Higher homotopy associativity
of power maps on finite H-spaces

Yusuke Kawamoto

Abstract Let p be an odd prime, and let A € Z. Consider the loop space Y; = S?;;l for
t > 1 with ¢t|(p—1). Then we first determine the condition for the power map @ on Y; to
be an Ap-map. We next assume that X is asimply connected Fp-finite Ap-space and that
Ais a primitive (p — 1)st root of unity mod p. Our results show that if the reduced power
operations {f/}i}iZl act trivially on the indecomposable module QH*(X;F,) and the
power map @ on X is an Ay-map with n > (p — 1)/2, then X is Fp-acyclic.

1. Introduction

A grouplike space is a homotopy associative H-space with a homotopy inverse.
Let X be a grouplike space. We denote the multiplication and the homotopy
inverse of X by p: X? — X and 1: X — X, respectively. Consider the power
maps {®Py: X = X}iez on X given as follows. If A >0, then @, is inductively
defined by ®¢(z) =e and

(1.1) Px(z) = p(Pr_1(z),z) for A>0,

where e € X is the base point of X. In the case of A <0, we can define @, by
&\ (z) = 1(P_x(x)) with (1.1). From the definition, the multiplication of X is
homotopy commutative if and only if all the power maps {®)}rcz on X are H-
maps. On the other hand, if X is a double loop space, then we see that {®)}rcz
are loop maps.

Consider the p-localization 5(2;; ! of the (2t — 1)-dimensional sphere for an
odd prime p and t > 1. Then 5(2;;1 is a loop space if and only if t|(p — 1) by
Sullivan [31, pp. 103-105] (see also [14, p. 172, Theorem A]). We denote the
loop space S(Q;)_ ! by ¥;. The loop multiplication of Y; is assumed to be strictly
associative (cf. [14, p. 45]).

From the result of Arkowitz, Ewing, and Schiffman [2, Theorem 2.4], we have
the following (see also [20, Theorem 2(d)]).
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THEOREM 1.1 ([2])

Let p be an odd prime. Then the power map @5 on Y,_1 is an H-map if and only
if A(A—1)=0mod p.

When ¢ # p — 1, all the power maps {®y}recz on Y; are H-maps since the mul-
tiplication of Y; is homotopy commutative by [2, Theorem 0.1(1)]. Although p-
completed spheres are considered in [2], their results are also valid for p-localized
spheres (see [2, p. 296]). We note that Theorem 1.1 is generalized to the case of
several p-localized finite loop spaces by McGibbon [20, Section 4] and Theriault
[32, p. 85].

On the other hand, the condition for the power map @, on Y; to be a loop
map is determined by Lin [18, Theorem 1.3].

THEOREM 1.2 ([18])
Let p be an odd prime, and let t > 1 with t|(p — 1). Then the power map Py on
Y; is a loop map if and only if X = a® for some p-adic integer o € ZI/)\.

REMARK 1.3

When A # 0 mod p, the above result was proved by Arkowitz, Ewing, and Schiff-
man [2, Theorem 4.4 and Corollary 4.5] (see also Rector [24, Section 3]). As
is noted in [18, p. 740], Theorem 1.2 can also be derived from the result of
Wojtkowiak [35, Theorem 1] or Mgller [23, Theorem 1.2].

Using some results from number theory, Theorem 1.2 implies the following corol-
lary (cf. [2, Lemma 4.3]).

COROLLARY 1.4

Let p and t be as in Theorem 1.2. Put m= (p —1)/t. Assume that A #0, and
write A =p®b with a >0 and b % 0 mod p. Then the power map @y on Y; is a
loop map if and only if tla and b™ =1 mod p.

According to Sugawara [30, Section 2], we have a condition for an H-map between
topological monoids (strictly associative H-spaces) to be homotopic to a loop
map. His condition is called strongly homotopy-multiplicativity. Generalizing the
condition, Stasheff [27, II, Definition 4.4] introduced the concept of A,-maps
between topological monoids.

From the definition, an As-map is just an H-map. On the other hand, a map
f: X =Y isan A,-map if and only if we have the induced map Bf: BX — BY
with f ~ 2(Bf) by Stasheft [27, II, Theorem 4.5], where BX and BY denote the
classifying spaces of X and Y, respectively. Hence, A,-maps can be regarded as
intermediate stages between an H-map and a loop map.

McGibbon [21] considered a condition for the power map on a topological
monoid to be an Az-map. Applying the main result [21, Theorem 9] to the case
of Y(,_1)/2, he proved the following result.
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THEOREM 1.5 ([21, THEOREM 10(I11)])

Let p > 3. Then the power map ®x on Y(,_1)/2 is an Az-map if and only if
A(A2 — 1) =0 mod p.

We first generalize Theorems 1.1 and 1.5 as follows.

THEOREM A

Let p be an odd prime, and let t > 1 with t|(p —1). Put m=(p —1)/t. Then the
power maps {Px}aez on Y: satisfy the following.

(1) &y is an A,y -map for any A € Z.
(2) Dy is an Apmy1-map if and only if A\(A™ —1) =0 mod p.

When A # 0 mod p, the power map @, on Y; is an A,,,+1-map if and only if it is
a loop map by Theorem A(2) and Corollary 1.4.
In the case of A =0 mod p, we have the following.

THEOREM B
Let p, t, and m be as in Theorem A. Assume that A=0mod p and 2 < j <t.
Then the power maps {Px}rez on Y: satisfy the following.

(1) If Dy is an Agj_1ymy1-map, then it is also an Aj,,-map.
(2) @ is an Ajpr1-map if and only if =0 mod p7.

From Theorems A(2) and B(2) and Corollary 1.4, we have the following corollary.

COROLLARY 1.6

Letp, t, and m be as in Theorem A. Then the power map @ on'Y; is an A,-map
if and only if =0 mod p' or ™ =1 mod p.

Sugawara [29, Theorem 1.1] also gave a criterion for an H-space to be of the
homotopy type of a topological monoid. His criterion is higher homotopy asso-
ciativity for multiplication. Later Stasheff [27, I, Section 2] expanded the criterion
into the concept of A,-spaces (see Section 2).

From the definition, an A, -space is an H-space whose multiplication is homo-
topy associative of the nth order. In particular, an As-space and an Az-space are
an H-space and a homotopy associative H-space, respectively. Moreover, a space
is an As.-space if and only if it is of the homotopy type of a topological monoid
by Stasheff [28, I, Theorem 5] (see Remark 2.1).

According to Iwase and Mimura [11, Section 3], Stasheft’s definition of A,,-
maps between topological monoids is also generalized to the case of maps between
A -spaces (see Section 2).

In this article, all spaces are assumed to be pointed, connected, and of the
homotopy type of CW-complexes. Hence, any A,-space can be regarded as a
grouplike space for n > 3. A space X is called F-finite if the mod p cohomology
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H*(X;T,) is finite-dimensional as a vector space over F,,, and is called F-acyclic
if the reduced mod p cohomology H*(X;F,) =0.
Our result is as follows.

THEOREM C

Let p be an odd prime. Assume that X is a simply connected F,-finite Ap,-space
and that X is a primitive (p — 1)st root of unity mod p. If the reduced power
operations {?%};>1 act trivially on the indecomposable module QH*(X;F,) and
the power map ®5 on X is an A,-map with n> (p—1)/2, then X is Fp-acyclic.

REMARK 1.7

(1) In Theorem C, the assumption that X is an “A,-space” cannot be
relaxed. In fact, the power maps {®@}rez on the A,_;-space Z; in Example 2.2
are A,_;1-maps for any p >3 and t > 1.

(2) If X is not a primitive (p — 1)st root of unity mod p, then Theorem C
does not hold from the following facts.

(i) When A =0 mod p, the power map @5 on Y5 is an A(,,1)/o-map by
Theorem A(2).

(ii) Assume that \¥ =1 mod p for some k with 1 <k <p—1 and k|(p —1).
Put t=(p—1)/k > 1. Then the power map &, on Y; is a loop map by Corol-
lary 1.4.

(3) Since the power maps {®x}rez on Ys are A(,_1)/2-maps by Theorem
A(1), the assumption “n > (p—1)/2” is necessary.

This article is organized as follows. In Section 2, we outline the higher homotopy
associativity of H-spaces and H-maps introduced by Stasheff [27, Section 2] and
Iwase and Mimura [11, Section 3], respectively. In Section 3, Theorems A and B
are proved by using the Brown—Peterson operations. Section 4 is devoted to the
proof of Theorem C. We first recall the modified projective space R, (X) of an A,,-
space X constructed by Hemmi [7, Section 2]. Based on the mod p cohomology
of R,(X), we have an unstable o7,-algebra T'(p) (see Theorem 4.2(2)). We next
recall the concept of Z,,-algebras in Hemmi and Kawamoto [8, Section 2], and we
show that if the power map @, on X is an A,-map, then T'(p) is a Z,-algebra
(see Theorem 4.3). Theorem C is proved by using Theorem 4.3 and some results
on Z,-algebras from [8, Section 3].

2. Higher homotopy associativity

We first recall associahedra and multiplihedra constructed by Stasheff [27] and
Iwase and Mimura [11], respectively.
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K3(3,2) K2(2,3)

K1(2,2) 0—— K5(2,2)
K1(372) K2(3,2)

Ki(2,3)

Figure 1. The associahedra K3 and Kjy.

Figure 2. The associahedron Kp.

Stasheff [27, I, Section 6] constructed the associahedra {K,,},>1 in order to
define A, -spaces. From the construction, the associahedron K, is an (n — 2)-
dimensional polytope whose boundary 0K, is given by

0K, = U Ky (r,s) forn>2,
(r,s,k)EK,,

where (see Figures 1 and 2)
K, = {(7‘7871{3) €N?|r,s>2 with r+s=n+1 and kgr}.

The facet (codimension 1 face) Kj(r,s) is isomorphic (affinely homeomor-
phic) to the product K, x K, via a face operator

Ok(r,8): K, x Ky — Ky(r,s) for (r,s,k) € Ky,

and there is a family {o;: K,, = K,_1}1<j<n of degeneracy operators (see [27,
I, Section 2]). For convenience, we also put K7 = {*}. Note that the associahedra
{K, }n>1 are also used to define A,-maps from A,,-spaces to topological monoids
by Stasheft [28, Definition 11.9].

Iwase and Mimura [11, Section 2] introduced another family {.J,},>1 of
special complexes when defining A,-maps between A,-spaces. Later Forcey [3,
Theorem 3] reconstructed J,, as the convex hull of a finite set of points in R
(see also [10, Appendix EJ). The polytopes {J,, }»>1 are called multiplihedra.
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Jl(171’ 1)
J'(1,1) J'(2,1) J'(1,2)
Ja
Ji1(2,2) J2(2,2)
J1(1,2)
J1(173)
Figure 3. The multiplihedra Js and Js.
— J'(1,2,1)
J'(1,1,1,1)
J'(1,3) J'(3,1)
J'(1,1,2) J'(2,1,1)
J3(3,2) J1(3, 2)
J'(2,2)

Figure 4. The multiplihedron Jy4.

From their constructions, the multiplihedron J, is an (n — 1)-dimensional
polytope whose boundary 0.J,, is given by

aJ, = U Ji(r,s) U U J(t1,...,tm) forn>1,
(r,s,k)EIn (t1yetm) €D,

where (see Figures 3 and 4)

Jo={(r,s,k) eEN*|s>2withr+s=n+1land k<r}
and

I, ={(t1,...,tm) EN" |[m>2and t; + -+ t, =n}.
Moreover, we have face operators

{5k(r,s Jr X Kg = Ji(r, s }(rsk)eﬂn

and

{0/ (t1, s tin) s Ko X Ty X oo X Ty = T (b tm) by et

and degeneracy operators {Cj sy — Jn71}1§jgn~ As in the case of associahedra,
the facets Ji(r,s) =2 J. x Kg and J'(t1,...,tm) 2 Ky X Jp, X -+ X Jp, | via 0 (r, s)
and &' (t1,...,tm), respectively.

We next outline the higher homotopy associativity of H-spaces and H-maps.
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z(y(zw))

ps(t, =y, (zw)) zu3(t,y, z,w)

s A (on)(zw) ()
M3 (t7 Z, (yz)7 w)

(z(yz))w

H3 (t7 (.’L‘y), 2, ’LU)

((zy)z)w

ps(t, =, y, z)w

Figure 5. The A, -forms on X for n =3 and 4.

According to Stasheff [27, I, Section 2], an A,,-form on a space X is a family
{pi Ki x X" — X }1<i<n of maps with the following relations:

@1 julen) =z,
,ui(ak(r,s)(a,b),xl,...7aci)
(2.2) :,ur(a,xl,...,xk_l,us(b,xk,...,xk+5_1),mk+s,...,xi)
for (r,s,k) € K;,

,ui(a,arl,...,:Ej_1,e,3:j+1,...,xi)
(2.3)

=pi—1(oj(a), @1, .,z 1,2j41,...,25) for 1<j<i.

A space with an A,-form is called an A,-space for n > 1 (see Figure 5). If
there is a family {p;};>1 of maps such that {u;}1<i<n is an A,-form on X for
any n > 1, then X is called an A,.-space.

REMARK 2.1
(1) An A;-space is just a space. Since pa(*,,€) = pa(*,e,x) =z,

u3(81(2,2)(*,*),:v,y7z) :(xy)z, and ﬂ3(82(272)(*7*)7$7y7z) :x(yz),

an As-space and an Asz-space are an H-space and a homotopy associative H-
space, respectively.

(2) From the result of Stasheff [27, I, Theorem 5], a space is an A,.-space
if and only if it is of the homotopy type of a topological monoid (see also [28,
Theorem 11.4] and [14, Sections 5 and 6]).

The concept of higher homotopy associativity for maps was first introduced by
Sugawara [30, Section 2] and Stasheff [27, I, Definition 4.4] in the case of maps
between topological monoids. Later Stasheff [28, Definition 11.9] also consid-
ered A,-maps from A,-spaces to topological monoids by using the associahedra
{K}iza

The full generalization was described by Iwase and Mimura [11, Section 3].
They defined A,-maps between A, -spaces by using the multiplihedra {J;};>1.
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w3 (t, f(2), f(y), F(2))
(F@ W) § F@(F@)f(=)

flx)f(y) n2(t,z,y) f(z) fx)n2(t,y, 2)
f(xy)f(2) f(@)f(y=2)
772(tvxvy)
n2(t, (zy), 2) n2(t,z, (y2))
f(zy) f((zy)2) f(z(yz))

F(ug (t,@,y,2))

Figure 6. The A, -forms on f for n =2 and 3.

Let X and Y be A,-spaces with A,-forms {uX }1<i<, and {u} }1<i<n, respec-
tively. An A,-form on a map f: X =Y is a family {n;: J; x X* = Y }1<;<p of
maps with the following relations:

(2.4) m(xz) = f(z),
0 0k (r, 8)(a,0), 1, .., 1)
(25) =MNr (CL,SCl, cee 7xk—1vﬂf(b7 Ty - -;xk+s—1>azk+sa .. .,mi)

for (r,s, k) €,
ni(é’(tl,...,tm)(a,bl,...,bm),xl,...,xi)

(26) = M’B:L (a‘?ntl (blvmla cee 71'251)7 e Mty (bm’xt1+'“+tm_1+17 s 71'1))
for (t1,...,tm) €,
’I’],‘(a,l‘h e ,Ql‘j_1,€,.13j+1,.. . 7$i)

(2.7)
:ni—l(Cj(a)axlw--7xj—17xj+1;-~-717i) fOI‘ 1 S] S 7.

A map between A, -spaces admitting an A,-form is called an A,-map for
n>1 (see Figure 6). From the definition, an A;-map is just a map. Since

12 (51(172)(*7*)71'7?4) = f(xy) and 72 (6/(17 1)(*7 *)axay) = f(x)f(y)v

an As-map is the same as an H-map. In general, an A,-map is an H-map between
A, -spaces preserving homotopically their A,,-forms for n > 2.

If there is a family {n;};>1 of maps such that {n;}1<i<n is an A,-form on f
for any n > 1, then f is called an A,,-map. From the result of Iwase and Mimura
[11, Theorem 3.1], f: X — Y is an Ao-map if and only if we have the induced
map Bf: BX — BY with f~ Q(Bf), where BX and BY denote the classifying
spaces of X and Y, respectively (see also [14, p. 55]).

Assume that X and Y are A,-spaces with A,-forms {uX}i<i<, and
{uY Y1<i<n, respectively. According to Stasheff [27, II, Definition 4.1], a map
f: X =Y is called an A,-homomorphism if fuX =puY (1x, x f%) for 1 <i<n.
From the definition, an A,-homomorphism is an A,-map.
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Let p be an odd prime, and let t > 1. The double suspension Xs: 5(2;;1 —
(225’(2;)“ is defined as the double adjoint of the identity 1S(Qt>+1 on 5’(2;)“ ~
p

225(2;;1. Then 5(2;;1 is an A,_;-space so that Y5 is an A,_;-homomorphism by
Stasheff [27, I, Theorem 17]. We denote 5(2;;1 with this A,_;i-structure by Z;.

EXAMPLE 2.2
Let p >3 and ¢t > 1. Then the power map @, on the A, _;-space Z; is an A,_;-
map for any \ € Z.

Proof

For surnph(nty7 we write (2, = QQS 2t+1 . Since {2 is a double loop space, the power
map 45,\ on §2; is an A -map for any A € Z. We denote the A,.-form on 45,\ by
{Miti>1. Let w;: J; x (Z;)" — (2 be defined by w; =7;(1,, x (¥2)*) for i > 1.

By induction on i, we construct an A, _j-form {n;}1<i<p—1 on P, with
Yomi =w; for 1<i<p—1. Put ni(x,2) =z for x € Z;. Assume inductively
that {n;}1<j<: is constructed for some ¢ with 2 <i<p—1. Let I;(X) =0J; X
XU J; x XU for a space X, and let i > 1, where X¥ denotes the i-fold fat wedge
of X defined as

X[i]:{(xl,...,xi)GXi|xj:e for some j with 1§j§i}.

Then (J; % (Ze)")/13(Z:) = Sty

Now we define v;: I3(Z;) — Z; by (2.5)—(2.7). By inductive hypothesis,
YoV = wilr,(z,)- The obstructions to obtain n;: J; x (Z)" — Z; with Nilr(z,) =
v; and Xon; = w; appear in the following cohomology groups (cf. [1, Proposi-
tion 9.2.3]):

(2.8) HY (0 % (Z0)8, Ti(Ze); i (Fy)) = HY (52“ %mp(Fy))  for k> 1,
where F; denotes the homotopy fiber of X5. Then (2.8) is nontrivial only if
k=2ti —2<2p—2t—2<2p—4.

On the other hand, 7 (F;) =0 for k < 2tp — 4 by Toda [34, Corollary 13.2].

Hence, (2.8) is trivial for any k, and we have a map n;. This completes the
induction, and we have an A,_;-form {n;}1<;<p—1 on P,. O

REMARK 2.3
When p=3 and ¢t > 1, Z; is not a grouplike space from the following facts.

(1) It 5(2;:)71 is an As-space, then t =1 or 2 by [4, Theorem 1.2].

(2) Zs for p=3 is a homotopy commutative H-space (cf. [15, Example 4.8
and Remark 4.5(1)]). Then it is not an As-space by [2, Proposition 3.1 and
Theorem 3.3].

The following propositions are used to prove Theorems A and B in Section 3.
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PROPOSITION 2.4
Assume that p, t, and m are as in Theorem A. Let A€ Z and 1 < j <wp. If the
power map Py on Yy is an A(j_1ym41-map, then it is also an Ajp,-map.

PROPOSITION 2.5

Let p, t, and m be as in Theorem A. If the power map @5 on Yy is an A,,q1-map,
then A(A™ — 1) =0 mod p.

In a similar way to the proof of Example 2.2, we can show Proposition 2.4 as
follows.

Proof of Proposition 2./

By induction on ¢, we construct an Aj,-form {n;}1<i<jm on @5. From the
assumption, we have an A(;_1ym41-form {n;}1<i<(j—1)m+1 on @x. Assume induc-
tively that {n;}1<;<; is constructed for some ¢ with

(2.9) (- Dm+2<i<jm.

Define 7;: I;(Y;) — Y: by (2.5)—(2.7). Then the obstructions to obtain
ni: Ji x (V)" =Y, with 0;|r,(v;) = 7 appear in the cohomology groups (cf. [1,
Proposition 9.3.3])

(2.10)  H"(Jx (V) Li(Ye);me(Ye)) = HF (S22 me(Ya)) - for k> 1.
The above is nontrivial only if k is an even integer with
(2.11) 20+2(j-Dp—-1)—2<k<2t+2j(p—1)—2

since (j —1)(p—1)+2t<ti<j(p—1) by (2.9).

On the other hand, 74 (Y;) =0 for any even integer k with (2.11) by [34,
Theorem 13.4]. Hence, (2.10) is trivial for any k, and we have a map 7;. This
completes the induction, and we have an Aj,,-form {n;}i1<i<;m on ®,. O

Let X be an A,-space. Stasheff [27, I, Theorem 5] constructed the projective
spaces {P;(X)}o<i<n associated to the A,-form on X. From the construction,
Py(X)={*}, Pi(X)=XX, and we have a fibration

(2.12) X —— yitlxnm 22 p(X)
and a long cofibration sequence

yimixn 2Ly p(X) == P(X)

Zvi-a
L

P iy for 1 <i<n,

where X”\* denotes the i-fold smash product of X. When X is an A..-space, we
have P (X)= BX.

Proof of Proposition 2.5
It is known that (cf. [14, Sections 7 and 24])



Higher homotopy associativity of power maps 857

H* (Ppy1(Y2);Fp) 2 Fplz]/(2™?)  with degz = 2t

and
(2.13) P (x)=¢Ex™ T with € # 0 mod p.

Since @, is an A,,41-map, we have the induced map

Pri1(D2): Pra1(Ye) = Pr1(Ye)  with Prg1(@a)em ~ e (X))
by [28, Theorem 8.4], where ; = ¢;---11: XY; = P1(Y;) = Piy1(Y:) for i > 1.
Then P,,+1(®))*(x) = Az, and so we have that
PP (@) () =EXx™™ and Py ($)) P (x) =A™

Hence, A(\™ — 1) =0 mod p. O

3. Brown-Peterson cohomology

Let X be a connected space with the homotopy type of a CW-complex of finite
type. The Brown—Peterson cohomology BP*(X) of X is a module over

BP* =Z,lv1,v2,...] with degv; = —2(p" — 1) for i > 1,

where Z,) denotes the p-localized integers. When H*(X;Z,)) is torsion-free,
BP*(X) is a free BP*-module and the Thom maps

T: BP*(X) = H*(X;Zy))  and  7: BP*(X)— H*(X;F,)
are epimorphisms with ker T = (v1,v2,...) and ker I = (p,v1,vs,...), respec-
tively.

As in the case of the reduced power operations {#};>; on H*(X;F,), there
are operations {r;};>1 on BP*(X) with the following commutative diagram:

BP*(X) T BP*+2i(p—1) (X)

4 P‘
H*(X;F,) —— H*20e-D(X:F)
x(21%)

where x denotes the canonical antiautomorphism on 47,. In particular, we have
(3.1) Tr=-2'7

since x(21) = -2 by [22, p. 167].

According to Kane [13, Sections 1 and 2], the Brown—Peterson operations
{ri}i>1 have many useful properties similar to those of {Z%},;>1 (see also [14,
Appendix C]).

In order to prove Theorems A and B, we first show the following propositions.

PROPOSITION 3.1
Assume that p, t, and m are as in Theorem A. If0<j<p—1 and A =0 mod p7,
then the power map @ on Y; is an Ajmi1-map.
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PROPOSITION 3.2
Let p, t, and m be as in Theorem A. Assume that 1 <j <t and A\=0mod p. If
the power map @y on Y; is an Ajyi1-map, then A =0 mod pl.

From the result of Toda [34, Theorem 13.4], we have
(3.2) Torr2j(p—1)—2(Ye) 2Z/play} for 1<j<p-1.

Put ¢; = Ya;: 5(2;;_27-@_1)_1 — XY, for 1 <j<p-—1. Let C(p;) be the cofiber

of ;. Then
H* (C(apj); Z(p)) =Zpy{z,w} as a Z)-algebra
with degz =2t and degw =2t + 2j(p — 1).

Take z € BP?(C(p;)) and w € BP*T21P=1)(C(p;)) with ?(z) =zand f?v(w) =
w, respectively. For dimensional reasons, we can write that

3.3 ri(z :Cvj_lw for some ¢ € Z(,)-
1 (»)

In the proof of Proposition 3.1, we need the following lemma.

LEMMA 3.3
We have ¢ £ 0 mod p in (3.3).

Proof
Put <p;» = Ekapj: AS'(Qt's_QJ(p_l)'s_k_1 — Yk+1Y, where k is an integer with 2t +
k> 2j(p —1). Then ¢} € ﬂfj(pfl)fl. Since C(¢}) = YkC(pj), we have that
ok BP*(C(p;)) = BP*'H“(C(@;)) is an isomorphism, where ¢ denotes the sus-
pension isomorphism.
_ kK 24k _ k& 2425 (p—1)+k

Put 2’ =0%(2) € BPT T (C(¢})) and w’ = 0" (w) € BP™"¥ (C(#5)),

respectively. Then by (3.3),

(3.4) r(z') = ¢l '

Applying r;_1 to (3.4), we have r;_1r1(2") = (p? 1w’ by [13, p. 458, (2.2)].
On the other hand, r;_17m(2") = jr;(2’) mod ker 7 by [13, p. 455, (1.2)] and
[22, p. 164]. Now r;(2’) = yw’ with v # 0 mod p’ by [26, Proposition 1.1 and
Theorem 2.1]. Hence, ¢ # 0 mod p. O

Since ¢; = Yay; is a suspension map, we have a self-map A;: C(p;) — C(yp,)
with the following commutative diagram:

Soy VT s oy, C(ey)
(3.5) [/\]l 12@ lAj
S(Q;;rzj(p—l)—l ®j sY, Clp;)

where [A] denotes the self-map of degree .
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Proof of Proposition 3.1

We work by induction on j. The result is clear for j = 0. Assume inductively that
the result is proved for j — 1 with 1 < j <p—1. Now A =0 mod p’. By inductive
hypothesis, @, is an A(;_1)m4+1-map, and so Proposition 2.4 implies that it is
also an Aj,;,-map. Then we have the induced map

ij(é)\) ij(Y;g> — P]m(Y;g) with ij(¢A)£jm—1 ~ Ejmfl(Zé)\)

by [28, Theorem 8.4].
Let @j =¢€jm—1p;: S(Qg;r2j(p71)71 — Pj, (Y). Since there is a fibration
o S
by (2.12), we have

Taty2i(p—1)—1 (Pim(Ye)) = Zy{vjm} © Z/p{ 35}

Let @j = ij@j =EimPy;- S(Q;;_Qj(p_l)_l — ij—i—l(}/t)~ Put Xj = C((/ﬁj) Then

C(p;) C X; and we see that mo405(p—1)—1(X;) = 0 by using the Blakers-Massey
theorem (cf. [1, Theorem 5.6.4]). Since Pjm,4+1(Y:) = C(vjm), there is a map
U, Pjpt1(Y:) = X, with the following commutative diagram:

St == LY, —" Pju(Yi) —"= P (Y2)
[/\]l Eékl lpjm(ék) J,E/j
Sl == XYy —— Pin(Ys) — X

€jm—1 Tim
where 7, denotes the composition of ¢, and the inclusion Pj,,41(Y;) C Xj.
Consider the selfmap ¥;: X; — X; defined by ¥jlp, . (v;) =¥ and
Yjlo(p,) = Aj in (3.5). From the definition of X, we have that
H*(Xj;Zp) =Ly 2]/ (@™ T?) & Z,) {y} as a Z,)-algebra
with degx =2t and degy =2t + 2j(p — 1).
Since ¥j|¢(y,) = A;, the induced homomorphism

W;Z H*(Xj;Z(p)) — H*(Xj;Z(p))

is given by ¥ (z) = Az and ¥ (y) = Ay 4+ nz?™ ! for some n € Z,).
In order to complete the proof, we need to show that

(3.6) 17=0 mod p.

Take z € BP?(X;) and y € BP**% (=D (X,) with 7 (z) =z and 7 (y) =y,
respectively. Then we can assume that z =77 (z) and w = 77 (y) are as in (3.3),
where 7;: C(¢;) = X; denotes the inclusion. For dimensional reasons, we can
write that

J
W () =Xz + »_ Opofat™ T 4 svly  with 04,0 € Z,) for 1<k <,
k=1
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J
ri()=> &y e 4 (ol Ty with § € Z,) for 1 <0<,
=1

Ui(y)=Ay+nz/™t, and  ri(y)=0.

Then
J
Z pkok‘i‘Afk k 1 km+1
k=
(3.7) ' |
+ 37 (ko Dol aHOmI L (s 4 Al My
k,0>1
k0<j

On the other hand,

J P .
() = Z&Ufil ()\:c * Z9kvlfa:km+1)l i

(3.8) =1 k=1
+ Cnv{flem“ + )\Cv{;ly.
To show (3.6), we first prove that if A =0 mod p7?, then
(3.9) 0, =0mod p? % for 1<k<j.

We work by induction on k. When k = 1, we compare the coefficients mod p’ of
2™+ in (3.7) and (3.8). From the assumption, we have pf; =0 mod p’. Hence,
61 =0 mod p7—1.

Assume inductively that ; = 0mod p?~% for 1 <3<k —1 with 2 <k <j.
Compare the coefficients mod p’/~*+! of £*™*! in (3.7) and (3.8). By inductive
hypothesis, we have pk6;, =0 mod p7~*+1. Then 6}, =0 mod p?—*
p — 1. This completes the induction, and we have (3.9).

We next compare the coefficients mod p of /™1 in (3.7) and (3.8). Then
¢n=0mod p by (3.9). Now ¢ # 0 mod p by Lemma 3.3, and so we have (3.6).

Let a,b € Hyp9j(p—1)(Xj;%(p)) denote the Kronecker duals of

l‘jm+1,y c HQt+2j(p—l)(xj; Z(p))’

since k <j <

respectively. Using the duality, we can show that
(F)e(@) =N"Tta+nb  and (@;)«(b) = Ab.
Consider the homomorphism
it Havr2j(p-1) (X5 L)) = Tars2i(p—1)-1 (Pjm (V)
defined by the following composition:
Ht2j(p-1) (X3 Zpy) — Haegajp1) (X5, Pim (Ye); Z(p))
!

o
T 772t+2j(p—1)(Xjanm(}/t)) — 7T2t+2j(p—1)—1(ij(}/t))a

where ¢ denotes the Hurewicz isomorphism. Then P}, (®) 48, = &;(¥;). Since
&j(a) =7;m and &;(b) = ¢;, we have that
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ij(é)\)#(’yjm) = /\jm_‘—l’}/jm + 7795]’ = )‘jm—H’ij
by (3.6). Hence, tjmPjm(Px)7V;m is null-homotopic, and so there is a self-map
)t Pimg1(Ye) = Pjmy1 (Ye)  with 545 = tjm Pjm (Py)-

Then @) is an Aj,,+1-map by [28, Theorem 8.4]. This completes the proof of
Proposition 3.1. (I

Proof of Proposition 3.2

We work by induction on j. From the assumption, the result is clear for j =1.
Assume inductively that the result is proved for j — 1 with 2 < j <t. Now &, is
an Ajmn4+1-map. Then we have the induced map

ij+1(¢)\)l ij+1(Y2) — ij+1(th) with ij+1 (d))\)é‘jm ~ Ejm(Z@)\)
by [28, Theorem 8.4]. By inductive hypothesis, we have
(3.10) A=0mod p’ !

since @ is also an A(j_1)y41-map.
It is known that

H* (Pjm+41(Y2); Zip)) = Zpy 2]/ (27 F?)  as a Z,)-algebra with dega = 2t.

Take & € BP?"(Pj,,+1(Y;)) with 9( ) = z. For dimensional reasons, we can write
that

Pjmi1(Pr)(x) = Az + Ze vfePm ! with 0, € Z,) for 1<k <j

and
J
= ngvfflmemﬂ with § € Z,) for 1 <0< 5.
Then
J
11 (Pjma1 (P2)" (@) =D (ks + A )oy 'k !
k=
(3.11) !
+ 3 (kA 1) T BT Om AL
k,e>1
k+0<j
On the other hand,
J Im+1
(3.12) Pt (03) (r1 (2 Z&” How + Y orefat)
k=1
To complete the proof, we ﬁrst show that
(3.13) 0, =0mod p?=* for 1 <k <j.

We work by downward induction on k. The result is clear for k = j. Assume
inductively that the result is proved for £+ 1 with 1 <k <j — 1. Then
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(3.14) 0p11 =0 mod pI kL.

Using the same way as in the proof of (3.9), we have that §; = 0 mod p/~¢~! for
1<i<j—1 by (3.10). Hence,

(3.15) 6; =0mod p? =% for1<i<k-—1.

Compare the coefficients mod p7—* of £*+1™+1 in (3.11) and (3.12). Then
(km +1)0r& =0 mod p?—F by (3.10), (3.14), and (3.15). Now we note that & #
0 mod p by (2.13) and (3.1). Then 6}, =0 mod p7—F since k <j —1<t— 1. This
completes the induction, and so we have (3.13).

We next compare the coefficients mod p7 of %! in (3.11) and (3.12). Then
ph1 + A1 = 0 mod p?. Since & #Z 0mod p and 6; = 0 mod p/~1 by (3.13), we
have A =0 mod p?. This completes the proof of Proposition 3.2. O

We are now in position to prove Theorems A and B.

Proof of Theorem A
We see that (1) follows from Proposition 2.4 in the case of j = 1. We have (2) by
Propositions 2.5 and 3.1 for j =1 and Corollary 1.4. ]

Proof of Theorem B
Proposition 2.4 implies (1). We have (2) by Propositions 3.1 and 3.2. O
4. Modified projective spaces

Let p be an odd prime. Assume that X is a simply connected A,-space whose
mod p cohomology H*(X;F,) is an exterior algebra given as

(4.1) H*(X;Fp,) = Ag, (x1,...,2¢) with degaz; =2t; —1 for 1 <i </,

Iwase [9] gave a structure theorem for the K-cohomology of the projective
spaces {P,,(X)}i<n<p. Later Hemmi [5, Section 3] used his method to determine
the mod p cohomology of them. Consider the homomorphisms

Fn: H(X;F,)%" = H*(Py(X);F,) for 1<n<p
and
<, H* (Pn(X);IFp) — f[*(X;IFp)‘@”"'l for0<n<p-1
defined by the following compositions:

H*(X;F,)®" = H*(X"";F,) —%— H*(X"X""F,) TN H*(P,(X);F,)

o

and

H*(Py(X);F,) —— H*(S"X HLF,)

“ivn _
(™) H*(XAn+1§Fp) %H*(X;Fp)®"+1,

o
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respectively. Here M®7 is the j-fold tensor product of an F,-module M, and o
denotes the suspension isomorphism. From the definition, deg.%,, = —deg¥,, =n
and %] =o.

Consider the reduced coproduct A: H*(X;F,) — H*(X;F,)®? on H*(X;
F,). Then by [5, p. 100],

(4.2) G\ T = Z(—1)J’1®U—1> QA®18") for1<n<p-1.

Put S(n) =.%,(D(n)) C H*(P, (X );Fp), where
j=1

and DA denotes the decomposable module of an F,-algebra A. Then S(n) is

an ideal of H*(P,(X);F,) closed under the action of <7, with (see [5, Theo-

rem 3.5(1)])
1 (S(m) =0 and  S(n)- H*(P,(X);F,) =0.

Let Fy[z1,..., 2] be a polynomial algebra over F,, with generators {z; }1<i<¢-
Then the truncated polynomial algebra TEL];] [21,...,2¢ at height k is defined by

T[élz] [21,- .., 2] ZFP[Zl,...,Zg]/Dka[Zl,...,zZ],

where D A denotes the k-fold decomposable module of an F,-algebra A for k > 2
with D?A = DA.
Iwase [9] and Hemmi [5] proved the following result.

THEOREM 4.1 ([9, THEOREM A] AND [5, THEOREM 3.5])
Let p be an odd prime, and let 1 <n < p—1. Assume that X is a simply connected
A,-space whose mod p cohomology H*(X;F,) is as in (4.1). Then there are
classes
y; € H? (Po(X);Fp)  with of -0 (i) = o(w;) for 1 <i<t
such that
H*(Po(X);F,) 2 T(n)® S(n) as an Fy-algebra,

where T'(n) = T[n+1][y1, oy Yol

We remark that they also proved Theorem 4.1 in the case of n = p under an
additional assumption that the generators {x;}1<;<¢ are Ap-primitive, where a
class x € H*(X;F)) is called A,-primitive if there is a class

(S fNI*H(Pn(X);IFp) with ¢ -+ _1(y) = o(x).

n—1

Since v = o Ao, we see that a class is Ao-primitive if and only if it is primitive.
From Theorem 4.1, if X is a simply connected A,-space whose mod p cohomology
H*(X;F,) is as in (4.1), then {x;}1<;<¢ are A,_;-primitive.
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Hemmi [7, Section 2] modified the construction of P,(X) to obtain the trun-
cated polynomial algebra T'(p) without the assumption that {x;}i1<;<¢ are Ap-
primitive. He proved the following result.

THEOREM 4.2 ([7, THEOREM 1.1])

Let p and X be as in Theorem /.1. Then we have a space Ry(X) and a map
e: XX — R,(X) with the following properties.

(1) There is a subalgebra A* C H*(R,(X);F,) with
A* = Tg“l Y1,y ®M as an Fy-algebra,
where
y; € H? (Rp(X);Fp)  with e*(y;) = o(a;) for 1<i </
and M is an ideal of H*(Ry(X);Fp) with
e(M)=0  and  M-H"(R,(X);F,)=0.
(2) A* and M are closed under the action of <7,. Hence,
(4.3) T(p) =Ty, ...yl = A /M

is an unstable -algebra.
(3) We have that o~ 1c*

2:QT(p) — QH* *(X;F,) of o,-modules.

a1 A* — H*"Y(X;F,) induces an isomorphism

Let p be a prime, and let n > 1. According to Hemmi and Kawamoto [8, Def-
inition 2.4], an unstable <7,-algebra A is called a Z,-algebra if the following
condition is satisfied: for any z; € A and 0 € 47, for 1 < j <m with

(44) i ﬁj(Zj) € DA,

Jj=1

there are decomposable classes d; € DA for 1 < j <m with
(4.5) > 0i(zj—d;)e D" A,
j=1

From the definition, any unstable .#7,-algebra is a Z;-algebra. On the other
hand, if X is a simply connected A,-space whose mod p cohomology H*(X;F,)
is as in (4.1) with ¢ > 1, then T'(p) in (4.3) cannot be a Z,-algebra by [8,
Remark 2.5].

In order to prove Theorem C, we need the following result.

THEOREM 4.3

Let p and X\ be as in Theorem C, and let 1 <n <p-—1. If X is a simply connected
A,-space whose mod p cohomology H*(X;F,) is as in (4.1) and the power map
&y on X is an A,-map, then T(p) in (4.3) is a Dy -algebra.
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The proof of Theorem 4.3 is similar to that of [8, Theorem 2.6]. In the proof, we
use the following lemma instead of [8, Lemma 2.7].

LEMMA 4.4
Let p, A\, n, and X be as in Theorem 4.3. If z; € H*(P,(X);F,) and 0; € <, for
1< 7 <m satisfy

(4.6) Zﬁj(zj) =w+u withwe DT (n) and ue S(n),
then there are decomposable classes d; € DT (n) for 1 <j <m with

Y Oz —dj) =u.
=1

Proof
We first prove the case of z; € T'(n)\ DT'(n) for 1 < j <m. We work by induction
on n. Since DT(1) =0, the result is clear for n = 1. Assume that the result is
proved for n — 1 with 2<n <p-—1.

Applying ¥ _; to (4.6), we have that ¢;_;(z;) € T(n—1)\ DT(n —1) and

iﬁa nlzj nl(

Jj=1 j=1

Ms

) _,(w) € DT(n—1).

By inductive hypothesis, we have c? € DT (n—1) for 1 <j <m with
m o~
D O (1(z) — dj) =
j=1

Take d; € DT(n) with «%_,(d;) = d;, and put Z; = z; — d; € T(n) \ DT(n) for
1 <j<m. Then

and so
m
> 0;(Z)=w+u forsome we D"T(n).
j=1

From the definition of S(n), we have that P,(®,)*(S(n)) C S(n) and
0;(S(n)) C S(n) for 1 <j <m. Then

m

P (®2) (Z zj) P ()" (@) = \"@ mod S(n).

On the other hand,
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Pu@) (2 053)) = X 0(Pa(@n) () = 3 0,005 + )
=AY Oi(Z)+ Y 0i(g) = o+ O(g;) mod S(n)
j=1 j=1 Jj=1

since P, (P1)*(Z;) = A\Z; + g; mod S(n) with g; € DT (n) for 1 < j <m. Then

(4.7 @Eiﬁj()\ngi/\> mod S(n).

Now we note that both sides of (4.7) are classes of DT'(n). Hence,

Jj=1

Let d; € DT(n) be defined by

Then
Z 0; (ZJ d]) =u,
=1

and so we have the required conclusion.

We next consider the general case. Let z; € H*(P,(X);F,) = T(n) ® S(n)
and 0 € o, for 1 <j <m with (4.6). Write z; = 27 + 27 with 2} € T(n) and
zi € S(n) for 1 <j<m.

Now by permuting j suitably, we have an integer m/ with 0 <m’ <m such
that 27 € T(n)\ DT'(n) for 1 <j <m' and 2} € DT'(n) for m’ +1 < j <m. Define
w' € DT(n) and v’ € S(n) by

w =w— Z 0;(2}) and u’:ufZﬁj(z;'),
j=m'+1 j=1
respectively. Then
Z Oi(z;) =w'+u' with w’ € DT(n) and v’ € S(n).
j=1

From the above proof, we have d;- € DT (n) for 1 <j<m’ with

Z O (2 —dj) =
Put

4 if1<j<m,
dj=<¢"
2 ifm+1<j<m.
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Then d; € DT (n) for 1 <j <m with
> 05(z—dy) =,
j=1

which implies the required conclusion. This completes the proof of Lemma 4.4.
O

Proof of Theorem 4.5
From the construction of R,(X) in [7, Section 2], we have a space R,_1(X) with
the following commutative diagram:

PBpa(X) —25 Ryoy(X) —7 Ry(X)

(4.8) | ot |
Pa(X) Py a(X) ——+ Pya(X)

Ln lp—3 Lp—2

Since ey (M) =0 by [7, p. 593], we have that ej|a-: A* — H*(R,_1(X);Fp)
induces a homomorphism &: T'(p) = A*/M — H*(R,—1(X);F,) of <,-algebras
by Theorem 4.2(2).

We first prove the case of 1 <n <p—2. Let J&,: T(p) = H*(P,(X);F,) be
defined by J, =1}, -1 _zey 1 &. Put JH,(25) = z; for 1 < j <m. Applying 7,
to (4.4), we have

I

Il
-

6;(%;) € DT(n).

Now we have cjj € DT(n) for 1 <j <m with
(4.9)

0;(% - d;) =0

J

by Lemma 4.4. Take d; € DT (p) with ., (d;) = d; for 1 < j <m. Then by (4.9),

[

S0z — dj) € DT (p),
j=1

and so we have the required conclusion.
We next consider the case of n=p — 1. Since
(4.10) E(TR)) = F1(T(p— 1)) € H* (Ry1(X)iFy)

by [7, Proposition 5.2], there are classes z; € T'(p — 1) with f;_;(%;) = &(z;) for
1 < j <m. Moreover, we take w € DT(p — 1) with

fya(w) = o@(f} 0i(=))
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by (4.4) and (4.10). Hence,

Z =w+u for some u € H*(P,_1(X);F,) with f¥ ,(u)=0.

Now u € S(p—1) by [7, Lemma 5.1], and so we have &; eDT(p—1)for1<j<m
with

30,5~ &) =u
j=1

by Lemma 4.4. Taking d; € DT (p) with &(d;) = (d ) for 1 < j < m, we have

p 1
> (2 € DPT(p).
j=1

This completes the proof of Theorem 4.3. |

From Theorems 4.2(3) and 4.3 and the result of Hemmi and Kawamoto [8, Propo-
sition 3.2], we have the following proposition.

PROPOSITION 4.5

Let p and X be as in Theorem C. If X is a simply connected A,-space whose
mod p cohomology H*(X;F,) is as in (4.1) and the power map Py on X is an
Ay -map with n> (p —1)/2, then we have the following.

(1) Ifa>0,b>0, and 0 <c < p, then
QHQpa(pb+C)71(X;]Fp) — <@;7"]@62]{21:“(p(bflc)%»cqtlc)fl()(;Fp)
for 1 <k <min{b,p — ¢}
and
@pakQHzpa(pb+c)_1(X;Fp) =0 forc<k<p.
(2) Ifa>0 and 0 < c<p, then
f@p“kz QHQp“c—1<X;]Fp> N QHQp“(kp—i-c—k)—l(X;Fp)

is an isomorphism for 1 <k <c.

REMARK 4.6

When p =3 and X is a homotopy associative and homotopy commutative H-
space, Proposition 4.5(1) was first proved by Hemmi [6, Theorem 1.1]. Later Lin
[17, Theorem B] also proved (1) of the above result for any odd prime p under
the additional assumptions that @, is an A,_;-map and H*(X;F,) is generated
by A,-primitive classes.
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LEMMA 4.7

Assume that p, X\, n, and X are as in Theorem C. Then the mod p cohomology
H*(X;F,) is as in (4.1) such that t; = p* with a; >0 for 1 <i<{.

Proof

We first prove that there is no even-dimensional generator in H*(X;F,). Assume
contrarily that x € QH*(X;F,) is an even-dimensional generator. According to
Lin [16, Theorem 4.3.1] (see also [14, Section 35]),

x=pBP"(y) for some y€ QH*""(X;F,) with n > 1.

Then 2"QH*"T1(X;F,) # 0. From the assumption, {#"'};>; act trivially on
QH*(X;F,), and so we have a contradiction. Hence, H*(X;F,) is as in (4.1).
Let € QH*'"1(X;F,) be one of the generators {z;}1<;<, in (4.1). Write

t=p*(pb+c¢) witha,b>0and 0<c<p.
When b > 0, we have that
re (@p“QH%t*p“(p*l))*l(X; F,)
by Proposition 4.5(1). If =10 and 1 < ¢ < p, then
gpp” () #0 in QHQ(t-l-p“(p—l))—l(X; F,)
by Proposition 4.5(2). Now we note that {2?%};>1 act trivially on QH*(X;F,),
and so b=0 and c=1. Since t > 1, we have t = p® with a > 0. O

We are now in position to prove Theorem C.

Proof of Theorem C
We use a similar way to the proof of [5, Theorem 1.1]. From Theorem 4.1 and
Lemma 4.7, there are classes

yi € H?¥" (P,_1(X);F,)  with o -5 _o(y;) = o(a;) for 1<i<t
such that
H*(Py—1(X);F,) 2T(p—1)& S(p—1) as an F-algebra,

where T'(p—1) = T]P[‘Z][yl, ces Y-

Assume contrarily that X is not Fp-acyclic. Put a = min{a;}1<;<¢. Take
€ QH"~1(X;F,) and y € T(p — 1) with ¢f---¢5_,(y) = o(x) # 0. Then the
composition
(4.11) HY(P,(X);F,) — H'(By1(X);F,) —— T(p—1)

is an isomorphism for ¢ < 2p®*! and an epimorphism for t < 2(p®*1 + p® — 1) (see
[5, p. 106, (4.10)]). From Lemma 4.7 and (4.11), we have

H'(Py(X);Fp,) N(ImBUIm ') =0 for t < 2p**'.
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Then
(4.12) H'(P,(X);F,) NIm PP =0 for ¢ < 2p* ™
by Shimada and Yamanoshita [25, Theorem 5.3] or Liulevicius [19, Theorem
1.2.1].
Taking z € H?" (P,(X);F,) with ¢%_;(2) =y by (4.11), we have
Fp(2P) = 2P = PP (2) =0
by (4.12) and [33, Theorem 2.4] (see also [9, Theorem 4.1]). Hence,
¥ =%, 1(u) for some u € JE A (Pp1(X);Fy).
For dimensional reasons, we have u € S(p — 1), and so
u=Zp_1(v) for some ve D(p—1).
Let ¢ € PHopa_1(X;F,) be a primitive class with (x,¢) # 0. Then (z®?,
c®P) £ 0 by [22, p. 152, (3)]. On the other hand,
(@7, e%P) = (Gp-1Fp-1)(v),c"F) =0

by (4.2) and [12, Lemma 2.5] (see also [14, p. 98, Corollary C(i)]). This is a
contradiction, and so X is [Fj-acyclic. O
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