that the spans
form an increasing sequence, i.e. span(®;) C span(®;) C span(P3) C ..., and the
union Uj’,":, span(®,) is dense in C(X). (“C” denotes the proper inclusion.) One
would welcome a similar result for controllable partitions, since these can successfully
be used in approximation theory (cf. [Ste], [Ri/Ste], [Ri2]). Indeed, an increasing
sequence (span(®,));° of controllable partition subspaces can be employed for a
successive process of approximation of continuous functions, as will be shown in
Proposition 1. In contrast with that the result of E. Michael and A. Pelczyriski having
far leading consequences for C(X) spaces does not give quantitative results for the
approximation of continuous functions comparable with the classical Jackson type
theorems, which give estimates for approximation quantities of functions f € C(X)
by the modulus of continuity w(f, §) = sup{|f(x) — f(¥)| : d(x, y) < §}. However,
one has to pay for quantitative results. The theorem from [Mi/Pe 1] can not be true in all
details in the case of controllable partitions, since the property of controllability is so
sharp as to imply that controllable partitions of unity exist for the cardinalities n with
en(X) < &,—1(X) only (cf. [Ste]). These indices n are the values of Kolmogoroff’s
entropy function N (X, ) (cf. [Ko/Ti]). For instance, the controllable partitions on
the cube ([0, 2], dimax) are of cardinality k™, for

1
e ([0, 2]™) = &g 1 ([0, 2]™) = - -+ = eq1yn—1 ([0, 2]™) = % 4

fork = 1,2,3,... (cf. [Ba/Pi], [Bo/Ri]). The paper [Ste] closes with the adequate
weaker question for the existence of chains of controllable partitions of unity in
C(X). A chain is meant to be a sequence of partitions ®,,n = 1, 2, 3, .. ., such that
span(®) C span(P;) C span(P3) C ---.

PROPOSITION 1. Let (®,)32, be a chain of controllable partitions of unity in
C(X). Then Uﬁ’;, span(®,) is dense in C(X). In particular: If card(®,) = k, then
there exist positive operators A, € L(C (X)) with A,(C(X)) C span(P,), | A, =1,
and || f —An 1l < w(f, &x,—1 (X)) for f € C(X), such thatlimy o || f —An f]| = 0.

Proof.  We follow an idea from [Ste]. Let ®, = {o{", 9", ..., ¢{"}. According
to the controllability of ®, (cf. (3)) there exist points ", x”, ..., x™ € X such
h ) ky
that

supp ((p}")) CB (xf"), ek"_l(X)) for 1 <i <k,. 5)
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We define A, by

k"
Af =Y f(x")e  for fecx).
i=l

Clearly, A, € L(C(X)), A,(C(X)) C span(®,) and ||A,|| > 1, for A,1x = 1x.
A, is positive with ||A,|| < 1, since the values of A, f are convex combinations of
F(x™), 1 <i < k,. Inclusion (5) implies that

A

(= apwl = 30— £ ()]0
i=l

kl!
< Y o(fien1(0) 9" () = o (£, &, -1(X))
i=1

for x € X, and hence || f — A, fIl < o (f, &k, —1(X)).
Moreover we have lim,,_, o &k, —1(X) = 0, since lim,,_, o k, = 00, for span(®) C

span(®;) C span(P3) C -- -, and limg_, o, 64 (X) = 0 according to the compactness
of X. Consequently,

0< lim | f — Ay fll < lim @ (f, &5,-1(X)) =0,
nh—00 n—>00

which completes the proof. O

In the following section we shall construct a chain of controllable partitions of
unity on the cube [0, 2]™ equipped with the maximum metrics dmay, i.€.

Anax (X1, X2, o, X)), V1, Y2, -+, Yw)) = Max |x; — yjl.
I<j<m
Corresponding approximation quantities for continuous functions on [0, 2]" as well
as for C ([0, 2]™)-valued operators are defined and discussed in the third and fourth
sections. Jackson type inequalities arise as a simple consequence of Proposition 1.
The estimates will find an appropriate counterpart in inverse inequalities for Holder
continuous functions and operators.

Finally, we shall construct a related approximation scheme E, C E, C E; C
-+« in C([0, 2]™) consisting of subspaces E, spanned by peaked partitions of unity
W, of cardinality n such that the asymptotics of the corresponding approximation
quantities of any Holder continuous function f or operator T represents the modulus
of continuity of f or T, respectively.

2. A chain of controllable partitions of unity

The essential step to a chain of controllable partitions of unity on the m-dimensional
cube [0, 2] is the construction of a chain for the one-dimensional case. Thus we
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begin with the consideration of the interval I = [0, 2]. Before defining the functions
let us infer a necessary condition for the structure of the partition functions, which
will justify the following rather complicated construction. According to [Mi/Pel},
Example 4.5, a chain of peaked partitions of unity in C (/) can not be chosen such that
all partition functions have a continuous derivative on (0, 2). However, E. Michael
and A. Pelczyriski do not use the controllability property, which gives rise to much
harder restrictions for the partition functions, as will be shown in Proposition 2. Recall
that the metric space I has the entropy numbers

1
8k(1)=z fork=1,2,3,.... (6)
Of course, the first entropy number of a subinterval of I is half of its length.

PROPOSITION 2.  Let (®,)32, be a chain of controllable partitions of unity in
CIl0,2]. Then, for any ny > O, there exists a subset D,, < [0, 2] of Lebesgue
measure v(D,,) = 2 such that D,, = |, <1 1. is a countable union of intervals I, and
any function from ®,, is constant on any interval I,,1 € T.

Proof. Every partition ®, = {o\"”, ", ..., <p,((:')} gives rise to an open covering

o= {c", ey, ..., C,g,')} by the supports C;"”’ = supp(p”’). We consider the

points % e l,1 <i <k,. Clearly, any point is covered by at least one set C,.(").

However, each set C;"’ contains at most one of the marked points, since

diam (") =261 (") < k_z__]

according to the controllability of ®,,, whereas the distance of any two marked points is
at least /TzZT Consequently, any covering set contains exactly one of the distinguished

points. We can assume that 24,}}‘,—) € C;") for 1 <i <k,. Thus,
inf(C") e (XR.E=R)  for I<ish,
sup (C,.(")) € (%, %) for 1<i<ky.

We define intervals

1" = [o,inf (cf”)].

" = [sup(c).inf(cD)]  for1<i<h,

= [sup (C,ﬁ:')_,),Z].
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The above inclusions show that these are pairwise disjoint intervals of positive length
and, moreover, that any interval I,.("’ is disjoint with C}"’ for j # i, whereas I,.‘") C

C™. For the partition functions this means that

(.n)

oM =8 forije (2. k).

L(n)
i

(ng)

For all n > no, any function ¢; "’ € ®,, is a linear combination of the functions

(p](.") according to the chain condition. Therefore it is constant on any interval Ii("),
1 <i <k,. Weset

Dn()=Ul1,~("): nZn(),l Slfk" .

It remains to show that v(D,,) = 2. On that account we give the following estimate
forn > nyg:

k"
v (1,‘"’ UL u-- U 1,5;") =S (1,.‘"’)
=1

i

V(Dn,)

Y

= inf (C;")) + ki:l inf (C;i)l) — sup (Cm)) + (2 — sup (C,i',')_l))

i=2
ky—1

(
= 4+ (o (€l")) + 2 (ne(€7) —sun (1))
+ (inf (ci) - 2)

& . 2 2
= 4—;281 (C,( ))>4'—k,,k—"—_—-l-=2—a_—l

Letting n — oo we obtain v(D,,) = 2, which is the desired conclusion. O

The construction of a chain (®,);2, of controllable partitions of unity in C(J)
starts by defining a sequence (C,,);2, of open coverings whose covering sets C,.("’ e C,
serve as the supports supp((p,f")) of the single functions go}") € ®,. Accordingly, the
covering sets C,.(") € C, have to fulfil the controllability condition (3). Moreover,
any open set from C, has to be the union of sets from C,, since any function from
®, is a linear combination of functions from @, in accordance with span(®,) C
span(¢n+l)‘

Let

Hn) =2 Z 2, @)

Jj=n+I
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We define open coverings C, = {C,.(") ti=1,2,...,2"},n > 0,by

[0.2-27* + H(n)) for i=1,
" =1Q2G-1-27" —H®),2i - 27¥ + H@n)) for 1<i<2¥, (8
@@ -1)-27* —H®),2] for i=2%.

PROPOSITION 3. (a) Any of the open coverings Cy, n > 0, is controllable in the
sense of formula (3), i.e.,

p (c,.("’) <ew_ () fori=12...,2"

(b) (Cp);2 fulfils the following chain condition:

(n+1) (n+1) (n+1) .
C"uG"T U UGl for i=1,
) _ (n+1) (n+1) (n+1) . 41
C = C(i_l)_23,4,, U C(I._I)Q_,,‘,,,JrI u---u C,..23,4,.+, for 1 <i<?2%,
(n+1) (n+1) (n+1) . "
C(;4"_l).23'4" U C(;4,,_‘):23,4n+| U-...-uU Cz:""'H) for i = 24 .
Proof. With the help of the fact that
Hn+1) <2 forn=0,1,2,... )

and of equation (6), a simple calculation shows that

& (c,f”)) <2¥ +Hm) <27% +3.274"" < = gy _ (D).

1
2 ]

Part (b) is obvious in accordance with (8). O

Now let n > 0 be fixed. The covering C, gives rise to a decomposition of I for
anyi e {1,2,...,2%}):

M UCR™ UR" if i=1,
I={LPUCL”UMPUCR™UR" if 1<i<2¥,
Ly ucCLy) uMy if i=2%.

L™ and R"™ are to denote the subintervals left beside and right beside C”. The

“critical parts” CL\"™ and CR" are the intersections of C\" with C\") and C,.(_';),,

respectively. The “middle part” M;") consists of that points which are covered by
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")
n?.- ?
0L oL M CR R™ 2
J(n)
N (z __(n)
(’}7—1)1 o Ci
Figure 1. General structure of (p}")
C™ only (cf. Fig. 1). Consequently,
L” =[0,2G-1)-2% - Hm], I <i<2¥,
CL" =G -2 —Hm,2(—-1)- 27"+ Hm), 1<i<2¥,
[0,2-27* — Hm)], i=1,
MP? =1[26-1)-27% +H@m), 2 -2 — Hw)], 1<i<2¥, (10
[2(2* = 1)-27* + H(n), 2], P=2
CR" = (2i-27% — H(n),2i - 27 + H(n)), 1<i<2¥,
R" =[2i-27* + H®n),2], 1<i<?2¥.

We want to construct a partition of unity &, = {¢\" :i = 1,2, ...,2*} such that
Supp(w}")) = C,f"). Hence we have to define

o™ =0 and | =1, an

an)

i

LEH)UR;")

where L{” U R{" has to be replaced by R{" if i = 1and by LY if i = 2*'. The
crucial point is the construction in the critical regions C L}") and C R,.("). We first shall
give the definition on dense subsets D", € CL™ and D < CR™. This requires
some additional concepts.

{—1, 1}* is meant to be the set of all finite words over the alphabet {—1, 1}, i.e.
{—1,1}*={e,—1,1,(—1,=1), (=1, 1), (1,=1), (1, 1), ...} where e stands for the
empty word. The length k of a word w = (I}, 1, ...,I) is denoted by |w|; in
particular, |e| = 0. Let

k N
hw,n) = h(i, b, ... 1) m) = Y 20 - 274 (12)
Jj=1
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(-1) X (1)
_/ ! \ ' _/ ! \
(=1.—1) ' (-1,1) . (1,-1) ) (1,1)
] 1 1 1 ) 1 1
_/ | \\1 : /: 1 L 1 L : 1
(=1,-1,-1); (=1,-1,1) 1 (=1,1,=1); (=1,1,1) ,(1,=1,=1), (1,=1,1) | (1,1,=1) | (1,1,1)

Figure 2. Inorder of words w with |w| < 3

forw = (I}, L, ..., Iy) € {—1, 1}*, in particular i (e, n) = 0. Now let
Ii(n)(w) — [2i . 2—4n + h(w, n) —2. 2—-41n+|u-|+li + H(n + lwl 4 l),

2i . 2_4'1 + h(w’ n) + 2 . 2__4{n+|u’|+|) _ H(n + lwl + l)] (13)

forl <i <2%. Inequality (9) ensures that Ii(")(w) is an interval of positive length.

For different words w and w’ there is a natural ordering between the intervals
1" (w) and I (w'). It can be described by the so-called inorder in {—1, 1}*, which
is an irreflexive ordering defined as follows (cf. e.g. [Ge], p. 446): (I}, 2, ..., k) <
@y, 15, ..., 1) if and only if one of the following three statements is true:

@) k<kandli=l,L=1,....k=landl, , =1

(ii) k> k' andl| —11,12—12,.. lkr “'lk’ andlk:+| —1.

(iii) There exists m € {1,2, ..., min{k, k'}} such that I, = I},
l2 =lé, ...,lm_| =l’ln_| andlm = —l,l,ln = 1.

(14)

Figure 2 shows the binary tree consisting of the words w of length |w| < 3. The word
“inorder” is due to the fact that any word w is greater than the words from the subtree
left below w and less than the words from the subtree right below w. This means for
example for the empty word e that e is greater than any word with first letter — 1 and less
than any word with first letter 1. Consequently, the words from Figure 2 are ordered
“from the left to the right”, thatis (-1, —1, —1) < (-1, -1) < (-1, -1,1) < -1 <
-LL-Hh=<EELh<ELLD)<e<(L,-1,-D<(1,-DH=<(,-1,1) <
1<, 1,-1)<(1,1) < (1,1, 1). An equivalent definition can easily be verified:

k k'
Ul W) < @by ) ifF Y 27 <Y 27 (15)

i=

The proof of the following proposition on the ordering of the intervals I,.(" )(w) can
be carried out by discussing the three cases from (14) with the help of (7), (9), (12)
and (13).
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PROPOSITION 4. Let w, w' € {—1, 1}* such that w < w'. Then sup(I\" (w)) <
inf(I,.(")(w’)). In particular, the intervals I,.(")(w), w € {—1, 1}*, are pairwise disjoint.

Now let
D" — U Ii(")(w) for 1<i<2¥. (16)

i
we{—1,1}*

PROPOSITION 5. The set D" is a dense subset of the interval CR" = CL\"),.

Proof. It can easily be checked that any interval I,.(")(w), w € {—1, 1}*, is con-
tained in CR,.("). Consequently, D\’ € C R,-‘").

We prove the density of D"’ in CR{" by showing the equality of the Lebesgue

measures of Df") and CR,.("’. In fact, Proposition 4 and formulas (7), (10) and (13)
yield

v(D;n)) _ i Z v(li‘"’(w))

k=0 we{-1.1}*
|w|=k

= > card(w: [w| =k)-2(2: 27" ~ H+ k+ 1)
k=0

2) 2" (H(n+k) —2H(n+k+1)

k=0
=2 (i XHn+k) — iZ"H(n + k))
k=0 k=1
= 2H(w =v (CR"). O

We define the function ¢\’ on D™, € CL and D! < CR™ to be constant on

i—1 =

each interval I,.(f), (w) and I,.(")(w), w=(,l,....I;) € {—1, 1}*; namely

k
Z (17)

(n)
@i

NI
NI

,m)|([ ]
(cf. Fig. 3) and

1 1 .
(n) = E : -
(p’ =—'—§ 11.2 ", (l8)

l,-“”(’lylz ‘‘‘‘‘ Iy) 2 =

respectively. (Note that (p(") has a kind of self-similar structure as the well-known
Lebesgue singular function (cf. e.g. [Se], p. 23).)
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(n)

o] ] D .

AR ST} 1) (e) iy M
ol

Figure 3. Behaviour of ¢\ on CL\"

PROPOSITION 6.  Foranyn > Oandanyi € {1,2,...,2% ) there exists a uniquely
determined continuous function (p(") € C (1) subject to the definitions (11), (17) and
(18).

Proof. 'The above definitions fix ¢’

is obvious.
By (11), " is already defined on L\, M” and R!". Hence is suffices to
show that (17) admits a contmuous extension of " to C L" which fits continuously

together with ¢, | L and ¢ | Mo Of course, g™ can similarly be treated on CR"™.

on a dense subset of /. Thus the uniqueness

Observe that (p(") is monotonically increasing on D,.('i), according to (17). Indeed,
let x,y € Df'L), such that x < y. Then there exist w = (),0,..., L), w
(@5 by 1) € (=1, 1) with x € I, (w) and y € ") (w"). If w = w’ then we

have " (x) = ¢ (y). If w # w’ then w < w’' in accordance with Proposition 4.
The equivalence (15) yields ZJ 27 < Zl 127 J. Thus we obtain go(")(x) <
¢ () by (17).
Moreover, the image of <pi(")‘D‘,,, is a dense subset of [0, 1]. Consequently,
i—1 )

there exists a continuous extension (p,.(")l ¢ Which fits continuously together with

(p,(n) L(m = O, Since
i

]im ‘pl(n)ICL(’l) (x) = inf( )|D(n) (D(n) )) 0’

x—»inf(CL;"))

and with |, w = 1, since

lim gy = sup (9| (D)) =1,

x—»sup(CLg"')

This is our claim. O
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PROPOSITION 7. For any n > 0 the system ®, = {¢" :i = 1,2,...,2%} forms
a controllable partition of unity in C(I).

Proof. We have

§"()=10.1] and supp (y") ="

according to the above definitions. This proves (1) and the controllability (3) by
Proposition 3 (a). The second partition property (2) can be verified by considering
points x from the dense subset

MPUuDPUuMPUDP U UMY _ UDS) UML) C I

If x € M™ then {i : x € supp(p\™)} = {io} and, by (11),

1o

24"
e (x) = 9" (x) = L.
=1

0
i

Otherwise we have x € D,f:), ie x € I.(")(w) with a suitable w € {—1, 1}*. Then

L]
{i : x e supp(@™)} = {io, io + 1} and, by (17) and (18),
24"
Yo" =g () + gt () = 1.

i=l

This completes the proof. O

Next we have to verify the chain condition span(®,) C span(®,4;). Figure 4
illustrates how a function <p,.(") can be represented as a linear combination of functions
from &, on the critical region C R,.‘").

PROPOSITION 8.  For any n > 0 we have span(®,) C span(®,). In particular,

1
o7 = (o g2 ) + 1 ().

1
n)y _ (n+1) (n+1) (n+1) (n+1)
b = 2 ((p(i—l)~2~"“” + (p(i—l)-23"‘"+l) + (¢(i-l)»23“‘"+2 TPi-npeys T

(n+1) (n+1) L ms | ot o
o + (pi'23'4"“2 + ¢i~2}’4"—|) + 5 ((p’-.zg,‘w + (0'.'23,4n+|) N l <l < 2 N

1
n) _ (n+1) (n+1)
(p24n = 5 ((,0(24/._1),23,4,. + ¢(24n_|)'23.4n+l) +

(n+1) (n+1) (n+1)
+ ((P(24::_l).23.4n +2 + ‘p(24n__l).2344n+3 + -+ (p241n+lb) .
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1f ==
N (n)
l h'.h ?
2 .,
S
0k -- S
Antl) (n+1) (n+1) : (n+1)
| 234" Soi,23.4n wi.23-4"+] . (pi-23“"+2
1 : : . : a :
2 : - : > : .
0k --—% : 3 k d -
(1)
O R
Figure 4. ¢ on CR\" as a linear combination

n

Proof. Letig € {2,3,...,2% — 1} be fixed. (The cases iy = | and iy = 2
admit a similar treatment.) Proposition 3 (b) shows that the supports of <p,.(:) and of
the function from the right-hand side (r.h.s.) of the asserted equation coincide. Hence
we can restict our considerations to points x from the set D{"’, U M;"” U D", which
. O )
is dense in C;)" = supp(g;,").

We start with x € M,f:'). According to equations (7), (8) and (10) we obtain

(i()—|)~23’4"+| 241rl+l)
Mi(n) =1 \ U C_(n+|) U U C§n+l)
0 1 1
i=l i=ig- 234"

and thus

|i : X € supp (@"*”)] < {Go—1) - 24 42, io—1) - 22 43, ..., ip- 22¥ —1}.

Consequently,
ig2M" 1 240t
(n+1) (n+1) (n)
rhs.(x) = Z @; (x) = Z @i =1= iy (x)
i=(ig—1)2%" 42 i=l

by Proposition 7 and by (11).
Now let x € D,.(‘:'ll. Then there exists a word w = (I}, 5, ..., Ix) € {—1, 1}* such

that x € Iif,"_)l (w). We treat the three cases w = e, w < e and e < w separately.
I~(")

Ifw=e,ie.,xe€ P

; (e), then we observe that

" (io—1)-2>4"' 1 ) 24+t )
n n n
LZ(e) =1\ U v U

io—
i=l i=(ig—1)2*"" 42
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(cf. (13) and (8)) and hence
[l : X € supp ((P,-(”H))] C {(io _ ]) . 23~4n’ (10 _ l) . 23.4'1 + l}.

This shows that

L ORCR) (k1)
ths.(r) = 2 (00t e 0+ 000 s ()

24(n+l )

I i
=52 o w=5=0"®
i=1

N

in accordance with Proposition 7 and with definition (17).
Now let us assume that w < e, ie.,lj = —land w = (—1, 1,13, ..., ;). In the
same manner as above we can see that

(ig—=1)-2%4" -2 Qe+
(n) (n+1) (n+1)
wwen ("0 e U a
i=l i=(i()—|)~2~"4"+]

and
[i:x e supp (6)} < {Gio = 12" = 1,Go — 1) - 2],

Thus the right-hand side of the asserted equation reduces to

l n
rhs.(0) = > Pt ) gran (2. 19

Moreover, combining (13) with (12) yields
lo— To—

xe I~(n)|(w) = I‘(")l(_l’ by, ..., k) = I((,'I::i;»?"‘"—l(lz’ L, ..., ).

Hence, by (17), equation (19) can be continued to

11 1 » o1 .
rhs.() = > (5 +5 2 b2 1) =5+52 b2 =g .
Jj=I j=I1
Similarly, if e < w, i.e., [} = I, then we obtain
Go—H-2*" 240D
Iif,"-)l(w) c I \ U C;n+l) U U Ci("+” ,
i=l i=(i()—|)‘2]'4n+3

hence

[i : X € supp (ﬁo;nﬂ))! S{lo—1- 2"+ 1,6 — 12" +2}
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and thus
(n+1) (n+1)
rh S. (x) ‘P(,” ]) 2'&4" ](x) + ¢(,-0_|)_23.4~+2(x)- (20)
Moreover, we get

e I w) =1 (1, Iy, oo D) = 10D (a s, ).

io (ig—1)-234"

(n+1)

Applying (18) to /" " \..s | and (17) to <p("+”

D23 42

'(l ISI 2*f)+(l+lkz_l:l 2—f)
7l5 7 5 Jj+1 57 T35 j+1
2\2 24 2 24

+5 ) 27 = ().

j=l1

we can rewrite (20) as

r.h.s.(x)

I\JI—l

(n)

ip—1

The remaining proof for x € D,f(  runs as for x € D,‘:)l

This completes the considerations for points x € D,
O

Propositions 7 and 8 show that (®,,)2°  is a chain of controllable partitions of unity
in C(I). Thus the consideration of the one-dimensional case is complete. Finally,
we obtain a chain (¥,)52 of partitions of unity in C([0, 2]™) by putting

Uy = (Ui iy i, i € {1,2,.‘.,24"}] with
2D

(n) ) (n) n)
Vi iy @ X2, xm) = 0 ()l (62) < 9 ().

The typical graph of a function 1//((,': fiz) on [0, 2]? is displayed in Figure 5.
THEOREM 1. (W,)32, isachain of controllable partlttons of unity on ([0, 21", dmax)-

Proof. It remains to verify the controllability of W,,, which means that

€ (SUPP (‘/’((::)12 ..... i,,,))) < e@ny"-1(10,21") = 24—

according to (3), since card(¥,) = (2*')", and to (4). We obtain the required estimate

by
er (supp () x -+ x supp (" )
1

€ (S“PP (w:;:Tiz.....i,y,)))
|Ta<x £ (Supp <(p,(l"))) <& (I)= 2% _1

(Note that we use the same symbol & () for entropy numbers with respect to the
different metric spaces [0, 2] and 7.) This completes the proof. [
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(n)
(i1.i2)

Figure 5. Graph of a function

3. Approximation properties

Obviously, the linear spaces span(¥,), n > 0, can serve as an approximation
scheme on the Banach space C(]0, 2]™). The corresponding approximation numbers
of a function f € C([0, 2]™) are given by

E(f, span(¥,)) = inf{|| f — ¥l : ¥ € span(V¥,)} for n >0

cf. e.g. [Bu/Sch], p. . We a roposition 1 to the chain (W¥,)%  and obtain
(cf [Bu/Sch], p. 50). We apply Proposition 1 he chain (V)3 , and obtai

If=Afll <w(f, 27,,'—_7), where A, f € span(W,). This gives a theorem of Jackson
type.

THEOREM 2. Let f € C([0,2]") andn > 0. Then
1
E(f,span(¥,)) < ® (f, ﬁ) :

A related concept for approximating linear operators T € L(E, C([0, 2]")) from
a Banach space E into C ([0, 2]™) is based on the approximation quantities

E(T, span(¥,)) = inf{ ||T — Al : A € L(E, C([0,2]")), A(E) C span(¥,) }

for n > 0. Let us recall that the modulus of continuity w(T, -) of the operator T is
given by

w(T,8) = sup w(Tz,$§)

llzli=t
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(cf. [Ca/Ste], p. 174). Similarly, as above, we obtain ||T — A, T|| < (T, 7.'71-) by
Proposition 1. This in particular shows that T = lim,_, o, A, T if T is compact, since
compactness of T is equivalent to lims_, .o w (T, 8§) = 0.

THEOREM 3. Let T € L(E, C([0,2]")) be an operator from a Banach space E
into C ([0, 2]") and let n > 0. Then

E(T’ Span(\yn)) S w (T7 T‘Tl_—]') .

Inverse theorems refer to the concept of Holder continuity. A function f €
C([0, 2J™) iscalled Hélder continuous of type a, 0 < o < 1, if

w(f,d)
60!

| fla = sup <00
§>0

Analogously, one can define the value |T|, and the concept of Holder continuity of
an operator T € L(E, C([0,2]™)) (cf. [Ca/Ste], p. 196). The goal of this section is
the proof of the following results.

THEOREM 4. Let f € C([0, 2]") be non-constant and Holder continuous of type
o,0 <a < 1. Then

.. . E(f,span(¥,)) 1
gty w(f,24—"'-_—|-3 Zz(a-%+1)'

THEOREM 5. Let E be a Banach space and let T € L(E, C([0, 2]™)) be Holder
continuous of type a, 0 < «a < 1, such that the image T (E) does not consist of
constant functions only. Then

.. . E(T,span(\V,)) 1
h'mng w(T, 7»'_—.) = 2(0[‘%+l).

The above estimates depend essentially on the definition of the partition functions
from ®,,, n > 0, in the regions C R,f") and C Lf"). We start the considerations with a
proposition on the distance between intervals I,.‘") (w) which form the dense subsets
D" cc R;") =C L}'J'r)l . Later on, when approximating a Holder continuous function

f, the numbers k appering in Proposition 9 will be chosen in dependence on the
coefficient a of Holder continuity.
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PROPOSITION 9. Letk > 1 andlet{w,, ws, ..., wx_1} ={w € {—1, 1}*: |w| <
k} such that wy < wy < -+ < wy_,. Then, foranyn > Oand any 1 <i < 2%,

min (1" (wy)) — max (M) = 2H(n+k),

min (I,.(")(w,)) — max (I,.(")(w,_l)) = 2H(m+k) for 1<t <2k
min ( i(ﬁ'r),) — max (I,-(")(wzk_l)) = 2H(n+k).

Proof. Clearly, w; = (—1,—1,..., =D and wx_; = (1, 1,..., 1) with jw| =

|wy_y| = k — 1. (In particular, w; = wy_; = e if kK = 1.) One easily obtains the
first and the third equation from (10) and (13).

Solet 1 < ¢ < 2%. We consider the word w,_; = (I}, L, ..., liw,_,)). The ordering
of the words with respect to < (cf. (14)) implies the following: If |w,—| < k — 1
then w, = (1, b2y ..oy Qs 1, =1, =1, ..., —=1) with w,| = k — 1. Otherwise, if

|w;—1| = k — 1 then w, must contain at least one letter —1, since w,_; < wx_;
and |w,_| = |wyx_{]. Thus we have w,_; = (I}, lo, ..., ls_;,—1,1,1,..., 1) where
s =max{l <r <|w,_|:1, = —1}. This gives w, = (I}, lp, ..., ls_1).

Now it is a simple calculation to infer the asserted equation from (13). O

The following two propositions are the central statements for the proof of Theo-
rems 4 and 5. Let us remark that we do not demand that the right-hand sides of the
considered estimates be non-negative for all f, n, k or T, n, k, respectively.

PROPOSITION 10. Let f € C([0,2]") andn,k € {0, 1,2, ...}. Then

k

1 _an
E(f, span(¥,)) > mw(f,Z(Z ¥ — Hmn)) )w(f,2H(n+k)).

22k +1
Proof. Thereexistpointsxo = (x\”, x3¥, ..., x@), x; = ", 6", ..., x") €
[0, 2] such that

w(f,227" - Hm)) |f (xo) — f(x)I,

dimax (X0, X1) ; 2 (2_4" - H(n)) . @2

We have [0,2]" = (M{" UCR{"” UM;” UCRy” U---UMS)" and, by (10),
diam(M™) > 2(2=* — H(n)). Hence, for any 1 < j < m, there exists an index
ri €{1,2,...,2% — 1} such that x}o),x;') € M,(j”) U CR};') U M,(i"}r,. Consequently,
xo and x| belong to the following subspace ¥ C X: ‘

xo, 11 € (MO UCRP UMY, ) x - x (MO UCRD UMY, ) =Y. (23)

Figure 6 illustrates the situation for m = 2.
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Y= ’\(rl,r2+1) W = /\(r’+1'r2+1)
(n)
Mr:+1
nHy ~~"~""~"""~"7"7° T
Ty 1 | T *
(/Rs':) Zo i
(0) o
T [ J
2 M’S:')
Y= Aryora) V= A 4+1,r2)
] : : : : l
' 1 ! ! A |
| oMy er M, ]
0 z{" ai! 2

Figure 6. The subspace Y

Let ¢ € span(W,) be fixed arbitrarily. We shall show that

k

2
Hf=vl = m

We have

o(f,2027" - Hm))- o (f,2H(@n +k)). (24)

1
22+ 1)

(n)
v = Z Miivinsein) * Wiy igin) (25)

(ioigeenin)€{1,2,..,24 )"

(n) n

where supp(¥; ., ;) = supp(<p,.(I ) x supp((pfz")) X - X supp(go;:)) according to
(21). We consider the following set Iy of indices:

o= i i e (12027 supp (W, ) Y #9)

= {(r1+s1,r2+82, ..., rm+Sm):S1,5,...,5. € {0, 1}}.

Accordingly, {w((i"l?izmim)ly : (i1, i2,...,0m) € Iy} is a partition of unity on Y

and ¥ |y is a linear combination of this partition with the coefficients A, i,,...i,)
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(i1,i2,...,im) € Iy. Hence ¥ (x) is a convex combination of these numbers for any
x € Y. We choose extremal coefficients such that

‘ﬁ(x) € [)‘(r|+u|,r2+u2 ,,,, Futum)s Av(r|+v|,r2+v2 ,,,,, r,,,+v,,,)] for xeVY (26)

with fixed u;, v; € {0, 1}. Without loss of generality we assume u; < v; for I <

Jj < m. (If u; > v; then the j-th coordinate x; has to be replaced by 2 — x;, which

is nothing but a reflection of the cube [0, 2]™.) We define Xy = ()?:0), i;o), e i,(,?))
=~ =) (D =(1)

andx; = (X, ', X, ,...,X,’) by

50 = max (M), @7
~(0 .
o max (M,(/,"lvi) = x; b i uj =),
50 = 28)
min (M{),,) if w #v (e u; =0, v =1).

Thus we obtain Zg € M}, x M), x---x M, and% € M), x M), x---x

Mr(,::—v,,, and, therefore, I/f(XO) = A‘(’I"‘“I-r2+“2v-~~-rm+um) and '//(il) = )"(r|+v|,rz+v2 ,,,,, Fim+VUm)
by (25). With the help of (22), (23) and (26), this yields

|l//(i0) - I/I(il)l = |)‘(r|+u|,r2+u2,.“,rm+um) - A‘("I"'Ul-"2+1’2 T +Um)

,,,,

= max Yx) — I)Pei}l’l ¥ (x)

> | (xo0) — ¥ (x1)l

> | f(xo) — fOeD| = | f(xo) — ¥ (xo)| — [ (x1) — f(xp)]

> o(f,2QY -Hm))-21f - ¥l 29)
Moreover, (27) and (28) together with (10) give

Amax (X, X1) = Iera<xm X;O) - i;n)
< max (min (Mr(,"ll) — max (M,(J"’)) =2H(n).
Accordingly, by (29),
w(f,2Hn)) > |f(xo) — f(&1)]

v

¥ (%) — Y (ED| — 1¥(Fo) — £ Eo)l — | f 1) — ¥ ()
w(f£,227Y —Hm))—4lf —vl.

v
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E
N
vl
=

Y2
1 (e)
1 S 22 L -
4 R T I
1 (=1)
1 U R ¥ I
M};W fo=y| | | | e
0 MY P M MY,
Figure 7. The points yg, v, ..., yx_j and zy, 22, ..., 2o«
This yields

1 N 1
If—vll > Zw(f, 227" - H(m))) - 7@ 2ZHM),

which is our claim (24) if k = 0.

Now let k > 1. We consider the set {w, wy, ..., wx_1} = {w € {—1,1}* :
lw| < k} with w; < wp < --- < wx_; as in Proposition 9. We define points
Y0, Y1y -+, Yy and zy, 22, . .., Zox Where

Yo = .f() and 2k = J;| . (30)

The j-th coordinates of the remaining points y, = (y{”, »\",..., y?) and z, =

(z(,'), z(z'), sy 21, 1 <t < 2K, are given as follows (cf. Figure 7):
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0 = 0 =

If uj = v; then we put y, )?;0) forall 1 <t < 2%, We have y;m =

,%;0) = )?;” = ;2 ) by (28). Thus we obtain
2 _y;'-”‘ —0<2Hmn+k) for | <t <2 31
@ (zy’) P (y;”) for 1 <t <2 g espan(®,).  (32)

Otherwise, if u; # vj, i.e., u; = 0 and v; = 1, then we define
z;” = min (I,(,”)(w,)) , yj(') = max (I,(,")(w,)) for 1 <t < 2%,
Any function from span(®,) is constant on the intervals I,.(")(w). Thus we obtain
(p( (')) =g (y;')) for 1 <t < 2%, ¢ € span(®,). (33)
Definitions (30), (27) and (28) give
y](o) ;0) = max (M,(,")) , z}zk) = i}” min (M,("l,)

Thus we can apply Proposition 9 and get

20— y'- ‘)‘ —2H(m+k)  for 1 <1 <2 (34)
From (31) and (34) it follows that
Amax (24, yr—l) <2H(n+ k) for 1 <t < 2". (35)

Formulas (32) and (33) show that ¥ (z,) = ¥ (y,) forany 1 <t < 2* and any
function ¥ e ¥, by (21). Thus, by (25),

Y(z) =¥ () for 1 <t <2k,
On account of (30) we conclude that

¥ (X0) = ¥ ()| = [¥(y0) — ¥(z2)|

2k—1

Z (¥ i-1) =¥ @)l + ¥ (2) =¥ ()D + ¥ (yr-1) — ¥ (z20)]
t=1

IA

2k

S W) = vE)l.

=1

Hence there exists an index # € {1, 2, ..., 2¥} such that

1
|¢()"ro—l) - w(zf())l .>— ? |W(£0) - l//(il)l'
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From this and formulas (35) and (29) we obtain
o (f,2H(m +k)) > |f (V1) — f(24)]
> ¥ (-1) = ¥ @) = 1Y Or=-1) — f -0 = 1f (24) — ¥ (24|
1 -
> % [ (Xo) — ¥ (x| =2l f =¥l

1 " 2
b gw(f» 22" -Hm)) - = e Lf =¥l =21 = vl
1 ., ok
= o(H20 - Hw) - e D0
Consequently,
1 o k
If =¥l 2 sy @ (£ 2077 = H)) = Sor s o (L 2H 0+ 0).

This is our claim (24). O

PROPOSITION 11. Let E be a Banach space, T € L(E, C([0,2]")) and n,k €
{0,1,2,...}. Then

k

2(2k D w(T,2H(n +k)).

l 4"
E(T, span(¥,)) > 2(2—k+T)“’(T’2(2 ¥ — H(n)))-

Proof. According to Proposition 10 we can estimate the norm ||7 — A|| for any
A € L(E, C([0,2]™)) with A(E) C span(¥,) as follows:

IT — Al = sup ITz — Az|| = sup E(Tz, span(¥,))

llzli<1 llzll<1

= nSlulp. (W »(Tz,2(27" = Hm)) - m ®(Tz,2H(n + k)))

> Sup @ (T21.2(27" = HW)) - 55755 S0 0 (T2, 2H (n + 1))
2=

= s @ (1,227 = Hm)) — 5 o (T, 2H(n + k).

Passing to the infimum over all operators A completes the proof. O

Next we need a statement on the behaviour of the modulus of continuity of Holder
continuous functions and operators, respectively. We shall prove this fact for the wider
class of metrically convex compact metric spaces X instead of X = [0, 2]". A space
(X, d) is called metrically convex if for any two points x, y € X and any A € (0, 1)
there exists a point z € X such thatd(x, z) = Ad(x, y) andd(z, y) = (1 —A)d(x, y).
This concept is due to K. Menger (cf. [Me]). The modulus of continuity w(f, -) of
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a function f € C(X) has the property of subadditivity if X is metrically convex,
ie., w(f,8 + &) < w(f, &) + w(f, ) for §;,8, = 0 (cf. [Go]). In particular,
o(f, k) <kw(f,é forke{l,2,3,...},6 >0. Clearly, if T is an operator from a
Banach space into C(X) then w (T, -) has the same property.

PROPOSITION 12.  Let (X, d) be a metrically convex compact metric space, 0 <
o < 1, and let w(-) be the modulus of continuity of a function f € C(X) or of an
operator T € L(E, C(X)) mapping a Banach space E into C(X), such that f or T
is Holder continuous of type o, respectively. Suppose that f is non-constant and that
T (E) does not consist of constant functions only, respectively.

Then, for any functions g, g» : (0,00) — (0, 00) with gf = 0(g2) as § — +0
and lim;_, 1o g2(8) = 0, we have

w(g1(8))
m ——m =
8—+0 w(g2(3))

Proof. Weassume w(-) = w(f, -). (The same proof works if f is replaced by T'.)
Note that w(g2(8)) > 0, since f is non-constant. According to the Holder continuity
there exists §o > O such that

w(8y) _ 1 w@) 1
> — = — .
s T2 b TS T2 /e

Let § > 0 be fixed. We can assume that § is sufficiently small so that g,(8) < 4.
Then there exists [ > 0 such that

2g:(8) < 80 < 2'82(8).
This implies that

w(©®) _ 0@®) 2 o@) _|flgi@)* 2 (2™ g:(8)

w(g208) T w(@@®)Ifle & T w(g208) Ifle 84
(8100 2T w(g2(8) 4 4 b
2 =—2 M) < — 8))“.
22 0)) 57 57 (g1(8)" < 57 g2(8)(gl( )

Passing to the limit as § — +0 gives our claim, for gf = 0(g2). O

Now a lower estimate for the approximation quantities, even slightly sharper than
Theorems 4 and 5, can be given.

PROPOSITION 13.  Let f € C([0, 2]™) be non-constant and Hélder continuous of
type a,0 < a < 1, and let k > 0 be chosen such that 4~%*Y < o < 1. Then

liminf — (A span()) 1
oo @ (f,2(27% — Hm)) ~ 2@+ 1)’
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Moreover, if E is a Banach space and the operator T € L(E, C([0,2]™)) is Holder
continuous of type o such that the image T (E) does not consist of constant functions
only, then

. E(T, span(¥,)) 1
lim inf - = .
>0 w(T,2(27% — Hm)) ~ 2%+ 1)

Proof. Proposition 10 gives

liminf —C/> span(¥n))
=00 o (f,2(27% — H(n)))
| 2k w(f,2H(n +k))

Z3FAD 20D e o2 — Hm))

(36)

Now we consider the functions G;(n) = 2H (n + k) and G,(n) = 2(2~* — H(n)).
Clearly, lim,_, o, G2(n) = 0. Moreover, G{ = 0(G2) as n — o0o. Indeed, defini-
tion (7) and estimate (9) yield

n o
(G1(n)° (@ 2" +Hu+k+ D))
lim ———— = lim " [T
oo Go(n) | nmee 2(2% —2-2-4 — H(n + 1))

2(3. 2_41n+k+l)> o

G )

H— 00 2 (2__4;1 _ 3 . 2__4tu+lb)
60( . 2_a4(n+k+lb

r:lLHJO 2-4

- lim 6“ . 2_41:(a4(k+l)_|) — 0

n—00

IA

IA

’

for ¢ 4¥+D — | > 0. Hence we can apply Proposition 12 and obtain

w(f,2H(n +k)) . w(f,Gi(n)
m = Im —— =
n—>o00 (f’ 2 (2_4” — H(n))) n—oc w(f’ G2(n))

Combining this with (36) gives the desired estimate.
The estimate for the operator 7' can similarly be obtained from Proposition 11.
]

Proof of Theorems 4 and 5. Let «a and f be as in Theorem 4. We choose & > 0
such that 4~%+1Y < o < 47 Then Proposition 13 yields

liminf — oo span®)) 1
n—00 w(f,2(2_4" — H(n))) - 2(2k + l) - 2(a_% -+ l)

(37
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On the other hand, 2 (27 — H(n)) > 57— forn > 1, since

24—

2027 —Hm) =2 (2-“" 227" _H@m+ 1))

, 2(1-3-27%)
—4n _4(n+|b .
> 2 (2 ~3.2 ) =
. 2(1-3-27) s
24 T4 2 T v
by (7) and (9). Consequently,
E(f, span(V¥,)) E(f, span(¥,))

lim inf > liminf

n—00 ® (f, ﬁ) n—00 (p (f’ 2 (2—4" _ H(n)))

Combining this with (37) completes the proof of Theorem 4.
Obviously, the same proof works for Theorem 5. O

4. A completed approximation scheme

Although Theorems 2—5 give pleasant error estimates, the above approximation
scheme has the essential disadvantage that the dimensions dim(span(¥,)) = 2"#
increase rapidly. In the sequel we shall complete the scheme such that we obtain a
chain (\i/,,);’f’:l of peaked partitions of unity \il,, on [0, 2]" of cardinality card(lfl,,) =n
with similar approximation properties. Of course, the partitions W, will not be
controllable in general.

We begin with the definition of a chain (&’4')1020 of partitions of unity by =
(Z):4I), (ﬁg‘l), e :(j’)} on the interval I = [0,2]. We shall use the partitions ®,,,

n > 1, constructed in the second section in order to preserve the approximation
properties for the new scheme. Besides that, we try to choose the additional partitions
as simple as possible, such that a function @;4’) is closely related to the characteristic
function of the interval [2(i — 1) -47/,2i -47'] C I. Clearly, &5 = {¢\"} = {1021}
For any [ > 1 we introduce the corresponding exponent e(/) € {0, 1, 2, ...} by

4[ c l24e1lb’ 24:‘(/) + l, o 241’(I)+I _ 1] ] (38)

If 4 = 2% then we let ®y = ®@,), i.e., we use the partitions introduced in the
second section. In particular,

~ ! .
) = gl® for 1 <i <4,

s

~ 4" (e(N+1) (e()+1) 1 (e(H+1) (e(h+1)
®) = (§0| 44 <,024m.+|_2,_l) + E (¢24eu>+|_2, + (p24”'”+'-2’+l) s

If 4 > 2*" then we define by = (6", @i, ..., ¢4} by
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~@4) I (e(h+1) (e(h+1) (e(+1)
i = 5 (p(i—|)~24"‘”+'*2’ + (p(i_”.zmlm,z,_'_l + (p(,._”,24l-1n+|_2,+2 + -

(e(H+1)
R (pi~24"(”+'"2’—|)

1
(e(D+1) (e(h+1) . i
+ 5 ((pi-z““’“-ll + (p,'.24""'+'—2l+|) A <i< 4,

~@4y 1 (e(H+1) (e(H+1)
Py = E (‘P(4,_|)424«</>+|2, + (p(4,_|).24ml>+|_2,+|)
e+ e+
+ <(p(4/_|).24"‘”+'2l+2 + .- + §024«m+| ) .
Proposition 8 implies that these formulas remain valid if 4/ = 24",
PROPOSITION 14. (&’4’)?20 is a chain of peaked partitions of unity on I with

card(®y) = 4/, such that v = b, for n > 1. Moreover, the partition functions
Sulfil the uniformity condition

o (uno 7)) =

4!

Al

for1 <i <4,

Proof. We have to show that d~>4/ - span(ci>4/+|) for [ > 0. Clearly, this is true
forl =0. Solet! > 1. If e(l) = e(/ + 1) then the above definition gives
~(4I) ~(4I+I) ~(4I+I) __(4I+I) ~(4I+I)
Yi =43 4i—2 T Pai—1 T Psi -
Ife(l) < e(l +1),ie. el +1) = e(l) + 1, then we have 4/+! = 24" since 4/*!
must be the smallest integral power of 4 in AR ,~24”“+' + 1., 24" _ {} by
(38). Consequently, ®y+1 = P,(y41 and therefore &y C span(Pdy-1) again by the
above formulas.
The second part of Proposition 14 is trivial if / = 0. If / > 1 then we observe

!
that supp((ﬁ,-(4 ) is the union of the supports C;e(')“) of certain functions w}e(”“). We
obtain

[0, 2-47"+ H(e(l))), i=1,
supp (¢;4'>) ={(QG—-1)-47"—H(eWl), 2i -4+ Hel)), 1<i<4,
(2@ — 147" = H(el), 2], i=4,

in accordance with (8). This yields
~ ! —_
el (supp (<p}4 ’)) <47+ H(e()). (39)
On the other hand we can give the estimate

471 >4 27" for I > 1. (40)
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Indeed, (38) implies that 2% = 4/ < 24" hencel < 1 .40+ | < L. qeh+1
and therefore 4=/ > 434"+ — g -4
Finally, (39), (7), (9) and (40) amount to

(supp ((p,(4 ))) <4737 <ql g Z— 47 =

which is our claim. O

Now we can introduce the chain (¥, )no, of peaked partltlons of unity on the

cube [0,2]". If n = 4™ for some [ > 0 then we define \114,": by the aid of the
one-dimensional functions from ®4 as in the second section, that is,

~ = (4mly L . .
Wym = Iw(i.,iz,....in,) N TN 7 Y S < {], 2,... ,4’]} with

7 (4mhy ~(4) @) ~(4)
(i12izsenns ,‘m)(xlv X2y ooy X)) = bi, (x1 )‘/’, (x2) .. -9, (Xm)-

41)
(Note that Wym = W, if 4 = 24")) The remaining peaked partitions W, of
cardinality card(, ) =n# 4™ have to be chosen such that the chain condition
span(\lll) - span(lllz) Cc span(\l/;) C ... remains valid. The existence of such
partitions (or, in other words, the existence of suitable intermediate spaces being
isometrically isomorphic to /) is based on Lemma 3.2 from [Mi/Pe2]: Ifthe subspace
E of I is isometrically isomorphic to I (r < s), then there is a subspace F O E of
IS, which is isometrically isomorphic to I7}".

Corresponding approximation quantities can be defined as in the last section. We
obtain the following estimates from above.

THEOREM 6. The;:e exist positive operators A,, € L(C([0,2]1)),n = 1, mapping
C([0, 2]™) into span(W¥,) such that:
(a) For any f € C([0,2]™),
E(fospan (8)) < || £ = Auf| = 70 ent10, 217,

(b) For any Banach space E and any operator T € L(E, C([0,2]™)),

£ (1w (8)) <

Proof. Let n be fixed. We choose I > 0 such that 4" < n < 4™!+D_ Proposi-
tion 14 and definition (41) show that

€ (SUPP ('/f(ﬁm,’; ,,,,, ,,,,))) = max g (supp( “")) <7.470+D

1<j<m

S 7 CU(T, En([O’ Z]m))

for (iy,i,...,im) € {1,2,...,4'}". Hence there exist points X(iy.ig.....i,) SUCh that

.....

SUpP (I//((;t”'jz 1,,,)) B ('x('l i2seenin)> 1 4_(I+l)) : (42)
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Let
~ ~ (4:"/)
A f = Z f (x(h.iz.....im)) l/,(il-iZnn-im)

(1202, ciim)E{1.2,..., 4041

for f € (o, 2]’")~. Clearly, A, is a positive operator with A, (C([0,2]™)) =
span(W4m) € span(W,). As in Proposition 1 we obtain

|7 =] <o(r7a70)
by (42). The subadditivfty of w(f, -) and formula (4) give
|7 = Aus]| =70 (£.47) = To(f, 230 (10,21M) < To(f, (10, 21").
This is the desired estimate. Part (b) is a simple conclusion. [

Again we can prove inverse estimates for Holder continuous functions and opera-
tors, respectively.

THEOREM 7. (a) Let f € C([0, 2]™) be non-constant and Hélder continuous of

type a, 0 < o < 1. Then
fiminf — (/pan (w)? > :

n>s0 @ (f, en([0, 2]™) 16(2a—%+1)'

(b) Let E be a Banach space and let T € L(E, C ([0, 2]™)) be Hélder continuous of
type a, 0 < a < 1, such that the image T (E) does not consist of constant functions

only. Then
fm nf (7.span (1)) > :

n—oo (T, e, ([0,2]™)) — 16(20[‘% + l)

Although the main ideas coincide with those of the last section, we present the main
steps of the proof of Theorem 7. As the analogue of Propositions 10 and 11 we obtain
the following.

PROPOSITION 15. (a) Let f € C([0,2]"),l > 1 and k > 0. Then

E (£, span (¥gn)) = m o (f,2(4™ = HeW)))

k
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(b) Let E be a Banach space, T € L(E, C([0,2]")),] > 1 andk > 0. Then

~ 1 _
E (T, Span (‘p4ml>) > m (,l)(T, 2(4 I _ H(e(l))))
k

1
Proof. 'We decompose the support of the function @;4 ' € & into the middle part
~ (@ .. & @) @) S .
M,'M " and the critical parts CL; and CRE as we did with the functions " € @,

~ ! .
in the second section. According to the definition of (p;4 " we obtain

~ 4 . (e(h+1) (eth+1)
CL,‘ = (mf (Supp ((p(:__l)'zy(lb-f—! 42,)) » Sup (Supp (‘p(:_|).24v1“+' -24 )))

. s @, .
for | < i < 4'. We observe that CL, ) is nothing but a translate of CL;"(”),

(e(+1)
(1o and
~(4")

because of Proposition 8. Moreover, the graph of the restriction of ¢,

. el . . . . .
1 <j <2 ., since C L;"U)) admits a similar representation with ¢

(e(N+1)

(p(j—l)~2~‘ 4l 4|
!

EENC) . .y .
to CL; = coincides with the graph of the restriction of (pl(.e(])) toC L;e(”), since

~(4) _ {1 (e(h+1) (e(h+1) (e(D+1)
@, |C~L:4’) = (5 (‘p(i_l).24(»</»+|,2, + ‘P(,._I)'24¢'(l;+|,2,+|) + ‘ﬂ(i_])'24l-1/>+|_2,+2)‘Cl‘ul,

and

(e()) _ (1 (e(h+1) (e(h)+1) (e(H+1)
b e = (2 (‘p(j—l)-23~4“"’ + ‘Pu—n-zu"‘”ﬂ) + ‘0(1—1)‘2-“4""42)’cw"“ :
!

-~ !
Of course, the situation is analogous for C R:4 ), 1 <i < 4!. Hence we can define
~ ~ (4! ~ (& -
intervals I®(w) € CR;"’ = CL{,), w € {—1, 1}, such that ¢’ behaves on
7 7)) (et) (e(1) (e(h) .
L~ (w) and I;""(w) as ¥; on Ij_] (w) and Ij (w), respectively (cf. (17),

(18)). In particular, Proposition 9 applies to the intervals I~,-(4l) (w) as far as H(n + k)
is replaced by H(e(l) + k).

~ 4l ~y .
The intervals M,.(4 ', on which the value of (p:4 Vis 1, are

[0,2-47 — H(e)]. i=1,
M =1 26 -1 -4+ HeW), 2i -4 —HeWd)], 1<i<4,
[2@4 — 1) -4~ + H(e()), 2], i=4.
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We note that
diam (#1) 2 2(47 = H(ew))

for1 <i <4
Using these observations we can follow the proof of Proposition 10 when re-
~ ~ ! ~ ! ~
placing n, M, CL™, CR™ and 1 () by et), M*, L, CRY and I (),
respectively.

Part (b) of Proposition 15 can be inferred from part (a) as Proposition 11 from
Proposition 10. O

PROPOSITION 16. Let f € C([0, 2]") be non-constant and Holder continuous of
typea,0 < < 1, and let k > 1 be chosen such that 4% < a < 1. Then

E (f, Spal’l (@4/1:/)) 1
lim inf > .
=00 w(f,2(47 = H(e)))) ~ 22X+ 1)

Moreover, if E is a Banach space and the operator T € L(E, C([0, 2]™)) is Holder
continuous of type a such that the image T (E) does not consist of constant functions

only, then
lim inf £ (T’ i (614,,.,)) :

o o (T, 2@ — HeW))) — 2@+ 1)

Proof. We consider the functions G({) = 2H (e(l) + k) and G;,(]) = 204~ —
H(e(1))). One can show that G{ = 0(G,) as ! — oo by formulas (7), (9) and (40).
Then the proof of Proposition 13 applies. O

Proof of Theorem 1. Let n be fixed. We choose / > 0 such that 4™ < n <
4mU+D - Obviously,

E (f, span (\il,,)) > FE (f, span (@4,"«“.)) .

Using formulas (7), (9) and (40) we get the estimate 2(4~“*D — H(e(Il + 1))) >
240D — 3. 274"y > 9(4=0+D 3. 4=0+Dy = L. 47 and thus obtain

A

o (f, a(10,21") < @ (f, e (10,21") = w (£, 47)
8w (f g -47) <8w(f.2(47 ") —H(el +1))).

IA
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Now we choose k > 1 such that 4% < o < 4-%+! Proposition 16 yields

o E (f, span (\Il,,)) o E (_f, span (\fl4mu+n))
a0 2my = 8 M 2~ Hed + 1)
1 1

S T 1) - 16(2a-%+1)’

which is our claim.
Obviously, the same proof works for T instead of f. [

Let us point out two simple conclusions from Theorems 6 and 7. The first one
summarizes the fact that the modulus of continuity w(:, &,([0, 2]")) of any Holder
continuous function f € C([0, 2]") or operator T € L(E, C([0, 2]™)) has the same
asymptotics as the approximation quantity E(-, span(¥,)).

COROLLARY 1. (a) Let f € C([0,2]™") be a Holder continuous function. Then
there exists a constant ¢y > 0 such that

¢ - (£ (10.20") < E (fspan (¥,)) = Tw(f. (0. 21")

foralln > 1.

(b) Let E be a Banach spaceand T € L(E, C([0, 2]™)) a Hilder continuous operator.
Then there exists a constant ¢t > 0 such that

e (T, 8,(10,2") < E (T, span (¥,)) < 7 (T, (0, 21")

foralln > 1.

COROLLARY 2. (a) None of the functions f € span(\il,,), n > 0, is Holder con-
tinuous so far as it is non-constant.
(b) Let E be a Banach space and let T € L(E, C([0,2]™)) be an operator with
T(E) C span(lil,,) such that the image T (E) does not consist of constant functions
only. Then T is not Holder continuous.

Corollary 2 shows in particular that the partitions of unity ¥, do not contain Holder
continuous functions and that the operators given by Theorem 6 are not Holder con-
tinuous.

Finally, we note that the chain (\fln),f‘;l gives similar results on any metric space
([0, 2]™, d) apart from controllability if the metrics d is equivalent to dy,, so that
Theorems 6 and 7 and Corollary 1 admit obvious generalizations. Indeed, the prop-
erty of Holder continuity of functions and operators is not influenced by the change
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from dmax to d and, moreover, the entropy numbers of ([0, 2]", d) have the same
asymptotics as the entropy numbers of ([0, 2]”, djax). For instance, the above ap-
proximation scheme can be used on the cube [0, 2]" equipped with the Euclidean
metrics d, or on the m-dimensional Euclidean ball with the Euclidean metrics, since
this metric space is isometric to a suitable space ([0, 2], d).

5. Concluding remarks

Let us conclude with a remark on chains of controllable partitions of unity on arbi-
trary compact metric spaces (X, d). In [Ri/Ste] the related concept of a controllable
partition of X is introduced. This is a finite partition P of the set X into pairwise
disjoint subsets which fulfil the same uniformity condition (3) as the supports of con-
trollable partitions of unity. A chain (P,);2, of partitions of the space X is meant
to be a sequence of partitions such that any member P, is a proper refinement of the
preceding one. Itis proved in [Ril] that any compact metric space (X, d) possesses a
chain of controllable partitions of X. For certain totally disconnected compact met-
ric spaces X, the characteristic functions of the partition sets from the controllable
partitions P, are continuous and, accordingly, form controllable partitions of unity.
Obviously, a chain of controllable partitions P, of that type gives rise to a chain of
controllable partitions of unity. In particular, I. Stephani has shown in this way that
there exist chains of controllable partitions of unity on the Cantor set 2 (private
communication).

As a first step to the general case, the author was able to prove the following fact by
methods from [Ril]: Any infinite compact metric space (X, d) possesses a sequence
(Cn)2, of finite open coverings such that any covering C, is controllable in the sense
of (3) and any open set from C, is a union of sets from Cp, . Is it possible to use these
coverings as the systems of supports of a chain (®,);°, of contollable partitions of
unity in C(X)?

The author wishes to express his thanks to I. Stephani for suggesting the problem
and for many stimulating conversations.
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