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ABSTRACT. In this paper, we prove strong convergence theorems by two hy-
brid methods for semigroups of not necessarily continuous mappings in Hilbert
spaces. Using these results, we prove strong convergence theorems for discrete
semigroups generated by generalized hybrid mappings and semigroups of non-
expansive mappings in Hilbert spaces.

1. INTRODUCTION

Throughout this paper, we denote by N the set of positive integers and by R
the set of real numbers. Let H be a real Hilbert space, and let C' be a nonempty
subset of H. Let T be a mapping of C into itself. We denote by F(T') the set of
fized points of T and by A(T) the set of attractive points (see [15]) of T'; that is,

(i) F(T)={z€C:Tz= =z}

(i) A(T)=4{z€ H: ||Tz—z|| < |z — z||,Vx € C}.
We know from [15] that A(T) is always closed and convex. Kocourek, Takahashi,
and Yao [7] defined a broad class of nonlinear mappings in a Hilbert space. A map-
ping T': C' — C'is called generalized hybrid (see [7]) if there exist «, 5 € R such

Copyright 2016 by the Tusi Mathematical Research Group.
Received Nov. 18, 2014; Accepted Mar. 25, 2015.
*Corresponding author.
2010 Mathematics Subject Classification. Primary 47H10; Secondary 47H20.
Keywords. generalized hybrid mapping, nonexpansive semigroup, invariant mean, fixed point,
hybrid method.
61


http://dx.doi.org/10.1215/20088752-3320340
http://projecteuclid.org/afa

62 W. TAKAHASHI and M. TSUKADA
that
a|Tz —Tyl]> + (1 — )|z — Ty||* < BTz —y|> + (1= B)[lz —yl*>  (L.1)

for all z,y € C'. We call such a mapping («, 8)-generalized hybrid. A (1,0)-gen-
eralized hybrid mapping is nonexpansive (see [1]). It is nonspreading (see [8]) for
a =2 and f = 1. Furthermore, it is hybrid [14] for a = % and = % In general,
nonspreading and hybrid mappings are not continuous. We also know the concept
of one-parameter nonexpansive semigroups in a Hilbert space. Let H be a Hilbert
space, and let C' be a nonempty subset of H. Let S =Rt ={t e R: 0 <t < c0}.
A family S = {S(t) : t € Rt} of mappings of C' into itself is called a one-parameter
nonexpansive semigroup on C'if S satisfies the following:

(1) S(t+s)x = S(t)S(s)x, Vx € C\t,s € RT;

(2) S(0)z =z, Vz € C

(3) for each z € C', the mapping ¢t — S(t)z from RT into C' is continuous;
(4) for each t € R*, S(t) is nonexpansive.

Of course, S(t) are continuous. Such one-parameter nonexpansive semigroups
are used in the theory of nonlinear evolution equations (see [2]). Recently, using
the concept of invariant means, Takahashi, Wong, and Yao [17] introduced the
concept of semigroups of not necessarily continuous mappings in Hilbert spaces
which contain discrete semigroups defined by generalized hybrid mappings and
semigroups of nonexpansive mappings. They proved fixed-point, attractive-point,
and mean convergence theorems for the semigroups in Hilbert spaces. Hussain
and Takahashi [6] also proved weak and strong convergence theorems of Mann’s
type (see [9]) and of Halpern’s type (see [5]) for semigroups of not necessarily
continuous mappings. Such semigroups are defined by strongly asymptotically
invariant nets instead of invariant means. Can we prove strong convergence the-
orems by hybrid methods (see [11], [16]) for the semigroups? This question is
natural.

In this paper, we prove strong convergence theorems by two hybrid methods for
semigroups of not necessarily continuous mappings in Hilbert spaces. Using these
results, we prove strong convergence theorems for discrete semigroups defined
by generalized hybrid mappings and semigroups of nonexpansive mappings in
Hilbert spaces.

2. PRELIMINARIES

Let H be a (real) Hilbert space with inner product (-,-) and norm || - ||. We
denote the strong convergence and the weak convergence of {x,} to z € H by
x, — = and x, — x, respectively. From [13], we know the following basic equality.
For z,y € H and A € R, we have

2
Az + (1= Nyl|” = Al + (1 = Nllyl* =A@ = Nz —yl*. (2.1)
We also know that, for x,y,u,v € H,

2w —yu—v)=lz—vl* +lly—ul® =z —ul* =y —vl*.  (22)
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From (2.2), we have that

2w —y,z—y)—llz—yl* =z —yI* = o — 2|* (2.3)

for all x,y,z € H. Let C be a nonempty closed convex subset of H, and let
x € H. Then we know that there exists a unique nearest point z € C such that
|z — z|| = inf,ec ||z — y||. We denote such a correspondence by z = Poax. The
mapping P¢ is called the metric projection of H onto C'. It is known that Py is
nonexpansive and that

(x — Pox,Pox —u) >0

for all # € H and u € C (see [13] for more details).

Let H be a Hilbert space, and let C' be a nonempty closed convex subset of H.
Let T : C'— C be an («, )-generalized hybrid mapping. If = is a fixed point of
T in (1.1), then, for any y € C,

allz = Tyll* + (1 — a)llz = TylI* < Bllz — ylI* + (1 = B)llz — ylI*

and hence ||z — Ty|| < ||z — y||. This means that an («, 3)-generalized hybrid
mapping with a fixed point is quasi-nonexpansive. Furthermore, from [7] we have
the following theorem for generalized hybrid mappings in a Hilbert space.

Theorem 2.1 (see [7]). Let C' be a nonempty closed convex subset of a Hilbert
space H, and let T : C' — C be a generalized hybrid mapping. Then T has a fized
point in C' if and only if {T"z} is bounded for some z € C.

As a direct consequence of Theorem 2.1, we have the following result.

Theorem 2.2. Let C be a nonempty bounded closed convex subset of a Hilbert
space H, and let T be a generalized hybrid mapping from C' to itself. Then T has
a fixed point.

For a sequence {C),} of nonempty closed convex subsets of a Hilbert space H,
define s-Li, C,, and w-Ls, C,, as follows: x € s-Li,, C,, if and only if there exists
{z,} C H such that {z,} converges strongly to = and x, € C, for all n € N.
Similarly, y € w-Ls, C,, if and only if there exist a subsequence {C,.} of {C,}
and a sequence {y;} C H such that {y;} converges weakly to y and y; € C,, for
all 7 € N. If Cy satisfies

Cy = s-Li, C,, = w-Ls,, C,,, (2.4)

then it is said that {C,} converges to Cy in the sense of Mosco [10] and we write
Co = M-lim,,_, C,,. It is easy to show that if {C,,} is nonincreasing with respect
to inclusion, then {C,} converges to () —, C,, in the sense of Mosco. For more
details, see [10]. We know the following theorem, which was proved by Tsukada
[18].

Theorem 2.3 (see [18]). Let H be a Hilbert space. Let {C,} be a sequence
of nonempty closed convexr subsets of H. If Cy = M-lim,,_, C,, exists and is
nonempty, then for each v € H, {Pc,x} converges strongly to Pc,x, where Pe,
and Pe, are the metric projections of H onto C,, and Cy, respectively.
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Let £>° be the Banach space of bounded sequences on S with supremum norm.
Let 1 be an element of (¢*°)* (the dual space of ¢*°). Then, we denote by pu(f)
the value of p at f = {z,} € . Sometimes, we denote by p,(x,) the value
w(f). A linear functional p on ¢ is called a mean if u(e) = ||u|| = 1, where
e={1,1,1,... }. A mean u is called a Banach limit on {* if p,(x,11) = pn(z,)
for all {z,} € ¢*°. We know that there exists a Banach limit on ¢*. If x is a
Banach limit on ¢, then, for f = {z,} € (>,

liminf x, < p,(x,) <limsupz,.

n—00 n—00
In particular, if f = {z,} € ¢*° and z,, — a € R, then we have u(f) = u,(z,) = a.
For the proof of the existence of a Banach limit and its other elementary proper-
ties, see [12].

Generally, let S be a semitopological semigroup; that is, S is a semigroup with

a Hausdorff topology such that for each a € S the mappings s — a-s and s — s-a
from S to S are continuous. In the case when S is commutative, we denote st
by s+ t. Let B(S) be the Banach space of all bounded real-valued functions on
S with supremum norm, and let C'(S) be the subspace of B(S) of all bounded
real-valued continuous functions on S. Let p be an element of C'(S)* (the dual
space of C(5)). We denote by u(f) the value of p at f € C(S). Sometimes, we
denote by . (f(t)) or pf(t) the value u(f). For each s € S and f € C(S), we

define two functions 4, f and 7 f as follows:

(Laf)(t) = f(st)  and  (rof)(t) = f(ts)
for all t € S. An element p of C(S)* is called a mean on C(5) if u(e) = ||u]| =1,
where e(s) =1 for all s € S. We know that u € C(S)* is a mean on C(S) if and
only if
inf f(s) < p(f) <sup f(s), VfeCO(S)

seS seS

A mean p on C(S) is called left invariant if p(¢sf) = p(f) for all f € C(S) and
s € S. Similarly, a mean p on C(S) is called right invariant if p(rsf) = pu(f) for
all f € C(S) and s € S. A left and right invariant mean on C(S) is called an
invariant mean on C'(S). If S = N, then an invariant mean on C(S) = B(S) is a
Banach limit on £*°. The next theorem follows [12, Theorem 1.4.5].

Theorem 2.4 ([12, Theorem 1.4.5]). Let S be a commutative semitopological
semigroup. Then there exists an invariant mean on C(S); that is, there exists an
element pu € C(S)* such that p(e) = ||p|| =1 and p(rsf) = p(f) for all f € C(S)
and s € S.

Let H be a Hilbert space, and let C' be a nonempty subset of H. Let S be a
semitopological semigroup, and let § = {75 : s € S} be a family of mappings of
C into itself. Then & = {T; : s € S} is called a continuous representation of S as
mappings on C' if Ty, = T,T; for all s,t € S and s — Tyx is continuous for each
x € C. We denote by F'(S) the set of common fixed points of T, s € S; that is,

F(S) = |{F(T.):s €5}
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A continuous representation S = {7 : s € S} of S as mappings on C'is called a
nonexpansive semigroup on C'if each Ty, s € S is nonexpansive; that is,

1Tz = Toyll < llz —yll, Va,yeC.

The following definition is crucial in the nonlinear ergodic theory of abstract
semigroups. Let u : S — H be a continuous function such that {u(s) : s € S}
is bounded, and let p be a mean on C(S). Then there exists a unique point
29 € cof{u(s) : s € S} such that

ps{u(s), y) = (z0,y), Vy€ H, (2.5)

where €0 A is the closure of the convex hull of A. We call such zy the mean vector
of u for u. In particular, if S = {T, : s € S} is a continuous representation of
S as mappings on C such that {Tsz : s € S} is bounded for some z € C' and
u(s) = Tyx for all s € S, then there exists zp € H such that

ps{Tsx,y) = (20,y), Vye€ H.

We denote such zy by 7).

Motivated by Takahashi and Takeuchi [15], Atsushiba and Takahashi [1] defined
the set A(S) of all common attractive points of a family S = {7 : s € S} of
mappings of C' into itself; that is,

A@S) = AT, : s € S}.

A net {u} of means on C(5) is said to be asymptotically invariant if, for each

feC(S)and s €S,

() = (b f) =0 and  pue(f) — pe(rsf) = 0.

A net {u.} of means on C(S) is said to be strongly asymptotically invariant if,
for each s € S,

HEZNR - Nﬁ|’ —0 and Hr;kﬂn - MHH — 0,

where (% and r¥ are the adjoint operators of /5 and r, respectively (see [3] and [12]
for more details). Recently, Takahashi, Wong, and Yao [17] proved the following
theorem.

Theorem 2.5 (see [17]). Let H be a Hilbert space, and let C' be a nonempty subset
of H. Let S be a commutative semitopological semigroup. Let S = {Ts: s € S} be
a continuous representation of S as mappings of C' into itself. Let {Tsx : s € S}
be bounded for some x € C, and let u be a mean on C(S). Suppose that

psl|Tox — Tyl® < ps|| Tox —yl)?, VyeCiteS.

Then A(S) is nonempty. In addition, if C' is closed and convez, then F(S) is
nonempty.
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3. STRONG CONVERGENCE THEOREMS

In this section, using the hybrid method by Nakajo and Takahashi [11], we first
prove a strong convergence theorem for semigroups of not necessarily continuous
mappings in a Hilbert space. See Theorem 2.5 for the existence of common fixed
points of the semigroups.

Theorem 3.1. Let H be a real Hilbert space, and let C' be a nonempty bounded
convex closed subset of H. Let S be a commutative semitopological semigroup. Let

S ={Ts: s € S} be a continuous representation of S as mappings of C' into itself
such that F(S) # 0. Suppose that

limsup sup (u)s (| Tox — Tyl|* — | Tox — y||?) <0, VteS, (3.1)

K z,yeC

for every strongly asymptotically invariant net {u,.} of means on C(S). Let {p,}
be a strongly asymptotically invariant sequence of means on C(S). Let {x,} C C
be a sequence generated by v1 = x € C and

Yn = QpTp + (1 - an)Tunxna
Cn={2€C:|lyn — 2|l < |20 — 2|I},
Qn={z€C:{(x,—z,x—x,) >0},
Tpt1 = PCnﬂana Vn € N7

where Pe,ng, 1s the metric projection of H onto C,NQ,, and {ca,} C [0, 1] satisfies
0<a,<a<1l for somea € R. Then {x,} converges strongly to zo = Ppsz,
where Pps) is the metric projection of H onto F(S).

Proof. Since S is commutative, we have from Theorem 2.4 that there exists an
invariant mean on C(S). Let p be an invariant mean on C(S), and put u, = u
in (3.1). Then we have that

psl| Tox — Toy||* < ps|| Tow — yl|*, Va,y € Ct€S.
In particular, putting © = u € F(S), we have that
lu = Toyl* < lu—yl?, VyeCites (3:2)

Let us show that F(S) is closed and convex. In fact, for proving that F(S) is
closed, take a sequence {z,} C F(S) with 2z, — z. Since C is closed, we have
z € C. Furthermore, we have from (3.2) that, for any ¢ € S,

Iz = Tezll < [z = zall + [lzn = Tizl] < 2||2 = 2u]| = 0.
Thus z is a fixed point of T;, and hence F(S) is closed. Let us show that F(S)
is convex. For z,y € F(S) and « € [0, 1], put z = az + (1 — a)y. Then we have
from (2.1) and (3.2) that, for any ¢t € S,

2
Iz = Tiz||” = ||ox + (1 — a)y — Ti2||

= allz = Tiz[|* + (1 = o)lly = Toz[* — o1 — a) |z — y||*

<allz —2l* + (1 = a)lly — 2l — a(l — &)z — y|*

=a(l—a)’|z =yl + (1 — a)o’[lz — y|I* — a(l — )|z — y|*
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—a(l-a)1—a+a—1)z—y?
— ()’

and hence T;z = z. This implies that F(S) is convex. Thus F(S) is closed and
convex. Then there exists the metric projection of H onto F(S). Since

g = 211 < fln — 2]1*
= yall® = llonll* = 2(gn — 20, 2) <0,

we also have that C,, @), and C, N Q,, are closed and convex for all n € N. Let
us show that C,, N Q),, is nonempty. Let z € F(S). We have from ||x,|| = 1 that,
for any n € N,

Tyt = 21 = Ty = 2. Ty — 2)
= (bn)i(Town — 2, Ty — 2)
< lall sup| (Tizy = 2. Ty 20— 2)|
< sup [|Town — 2 - 1T 20 — 2|
< sup [lzn = 2 - T, 20 = 2|

= [lzn = 2l - | Ty n — 2|,
and hence
[Ty n — 2l < [lzn — 2]|. (3.3)
Using (3.3), we have that
2
||yn - Z||2 = Hanxn + (1 - an)Tunxn - ZH
< ey = 2| + (1 = an)[| T, 20 — 2
< anllzn — 2”2 + (1 = an)l|z, — 2“2
= [lzn — 2|

for all n € N. Thus we have z € C,,, and hence F(S) C C, for all n € N. Next,
we show by induction that F'(S) C C, N Q, for all n € N. From F(S) C @y, it
follows that F(S) C C; N Qy. Suppose that F(S) C Cx N Qy for some k € N.
From zy1 = Pe,ng,, we have that

(g1 — 2,0 — Tpa1) >0, Vz e CpNQy.
Since F(S) C Cy N Qy, we also have that
(Tpy1 — 2,8 — xp1) > 0, Vz e F(S).

This implies F(S) C Q1. Thus we have F(S) C Cyy1 N Qpy1. By induction, we
have that F'(S) C C,, N @, for all n € N. This implies that {z,} is well defined.
Since z,, = Py, and 2,41 = P00, € @, we have from (2.2) that

0<2x—x,,Ty — Tpi1)
= ||z — zna I’ = llz — 2all® = |20 — 2nga ||?

< e = 2o |* = o — 2l (3.4)
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We get from (3.4) that
[ER e R Y (3.5)
Furthermore, since z,, = Py, x and z € F(S) C @),,, we have
Iz — 2]l < [l — 2. (3.6)

We have from (3.5) and (3.6) that lim,, o |2 —,]||? exists. This implies that {xz,}
is bounded. Hence, {y,} and {7}, x,} are also bounded. From (3.4), we have

20 = Tnirl|* < [l = 2o ||” = [l — 2%,
and hence
|xn — Znat|| = 0. (3.7)

From z,11 € C,, we have that ||y, — zpi1|| < || — @1 From (3.7), we have
| Yn — Zny1|| — 0. Since

Hyn - $n‘| < Hyn - anrl” + Hanrl - an?

we have that ||y, — z,|| = 0. From

= all = [Jn = @t = (1 = )Ty 0] = (1 = )2 = Ty
and 0 < a,, < a < 1, we have that
| L, 0 — 0| — O. (3.8)
Let {x,,} be a subsequence of {z,} such that z,, — v. We have from (3.8) that
" (3.9)

We have from (2.3) that, for y € C and s,t € S,
2(Tswn — Toy,y — Toy) — 1Ty — yl1* = | Tz — Tyl* — | Town — y1*.
Applying pu,, to both sides of the equality, we have that
2(#n)s<Tsxn - T;‘/ya y— Tty> - HTty - yH2
= (Nn)s(”Tsxn - Tty”2 — | Tswn — yHQ)v
and hence
2<T,u,nmn - ﬂya Yy — Ey> - ||Ey - y”2
= (Nn)S(HTsajn - TtyH2 — || Tsw, — yH2)'
Since Ty, @n, = v and limsup; oo (pn,)s (|| Tswn, — Tey|I* — | T, — ylI*) < 0, we
get that
2(v— T,y — Ty) — | Ty — y|I> < 0.
Since 2(v — Tty y — Try) — [|Tey — ylI* = |lv — Twyll* — [lv — yl|?, we have that
lv = Twll* < lv—yl?, yeCtes. (3.10)

Putting y = v, we have v € F(1}). Therefore v € F(S).
Put zy = Pr(s)x. Since 2 = Ppsyz C C,, N @, and x, 11 = P, ng,, we have
that
& — zpp1|]* < [l — 201 (3.11)
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Since || - ||? is weakly lower semicontinuous, we also have from z,,, — v that
lz = vl|* = ll=]|* — 2(z, v) + [|v]|*

< Tim'; 2 ‘ _
< liminf (|l2]]* — 2(x, z,,) + [z,

’)
= liminf ||z — z,,|]?
11— 00

< Iz — =o]*.

From the definition of 2y and v € F(S), we have v = z,. This implies that
T, — zo. We finally show that x,, — z;. We have that

120 = 2ol = ll20 — 2| + [l# — @nl* + 2{20 — 7,2 — 2,,), VneEN.
We have from (3.11) that

limsup ||zo — 2, ||* = limsup(||20 — || + ||z — za||* + 2(20 — 2, 7 — z,))
n—00 n—0o0

< limsup(||z0 — z||” + ||z — 20|” + 2(z0 — z, 2 — z,))
n—oo
= llz0 — @l|* + llz — 20]1* + 2(20 — 2,2 — 20)

= ||ZQ —$+$—Zo||2

=0.
Thus we obtain that lim, , ||z0 — ,|| = 0. Therefore, {z,} converges strongly
to zp. This completes the proof. OJ

Next, we prove a strong convergence theorem by the shrinking projection
method [16] for semigroups of not necessarily continuous mappings in a Hilbert
space.

Theorem 3.2. Let H be a real Hilbert space, and let C' be a nonempty bounded
convex closed subset of H. Let S be a commutative semitopological semigroup. Let

S ={Ts: s € S} be a continuous representation of S as mappings of C' into itself
such that F(S) # 0. Suppose that

timsup sup ()| Tex —~ Tgl? — [T —yl?) <0, vees — (312)

K z,yeC

for every strongly asymptotically invariant net {u.} of means on C(S). Let {p,}
be a strongly asymptotically invariant sequence of means on C(S). Let Cy = C,
and let {z,} C C be a sequence generated by x1 = x € C' and

Yn = OpTy + (1 - Oén)T,unxn7
Cosr = {2 € Co llgn — 21| < [l — 2111
Ty = Po, ., @, VneN,
where Pc, ., is the metric projection of H onto Cyny1, and {a,} C [0,1] is a

sequence such that liminf, ,. a,, < 1. Then {x,} converges strongly to zy =
Ppsyx, where Pps) is the metric projection of H onto F(S).
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Proof. As in the proof of Theorem 3.1, F(S) is closed and convex. Then there
exists the metric projection of H onto F(S). We shall show that C,, are closed
and convex and that F'(S) C C, for all n € N. It is obvious from assumption that
Cy = C'is closed and convex and that F'(S) C C;. Suppose that C} is closed and
convex and thatF'(S) C Cy, for some k € N. We have that, for z € Cy,

lye = 21* <l — 2II*
= Null® = ll2wll® — 20y — 21, 2) < 0.

Thus Cjy; is closed and convex. By induction, C,, are closed and convex for all
n € N. Take z € F'(S) C Cy. As in the proof of Theorem 3.1, we also have that

T — 201* < llow — 2.
Using this inequality, we have that

2
e — z||* = ”ozk:ck + (1 — o)y, vk — zH

< agllag — 2l + (1 = o) | Tan — 2|12

< agllag — 2P + (1 = ag) |l — 2|

= [lzg — 2%
This implies that z € Cy,1. By induction, we have that F(S) C C, for all n € N.
Since C), is nonempty, closed, and convex, there exists the metric projection e,
of H onto C,,. Thus {xz,} is well defined.

Since {C),} is a nonincreasing sequence of nonempty closed convex subsets of
H with respect to inclusion, it follows that

0 # F(S) € MAim G, = () Ch (3.13)
n=1

Put Cy = ~, Cy. By Theorem 2.3 we have that {Pc,x} converges strongly to
x9 = Pe,7; that is,

Tn = Po,x — x9.

To complete the proof, it is sufficient to show that x¢ = Pps)z.
Since =, = Po,x and x,41 = Pe, ., x € Cpyq C Cy, we have from (2.2) that

i1
0<2x—x,,Ty — Tpi1)
= llz — zonil* = llz = zal® = 20 — 2 |1®
<z = znia]l* = llo — za|*. (3.14)
Thus we get that
lz = zall® < llz = zora||*. (3.15)

Furthermore, since z,, = Pg,x and z € F(S) C C,,, we have

Iz = zall* < [l — 2[|*. (3.16)
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Then lim,, o ||z — x,||* exists. This implies that {z,} is bounded. Hence, {y,}
and {7, z,} are also bounded. From (3.14), we have
20 = @nsall® < llw = 2pgal* = [l — 24l
Then we have that
lzn — i ||* — 0. (3.17)

From z,.1 € C,11, we also have that ||y, — Zp11] < ||2n — Znt1]|. Thus we get
that ||y, — Zn1|| — 0. Using this, we have

[9n = all < lyn — o[l + |01 — 20|l = 0. (3.18)
From 0 < liminf, ,, o, < 1, we have a subsequence {a,,} of {a,} such that
ap, — v and 0 <y < 1. From
|Zn — ynll = ”xn — apn — (1= an)Tunan = (1 — an)||lzn — Tyl
we have that

| T, Ty — 2, || — 0. (3.19)

Since x,,, = Pc, © — o, we have from (3.19) that T}, Tn, — To. As in the proof of
Theorem 3.1, we have zq € F'(S). Since 2y = Ppsyx C Cpy1 and 41 = e, 7,
we have that

& — @i ||* <l — 2% (3.20)
Then we have that

Iz = @o||* = lim ||z — 2 |* < [l — 20]*.
n—oo

From 2y = Pps)r, we get zg = xo. Hence, {z,} converges strongly to zy. This
completes the proof. O

4. APPLICATIONS

In this section, we apply our results to get new results. Using Theorem 3.1, we
can obtain a strong convergence theorem by the Nakajo and Takahashi hybrid
method [11] for generalized hybrid mappings in a Hilbert space.

Theorem 4.1. Let H be a Hilbert space, and let C' be a closed conver subset
of H. Let T be a generalized hybrid mapping of C' into itself such that F(T) is
nonempty. Let {i,} be a strongly asymptotically invariant sequence of means on
0. Let {x,} C C be a sequence generated by x1 = x € C and

Yn = QpTp + (1 - an)Tunxm
Co={2€C:|lyn — 2| < llon — 2|},
Qn={2€C:(xy,— 20—z, >0}
xn+1 = PCannx’ \V/n - N,
where Pe,ng, is the metric projection of H onto C,NQ,, and {ca,} C [0, 1] satisfies

0 <o, <a<1 for someacR. Then {x,} converges strongly to zy = Pp(r),
where Pp(ry is the metric projection of H onto F(T).
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Proof. Consider S = {0}UN, and, from Theorem 3.1,let S = {T™ : m € {0}UN}.
Take u € F(T),and put M = {y € C': |[y—ul|| < ||x—ul|}. Then we have z € M,
TM C M and M is bounded, closed, and convex. Since T,z € M for all z € M
and n € N, without loss of generality we may assume that C' is bounded. Since
T : C'— C is generalized hybrid, there exist a;, 8 € R such that

ol| T — Tyl + (1 - a)lle — Tyl < BTz — gl + (1 — )}z — y*
for all x,y € C'. We have that, for all x,y € C'and m € N,
0 < BIT™ 2 —ylI* + (1 - B)|T"z —y|?
—a| Tz = Ty|* — (1 — )| Tz — Ty|®
= BUIT™ e = Ty|* + 2(T™ e — Ty, Ty — y) + | Ty — yII*}
+ (1= {IT"z = Ty|* + 2(T"x — Ty, Ty — y) + [Ty — y||*}
—a| Tz = Ty|* = (1 — )| Tz — Ty|®
=Ty =yl + 28T ' + (1 = B)T™z — Ty, Ty — y)
+ (8 — ) {IT"™ e = Ty|* — |T™z — Tyl*}
=Ty —y||* + 2<me — Ty + B(T™ e —T™x), Ty — y>
+ (8= a){|T" e — Ty|]* — Tz — Ty|*},
and hence
2Tz = Ty,y — Ty) — | Ty — ylI*
<P — T, Ty — y) + (8 — ) {IT" 2 — Tyl — |72 — Ty|12).
On the other hand, we have from (2.2) that
2Tz — Ty,y — Ty) — Ty —y|* = |T72 = Ty|* — [Tz — y]|*.
Then we have that
|72 — Tyl — T — |
<P — T, Ty — y) + (8 — ) {IT" 2 — Tyl — |72 — Ty|12).

If {u} is a strongly asymptotically invariant net of means on ¢*°, then we have
that

() (|17 — Ty|> = | T2 — y||?)
< 2B(p)m (T — Tz, Ty — y)
+ (B = &) () ({1 T2 = Ty||* — | T2 — Ty||*})
< 2|6 (147 e — pe| SUPN|<Tm96, Ty —y)]|
me

+ 16— |6 — puc| sup 7™ — Ty,
me

and hence

lim sup supc(u,i)m(Hme —Ty|* = |z — y|*) < 0.
K T,ye

Therefore, we get the desired result from Theorem 3.1. O
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Using Theorem 3.1, we also get the following strong convergence theorem for
semigroups of nonexpansive mappings in a Hilbert space.

Theorem 4.2. Let H be a Hilbert space, and let C' be a closed convex subset
of H. Let S be a commutative semitopological semigroup with identity, and let
S = {1} :t € S} be a nonexpansive semigroup on C such that {Tyx : t € S} is
bounded for some x € C'. Let {j,} be a strongly asymptotically invariant sequence
of means on C(S). Let {z,} C C be a sequence generated by x1 = x € C' and

Yn = Qndyp + (1 - an)TunIna
Co={2€C:|yn — 2l < [lzn — 2[l},
Qn={2€C: (v, —z,7—z,) >0},
Tpt+1 = PCnﬂana Vn € N>

where Pc,nq, is the metric projection of H onto C,,NQ,, and {a,,} C [0, 1] satisfies
0 <o, <a<1 for someacR. Then {x,} converges strongly to 2o = Pp(s),
where Pps) is the metric projection of H onto F(S).

Proof. Take u € F(S), and put M ={y € C: ||y —u|| < ||z —ul|}. Then we have
r e M, TiM C M for all t € S and M is bounded, closed, and convex. Since
T,,z € M for all z € M and n € N, without loss of generality we may assume
that C' is bounded. Since S = {T; : t € S} is a nonexpansive semigroup on C', we
have that, for all z,y € C and s,t € S,

|ITse — Ty|l* — I Tsw — y?
= |Tex — Toyll* = | Torez — Toyll* + | Torew — Toyll* — | o — y?
< || Tow = Tyl* = | Toriw — Tyl* + | Tox — yI* — | Tew — y®
= |Tw — Tw|* — | Toex — Toyl|*.

If {u.} is a strongly asymptotically invariant net of means on ¢*°, then we have
that

(1)s (| T = Tyl)* = || Te — yI?)
< (p)s (I Ts = Ty |? = | Tosar — Toyl|?)
= (p)s || Ts = Toy||* = (6 )| T — Ty
SHum—@uﬂsgﬂﬂﬁr—ﬂyW,

and hence
lim sup supc(,uH)S(HTsa; — Ty|> = | Tsz — y||*) < 0.
K RIS
Therefore, we get the desired result from Theorem 3.1. O

As in the proofs of Theorems 4.1 and 4.2, from Theorem 3.2 we also get the
following strong convergence theorems by the shrinking projection method (see

[16]).

Theorem 4.3. Let H be a real Hilbert space, and let C' be a nonempty closed
conver subset of H. Let T be a generalized hybrid mapping of C' into itself such
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that F(T) is nonempty. Let {p,} be a strongly asymptotically invariant sequence
of means on . Let {x,} C C be a sequence generated by x1 = x € C and

UYn = ATy + (1 - Oén)Tunzn?
Conp1 ={2 € Cp: |lyn — 2[| < ||z — 2[[},
Tni1 = Po ., v, VnéeN,

n+17?
.1 15 the metric projection of H onto Cpyy and {o,} C [0,1] is a
sequence such that liminf, ,. a,, < 1. Then {z,} converges strongly to zy =
Prpryx, where Ppery is the metric projection of H onto F(T).

where Po

Theorem 4.4. Let H be a Hilbert space, and let C' be a closed convex subset
of H. Let S be a commutative semitopological semigroup with identity, and let
S = {1, :t € S} be a nonexpansive semigroup on C such that {Tyx : t € S} is
bounded for some x € C'. Let {u,} be a strongly asymptotically invariant sequence
of means on C(S). Let {z,} C C be a sequence generated by x1 = x € C' and

Yn = Qny + (1 - an)Tunxn7
Cot1={2 € Cn: |lyn — 2|| < [lzn — 2|1},
Ipt+1 = £Cppr T Vn € N7

where Pc, ., is the metric projection of H onto Cyiq and {a,} C [0,1] is a
sequence such that liminf, , «, < 1. Then {x,} converges strongly to zy =
Pr(syx, where Pp(s) is the metric projection of H onto F(S).
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