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NORMS AND LOWER BOUNDS OF OPERATORS ON THE
LORENTZ SEQUENCE SPACE d(w, 1)

G. J. O. JAMESON

ABSTRACT. Conditions are found under which the norm of an operator on a Banach sequence space is
determined by its action on decreasing, positive sequences. For the space d(w, 1), the norm and “lower
bound” of such operators can be equated to the supremum and infimum of a certain sequence. These
quantities are evaluated for the averaging, Copson and Hilbert operators, with the weighting sequence
given either by w, = 1/n® or by the corresponding integral.

1. Introduction

The classical inequalities of Hardy, Copson and Hilbert [10] describe the norms
of certain matrix operators on the sequence space'l,,. Numerous generalizations,
together with results on the companion problem of “lower bounds”, have been given
by Bennett [2], [3], [4], [5], [6], Lyons [14] and others. There is also an extensive
literature on analogous results for the continuous case (e.g., [1], [15], [16]).

In the present paper, we address the problem of finding the norms and lower
bounds of these operators when £, is replaced by the Lorentz sequence space d(w, 1)
determined by a weighting sequence (w,). The “lower bound” notion is particularly
natural for such spaces, since it is defined in terms of decreasing sequences.

Under fairly general conditions, which we identify, the norm of an operator on
any symmetric Banach sequence space is determined by decreasing, non-negative
sequences. For such operators, our problem can be reformulated without reference to
Lorentz sequence spaces: the norm on d(w, 1) equates to the supremum of || Ax||/||x||
for decreasing sequences in the weighted £,-space £;(w). Also, a pleasantly simple
characterization is available. In fact, both problems reduce to the study of a certain
sequence, as follows. Let the operator have matrix (a;,;), and let v; = Y72 a; jw;.
Write W, = w; + - - - + w, (and V, similarly). Then the norm and lower bound of
A are the supremum and infimum of V,,/W,. This amounts to saying that both are
determined by elements of the form (1,...,1,0,...).

However, evaluating these quantities in particular cases can be far from trivial, and
we turn to the problem of doing so for the classical operators mentioned above, with
a view to finding exact answers where possible. We consider two natural choices
of weighting sequence, defined respectively by w, = 1/n* and W, = n'~* (the
second example is equally “natural” in the context of Lorentz spaces). These are two
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alternative analogues of 1/x® in the continuous case, and our results show strikingly
how little information about the discrete case can be derived from the continuous case.
Indeed, for each of the operators considered, the continuous analogue of our problem is
trivial, because there is an isometric relationship of the form || A(f)|| = C(a)| f|| for
all positive functions f. Nothing of the sort happens in the discrete case. Although the
norms arising from our two choices of (w,) are actually equivalent, they repeatedly
lead to quite different problems of evaluation. In each case, we have to evaluate
specific suprema and infima, usually concerning partial sums or tails of series. The
resulting problems can be anything from straightforward to intractable; some are of
real interest purely as questions on inequalities. They are quite similar to problems
encountered in determining the g-concavity constants of Lorentz spaces [11]. In most
cases, the required bounds are found by showing that (V,,/W,) is monotonic, though
even then it can be substantially easier simply to show that the infimum is the first
term and the supremum is the limit (or conversely). Also, if (v, /w,) is monotonic,
then its bounds coincide with those of (V,,/W,); sometimes this eases the passage
when w, = 1/n®. There is both an interplay and a contrast between the results for
the two choices of (w;).

Specimen results are as follows. For the averaging (alias Cesaro) operator, the
above C(w) is 1/a. We find that for w, = 1/n®, this operator has norm ¢ (1 + «)
and lower bound 1/a. By contrast, for W, = n'~*, the norm is 1/a, while the lower
bound is Z;’f_’_,, 1/n%(n + 1) (denote this by S). Furthermore, the slight change to
(w,) is enough to change the sequence under investigation from a decreasing one
to an increasing one. We consider two versions of the Hilbert operator, denoted by
H, and H,. For H;, with w, = 1/n%, the norm is 7/ sinm (which is the C(«) in
the continuous case), while the lower bound is above quantity S. Exactly the same
computations solve the problem for Hy with W, = n'~*. Meanwhile, for Hy with
w, = 1/n%, the sequence (v,/w,) is no longer monotonic, and we are unable to give
an exact solution.

We finish with an example showing that it is possible to have (V, /W, ) bounded
while (v,/w,) is unbounded.

There are several ways in which this investigation suggests further problems.
Firstly, there is the question of extending the results to d(w, p) with p > 1. It turns
out that the “V,,/ W,,” characterization can be generalized for lower bounds, but not
for norms, as a result of which quite different methods are needed. Some results for
this case are presented in [12] and [13].

Also, one can consider other specific choices of operator or of (w,), or else attempt
to extend the results to wider classes of operators, such as summability or Hankel ma-
trices, or to more general weighting sequences. However, the differences mentioned
above between closely related particular cases suggest that serious difficulties will be
encountered. At best one can hope for inequalities, rather than exact evaluations.

The author is indebted to Grahame Bennett for a number of helpful comments, and

in particular for the proof of Theorem 8, which is far superior to the author’s original
one.
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2. General matrix operators

We start by describing our problem in the notation of weighted £-spaces rather
than Lorentz sequence spaces. Let w = (w,) be a decreasing, non-negative sequence
with lim,_, 0 w, = 0 and ) - | w, divergent. Write W, = wy + --- + w,. Then
£ (w) is the space of sequences x = (x,) with

00
Ixllesuy =) walxal
n=1

convergent.
Now consider the operator A defined by Ax = y, where y; = Zf;’, a; jx;. We
shall write ||A|| g for the norm of A when regarded as an operator from a space E to

itself. We assume throughout that
ai.j > 0 for all i, ] (1)

We denote by e; the sequence having 1 in place j and O elsewhere. We assume
further that each A(e;) is in £; (w), that is:

o0
Z a; jw; is convergent for each j. 2)

i=1

We define
o0
v; = Uj(A, w) = Za;‘jw;.
i=l

Formally, (v;) is the sequence A*(w).

By condition (1), [A(X)l¢,w) < IA(xDl¢,(w)» and hence non-negative sequences
x are sufficient to determine ||A|l¢,w). However, £,(w) is of limited interest as a
Banach space, being just an isometric copy of ¢, itself. As already stated, our real
objective is to evaluate the norm of A as an operator on the Lorentz sequence space
d(w, 1). Under conditions established below (Proposition 4), this coincides with

Ay, 1(A) = sup{l|Axlle, ) : x € 81 (w), Ixle,w) = 1},

where 8;(w) is the set of decreasing, non-negative sequences in £;(w).
At the same time, we shall consider the lower bound of A, defined (following
Lyons [14] and Bennett [2]) as

my.1(A) = inf{”Ax"(;(w) tx € 81(w), ||x||£’|(ur) = 1}.

(The corresponding definition without the restriction to decreasing sequences leads
to nothing of interest: for all the operators considered below, it would equate trivially
to 0, both in £,, and in Lorentz spaces.)

Since Zi‘;, wy, is divergent, we have x, — 0 for all x in §;(w). We repeatedly
use the following lemma on Abel summation (we omit the well-known proof).
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LEMMA 1. Suppose that (a,), (b,) are non-negative sequences and that (by,)
decreases and tends to 0. Write A,, = ;'l=1 a;. If Zz‘; | anby, is convergent (say to
S), then A,b, — 0asn — oo and

o0
D An(bn —buy1) = 5.
n=1

PROPOSITION 1.  Suppose that A satisfies conditions (1) and (2). Let v; =
o0 J
E i ai,jw; and V,, = v + - - - v,. Then

Un
A = sup —,
A1l w) nz};’ w,
Va
A A) = sup —,
w,1(A) n>ll) W,

My 1(A) = inf —

(with the convention that if either side is finite, then so is the other). Both A, (A)
andm,, 1 (A) can be evaluated by considering only elements of the form e, + - - - +ey,.

Proof.  Write ||x|| for ||x|l¢,w). Let sup,(v;/w;) = B. If x = e;, then |x|| =
wj, while ||Ax|| = v;. Hence ||A|| > B (also when B = oo). Now suppose B < oo,
and let (x;) be any non-negative sequence in £;(w). Then Z;"’:, v;x; is convergent,
and we have

o0

(o]
lAxl = D wi Y _aijx;

i=1 j=1

Hence ||A|| = B.

Now let the supremum and infimum of V,,/ W, be C, c respectively. Let (x;) be a
decreasing, non-negative sequence. By the above and Lemma 1,

o0
lAxl =" Vi@ — xj41),
J=1

while

o0

el =Y W(xj — xj40)-
j=1

Hence, clearly, c||x|| < ||Ax|| < C||x|| . Further,ifx = e;+---+e¢,, then ||x]| = W,

and ||y)| = V,, so such elements suffice to show that A,, ;(A) = C and m,, ;(A) = c.
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Remark 1. Obviously, if A is regarded as an operator from £, (w) to £;(w"), the
same statements hold with v; = Y2 | a; jw!.

Remark 2. Clearly, inf,>| v,/w, equals the infimum of ||Ax||¢, ) for positive
elements x with ||x|l¢,w) = 1. However, as with the supremum, this is not the target
of our investigation.

Remark 3. Though our objective in this paper is limited to the discrete case,
we note that the above proof adapts without difficulty to the continuous case for
sufficiently well-behaved functions. The corresponding formulae are

(Aﬁu)=£ a(x, ) £ () dy, vu)=A a(x, yyw(x) dx,

Integration by parts replaces Abel summation, and we conclude that c|| ||z, @) <
NACO N L,y < ClIfllL,w) for decreasing, positive functions f, where ¢ and C are
the infimum and supremum of V(x)/ W (x). As already mentioned, the continuous
analogues of the specific operators considered here are actually isometric on the

positive part of L(w).

In certain cases, the supremum and infimum of (v,/w,) coincide with those of
(V./W,), because of the well-known facts listed in the following lemma (we omit
the proofs).

LEMMA 2. (i) Ifc < 2= < C for all n, then ¢ < W"' < C for all n.
(i) If (v, /wy) is mcreasmg (or decreasing), then so is (V,/ W,,).

(iii) If ;= — L and W, — oo as n — 00, then %’- — L as n — oo (this also
holds wzth L= 00).

Hence, for example, if (v,/w,) is increasing and tends to the limit L, then
sup(V,/W,) = L and inf(V,/W,) = v;/w,. The same conclusion holds provided
that we can show that v, /w; < v,/w, < L for all n; in some cases, this is much
easier than showing that the sequence is increasing.

‘We now translate the above into the language of Lorentz sequence spaces. (Though
this provides motivation for our study, it is not logically essential: our later theorems
can simply be regarded as statements about A,, |(A) and m,, | (A) without reference
to Lorentz spaces.) Given a null sequence x = (x,), let (x;) be the decreasing
rearrangement of |x,|.

The Lorentz sequence space d(w, 1) is the space of null sequences x for which x*
isin €, (w), withnorm [lx [lu.1 = lx*[l¢, - Clearly lxllu.1 = llxll¢, ) for decreasing,
non-negative sequences x. By Abel summation, for x in d(w, 1) we have

mw—me—mo

n=I
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and also
oQ
Xl =Y (wn — way 1) X,
n=1

where X' = x{ + .-+ + x; (this is where we need the condition w, — 0). Since
[X.| < X for all n, this shows that d(w, 1) is contained in £ (w). It also shows that
d(w, 1) has the following property: we say that a Banach lattice (E, || ||g) of real
null sequences has property (PS) if it satisfies:

ifxe EandY; < X} foralln,theny € E and ||yllg < |Ixl|e.

Note that the same conclusion follows if x is non-negative and Y* < X, for all n,
since X, < X;;. By Ky Fan’s lemma [9, I11.3.1]}, property (PS) holds in any symmetric
Banach sequence space, i.e., a Banach lattice of null sequences with symmetric norm
such that ||x|| g = lim,_, o || P,x|| g for all x, where P, is the projection onto the first
n terms.

Our next result may be of independent interest. It describes conditions under which
the norm of an operator on such a space is determined by its action on decreasing
sequences. However, for the particular operators considered below, this property ‘is
very easily seen directly.

THEOREM 2. Let (E, || ||g) be a Banach lattice of sequences with property (PS).
Let A be an operator from E to itself, given by Ax = y, where y; = Z;’i
where a; j > 0 for all i, j. Suppose further that A satisfies:

(3) for all subsets M, N of N having m, n elements respectively, we have

ZZau<ZZau

ieM jeN i=l j=

1Gi jXjs

Then |A(x*) || = |A(x)|| £ for all non-negative elements x of E. Hence decreas-
ing, non-negative elements x are sufficient to determine ||A| g.

Proof. Lety = A(x),z = A(x*). We show that
(%) Y*<Z, forallm.

m —

Let y}' = yoiy, andlet M = {o (i) : 1 <i < m}. Also,letx] = x(;). Then

m 0
5= =% S =55 (Son) s
i=|

ieM ieM j= j=1 \ieM

By Abel summation (since x;; — 0), this equals

Z(Z > a,,,.) o — x5, ),

n=1 \ieM jeN @)
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where N(n) = {t(j) : 1 < j < n}. Meanwhile,

00 00 m_n
E : * § : * *
a,;,-xj = ai,j (xn —x,H_,).

The required inequality follows from (3).

Note. The converse is “nearly” true. More exactly, statement (x) (for all x)
implies (so is equivalent to) condition (3), as one sees easily by considering x =

ZjeN €j.

Matrices satisfying condition (3) are by no means instantly recognisable. The next
result provides sufficient conditions that are transparently satisfied in many cases of
interest, including those considered below. Write

n m
Yin = z ai,j, Cm,j = E ai,j,
j=1 i=1

the partial sums along row i and column j respectively. Consider the following
conditions:

(4) r;n decreases with i for each n.
(4*) a; ; decreases with i for each j.

(5) cm,j decreases with j for each m.
(5*) a;,j decreases with j for eachi.

Clearly, (4*) is stronger than (4), and (5*) is stronger than (5).

PROPOSITION 3.  Condition (3) implies (4) and (5). Conversely, (4) and (5*), or
(5) and 4%), imply (3).

Proof. (i) Suppose that (4) is false, so that r,, , < rpy1,, for some m,n. Let
M={1,2,..m—1,m+ 1}, N={1,2,...,n}. Then

m n

m
z E ai,j = E Yin > z Yin = z aij,j,
1 1

ieM jeN ieM i= i=1 j=

so (3) fails. Similarly for (5).
(ii) Assume that (4) and (5*) hold, and consider M, N as in (3). For fixed i, the
largest n terms a; ; are the first n terms, so

n

E ajj < E ajj ="Tin.

jeN j=1
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In the same way, by (4),

m n

m
E ri,nfz ri,n=§ z ai,j-
i=l

ieM i=1 j=1

Note. A diagonal matrix, decreasing along the diagonal, satisfies (3) but not (4*)
or (5*). A matrix that satisfies (4) and (5), but not (3), is

1 10
1 10
0 0 2

For this matrix, if x = ez, then x* = ey, and (with above notation) y{ = 2 while
21 = 1.

Condition (4*) is clearly equivalent to the statement that A (x) is decreasing for any
non-negative x. Condition (4) is equivalent to the statement that A(x) is decreasing
for decreasing, non-negative x, since, firstly, if x = e¢; + - - - + ¢,, then y; = r; ,, and
secondly, by Abel summation again,

o0

yi = Zri,j(xj = Xjq1).

j=

Also, under condition (4), our V,, has a simple interpretation:

o0
Vi =D riawi = lAer + - + e)llw,1-
i=l
Note however that v; only equals [[A(e;) .1 if (4%) holds.
Denote by ||Ally,1 the norm of A as an operator on d(w, 1). We have now com-
pleted the identification of || A||,,; stated earlier.

PROPOSITION 4. If A satisfies conditions (1), (2) and (3), then || Allw.1 = Ay, 1(A),
and hence is given by the expression sup,(V,/W,) in Proposition 1.

Proof. By Theorem 2, ||A]|,,1 is determined by decreasing, non-negative se-
quences x. Since A satisfies condition (4), if x is decreasing and non-negative, then
so is Ax, so that ||Ax|[,.1 = [|Ax|l¢, (w)-

We finish this section with two further remarks.

(i) The quantity sup,.., V,/ W, equates to the norm of the sequence v (= A*(w))
in the dual space to d(w, 1). However, this fact will not make any difference to our
computations.

(i) If condition (5) holds, then condition (2) reduces to convergence of Zf’i, a; \wj,

since this series can be rewritten Z;’,LI Cm,1 (Wy — Wyy+1), and condition (5) says that
Cm.j < cm, forall j.
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1
3. Partial sums and tails of Z —
na
The following mostly well-known facts will be used repeatedly in evaluating the
suprema and infima arising in our chosen particular cases. Let @ > 0, and write
1

ne’

"o
/ — dt,
n—1 *
and (as usual) A, = a; + - - - ay, etc. Fora < 1, the usual integral comparison gives
b2++bn SAn < B,,,OI'

a, =

by

l-a

—@'™ -1 <A, < ,
l—«o |l -«

hence A, /B, — 1 asn — oo. We need to know also that A, /B, is increasing. The

following is the key lemma.

LEMMA 3. Let b, = fn"_l t=%dt. If « > 0, then n®b, decreases with n and

n®b, . increases with n. The opposite conclusions apply when o < 0.

Proof. Write ¢, = n®b,. Then
n

dt
1 @+ e

Forn—1 <t <n,wehave(n+1)/n < (t+1)/t,henceifa > 0,then (n+1)*/(t +
D* < n®/t* and cp41 < ¢, (with the reverse inequality when o < 0). Similarly for
the second statement.

n+1 1
C,,+l=(n+1)“/ s—ﬂds:(n-i—l)a/
n n

PROPOSITION 5. Let 0 < a < 1 and let A, = Z;’=, 1/j%. Then A,/n'™
increases and tends to 1/(1 — a).

Proof. ByLemma 3, a, /b, increases. Hence, by Lemma 2(ii), A,/ B, increases.
The limit follows from the inequalities above.

We now consider the tail of the series for ¢(1 + «). For the tail of a series, the
analogous result to Lemma 2(ii) is the following.

LEMMA 4. Suppose that a, > 0,b, > 0 foralln and thaty ., a, and Y o | b,
are convergent. Let Ay = Z}'in aj, similarly B,. If (a,/b,) is increasing (or

decreasing), then so is (Auy/ Bwy).
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Proof. Elementary.

PROPOSITION 6. Let & > 0 and let Ay = 372, 1/j'*. Then n® A, is de-
creasing, (n — 1)* A, increasing. Both tend to 1/a as n — oo.

Proof. leta, = 1/n'** and

"o
bu =/n_1 g .

Then B,4+1) = 1/an®. By the usual integral comparison,

1 1
<Ay < ——,
™ =5 — 1)

an®

which implies the stated limits. By Lemma 3, (a,,/b,+1) is decreasing, So by Lemma
4, A(y/ Bo+1) = an® Ay, is decreasing. Similarly, A,/ B is increasing.

Remark. This is stated without proof in [6], Remark 4.10.

4. The averaging operator

The averaging operator A is defined by: y, = %(xl + -+ +x,). Itis given by the
Cesaro matrix

/i forj<i
4. =10 for j > i.

This is a lower triangular “summability” matrix. In our terms, it satisfies conditions
(4) and (5*%). When A is regarded as an operator on £, (where p > 1), Hardy’s
inequality ([10], Section 9.8) states that ||A|| = p*, and the lower bound m(A) is
Z(p)'/P [2]. (The element ¢, is enough to show that A does not map £ into £,.)

The problems considered here are better illustrated by comparison with the fol-
lowing analogous problem in the continuous case. For a function f, let (Af)(x) =
1y f(®dt. Letw(x) =x~* and

I fllL ) =/0 wx)| f(x)]|dx.

By simply reversing the order of integration, we see that for all non-negative f (not
necessarily decreasing), we have

1
1A L) = 1 f lzi-



NORMS AND LOWER BOUNDS OF OPERATORS ON d(w, 1) 89

This is an isometric relationship, showing trivially that both the norm and the lower

bound are 1/«. In the discrete case, we have two candidates for weighting sequences

analogous to x ™%, and the relationship is far from isometric in either case.
Condition (2) requires convergence of Y .~ w;/i, and v, is given by

00 w;

v, = _.

e~ |

I=n

For the weighting sequence w, = 1/n%, our earlier results provide an immediate

solution to both problems.

THEOREM 7. Let A be the averaging operator, and let w, = 1/n%, where 0 <
o < 1. Then

ANl = Auw1(A) = |Allgw = ¢ +a),
1
my,1(A) = —.
o

Proof. Wenow have w;/i = 1/i It sov, = Ay in the notation of Proposition
6, which tells us that n*v, (= v,/w,) is decreasing and tends to 1/«w. By Lemma 2,
it follows that m,, 1(A) = 1/« and

su Vn sup 2 = U (14 a)
—_— = —_— = — = o).
nzrl) Wn nzli, Wy w

We now consider our second choice of weighting sequence, defined by W,, = n'~
(where 0 < ¢ < 1), so that

"l-a
e l—a _
wp,=n “—m-1 a_.£—1 po dt.
The slight change to w,, is enough to change our problem completely. Since W, is now
simpler than w,, we work with V,,/ W, instead of v, /w,. In contrast to the previous

case, we will show that this sequence is increasing. Directly from the expression for
v,, we have

w;
Vo =wi+-tw+n Y =

jzn+1 J
= W, + nvpy,
)
Va RUp41
— =14+ —=1 o .
W, + W, + 1 Uptg

Write ¢, = 1/[n*(n + 1)] and (as before) C(,y = 3

j>n Cj.
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LEMMA 5. With this notation, we have 1 + n®v,+1 = n*Cq for n > 1. Also,
v = C(]).

Proof. By Abel summation,

w;j
J
Upyl = E —

jZn+lj
- Z(l____l__)w__‘iv_"_
j=n+l J j+l ! n+l
=Z<1_L)W._&
j=n J Jjt1 ’ h
=Y
GG+ ne

The first statement follows. Further, vi = 1 4+ v, = Cyy.

THEOREM 8. Let ¢, = 1/[n*(n + 1)], where ¢« > 0. Then n*Cyy — 1/ as
n — 00. Also, n*Cy is increasing if 0 < o < | and decreasing ifo > 1.
Hence if W, = n'~® and A is the averaging operator, then

o0
Aw1(A) = [|Allwy = 1/a, My 1(A) = ch.
n=I1

Proof. Clearly,

1 1
(n + 1)|+a Sen = n|+ot
The stated limit follows, by Proposition 6.
To prove monotonicity, we use Lemma 4. Letd, = 1/n* — 1/(n + 1)%, so that

D¢y = 1/n®. Then

d, (n+ DY —n”

oo T T e 1

Cn n%(n + 1) nin+ D
_ (n+ D% —n*

(n+ D=

o n+l |
= — 7' dt.
(n+ 1)1 /n

By Lemma 3, this is decreasing if 0 < @ < 1, increasing if « > 1. By Lemma 4, the
same is true of Dy,,/C.

Note. The same method shows that the opposite conclusions hold for ¢, =
1/[n(n + 1)].
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S. The Copson operator

The “Copson” operator C is defined by y = Cx, where

It is given by the transpose of the Cesaro matrix

oy fori<j
4. =10 fori > j.

This is an upper triangular matrix satisfying (5) and (4*). By Hardy’s inequality
applied to the dual, [|C|| = p as an operator on £,. Copson’s original result [8] was
in fact the reverse inequality for the case 0 < p < 1.

The analogous operator in the continuous case is

CHX) = &dy,

X

and with w(x) = x™*, one sees by reversing the integration that
y g g

1
ICHNLyw = T—a 1f Nl
—o
for all non-negative f.

All versions of our problem are much easier for C. In fact, the lower bound
problem is almost trivial for general (w,):

PROPOSITION 9.  Whenever (w,) is such that C maps d(w, 1) into d(w, 1), we
have my, (C) = 1.

Proof. 'Though this follows easily from our general formula, it is more instructive
to argue directly, as follows. If y = Cux, it is easily checked that

Yo=Xu+n Y 2.

jemr1
Hence if x is non-negative, then ¥, > X, for all n, hence ||y|| > ||x|| (this applies to

any symmetric Banach sequence space). Further, we have C(e|) = e;.

Remark. The same is clearly true for any quasi-summability matrix (i.e., an upper
triangular matrix with column sums equal to 1) that satisfies our other conditions.
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A pleasantly simple statement can also be made about the norm of C for general
(w,). With the notation of Section 2,

1
vy = =Wyt wy) =

W,
n n’

Recall that (w,) is said to be 1-regular if

n

ri(w) = sup
n>1 BWy

is finite. By Proposition 1 and Lemma 2(i), we have at once:

PROPOSITION 10. If (w,) is 1-regular, then C maps d(w, 1) into d(w, 1), and
ICHw.t = Aw 1 (C) = IClleywy < ri(w).

THEOREM 11. Let C be the Copson operator, and let w, = 1/n%, where0 < o <
1. Then

1
1Cw.1 = 2w (C) = lIClleswy = T
-

Proof. With our standing notation,
Yn W, W,

w, nw, nal=e

Our W, is the A, of Proposition 5, which tells us that W, /n'~* increases and tends
to 1/(1 — «). The statement follows by (ii) and (iii) of Lemma 2. (Of course, this
also shows that ri(w) = 1/(1 — «)).

Remark. When o = 1, so that w, = 1/n, we have
Up
Wy

so C is not a bounded operator on d(w, 1), although of course it satisfies condition (2).

=W, —> 00 asn— oo,

THEOREM 12.  Let C be the Copson operator, and let w,, be definedby W, = n'~%,
where 0 < o < 1. Then (again)
1
“C"w,l = Aw,l(C) = ‘l_
-«

Proof. 'We now have

j=

so the new V,,/ W, is exactly the v, /w, of Theorem 11, and Proposition 5 again gives
the statement.
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6. The Hilbert operator

Two versions of the Hilbert operator, which we denote by H, and Hy respectively,
are given by the matrices

1 1
— ajj = ———.
i+ j T +j-1
These are Hankel matrices satisfying (4*) and (5*). Hilbert’s inequality ([10], section
9.1) gives the norm of both operators on £, (for p > 1) as 7/ sin(sr/ p). Itis shown in

[2]thatm,(Ho) = ¢(p)'/?, and the same method shows thatm ,(H;) = (£ (p)—1)/7.
Nearly any study of the Hilbert operator depends on the well-known integral

o0
1
/ dt d O<a<).
0

t%(t + ¢) T csinam

aij =

The analogous operator in the continuous case is

HEHHw = [ L9 gy,
o X+Yy

With w(x) = x~%, one finds, using the integral just quoted, that

T
NH N Liw = ———= 1L, w)
sinam

for all non-negative f. With our two choices of both (w,) and the operator, this iso-
metric relationship is replaced by no fewer than eight distinct problems! Fortunately,
they do not all need to be considered separately.
We start by considering H), with w, = 1/n“. In our usual notation, we have
s 1
P Bt

i=l

THEOREM 13.  With v, defined in this way, we have sup,,..| n*v, = n/sinam and
inf,>| n%v, = v|. Hence if w, = 1/n® , where 0 < a < 1, then

[Hillwy = Aw i (Hy)) = || Hilley) = = ,
. sinam

= 1
wiH) =0y =Y — .
my, 1 (Hy) = v, ;i“(i+l)

Proof. By comparison with the integral above, we have v, < 7/(r®sinan),
hence

nv, < — .
SMoamw
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Also,
o0 1
> ——dt,
Un = /.  +n)
and
1 1 1 1
/ —dt < —dt = ———.
o t9(t +n) o nt® (1—o)n
Hence

b 4 |

n“v, >

“ sinar (1 —a)n!—®’

which proves the stated supremum, and hence the statement concerning norms of H;.
We now turn to the lower bound. Note that

Z (t/n)"(l +n)

Fork > 1,let Ex ={i € Z: (k — )n < i <kn}. If i € Ey, then £ <k, s0

(’;) (i +n) < k*(kn + n) = nk*k +1).

Since E; has n members,

1 n 1
.Z (it - ket D) EGED

i€Ey;

Hence

1

o = I
U= L ek 1)

=".

[ agk:

Remark 1. Recall that by Theorem 8, we have v; < 1/a.

Remark 2. 1t can in fact be shown that n®v, increases with n (which of course
implies both statements): see [7].

Remark 3. When a = 1, we have

U-—i ! —l ]+l+ +l
"T&ii+n)  n 2 n)’

hence nv, — oo as n — 0o, and H, is not a bounded operator on d(w, 1).
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The operator Hy (with w, = 1/n%)is muchharder to deal with. Clearly, v, (Hyp, w) =
Un—1 (Hy, w)forn > 2, and v\ (Hy, w) = ¢(1+). Thelimitof n%v, isstill 7/ sinarw,
but this is less than { (1 4+ «) when « is less than approximately 0.32. It is quite easy
to show that n*v, < m/sinam for large enough n. Computations by an associate,
R. Lashkaripour, indicate that n®v, either increases throughout, or decreases for a
certain number of terms and then increases. This, if proved, would imply that || Hp|| ;.1
is the greater of £ (1 + «) and 7/ sinaw. For sequences of this type, one can hardly
hope for an exact expression for the lower bound. However, we can easily give a
lower estimate:

PROPOSITION 14. If w, = 1/n®, then m,, | (Hp) >

R|m=

Proof. We now have

1

z=: "‘(l+n—-1)=;](1—n+l)°‘ “Z]H'“'

=n

As noted in Proposition 6, this is not less than 1/(an®), so (v,/w,) > 1/« for all n.

The contrast between Hy and H; is enough to show how remote the possibility is
of finding any kind of solution to these problems for Hankel operators in general.

We turn to the case where w, is defined by W, = n'~®. Note first that, with the
notation of Section 2,

00 00
V. = E riaW; = E Wi(rin — rig1,n).
i=1 i=1

This time, we consider Hy first, since it turns out (in the same way as in Theorem 12)
that we have solved the problem for this operator already ! For Hy, we have

r’"=t—'+ i+n-—1
hence
1 1 n
r ri = — = ,
b T T = i+n i(i+n)
and by the above

V, o O
w, n""‘Zl 1(t+n) g “(z+n)

This is precisely the v, /w, of Theorem 13, so we have:
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THEOREM 15.  With w, defined by W, = n'~%, we have

o0

14
, Hy) _—
sinarw M. (Ho) Z “(t +1)

||H0||w,| = Aw,l(I{O) =

For H,, we have instead

| 1 n
i+l id+n+l G+DGE+n+1)

Vin —ligl,n =

so that

jl-e

; G+ DGE+n+1)

THEOREM 16. With w, defined by W, = n'~*, we have

0 l—a

T i
Hillw1 = Awi1(H) = — s H)=V, = _—
1 H {w,1 w1 (HY) Snaw my. 1 (Hy) 1 ; YY)

Proof. The norm estimation only requires slight adaptations to the proof of The-
orem 13. Clearly,

W ; “(t+n)

As seen in Theorem 13, this is not greater than 7/ sinaw. Forany N > 2,

i il (N— 1)"“ e
—— > >
S GEDE+n+ 1) N ; (;+1)a(,+n+1)

i=N-1|

3 (N_])I—a 00
- N = “(l+n)

As in Theorem 13, we see that

b T
n“/ —dt > — asn — 0o,
N t(t +n) sinar

from which it follows that sup,,..,(V,,/W,) = n/sinam.

For the lower bound, we again follow the method of Theorem 13, but the details
are a bit more awkward. We have to show that V,,/ W, > V| forall n > 2. Define the
sets Ey as before. Fori € E;, we have - <k, so

l—a

2

o ]

n N N Z—y
(+DGE+n+1) ™ k¢
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where

_ i

T+ DGHn D)

Our statement will follow in the same way as before if we can show that

i

k
® DBLES s

i€E;
for each k. We only sketch the details. Clearly, fori € Ey,

> i—1 - i—1 .
Ti+n+1) T kni+n+1)

From this one shows (separately fori < kn and i = kn) thatd; > (k — 1)/kn(k + 1)
fori € Ey, so that

k—1
di > .
242t

i€Ey

This implies () when k > 2, and one then shows directly that ), €E, di > ;".

7. An example

We now give an example to show that it is possible to have (V,/W,) bounded,
while (v, /wy) is not. Clearly, sup(v,/w,) is sensitive to variations in each individual
wy, and its equivalence to sup(V,/W,) in the above results only occurred because
our choices of (w,) were very “smooth”.

Example. Consider again the averaging operator. Recall that for this operator
we have

Wi
Uy = -/
i>n
Vn =1 + NVUpy
W, Wi

We shall choose w,, so that (v,/w,) is unbounded, while nv,/W, - 0asn —> o©
(hence V,,/ W, — 1).

LetEy ={i€eZ:k!'<i < (k+ 1)!}, and let w; = 1/(k'k) fori € Ej. Clearly,
> icg, wi = | and by integral estimation

1
log(k + 1) < Z; <log(k+2)  fork>2.

i€k
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Soif n = k!, then w, = 1/(k'k) while

Hence (v, /w,) is unbounded. For any n € E; (where k > 3), we also have
Wy = Wi =k,

while

o0

Z log(j +2)
= Y

IA

[e.¢]
1
> s since log(j +2) < j'/?

IA
~
sl-
.Mg
e

=

K2 k- D'k—1)

Since n < (k + 1)!, we obtain

nUn _ 1 k+1
W, ~k2k-1’
and hence the required statement.
REFERENCES

M. A. Arifio and B. Muckenhoupt, Maximal functions on classical Lorentz spaces and Hardy's in-
equality with weights for nonincreasing functions, Trans. Amer. Math. Soc. 320 (1990), 727-735.
G. Bennett, Lower bounds for matrices, Linear Algebra and Appl. 82 (1986), 81-98.

, Some elementary inequalities, Quart. J. Math. Oxford (2) 38 (1987), 401-425.

, Some elementary inequalities I, Quart. J. Math. Oxford (2) 39 (1988), 385-400.

, Lower bounds for matrices 11, Canadian J. Math. 44 (1992), 54-74.

, Factorizing the classical inequalities, Mem. Amer. Math. Soc., 1996.
G. Bennett and G. J. O. Jameson, Monotonic averages of convex functions, preprint.
E. T. Copson, Notes on series of positive terms, J. London Math. Soc. 2 (1927), 9-12.
I. C. Gokhberg and M. G. Krein, Introduction to the theory of linear nonselfadjoint operators, Amer.
Math. Soc., 1969.
10. G. H. Hardy, J. Littlewood and G. Polya, Inequalities, Cambridge Univ. Press, 1934.
11. G. J. O. Jameson, The gq-concavity constants of Lorentz sequence spaces and related inequalities,
Math. Z. 227 (1998), 129-142.

12. G.J. O. Jameson and R. Lashkaripour, Norms of operators on the Lorentz sequence spaces d(w. p),
preprint.

WX NAN A WD



NORMS AND LOWER BOUNDS OF OPERATORS ON d(w, 1) 99

13. ________, Lower bounds of operators on weighted £, spaces and Lorentz sequence spaces, preprint.

14. R. Lyons, A lower bound for the Cesaro operator, Proc. Amer. Math. Soc. 86 (1982), 694.

15. B. Muckenhoupt, Hardv’s inequality with weights, Studia Math. 44 (1972), 31-38.

16. E. Sawyer, Boundedness of classical operators on classical Lorentz spaces, Studia Math. 96 (1990),
145-158.

Department of Mathematics and Statistics, Lancaster University, Lancaster LA1 4YF,
Great Britain
g.jameson@lancaster.ac.uk



