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INTERMEDIATE RINGS BETWEEN A LOCAL DOMAIN
AND ITS COMPLETION

WILLIAM HEINZER, CHRISTEL ROTTHAUS AND SYLVIA WIEGAND

ABSTRACT. We consider the structure of certain intermediate domains between a local Noetherian domain
R and an ideal-adic completion R* of R that arise as the intersection of R* with a field containing R. In
the case where the intersection domain A can be expressed as a directed union of localized polynomial
extension rings of R, the computation of A is easier. We examine conditions for this to happen. We also
present examples to motivate and illustrate the concepts considered.

1. Introduction

Summary. Suppose (R, m) is an excellent normal local domain with field of
fractions K and m-adic completion R In this paper we consider the structure of an
intermediate ring A between R and R of the form A := K (t1, 12, ...Tg) N R where
s € Nand 71, 12, ..., T; € M are certain algebraically independent elements over K.
This construction follows a tradition begun by Nagata in the 1950’s. The intermediate
intersection rings provide interesting examples of Noetherian and non-Noetherian,
excellent and non-excellent rings. If the intersection ring A can be expressed as a
directed union of localized polynomial extension rings of R the computation of A is
easier. We say ty, 13, ..., T; are “limit-intersecting” if A is such a directed union.
Two stronger forms of the limit-intersecting condition are useful for constructing
examples and for determining if A is Noetherian and excellent. We give criteria
for 7y, 12, .. ., T; to have these properties. We close with several concrete examples
inspired by the construction.

Background. Over the past forty years, a fruitful source of examples of local
Noetherian integral domains D has been domains of the form D := AS)N(S /a),
for certain intermediate local rings (S, m) between R and R. Here S denotes the n-adic
completion of S, Q(S) is the fraction field of S, and a is an ideal of S such that the
associated primes of a are in the generic formal fiber of S. Using this construction,
examples D can be produced containing a coefficient field k such that D has finite
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transcendence degree over k, but neveghelessAD is non-excellent and sometimes even
non-Noetherian. Since in our setting S/a = R, we often use a simpler expression for
the intersection D, namely D := L N R, where L is an intermediate field between K
and the fraction field of R.! The following diagram displays the containments among
the rings we are discussing:

K —= Q) L —S . o

| I | I

C C o~ —~ C ~ -~
R——> § —> D:=LN(S/aa=LNR —> Rx=5/a.

A description of D as a directed union of localized polynomial rings over R is often
used in the construction of the examples mentioned above, such as that of [N, (E7.1),
p. 210]. If such a realization of D as a directed union exists, it is easier to compute
than the description of D as an intersection. In our setting there is a natural sequence
of nested localized polynomial rings B, over R having a directed union B which
is contained in D and has the same fraction field as D. The classical method for
demonstrating that the intersection D = L N R is Noetherian has been to show that
B is a Noetherian domain having completion R, and therefore that B = LN R = D.

In this paper we continue an investigation begun in [HRW 1] but we modify the
focus and approach. In that article, we found non-trivial examples of ideals a such
that the construction described above fails to produce a new ring; that is, where

= Q(S)N s /a = S, or using the expression D := L N R for the intersection,
the case where D is a localized polynomial ring over R. Our primary goal here is
to obtain interesting Noetherian rings, but we expand our working setting to Krull
domains because such an intersection domain D may be a birational extension of
S which is not Noetherian. Another modification in this paper is that we consider
completions with respect to a principal ideal; this is because in most examples of new
Noetherian domains produced using the D = Q(S) N (S/a) construction, the ideal
a is extended from a completion of R with respect to a principal ideal. Finally, we
analyze the intersection D := Q(S)N(S/a) (or LN R) more systematically here than
in [HRW1]: we focus on conditions in order that the intersection be a directed union
of localized polynomial rings over R.

Suppose 1,...,T, € M are algebraically independent over K. Then A :=
K(t),...,79) N R is a quasilocal Krull domain that dominates® R and is domi-
nated by R. Thus A, as a subring of R and an extension ring of R, is a special type
of intermediate ring between R and R with fractlon field K (14, .. ) Indeed, if
a denotes the kernel of the canonical map to R from the completlon A of A, then
A= Q(A)N (A /a) has the form described above. The ring A birationally dominates®

ISee the introduction to [HRW 1] for more details.
2That is, the maximal ideal of A intersects R in m.
3That is, A dominates By and A is contained in the fraction field of By.
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the localized polynomial ring By = R[ty, ..., Ts)m,1....r,)- In the present paper we
explore the nature of the birational domination of A over By.

Many of the concepts from our earlier work are useful in this study. In [HRW 1], the
elements 7, ..., T, € M are defined to be idealwise independent over R if A = B.
Here, with the assumption that each 7; is in the completion of R with respect to
a principal ideal (and the 7; are algebraically independent over K), we investigate
conditions in order that A can be realized as a directed union of localized polynomial
rings over R; thatis, A = B, where B := l_i_r_)nnEN B,, and, for each n,

B, := R[tip, ..., tm](m,n,,,...,t_m) C By,

where t),,...,T;, € M are series formed by the endpieces of the ; (see (2.3)).
Essentially what we require in the present paper is that the conditions of [HRW 1] be
satisfied off the proper closed subset of Spec(R) defined by a principal ideal. This
leads to the analysis of “limit-intersecting” independence properties for elements
71,...,T; € M which are algebraically independent over K; these properties are
analogs to types of “idealwise independence” over R defined in [HRW1]. As we
show in §6, these modified independence conditions enable us to produce concrete
examples illustrating the concepts.

Outline. We start in §2 with a motivating example and a description of the rings
A and B for particular elements o and T of a power series ring in two variables
over a field. In §3, we give some background material from [HRW1], including
some definitions, terminology, and related results. Section 4 contains a description
of the intermediate rings B,, whereas §5 gives the new definitions associated with
the elements 7; of m and their basic properties. In §6 we display concrete examples
of idealwise independent elements in the sense of [HRW1].

2. A motivating example

Ifo,7 € R are algebraically independent over R, then R[t;, £;], the polynomial
ring in two variables over R, can be identified with a subring of R by means of an
R-algebra isomorphism mapping #; — o and #, — 7. The structure of the quasilocal
domain A = K(o,T) N R depends on the residual behavior of o and  with respect
to certain prime ideals of R. The following example illustrates this and introduces
techniques that are further developed in later sections.

2.1. Example. Letk be afield, let x and y be indeterminates over k, and let

o= Z(;a;xi € k[[x]] and 71 := ;b,-yi € k[[yl]
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be formal power series that are algebraically independent over the fields k(x) and
k(y), respectively. Consider the integral domain

A:=k(x,y,o, 1) N k[[x, y¥]].

Using an interesting result of Valabrega in [V], it is easy to show:

2.2. PROPOSITION. With the notation of (2.1), A is a _two-dimensional regular
local domain with maximal ideal (x, y)A and completion A = k[[x, y]].

Proof. The ring C = k(x, o) N k[[x]] is a rank-one discrete valuation domain
with completion k[[x]], and the field k(x, y, o, T) = L is an intermediate field be-
tween the fields of fractions of the rings C[y] and C[[y]]. Hence by [V, Proposition 3],
A = L N C[[y]] is a regular local domain with completion k[[x, y]]. O

In order to give a more explicit description of A, we use the last parts or the
endpieces of the power series o and t. Since in later sections of this article endpieces
of other power series are used, we describe endpiece power series in general here.

2.3. End;}jece Notation. Let (T, n) be a quasilocal domain such that the n-adic
completion T is a normal domain and let O # z € n. Let T* be the z-adic completion
of T. For y € T*, write

o0
y = Zc;zi, wherec; € T.

i=0

Then for each n € N, we define y,, the n' endpiece of y with respect to z:
0 .
Vo = Z ¢z "
i=n+1

For each n € N, we have the relations
2.3.1) Yn = CnZ + Vn+12.

Returning to Example 2.1, we describe A using o, and 1, for n € N, the endpiece
series with respect to x and y, respectively, as described in (2.3). We define

C, :=klx, Un](x.a,,), D, := k[)’a tn](_v,r,,) and B, :=k[x,y,on, Tn](x,_v,a,,,r,,)-

These rings are all dominated by k[[x, y]], and the relations (2.3.1) imply the in-
clusions C, € Cy4y, D, € D4y, and B, C B,;;. Moreover, for each of these
inclusions we have also birational domination of the larger ring over the smaller. It
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is easy to see that the rank-one discrete valuation domains C and D given below can
also be described as the direct limits shown:

C :=k(x,0) Nk[[x]] = im(Cy) = U7Z, Cy;

D :=k(y, t) Nklly]] = im(D,) = U2, Dy.
We define
B :=lim(B,) = U, B,.

Thus B is the directed union of a chain of four-dimensional regular local domains
that are essentially finitely generated over k. We show below that the dimension of
B is either two or three. We have

xBN B, =(x,0,)B, and yBNB, = (y, 1,)B,,

where (x, 0,) B, and (y, 7,) B, are height-two prime ideals of the 4-dimensional reg-
ular local domain B,. Therefore the unique maximal ideal of B is (x, y)B. Also,
B(xp) and B, p) are rank-one discrete valuation domains, since each is the contrac-
tion to the field k(x, y, o, t) of the (x)-adic or the (y)-adic valuations of k{[x, y]].
Moreover, B is birationally dominated by the two-dimensional regular local domain
A =k(x,y, o,t)Nk[[x,y]]

To summarize and elaborate, we have the following.

2.4. THEOREM. With notation as above, B is a quasilocal Krull domain with
maximal idealn = (x, y) B, the dimension of B is either2 or 3, tzzd B is Hausdorff in
the topology defined by the powers of n. The n-adic completion B of B is canonically
isomorphic to k[[x, y]]. Depending on the choice of o and t it may or may not be
that B is Noetherian, and the following statements are equivalent:

(1) B is Noetherian.

(2) dim(B) = 2.

3) B = A.

(4) Every finitely generated ideal of B is closed in the n-adic topology on B.

In particular there exist certain values for o and t such that B # A and other values
such that B = A.

Proof. We have already observed that B is a quasilocal domain with maximal
ideal n = (x, y)B. Since B is dominated by k[[x, y]], B ii Hausdorff in the topology
defined by the powers of n. Since n s finitely generated, B is Noetherian [N, (31.7)].
Therefore B is a 2-dimensional regular local domain that canonically surjects onto
k[[x, y]1. This canonical surjection must have kernel (0), so we have B = k[[x, y]].
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To see that B is a Krull domain, observe that if q is a height-one prime of B,, then q
is contained in the union (x, 0,) B, U (y, 7,) B, ifand only ifq € x B U yB, and if q is
not contained in x B U yB, then B,; C (B,)q. It follows that if q is not contained in
xB U yB, then B C (B,)q. Moreover, the canonical map Spec(B,) — Spec(B,)
restricts to a biregular correspondence of the height-one primes of B, not contained
in x B U y B with the height-one primes of B, not contained in x B U yB. It follows
that if U, is the multiplicative system U, = B, — ((x BN B,) U (yB N By)), then

(Bo)y, = -+ = (Bu)y, = --- = B[1/xy].

Since x B and y B are principal height-one prime ideals of B, we have x'(B),3 N B =
x'Band y/(B),s N B = y’ B forall positive integers i, j, so B = B[1/xy]lN(B),gN
(B)yp. In particular, it follows that B is a Krull domain.

Since the maximal ideal of B is finitely generated, it follows from Nishimura [Ni,
Theorem, page 397] that B is Noetherian if dim(B) = 2. On the other hand, since
n = (x, y) B, itis clear that if B is Noetherian, then B is a 2-dimensional regular local
domain with completion k[[x, y]]. Since the completion of a local Noetherian ring
is a faithfully flat extension, if B is Noetherian we have B = k(x, y, o, T) Nk[[x, y]]
and hence B = A. That B satisfies the condition in statement (4) if and only if B is
Noetherian follows from [N, (31.8), page 110]. Since B is a birational extension of
the 3-dimensional Noetherian domain C[y, t], the dimension of B is at most 3.

To see that B can be strictly smaller than A := k(x, y, o, T) N k[[x, y]], observe
thatif t = o(y), thatis, ifa; = b; foralli € N (forexample,oc =e¢*—1,7 =¢*—1)
then (o0 — 7)/(x — y) isin A. But the description given above for B as an intersection
of DVR’s shows that if q is the height-one prime (x — y)B,, then B C (B,)q. while
(0 —1)/(x —Y) & (By)q. Therefore (o —t)/(x —y) ¢ B,s0 B < A. This shows the
existence of a three-dimensional quasilocal Krull domain B having a two-generated
maximal ideal such that B birationally dominates a three-dimensional regular local
domain.

To complete the proof of (2.4) it remains to show the existence of o and t for
which B = A. We establish in Example 6.10 that 0 = ¢* — 1 and T = ¢* — | have
this property. O

3. Background material

We review the main definitions and relevant results from [HRW1]. The flatness

conditions ((3.1), (3.2) and (3.4)) are used in the limit-intersecting independence
definitions of §5.

3.1. Definition. Let¢: S —> T be an injective morphism of commutative rings
andletk € Nbeaninteger with 1 < k < d = dim(T) whered is an integerord = oc.
Then ¢ is called locally flat in height k, abbreviated L Fy, if, for every prime ideal Q
of T with ht(Q) < k, the induced morphism on the localizations ¢o: Spns —> To
is faithfully flat.
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3.2. Definition. Let S — T be an extension of Krull domains. We say that T
is a height-one preserving extension of § if for every height-one prime ideal P of S
with PT # T there exists a height-one prime ideal Q of T with PT C Q.

The height-one preserving property is crucial for our work, and so it is fortunate
that it holds in the situations we consider. In particular the following result, which
extends [HRW1, (2.7)] by eliminating a Noetherian hypothesis, shows that the height-
one preserving property holds within completions.

3.3. PROPOSITION.  Suppose (6 ) is a complete normal local Noetherian do-
main that dominates a quasilocal Krull domain (D, m). Assume the injection D —>
Cis height-one preserving, and suppose T € 1 is algebraically independent over
the fraction field L of D. Let S = D([t]lm,r). Then the local inclusion morphism
¢: S —> C is height-one preserving.

Proof. Let P be a height-one prime ideal of S.
Case (i). If ht(P N D) = 1,then P = (PN D)S. Since D — Cis helght-

one preserving, (P N D)C Q, for some height-one prime ideal Q of C. Then
PC = (PN D)SC C Q as desired.

Case (ii). Suppose P N D = (0). Let U denote the multiplicative set of nonzero
elements of D. Let ¢ be an indeterminate over D and let S| = DI[t](m,. Consider
the following commutative diagram where the map from S, to S is the D-algebra
isomorphism taking ¢ to T and A is the natural extension to C[[t]]

C -
Uu-'s, — U~ 'Clt)an

g |

c < ~ < -
D —— S8, = Dltlmn —— Cltlany —— CIlt]]

1 y

< [ -~
D —— §=D[tlmn C.

Under the above isomorphism of § with S, P correponds to a height-one prime
ideal Py of S| such that Pp N D = (0). Thus Py is contracted from the localization
U-'S,. Since U~'S; is a localization of the polynomial ring L[t], it is a principal
ideal domain. Hence Py is contained in a proper principal ideal of U~ 'S|. Therefore
Py is contained i ina proper princ Bal ideal of U™ 'C [t1¢a.r), and hence in a helght-one
prime ideal of C[t] Now Clt]an — C[[t]] is faithfully flat because C is
Noetherian; thus POC[[t]] is contained in a height-one prime ideal of c [[¢1]. Since
Cis catenary and ker(\) = (t — -7) is principal, Py + ker(A) = P + ker(k) has height
two in C| [[#]1]. It follows that PC is contained in a height-one prime of C. O

Next we review the concept of weak flatness defined in [HRW1].
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3.4. Definition. Let S — T be an extension of Krull domains. We say that T

is weakly flat over S if every height-one prime ideal P of S with PT # T satisfies
PTNS=P.

3.5. PROPOSITION [HRW1, (2.10), (2.14)]. Let ¢: S — T be an extension of
Krull domains and let F denote the fraction field of S.

(1) Suppose PT # T for every height-one prime ideal P of S. Then S — T is
weakly flat < S=FNT.

(2) If S — T is weakly flat, then ¢ is height-one preserving and, moreover, for
every height-one prime ideal P of S with PT # T, there is a height-one prime
ideal Q of Twith QNS = P.

3.6 Remark. The height-one preserving condition does not imply weakly flat. To
see this, consider a domain (D, m), as in (3.3), such that dim(C ®p Q(D)) = 0,
where (C, i), 7, and S are as in the statement of (3.3), and so the lggal inclusion
morphism ¢: S —> C is height-one preserving. (For example, take C = k[[x, y]]
and D = k[[x]][yl¢,y.) There exists a height-one prime ideal P of S such that
PN D = 0;then PC # C. Since ¢ is height-one preserving, there exists a height-
one prime ideal Q of C such that PC C Q. Also dlm(C ®p Q(D)) = 0 implies
Q ND # 0. We have P C Q N Sand PN D = 0. It follows that P is strictly smaller

than Q NS, so Q M S has height greater than one and so the extension ¢ is not weakly
flat.

4. Intersections and directed unions

In general the intersection of a normal Noetherian domain with a subfield of its
field of fractions is a Krull domain, but is not Noetherian. The Krull domain B in the
motivating example (2.1)—(2.4) (in the case where B # A) illustrates that a directed
union of normal Noetherian domains may be a non-Noetherian Krull domain. Thus,
in order to apply an iterative procedure in §5, we consider a quasilocal Krull domain
(T, n) which is not assumed to be Noetherian, but is assumed to have a Noetherian
completion. To distinguish from the earlier Noetherian hypothesis on R, we let T
denote the base domain.

As we mention in the introduction, completions with respect to principal ideals
are used in our constructions.

4.1. Setting and notation. Let (T, n) be a quasilocal Krull domain with fraction
field F. Assume there exists a nonzero element y € n such that the y-adic completion
(m) = (T*,n*) of T is an anal)ﬁica]ly normal local Noetherian domain. It then
follows that the n-adic completion T of T is also a normal local domain, since the
n-adic completion of T is the same as the n*-adic completion of T*. Since T* is
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Noetherian, if F* ’genotes the field of fractions of T*, then T* = TN F* Therefore
FNT*= FNT. Let d denote the cﬁmension of the Noetherian domain 7*. It
follows that d is also the dimension of T #

(1) AssumethatT = FNT*=FN T, or equivalently by (3.5.1), that 7* and T
are weakly flat over 7.

(2) Let Tv = T[l /1, the localization of T at the powers of y, and similarly, let
T) := T*[1/y]. The domains Tv and 7 are of dimensiond — 1.

3) Let 7, ..., Ty € N* be algebraically mdependent over F.

(4) For eachi with 1 < i < s, we have an expansion 7; := Zj?'ilcij yf where
Cij € T.

(5) Foreachn € Nand each i, 1 <i < s, we define the n-endpiece of 7; with
respect to y as in (2.3), so that

. 00 j—n —
Tin 1= T2, 6y’ 7", Tin = YTing1l + Ciny.

(6) Foreachn € N, we define B, := T[ty,, ..., Tsnln,1yy,...z,,)- I View of (5), we
have B, C B, and B, dominates B, for each n. We define

w _—
U and A:=F(tr,....,t)NT.

neN

Thus, B and A are quasilocal domains and A birationally dominates B. We are
especially interested in conditions which imply that B = A.

(7) Let A* denote the y-adic completion (A, (¥))™ of A and B* the y-adic com-
pletion of B.

4.2 Remark. The motivating example (2.1)—(2.4) with T := B # A (from the
notation of (2.1) shows that T —> T can satisfy.the other conditions of (4.1) but
not satisfy the assumption (4.1.1); that is, such an extension is always height-one
preserving (by (3.3) ) but not in general weakly flat.

4.3 PROPOSITION.  The definitions of B and B, are independent of representations
for Ty, ..., T; as power series in y with coefficients in T.

Proof. For1 <i < s, assume that 7; and w; = 7; have representations

o0 . o0 .
= Zaijyj and o; = Zbijyj,
=

j=1

4If T is Noetherian, then dim(T) = d. However, without the hypothesis that 7' is Noetherian, it is
unclear whether T has dimension d.
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where each a;;, b;j € T. We define the n'-endpieces 7, and w;, as in (2.3):
00 . w :
Tin = Z a,-jy”" and w;, = Z b,‘jyl—n.
j=n+1 j=n+l
Then we have
t = T2,ai;y = T)1aiy) + Y tin = T2,bijy = T 1bijy’ + ¥ oin = .

Therefore, for 1 < i < s and each positive integer n,

Y'tin = Y'win = Z)_1bijy — E]_jaiy’,

and so

1 (bij — aij)y’
" '
Since EJ'.'=, (bij — aij) y/ € T is divisible by y" in T* and T = F N T*, it follows that

y" divides Ej'?:l(bij — a,-j)yf in T. Therefore t;, — w;, € T. It follows that B,, and
B = U2, B, are independent of the representation of the ;. [

Tin — Win =

4.4 THEOREM. Assume the setting and notation of (4.1). Then the intermediate
rings B,, B and A have the following properties:

(1) yA=yT*NAand yB = yAN B = yT* N B. More generally, for every
teN,wehave yyA=y'T*NAandy'B=y'ANB=yT*NB.

) T/Yy'T = B/y'B = A/y'A = T*/y'T* for each positive integer t.

(3) Everyideal of T, B or A that contains y is finitely generated by elements of T .
In particular, the maximal ideal n of T is finitely generated, and the maximal
ideals of B and A are nB and nA.

(4) For everyn € N: yBN B, = (¥, Tin, - .- Tsn) By, an ideal of B, of height
s+ 1.

(5) If P € Spec(A) is minimal over yA and Q = PN B, W = PNT, then
Tw € By = Ap, and all three localizations are DVRs.

(6) For every n € N, B[1/y] is a localization of By, i.e., for each n € N, there
exists a multiplicatively closed subset S, of B, such that B[1/y] = S; ! B,.

(7) B = B[1/y]N Bg, N--- N By, where qy, ..., q, are the prime ideals of B
minimal over yB.

Proof. let K := F(ty,...T1,), the field of fractions of A and B. Then A =
T* N K implies yA € yT*N A. Letg € yT*NA C yT*N K. Then g/y €
T*NK = A= g € yA. Since B = |J2, By, we have yB = o, yB,. It
is clear that yB € yAN B C yT* N B. We next show yT*N B = yB. Let
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g € yT* N B. Then there is an n € N with g € B, and, multiplying g by a unit of
B, if necessary, we may assume that g € T[ty,,..., T;]. Write g = ro + go where
80 € (Tins - Ts)T[T1ny ..., Tl and ro € T. Substituting 7, = yTjnt1 +cjny €
yT™* from (4.1.5) yields that gy € yT* andsorg € yT*NT = yT. Since by (4.1.5),
(Tins -+ s Tsn) By € yBpyy, it follows that g € yB. Now yB = yT* N B implies
y*B = y(yT*NB) = y’T*NyB = y>T*N B. Similarly y' B = y'T*N B for every
teN.

Since Y'T*NT = y'T, T/y'T = T*/y'T*, and T/(y'T) — B/(y'B) —
A/(Y'A) — T*/y'T* , the assertion in (2) follows.

Since T* is Noetherian, the assertions of (3) follow from (2).

For (4), let f € yB N B,. After multiplication by a unit of B,, we may assume

that f € T[ty,, ..., Tyn], and hence f is of the form
f Z a(')rln i vn
(i)eN*

with ay € T. Since 7;, € yB, we see thatag) € yBNT S yT* N T, and we can
write a() = yb for some element b € T*. This implies thath € FNT* = T; the last
equality uses (4.1.1). Therefore ay € yT and f € (y, T, - - . , Tsn) By. Furthermore
ifge W, tin,- ., Tn)By, thent;, S yBN B,,s0g € yBN B,,.

For (5), since T* and hence A is Krull, P has height one and Ap is a DVR. Also
Ap has the same fraction field as Bp. By (2), W is a minimal prime of yT. Since T
is a Krull domain, Ty is a DVR and the maximal ideal of Ty is generated by u € T.
Thus by (2) the maximal ideal of By, is generated by u and so By is a DVR dominated
by Ap. Therefore they must be the same DVR.

Item (6) follows from (4.1.5).

For (7), suppose B € B[1/y]N Bg, N---N By,. Now Bg, N---N By = (B —
(Uq;))""'B. There existt € N,a,b,c € B withc ¢ q, U---Uq, such that 8 =
a/y' = bj/c. We may assume that either t = 0 (and we are done) or that t > 0
and a ¢ yB. Since yB = yA N B, it follows that q, ..., q, are the contractions
to B of the minimal primes p;,...,p, of yA in A. Since A is a Krull domain,
A= A[l/ylNAp N---NAp. ThusB € A,anda = y'8 € yANB = yB,a
contradiction. Thust =0and 8 =a € B. O

4.5 THEOREM. With the setting and notation of (4.1), the intermediate rings A
and B have the following properties:

(1) A and B are quasilocal Krull domains.
(2) B C A, with A dominating B.

3) A*=B*=T"*

(4) If B is Noetherian, then B = A.

Moreover, if T is a unique factorization domain (UFD) and y is a prime element of
T, then B is a UFD.
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Proof. As noted in the proof of (4.4.5), A is a Krull domain. By (4.4.6), B[1/y]
is a localization of By. Since B is a Krull domain, it follows that B[1/y] is a Krull
domain. By (4.4.7), B is the intersection of B[1/y] and the DVR’s By, ..., By,.
Therefore B is a Krull domain. Items (2) and (3) are immediate from (4.4). If B is
Noetherian, then B* is faithfully flat over B, and hence B = F(ty,..., ;)N B* = A.
For the last statement, if 7' is a UFD, so is the localized polynomial ring By. By (4.4.6),
B[l/y] = SO" Bo[1/y], which implies that B[1/y] is also a UFD. By (4.4.2), y is a
prime element of B; hence it follows from [Sa, (6.3), page 21] that B isa UFD. O

5. Limit-intersecting elements

As we state in the introduction, we are interested in the structure of LN ﬁ, for
intermediate fields L between the fraction fields of R and R. This is difficult to
determine in general. We show in Theorem 5.5 that each of the limit-intersecting
properties of (5.1) implies L N R is a directed union of localized polynomial ring
extensions of R. These limit-intersecting properties are related to the idealwise
independence concepts defined in [HRW1].

5.1 Definition. Let (T, n) be a quasilocal Krull domain with fraction field F,
let 0 # y € n be such that the y-adic completion (7, (y)) := (T*,n*) of T is an
analytically normal local Noetherian domain of dimension d. Assume that 7* and T

are weakly flat over T. Let 7, ..., t; € n* be algebraically independent over F (as
in (4.1)).
(1) The elements 1y, ..., T; are said to be limit-intersecting in y over T provided
the inclusion morphism By := Tl[ty,..., %lmr.....y — T is weakly flat
(see (3.4)). '
(2) The elements 1, ..., 7, are said to be residually limit-intersecting in y over T
provided the inclusion morphism By := Ty, ..., TJms....t,) —> Ty is LF)
(see (3.1)). '
(3) The elements t; ..., T, are said to be primarily limit-intersecting in y over T
provided the inclusion morphism By := T'[ty, ..., Tsln...r,y) — Ty is flat,

or LF;_; (see (3.1)).

Since T and ﬁ have dimension d — 1, the condition L F;_, is equivalent to primarily

limit-intersecting, that is, to the flatness of the map By — Ty

5.2. Remarks. (1) The terms “residually” and “primarily” come from [HRW1].
We justify this terminology in (5.7) and (5.8). It is clear that primarily limit-
intersecting implies residually limt-intersecting and residually limit-intersecting im-
plies limit-intersecting.
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(2) Since T, is faithfully flat over T, the statements obtained by replacing 7.* by
- A y v

T, give equivalent definitions to those of (5.1) (see [HRW1, (6.1), (6.3)]).
(3) We remark that

B —> T, is weakly flat <= B —> T* is weakly flat.

To see this, observe that by (4.4.2), every height-one prime of B containing y is the
contraction of a height-one prime of 7*. If p is a height-one prime of B with y & p,
then p7* N B = pif and only if p7,) N B = p.

(4) Since by (4.4.6), B, is a localization S, By of By, and since the canonical
maps By —> T, and B — T factor through the localization at the powers of y,

the elements 1y, . .., T, are limii-intersecting in y over T if and only if the canonical
map

S;'Bo= B, — T}

is weakly flat. In view of (5.3) below, we also have that 1y, ..., 7; are residually
(resp. primarily) limit-intersecting in y over T if and only if the canonical map

S5 Bo= B, — T;

is LF; (resp. L F4_, or equivalently flat).

(5) If d = 2, then obviously LF|, = LF4_;. Hence in this case primarily limit-
intersecting is equivalent to residually limit-intersecting.

(6) Since T — B, is faithfully flat for every n, it follows [B, Chap. 1, Sec. 2.3,
Prop. 2, p. 14] that T —> B is always faithfully flat. Thus if residually limit-
intersecting elements exist over T, then T — T must be L F;. If primarily limit-
intersecting elements exist over T, then T —> T must be flat.

(7) Items (3.6) and (4.2) show that in some situations there are no limit-intersecting
elements in T*. Indeed, if T is complete with respect to some nonzero ideal I,
and y is outside every minimal prime over I, then every algebraically independent
T =) a;y' € T* fails to be limit-intersecting in y. To see this, choose an element
x € I, x outside every minimal prime ideal of yT’; define o := Y a;x" € T. Then
T —0 € (x — y)T* N T[r]. Thus a minimal prime over x — y in T* intersects T'[1]
in an ideal of height greater than one, because it contains x — yand t — o.

5.3. PROPOSITION. Assume the notation and setting of (4.1) and let k be a positive
integer with 1| < k < d — 1. Then the following are equivalent:

(1) The canonical injection ¢: By :=T[1y, ..., Tlmr....cy —> Ty is LFy.
(I') The canonical injection ¢,: By := Tlty, ..., Tslmr...c) — ﬁ is LFy.
(2) The canonical injection ¢': Uy := T|[t\, ..., 7] —> T is LF;.
(2') The canonical injection ¢: Uy := Tlty, ..., 7] — T" is LF.

(3) The canonical injection 9: B, := R[Tin, ..., Tulm.ty....tn) — T is LFy.
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(3') The canonical injection 6y: By := R[Tin, ..., Tsn)mrip..ter) — 7} is LF,.
(4) The canonical injection y: B —> T* is LFk

(4) The canonical injection y: B —> T is LF;.

Moreover, these statements are also all equivalent to L Fy of the corresponding canon-
ical injections obtained by replacing By, Uy and B by Bo[1/y], Uo[1/y] and B[1/y].

Proof. We have:

loc. ¢ ff. <
Uy By T* T,.

y

The injection ¢{: UO — T factors as ¢’: Uy —> T* followed by the faithfully flat
injection Ty —> T Therefore ¢’ is L Fy if and only if ¢} is L Fx. The injection ¢’
factors through the localization Uy —> By and so ¢ is LF if and only if ¢’ is L F;.

Now set U, := Tl[tin, ..., Tm] foreachn > 1 and U := | J72, U,. For each
positive integer i, T, = Y"Tin + D ;o a;y'. Thus U, € Uy[1/y], and Up[1/y] =
JU,l1/y] = U[1/y]. Moreover, for each n, B, is a localization of U,, and hence
B is a localization of U.

We have

B[1/y] — T} isLF, <= U[l/y] — T} is LF

Uol1/yl — T is LFy
B,[1/yl — T is LFy
Boll/y] —> T} is LFy.

1171

Thus

Y: B—> T isLF; U—> T isLF;
¢IZ Uy — T: is LFy
6: B, — T;‘ is LF;

¢: By —> T is LFy. [m]

1711

5.4 Remarks. (1) If (T, n) is a one-dimensional quasilocal Krull domain, then
T is a rank-one discrete valuation domain (DVR). Hence T* is also a DVR and T
is flat over Uy = T[ry,...,t;]. Therefore, in this case, t,..., 7, are primaril'y
limit-intersecting in y over T if and only if 7y, ..., 7, are algebraically independent
over F.

(2) Let 7y, ..., 7, € k[[y]] be transcendental over k(y), where k is a field. Then
Ty, ..., Ty are primarily limit-intersecting in y over k[y](,) by (1) above. In [HRW2,
(3.3)], we show that if x,...,x, are additional indeterminates over k(y), then

Ty, ..., T, are primarily limit-intersecting in y over k[xy, ..., Xp, Y1xyooox0ov)-
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(3) With the notation of (4.1), if B is Noetherian, then |, ..., 7, are primarily limit-
intersecting in y over T'. For B Noetherian implies T* as the (y)-adic completion of
B is flat over B. Hence T is also flat over B, and it follows from (5.3) that 7y, ..., T,
are primarily limit-intersecting in y over T.

(4) By the equivalence of (1) and (2) of (5.3), we see that 7y, . .., T, are primarily
limit-intersecting in y over 7T if and only if the endpiece power series ty,, ..., T, are
primarily limit-intersecting in y over 7.

5.5 THEOREM. With the setting and notation of (4.1), the following are equivalent:

(1) The elements ty, ..., T, are limit-intersecting in y over T .
(2) The intermediate rings A and B are equal.

(3) B —> T is weakly flat.

(4) B — T* is weakly flat.

Proof. (1)=(2). Since A and B are Krull domains with the same field of fractions
and B C A it is enough to show that every height-one prime ideal p of B is the
contraction of a (height-one) prime ideal of A. By Theorem 4.4.3, each height-one
prime of B containing y B is the contraction of a height-one prime of A.

Let p be a height-one prime of B which does not contain y B. Consider the prime

idealq = T'[7y, ..., 7,1 Np. Since B[1/y] is a localization of the ring T'[1y, ..., T],
we see that B, = T[ty,..., T;]q and thus q has height one in T[zy, ..., 7;]. The
limit-intersecting hypothesis implies q7* N T'[zy, ..., 7,] = q and there is a height-

one prime ideal w of T* with w N T'[1y, ..., t;] = q. This implies that wN B = p
and thus also (w N A) N B = p. Hence every height-one prime ideal of B is the
contraction of a prime ideal of A. Since A is birational over B, this prime ideal of A
can be chosen to have height one.

(3) <= (4). This is shown in (5.2.3).

2)=@). If B= A = F N Tx*, then by (3.5) every height-one prime ideal of B is
the contraction of a height-one prime ideal of T*.

4=(1). If B — T* is weakly flat so is the localization B, — T.. Since
B, =S, ! By, for a suitable multiplicative subset So C By, the embedding By, — T
is weakly flat. Now (1) holds by (5.2.4). '

5.6 Remarks. (1) If an injective morphism of Krull domains is weakly flat, then
it is height-one preserving (3.5.2). Thus any of the equivalent conditions of (5.5)
imply that B — T™* is height-one preserving.

(2) In (5.5) if B is Noetherian, then by (4.5.4), A = B and all the conclusions of
(5.5) hold.

(3) In [HRW2, (4.4)], we give an example of a three-dimensional regular local
domain R dominating Q[x, y, zl(x.,.;) and having completion Q[[x, y, z]], such that
there exists an element 7 in the (y)-adic completion of R that is residually limit-
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intersecting in y over R but fails to be primarily limit-intersecting in y over R. In
particular, the rings A and B constructed using t are equal, yet A and B are not
Noetherian. We also show in [HRW2, (2.12)] that if R is a semilocal Noetherian
domain, then 1, ..., t; € yR* are primarily limit-intersecting in y over R if and
only if B is Noetherian. If this holds, we also have B = A.

We now give criteria for elements to be residually limit-intersecting or primarily
limit-intersecting similar to those in [HRW1] for elements to be residually alge-
braically independent or primarily independent.

5.7 PROPOSITION.  With the setting and notation of (4.1) and s = 1, the following
are equivalent:

(1) The element T = 1, is residually limit-intersecting in y over T .

Q) If P is a height-one prime ideal of T such that y ¢ Pand PNT # 0, then
ht(P N Tltlmo) = 1.

(3) For every height-one prime ideal P of T such that'y ¢ P and for every min-
imal prime divisor P of PT in T, the image T of t in T /P is algebraically
independent over the fraction field of T/ P.

(4) B —> T is LF; and height-one preserving.

Proof.  For (1)= (2), suppose (2) fails; that is, there exists a prime ideal P of ] T
of height one such that y ¢ P, PN T # 0, but ht(P N T[r]) > 2. Let Q = PT
Then Q := Q N T[t](n.r) has height greater than or equal to 2. But by the deﬁmuon
of residually limit-intersecting in (5.1), the injective morphism T'[t]n ) —> T is
LF), and so by (3.1, (T[‘L'](n 0o — (T, )Q is faithfully flat, a contradlctlon to
ht(Q) > ht(P) = ht(0).

_For (2)= (1), the argument of (1) = (2) can be reversed since (T'[t]n.r)) 0 —
(T )A is faithfully flat.

For (3)= (2), again suppose (2) fails; that is, there exists a prime 1deal Pof T of
height one such that y ¢ P, PNT # 0, but ht(P NT[z]) = 2. Now ht(P nT) =1,
since L F; holds for T — T. Thus with P = PN T, we have PT[t] < Pn T(t];
that is, there exists f(t) € (P NT[z]) — PT|[z], or equ1valently there is a nonzero
polynomial f(x) € (T/(P nT) )[x] so that f(‘L') 0in T[t]/(P NT[t]), where T
denotes the image of 7 in T / P. This means that 7 is algebraic over the fraction field
of T/(P NT),a contradlctlon to (3).

For (2)= (3), let P be a height-one prime of Rsuchthat PNT = P # 0. Since
ht(P NTt) =1, PN T[t] = PT[r]and T[r]/(PTI[r]) canonically embeds in
T/P Thus the image of t in T[t]/PT|[r] is algebraically independent over T/ P.

For (1) <= (4), we see by (5.3) that (1) is equivalent to the embedding ¢: B —>
T;.* being L F|. Now (5.2.1) and (3.5.2) imply that when i is L F, itis also height-one
preserving. [
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5.8 THEOREM. Assume the setting and notation of (4.1) and in addition that
(R, m) := (T, n) is excellent. The following are equivalent:

(1) The elements ty, ..., Ty are primarily limit-intersecting in y over R.
(2) For every prime tdeal P of By = Rlti, ..., Tty With 'y & PR and
dim(By/P) < s, the extension PR is primary for the maximal ideal of R.

Proof.  For(1)=(2),let P € Spec(Bo) be suchthat y ¢ PRand dim(By/P) < s.
Suppose that PR s not mR- -primary. Then there exists a minimal prime divisor Q
of PR such that y & Q It fo]lows that ht(Q) < d — 1, where d = dim(R). Put
0= Q N By; now By —> R. is LFy_; and so the morphism

5 (Boo — Rz,

is faithfully flat. Hence by going-down [M2, Theorem 4, page 33], ht(Q) <d — 1.
But P C Q and By is  catenary, sO . d—1> ht(Q) > ht(P) >d,a contradlctlon

For (2)=(1), let P e Spec(R) with ht(P) <d-1. PutP = Pn By and
p= PN R = PN R. We show that the induced morphism

¢5: (Bo)p — Ry
is faithfully flat. By [MI1, (1) <= (3) of Theorem 22.3] we have to verify two

conditions:

(a) The morphism ¢ : (Bo/pBo)p —> (R/PR)7 is faithfully flat.
(b) p(Bo)p ®(By, Rp = PRp

Proof of (a). We observe that the ring (By/pBy)p is a localization of the poly-
nomial ﬁnﬁ (Rp/PRp)[T1, ..., Ta]. Hence the ring (Bo/pBo)ps, ‘ﬁ regylar and so is
the ring (R/pR)7;, since R is excellent. In particular, the ring (R/pR)+ is Cohen-
Macaulay, and [M1, Theorem 23.1] applies. Therefore we need only show the fol-
lowing dimension formula:

dim(R/pR)7 = dim(Bo/pBy) p + dim(R/P R)3.

Since PR is contained in P and ht(R) < d — 1, our hypothesis implies that
dim(By/P) > s. (If dim(By/P) < s, then PR is mR-primary.)

Claim. ht(P) in B() is equal to ht(PR) in R ifWe Spec(R) is a minimal prime
divisor of PR then ht(W) ht(P).

Proof of claim. Let t),...,t; be indeterminates over R, let § =
Rlt1, ..., t)m.r....r,) and consider the commutative diagram

S = R[tl’ ey t.\‘](m‘h,...,f.‘) E——

‘|

R —— By:=R[t, ..., Glm...ty —

>
— W)

)
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where X is the surjection with kernel (¢; — 1},...,t; — 75), and « is the restriction,
which is an isomorphism. Let Q € Spec(S) correspond to P € Spec(By) (that is,
Q :=a " '(P)andlet V = A~'(W). Then V is minimal over (Q, {t; — ;}) in S;. We
have that ht(Q) = ht(P) < d,y ¢ Q anddim(S/Q) > s. Leth = d —ht(P); that s,
ht(P) = ht(Q) = d—h anddim(S/Q) = s+h. Now choose sy, ..., s, € Ssuch that
I1=(Q,s,..., .vh)Shashejghtdin S. Nowdim(By/(P, a(s), ..-ra(sn))Bo)) = 5.
Thus (P, a(sy), ..., a(s,)) R is primary for the maximal ideal of R by the hypothesis.
Thus J = )»“'(Pkoz(s.), coa(sy) = (Q, 81, ..., s, {t; — ) is primary for the
mai(\imal ideal of S. Therefore ht(J) = s + d. But (V,sq,..., sn)S 2 JS, and so
ht(V) > s+d —h. Alsoht(V) < ht(Q)+s =d —h+s. Thatis, ht(V) =s+d —h.
Now ht(W) = d — h = ht(P), so ht(P) = ht(PR). R _

We proceed witllthe proof of (;8) as follows. Let W € Spec(R) be a minimal
prime divisor of PR contained in P. Then

dim(R/PR)3 = dim(Rp) — ht(PRp)

= dim(Rz) — ht(W)

= dim(R5) — ht(P(Bo)p)
dim(R) — ht(pRz) — (ht(P(Bo)p) — ht(p(Bo) p))
dim((R/pR)7) — dim((Bo/pBo)p).

I

Proof of (b). Since Rp —> (R — p)~ ! (By) is a flat extension we have that

P(Bo)p = PRy ®ry (Bo)p.

Therefore
P(Bo)p ®(By)» ﬁ? = (PRp ®rp (Bo)P) ®By)» ﬁ;g PRp ®rp ﬁ;;% Pﬁi)‘

where the last isomorphism is implied by the flatness of the canonical morphism
R, — Ry O

5.9 Remark. 1t would be interesting to know if a similar statement to that given in
(5.8) also holds without the hypothesis that T = R is an excellent normal Noetherian
domain, i.e., if T is a quasilocal Krull domain as in (4.1) does condition (1) in (5.8)
imply condition (2)?

We have the following transitive property of limit-intersecting elements.

5.10 PROPOSITION.  Assume the setting and notation of (4.1). Also assume that

s> landforall j €{l,...5}, set A(j) := F(ty,..., 7)) NT. Then the following
statements are equivalent:

(1) 7, ..., Ty are limit-intersecting, respectively, residually limit-intersecting, re-
spectively, primarily limit-intersecting in 'y over T .
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(2) Forall j € {1,...,s}, the elements 1y, ..., T; are limit-intersecting, respec-
tively, residually limit-intersecting, respectively, primarily limit-intersecting
in'y over T and the elements t;41, ..., T; are limit-intersecting, respectively,
residually limit-intersecting, respectively, primarily limit-intersecting in y over
A()).

(3) There exists a j € {l,...,s}, such that the elements 7|, ..., 7; are limit-
intersecting, respectively, residually limit-intersecting, respectively, primar-
ily limit-intersecting in y over T and the elements tj.y, ..., T, are limit-
intersecting, respectively, residually limit-intersecting, respectively, primarily
limit-intersecting in y over A(j).

Proof. Set B(j) :=Uje) T[Tins - - +» Tndintipory- I is clear that (2) = (3).

For (3) = (1), items (5.5) and (5.2.1) imply that A(j) = B(j) under each
of the conditions on 7y, ..., t;. The definitions of 7;,,..., 7, limit-intersecting,
respectively, residually limit-intersecting, respectively, primarily limit-intersecting
in y over A(j) together with (5.2.4) imply the equivalence of the stated flatness
properties for each of the morphisms

e ADIT 41 Tl — AP =T
e (ADIT41, -0 Tl=)y — T

v
e3: (B(DITjt1, o Tlw)y — T
s: (Tlry, .o, T)—)y — T

y

os: T, ..., Gl — T:-

The respective flatness properties for g5 are equivalent to the conditions that 7y, .. ., 7,
be limit-intersecting, respectively, residually limit-intersecting, respectively, primar-
ily limit-intersecting in y over T. Thus (3) == (1).

For (1) = (2), we go backwards. The statement of (1) for 7y, ..., T, is equiv-
alent to the respective flatness property for ¢s. This is equivalent to ¢4 and thus ¢3
having the respective flatness property. By (5.2.4), B()ITj+1,..., Tsl(-) —> T}
has the appropriate flatness property. Also B(j) —> B(j)[tj+1, ..., Tsl- is flat,
and so B(j) —> T has the appropriate flatness property. Thus t,...,t; are
limit-intersecting, respectively, residually limit-intersecting, respectively, primarily
limit-intersecting in y over T. Therefore A(j) = B(j), and so A(j) —> T has
the appropriate flatness property. It follows that 7j4(, ..., 7, are limit-intersecting,
respectively, residually limit-intersecting, respectively, primarily limit-intersecting in
yover A(j). 0O

6. Some examples

Let R = Q[x, ylix.y), the localized polynomial ring in two variables x and y
over the field QQ of rational numbers. Then R= QI[x, y]], the formal power series
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ring in x and Y, I is the m = (x, y) R-adic completion of R. In [HRW1], an element
T em=(x, y)R is defined to be residually algebraically independent over R if T is
algebraically independent over the fraction field of R and for each height-one prime
P of R such that PN R # (0), the image of 7 in R, / Pis algebraically independent
over the fraction field of R/ (P N R). It is shown in [HRW1, Theorem 4.4], that if
7 is residually algebraically independent over R and L is the fraction field of R[z],
then L N R is the localized polynomial ring R[T]im.q).

In this section we present several examples of residually algebraically independent
elements.

6.1 THEOREM. Leto € xQ[[x]] and p € yQl[y]] be such that the following two
conditions are satisfied:

(i) o is algebraically independent over Q(x) and p is algebraically independent
over Q(y).
(ii) trdeggQ(y, {32 7o IneN) > trdegqQ(x, {(£2}nen).

Then v := ¢ + p is residually algebraically independent over Q[x, y(x,y).

Before proving Theorem 6.1, we establish the existence of elements o and p
satisfying properties (i) and (ii) of Theorem 6.1. Leto = ¢* — 1 € Q[[x]] and
choose for p a hypertranscendental element in Q[[y]]. Recall that a power series
p = Z?io biy' € QIly]] is called hypertranscendental over Q[y] if the set of all
partial derivatives {z;;f,l }nen is infinite and algebraically independent over Q(y). (Two
examples of hypertranscendental elements are the Gamma function and the Riemann
Zeta function.’) Thus o, p satisfy the conditions of Theorem 6.1

Alternatively, let 0 = ¢* — 1 and p = ¢ =" — 1. The conditions of Theorem 6.1
follow from [Ax].

In either case, Theorem 6.1 implies that T := o + 1 is residually algebraically
independent, and we have the following corollary.

6.2 COROLLARY. There exists an explicitly defined element t € (x, y)Q[[x, y1]
such that t is residually algebraically independent over Q[x, ylx.y). Therefore the
localized polynomial ring Q[x, y, Tl v.¢) is the intersection Q(x, y, T) N R.

Proof of 6.1.  To show that the element t = o + p is residually algebraically
independent over R = Q[x, yl(«,), we introduce the intermediate ring

D :=Q(x, o) NQ[[x]].

Then D is an excellent discrete valuation domain with completion D = QILx11,
and D has transcendence degree 2 over Q. There is a convenient way to de-
scribe D as a directed union of polynomial rings in two variables over Q: Set

3The exponential function is, of course, far from being hypertranscendental.
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= Zaixi, where a; € Q. Then the nth-endpiece for o, defined as in (2.3),
satisfies 0, = x(0,41 + an+1) and D can be obtained as

o0
D= l_li)n Q[-xv Un](x.o‘,,) = U Q[xa an](x.rf,,)‘
n—00 n=l1

The displayed statement follows by (5.4.1): Every element of Q[[x]] which is alge-

braically independent over Q(x) is also primarily limit-intersecting over the discrete
valuation domain Q[x]).

Since o € Dx, the maximal ideal of D is (x). The structure morphism

Q[x’ On](x.a,,) -—> Q[-x’ 0r1+l](x,n,,+|)

is defined by the relation o, > x (0,41 + an+1)-

The ring T := D[y](.y) is between R and its completion R and has completion
T =R:

R =Qlx, ylu.y — T = Dylu.y — R=T = Qllx, yl]

R = Ql[z,]]

T:= D[y](:r,y)

T

—

o
o
D :=Q(z,0) N Q[[IE]]

= UQ[“’: on](z,rrn) R:= Q[.’E, y](l‘,y)

The rings of the example

To show that T := o + p is residually algebraically independent over R, let Q be
a height-one prime ideal of R and assume that P := Q NR#0. Let W := Q NnT.

It is easy to see for P = (x) or P = (y)_that the image T of 7 in R QIlx, y]]/Q
remains algebraically independent over R = Q[x, y](.y)/P. We show:

6.3. PROPOSITION. Let P € Spec(R) and Q € Spec(ﬁ) be height-one primes as
in the paragraph above with P # (x) and P # (y). Then T is transcendental over
T := T/W, and the set (G, p} is algebraically independent over R. In particular
T = 0 + p is residually algebraically independent over R.
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Proof. Consider the commutative diagram
Py 35 5/A Y=
Qyll —— R=R/Q «—— Q[]]

T=T/W

I

Al > R=FR/P *—Qlaly

All morphisms in the diagram are injective and we obtain:

(a) Thering R is algebraic over the rings Q[x],, and Q[ ¥](y) since trdegQ(R) =1.
(b) The ring R is finite over both rings Q[[x]] and Q[[y]].

To complete the proof of (6.3) we prove the following claim:

6.4 Claim. trdegQ(T) = 2, and thus trdeg ,@(7_" )= 1.

Proof of (6.4). Let Wy = W N Qlx, y,o]. Since D[1/x] is a localization of
Qlx, 0](x,s), we see that T[1/x] is a localization of_Q[x, y, 0]/ Wy. Now W has
height one because x ¢ Wy. This shows that trdego(T) = 2.

Proof of (6.3) continued. We have seen that the element & is algebraically inde-
pendent over R. Now & € T, and trdeg[T : Q] = 1+ trdeg[D : Q] = 3, whereas
trdeg[R : Q] = 2. Also trdeg[T : Q] < 2, and trdeg[R : Q] < 1. Thus to show that
7 is transcendental over T is equivalent to showing that the set {5, p} is algebraically
independent over R. In order to show this we make use of the differential properties
of the functions ¢ and p. We first pass to the embeddings of the fraction fields:

()~ QR = Q7 7))

Q(T) := Q(y,5,%)

Aj) ——— QR) = Q)
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We have Q(R) = Q(J, %) and Q(T) = Q(¥, &, X) where X is algebraic over
Q(y), and y and & are algebralcally independent over Q. Let d, respectively d,
denote the partial derivative map ﬂ on Q((¥)), respectively on Q(¥). Note that d

is the restriction of d to Q(3). Since all the horizontal field extensnons are separable

algebraic, d and d extend uniquely to derivations dl and d, of Q(R) = Q(QI[x, y1D,
respectively Q(R) := Q(x, y). Again d| is the restriction of d, to Q(x, y). Suppose
that the height-one prime ideal P in R = Q[x, yl.,) is generated by the prime
element p(x) given by

p(x) =Y ai(y)x' € Qlx, yl, where a;(y) € Qly.
i=0
Then p(x) = 0. We assign the notation p’(x):
a m .
P = 2L = ;iai<y)i"' #0,

because x is separable over Q[y]. Also (since 0 =d,(p(X)))

| 9,(5) -
ap) = 2 (") —Z[ “(y) F +a(iE " d@®)]

aa;(y) _; SN i—1
= - ; 5 % =@ gzai(y)m
= di®p'E) =di(@)p' ).
Thus, we have shown that p’(i)a x) € I:f
Next we show:

6.5 Claim. For every element A € 175 we have that p’(i)c/i\. A) € 17?\

Proof of (6.5). Letq(x,y) € Q[[x, y]] be a prime element generating @ Since
x and y are not contained in P, the element g(x, y) is regular in x (in the sense of
Zariski-Samuel [ZS, p.145]). Thus by [ZS, Corollary 1, p. 145] the element g(x, y)
can be written as

G0, y) = €, A" 4 by N+ + Do (),
for some unit €(x, y) € Q[[x v]], where each b (y) € Qlly]]l. Now Q is also

generated by e“q, and thus R = Q[[x yll/ Q is a finite free Q[[y]]-module with
basis 1, X, %"=!. Thus every element A € R can be written as

A=CME" 4+ ()X +C(F), where T € QI
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This implies
n—1
) =di(®(n = DG DEF 2+ +AG)N + )_d@ENF.

Now the sum expressmn on the rlght is in R. But also, by the earlier argument,
p (x)dl x) e R and so p (x)d] ) e R O

Note. For convenience we drop the bars on x, y, g, p. For the remainder of thls
proof, x, y are considered in R Thus we rewrite the last result as: p (x)dl (A) € R.

6 6 Claim. a(a) =d, (x)g—‘; and for alln > 1, ;1\, "(o) is a linear combination

of 22 over Q(x, y) = Q(R), where | < i < n. (Note that d; : O(R) — O(R)
and that its restriction d; lowk) : : Q(R) —~ Q(R) is a derivation of Q(R).)

Proof of (6.6). For all m € N we have

o= Zax +x"A where A = Z aixi~™*+) ¢ Rand ¢; € Q.
i=1 i=m+1

Therefore

p'0)di () = p'x)di(x) Y iaix'™" + p'()di ()x"x + x"H p'(x)dy (V).

i=1

By Claim 6.5,
’ T ’ do =
p (x)di(c)—p (x)dl(X)a e ™R forallm e N.

Since we are in a domain, it follows that cfl (o) = d, (x)a—j, as desired. The second
statment of (6.6) follows by induction.

Completion of proof of (6.3).  The field AT, {52 )nen) = Qy, 0, x, {52} nen)
is closed under dl and has the same transcendence degree over Q as the field Q(x,
{ g’;{" }nen). Now d, extends to the algebralc closure of Q(y, o, x, {£2 a7 Inen) uniquely.
If t is algebraic over Q(T), then the set { * }nen is contained in the algebraic closure
of the ﬁeld (T, {‘;’,:‘,f }nen). But this is Im[)OSSlble, since the transcendence degree
Of Q(y’ { axn }"EN) 18 too large

An alternative way of saying this is as follows: The fraction field of T, Q(T)
Q(y, 0, x) is generated by y, &, and X, which are all mapped into Q(T) under dl
This shows that the field Q(T) is closed under the derivation d, Moreover, since
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the rationals are contained in Q(T—')_, this derivation extends uniquely to the algebraic
closure. If p is algebraic over Q(T) all its partial derivatives are algebraic over the
same field, a contradiction to our assumption that { (5 } is an algebraically independent

set of elements over Q. Now Q(())) — Q(R) and c’i\l is the partial derivative:
Q((3)) = Q(()). This shows that p is transcendental over Q(T) and hence T is
transcendental over R.

This completes the proof of Proposition 6.3 and Theorem 6.1. O

6.7 Example. The element T = o + p is residually algebraically independent
over R = Q[x, y}+.,). Thus by [HRW1, Theorem 4.4], we have

Q(x7 Yy, T) N k\ = Q[x7 )’» t](x.y.r)~

Since dim(R) = 2, by Theorem 5.6 [HRW1], the element t is also primarily
independent over R = Q[x, yl(«.,) in the sense of [HRW1, Definition 3.1], that is,
for everxpﬁmgideal P of S = R[ty, ..., Wlmn....1,) such that dim(S/P) < n, the
ideal PR is mR-primary.

6.8 Example. For S := Q[x, ¥, Z)x,y.2), the construction of (6.3) yields an ex-
ample of a height-one prime ideal P of S = Q[[x, y, z]] in the generic formal fiber
of S such that

QS)N(S/P)=S.

Proof. Let P:= z—1)C QI[x, y, z]], where 7 is the element of Theorem 6.1.
Then Q(x, y, z) N s / P can be identified with the intersection Q(x, y, 1) NQ[[x, ¥y11
of (6.1). Therefore

Qx, y,2) N (S/P) = S = Qlx, y, Zliey)-

The prime ideal P'isnot maximal in the generic formal fiberof § = Q[x, y, zl(x.y.2)
since every prime ideal maximal in the generic formal fiber of a polynomial ring in
one variable over a two-dimensional ring has height2. O

Example 6.8 demonstrates that the strong connection between the maximal ideals
of the generic formal fiber of a localized polynomial ring and certain birational exten-
sions of this localized polynomial ring does not extend to prime ideals nonmaximal
in the generic formal fiber of this ring. (See [HRS] for more details.)

6.9 Example. Again let § = Qlx, y, z]x.y.o)- With a slight modification of
Example 6.8, we exhibit a prime ideal P in the generic formal fiber of S which does
correspond to a nontrivial birational extension; that is, the intersection ring

A:=0Q)NS/P

is a spot over S.
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Proof. Lett be the element from Theorem 6.1. Let P = = (z—x7) € Q[lx, y, 2]].
Since t is transcendental over Q(x, y, z), the prime ideal P is in the generic formal
fiber of S. The ring S can be identified with a subring of S / P = Ql[x, y1] by
considering S = Q[x, y, xt].y.xr). By reasoning similar to that of Example 6.8,

QS NQ[[x, yI1 = Qx, y, ©) NQ[[x, y11 = Qlx, y, Tlix,y.0)-

The ring Q[x, y, Tl(+.y,r) is then the essentially finitely generated birational extension
of § defined as S[z/x]x.v.zxy. O

Example 6.9 is of interest in connection with [HRS], where it is shown that if
the prime ideal P of QI[x, y, z]] is maximal in the generic formal fiber of § =
QIx, y, 2)ix.y.)» then the intersection ring Q(x, y, z) N Q[[x, y, z]1/ P is well under-
stood; whereas the last two examples show if P is not maximal in the generic formal
fiber, then the intersection ring can be almost anything.

6.10 Example. Leto € xQ[[x]] and p € yQ[[y]] be as in Theorem 6.1. If D :=
Qx,0) N Q[[x]L: U:°=| QIx, 04lix,0,) and T := D[yl(.y), so T is regular local
with completion T = Q[[x, y]], then the element p is primarily limit-intersecting in
yoverT.

Proof. We show that the morphism ¢,: T[p] — Q[[x, y1], is LF;; that is,
the induced map ¢7 : T[pl3; PTip) QI[x, y]17 is flat for every height-one prime
ideal P of Q[[x, y]] with y ¢ P. Itis equivalent to show for every height-one
prime P of QIlx, y]] that PN T[p] has height < 1. If P = (x), the statement is
immediate, since p is algebraically independent over Q(y). Next we consider the case
P N Qlx, y,o] = (0). Since Q(x, y,0) = Q(x, y, 0,) for every positive integer n,
PN Qlx, y,0] = (0) if and only if P N Q[x, y, 0,] = (0). Moreover, if this is true,
then since the fraction field of T'[p] has transcendence degree one over Qx,y,0),
then PﬂT[Jg] has height < 1. The remaining case is where P := PﬂQ[x y, o] # (0)
and xy ¢ P. By Proposition 6.3, p is transcendental over T=T/ (P N T), and this
is equivalent to ht(P N T[z]) = 1. (For an alternative proof see [HRW2], (3.5).) O

Still referring to p, o, 0, as in (6.1) and (6.10) and using the fact that o is primarily
limit-intersecting in y over T, we have

A= Q(T)(p) n Q[[x» y]] = li)n T[pn](x.y,p,,) = h_r)n Q[x9 Y On, pn](x,y.ffn,l)n)

where the endpieces p, are defined as in (2.3); viz.,, p := Y oo by’ and p, =
Y .41 biy'™". The philosophy here is that sufficient “independence” of the alge-
braically independent elements o and p allows us to explicitly describe the intersection
ring A.

The previous examples have been over localized polynomial rings, where we are
free to exchange variables. The next example shows, over a different regular local
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domain, that an element in the completion with respect to one regular parameter x may
be residually limit-intersecting with respect to x whereas the corresponding element
in the completion with respect to another regular parameter y may be transcendental
but fail to be residually limit-intersecting.

6.11 Example. There exists a regular local ring R with R= QI[x, y11 such that
o = e* — 1 is residually limit-intersecting in x over R, whereas y = e¢* — 1 fails to
be limit-intersecting in y over R.

Proof. Let {w;}ie; be a transcendence basis of Q[[x]] over Q(x) such that

{e" }uen C {wilier-

Let D be the discrete valuation ring

D = Q(x, {wi}ier.mze) NQILx]]

Obviously, Q[[x]] has transcendence degree 1 over D. The set {e¢*} is a transcendence
basis of Q[[x]] over D. Let R = D[yl.,). By (5.4.1), the element 0 = &* — |
is residually limit-intersecting in x over D. Moreover, by [HRW2, (3.3)], o is also
residually limit-intersecting over R := D[y],,,). However, the element y = e* — 1
is not residually limit-intersecting in y over R. To see this, consider the height-one
prime ideal P := (y — x2)Q[[x, y]]. The prime ideal W := P N R[t](x.y.r) contains
the element y — e’ — 1 =e" — e . Therefore W has height greater than one and y
is not residually limit-intersecting in y over R. O

Note that the intersection ring Q(R)(t) N Q[[x, y]] is a regular local ring with
completion Q[[x, y]] by Valabrega [V].

Added in Proof. Since completing this article, the authors have obtained addi-
tional results related to [HRW2, (2.12)] cited in (5.6.3); these new results will appear
in Noetherian domains inside a homomorphic image of a completion, J. Algebra.
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