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ABSTRACT. Given an increasing sequence (X, )ne,, of quasi-uniform spaces and
paratopological groups, we study the topology of the direct limits qu—lin X,
and pg-lim X, of the sequence (X, )ncw in the categories of quasi-uniform
spaces aIE paratopological groups, respectively. First, we prove that the quasi-
uniformity of the quasi-uniform direct limit qu-lim X,, is generated by some
special family of quasi-pseudometrics. Then we dguss some properties of the
direct limits pg-lim X,,. Finally, we give an explicit description of the topol-
ogy of the direct?mit pg-liﬂ}l X, under certain conditions on the sequence of

paratopological groups (X, )necw. Moreover, some questions about direct limits
of qu-lim X, and pg-lim X,, are posed.
— —

1. INTRODUCTION

The concept of direct limit is a basic one in functional analysis, and it has
become widely used in algebra, topology, and other areas of mathematics, such as
algebraic geometry and complex analysis, including the fundamental notion that
a stalk of a sheaf uses direct limits. An important special case of the direct limit is
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the direct limit of a directed family of mathematical structures of the same type.
The problem of explicitly describing the topological structure of the direct limit
has been discussed in [2], [3], [5], [8], [9], [10], and [13]. In this paper, we mainly
discuss the topologies on a tower of quasi-uniform spaces and paratopological
groups.

A semitopological group G is a group G with a topology such that the product
map of G X GG into G is separately continuous. If G is a semitopological group
and the inverse map of G onto itself associating x=! with arbitrary x € G is
continuous, then G is called a quasitopological group. A paratopological group G is
a group G with a topology such that the product map of G x GG into G is jointly
continuous. If G is a paratopological group and the inverse map of G onto itself
associating 7! with arbitrary x € G is continuous, then G is called a topological
group. However, there exists a paratopological group which is not a topological
group; the Sorgenfrey line (see [6, Example 1.2.2]) is such an example.

Given a tower

XoCX1CX2C"'CXnC"'

of topological spaces, the union X = |, ., X, endowed with the strongest topol-
ogy making the inclusion maps X,, — X, n € w, continuous is called the topolog-
ical direct limit of the tower (X,,)ne, and is denoted by t-lim X,.

—

By a quasi-uniform space we mean the natural analogue of a uniform space
obtained by dropping the symmetry axiom. We shall denote the quasi-uniformity
of a quasi-uniform space X by QU x. The direct limit qu-lim X,, (resp., u-lim X,,)

— —

of a tower (X,,)ne, of quasi-uniform spaces (resp., uniform spaces) is defined in a
similar fashion as the countable union X =, ., X, endowed with the strongest
quasi-uniformity (resp., uniformity), making the inclusion maps X,, - X, n € w,
quasi-uniformly continuous (resp., uniformly continuous).

The direct limit pg—liﬁ)l G, (resp., g—lin G,) of a tower (G, )new Of paratopo-

logical groups (resp., topological groups) is defined as the countable union G =
U,e. Gn endowed with the strongest topology that turns G into a paratopological
group (resp., topological group) and makes the inclusion maps G,, — G, n € w,
continuous.

This paper is organized as follows.

In Section 3, we prove that the quasi-uniformity of the quasi-uniform direct
limit qu—ligl X, of the sequence (X,,)ne, in the categories of quasi-uniform spaces

is generated by some special family of quasi-pseudometrics. Moreover, for two
towers (X, )new and (Y}, )new of quasi-uniform spaces, we show that the topology
of qu-lim X,, x qu-lim Y}, coincides with the topology of qu-lim(X,, x Y,).

— — —

In Section 4, we discuss some properties of direct limits t-lim G,, and pg-lim GG,
— —

of the sequence (G},)ne. in the categories of paratopological groups. We show that
if t-lim G,, is a paratopological group, then t-lim G} = (t-lim G,)*, where each
— — —

G denotes the coarsest group topology on G, which is finer than the original
topology of G,,.
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In Section 5, we give an explicit description of the topology of the direct limit
pg-lim G,, of the sequence (G, )ne, in the categories of paratopological groups
H

under certain conditions on the sequence of paratopological groups (G, )ne,. We

prove that, under certain conditions on a tower of paratopological groups (G, )new,

the topology of the direct limit pg-lim G,, coincides with one (or all) four simply
—)

described topologies on the group G = |J,,.,, G». Moreover, we define the PPTA

(passing through assumption in paratopological groups) property and other prop-

erties of the tower (G},)new, guaranteeing that the topology of pg-lim G, coincides
H

with some kind of topology.

2. PRELIMINARIES

Let X be a set. The family of all subsets of X x X has an algebraic structure
related to the operation

UoV ={(z,2) € X x X : there exists y € X
such that (z,y) € U and (y,2) € V}

for U,V € X x X. Then the so-defined addition operation allows us to multiply

subsets U C X x X by positive integers using the inductive formula U = U! and
U+l = U o U for n > 1. Moreover, for a subset U of X x X, denote

U™t ={(z,9): (y,z) € U}.
For a sequence (U;);e,, of subsets of X x X, put

ZUi:Uoo-uoUn

<n
and
Su-Uyn
1EW new i<n

For a point z € X, asubset A C X, and U C X x X, let
B(z,U)={ye X : (z,y) €U}

and

B(A,U) = | B(x,U)
€A
be the U-ball around x and A, respectively.

Definition 2.1. A quasi-uniformity on a set X is a filter U on X x X such that
(a) each member of U contains the diagonal of X x X and (b) if U € U, then
VoV C U for some V € U . The pair (X, U ) is called a quasi-uniform space and
the members of U are called entourages.

By a tower of quasi-uniform spaces we shall understand any increasing sequence
XoCcXjCcXeC---CX,,C---

of quasi-uniform spaces.
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Definition 2.2. A function f : (X, U ) — (Y, V) is called quasi-uniformly continu-
ous (resp., uniformly continuous) if, for each V' € V | there exists an U € U such
that (f(z), f(y)) € V whenever (z,y) € U, where U and V are quasi-uniformities
(resp., uniformities) for X and Y, respectively.

Definition 2.3. A quasi-pseudometric d on a set X is a function from X x X into
the set of nonnegative real numbers such that, for z,y,z € X: (a) d(z,z) = 0
and (b) d(z,y) < d(z,z) + d(z,y).

Every quasi-pseudometric d on X generates a topology F (d) on X which has
a base of the family of d-balls {B(z,r) : € X,r > 0}, where By(z,r) = {y €
X d(z,y) <r}.

We denote by w the first countable order and by N the set of all natural
numbers. The letter e denotes the neutral element of a group. The readers may
consult [1], [4] and [6] for notations and terminology not explicitly given here.

3. TOPOLOGICAL DIRECT LIMIT OF QUASI-UNIFORM SPACES

A quasi-pseudometric on a quasi-uniform space X is called quasi-uniform if,
for each £ > 0, the set

{d<e}={(z,y) € X x X : d(z,y) <&}

belongs to the quasi-uniformity of X. By [7, p. 3|, the family of QPMy of
all quasi-uniform quasi-pseudometrics on a quasi-uniform space X generates the
quasi-uniformity QU x of X in the sense that the sets {d < 1}, d € QP My, form
a base of the quasi-uniformity QU x.

It follows from the definition of quasi-uniform direct limit that we have the
following theorem.

Theorem 3.1. Let (X, )new be a tower of quasi-uniform spaces. Then a quasi-
pseudometric d on the quasi-uniform space qu-lim X, is quasi-uniform if and only
—

if for each n € w the restriction d|x, xx, is a quasi-uniform quasi-pseudometric
on X,.

For a tower (X, )ne. of sets and points z,y € X =, . X, let

new
|z| =min{n cw:z € X,}
and
|z, y| = max{|z], [yl }.
The |z| is said to be the height of the point z in X.
Definition 3.2. Let (dp)new € [[,e, @QPMx,. Then we say that a sequence of

quasi-pseudometrics (d,)new is monotone if d,, < d,11|X,, x X, for any n € w.
By the direct limit d., = limd,, of a monotone sequence of quasi-pseudometrics
—

(dp)new, we understand the quasi-pseudometric on X = J _ X, defined by the

following formula:

new

doo(,y) = lim dy(x,y) = inf{z sy ) (T2, @) 0 T = T, Ty, Ty = y}
=1

on X.
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Lemma 3.3. Let (X,)ne, be a tower of quasi-uniform spaces, and let (d,)new €
[, QPMcx, be monotone. For arbitrary points x,y € X ande > 0, there exists

a chain of points x = xg, x1,...,T, =y such that
> d sl (@ic1 ) < limdy(2,y) + 2 (1)
i=1

and |x;| < max{|z;_1|, |x;|} for each 0 < i < mn. The latter condition implies that
|zo| > |x1] >« > |ok] < |xgaa| < -+ <|zp| for some 0 < k < n.

Proof. Let © = xg,21,...,2, = y be a sequence satisfying (1) and having the
smallest possible length n. Then the sequence z = xg,21,...,x, = y has the
desired property.

Indeed, suppose that |z;| > max{|z;_1], |z;|} for some 0 < ¢ < n. Since

> dj,| (Ti—1, Tig1)
Z d|$i_1,zi+1|<x’i*17‘ri+1>7

we can delete the point x; from the sequence g, 1, .. ., x,, which will not enlarge
the sum in (1). However, it will diminish the length of the sequence, which is a
contradiction.

Let k be the smallest number such that |z;| = min;<,, |z;|. Then we have |zq| >
|z > o > k] < apa] < -0 <zl O

Lemma 3.4. Let (X,)ne, be a tower of quasi-uniform spaces. For an arbitrary
monotone sequence of quasi-pseudometrics (dp)new € [[,c, @QPMx,, the direct
limit quasi-pseudometrics limd,, on qu-lim X,, is quasi-uniform.

— —

Proof. Let dy, = limd,,. By Theorem 3.1, it is easy to see that the quasi-uniformity
—

of the quasi-pseudometric d., is equivalent to the quasi-uniform continuity of
the identity map qu-lim X,, — (X, dy). It follows from the definition of quasi-
—

uniform direct limit qu-lim X, that the quasi-uniform continuity of the identity
—
map qu-lim X,, — (X, d) is equivalent to the quasi-uniform continuity of the
—

inclusion embedding X,, — (X, dy) for each n € w. For each n € w, since
d,, is a quasi-uniform quasi-pseudometric and (d,),e,, is monotone, the inclusion
embedding X,, — (X, d) is a quasi-uniform continuity. O

Lemma 3.5. Let (X, QU x) be a quasi-uniform space, and let M be a subset of X .
Then every bounded quasi-pseudometric p on the set M, which is quasi-uniform
with respect to QU yy, is extendable to a bounded quasi-pseudometric o on the
set X, which is quasi-uniform with respect to QU x.

Proof. Without loss of generality, we may assume that p < % for all z,y € M.
For each i € N, take a V; € QU x such that

Vi (M x M) C {(a:,y)eMxM:p(a:,y)<%},
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and take a quasi-uniform quasi-pseudometric o; on the set X bounded by 1 such
that .

{(;E,y) € X xX:oi(x,y) < Z} cV
(see [7, p. 3] or [L1]). Put

— 1
0./(1,7 y) = 82 502(1‘7?/)
i=1

Then it is easy to see that o’ is a quasi-pseudometric on X, which is quasi-uniform
with respect to QU x. Next we shall show that p(z,y) < o'(x,y) for all z,y € M.
Indeed, for each z,y € M, if p(z,y) = 0, then it is obvious. Hence we may
assume that p(z,y) # 0. Then there exists an ¢ € N such that 52+ < p(z,y) < &;
hence (z,y) ¢ Viy1, which implies that o,1(z,y) > 1. Therefore, o’(z,y) >
8 X Qi%o-i-l—l(mﬁy) > 8 X 21% X 411 = % > p(l’,y)
For z,y € X, let
o"(z,y) = inf{o'(z,a) + p(a,b) + o'(b,y) : a,b € M}

and
o(z,y) = min{o’(z,y),0"(2,) }.
Since ¢’ is a quasi-uniform quasi-pseudometric on X, o is a quasi-uniform quasi-
pseudometric o on the set X. Finally, we shall check o|y«ar = p. Indeed, it
suffices to check that ¢” = p on M. Fix arbitrary x,y € M. Then we have
o"(z,y) < o'(z,2) + p(x,y) + ' (y,y) = p(2,y).

Moreover, for arbitrary a,b € M, we have
p(x,y) < p(z,a) + pla,b) + p(b,y)
<d'(z,a)+ pla,b) +d'(b,y),
which implies that p(x,y) < o”(z,y). Therefore, " = p on M. O

Theorem 3.6. The quasi-uniformity of the quasi-uniform direct limit qu-lim X,
_>

of a tower of quasi-uniform spaces (X, )new s generated by the family of quasi-
pseudometrics

{lin dy 2 (dp)new € 1;[ QP My, is monotone}.

Proof. Let U € QPMx be an entourage of the diagonal of the quasi-uniform
space qu-lim X,,. By Lemma 3.4, for each monotone sequence of quasi-
—)

pseudometrics (dp)new € [[,e, @QPMx,, the direct limit quasi-pseudometric
limd, on qu-lim X, is quasi-uniform. Therefore, we need to find a monotone
— —

sequence of quasi-pseudometrics (dp)new € [],e, @PMx, such that {limd, <
—

1} CcU.
Choose a sequence of entourages (U,,)new € (QPMx)* such that Uy C U and
U2,, C U, for each n € w.
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Claim 1. There erxists a monotone sequence of quasi-pseudometrics (dp)new €

[I,c. QPMx, such that {d, < 1} C U, for each n € w.

Indeed, it follows from [7, p. 3] or [L1] that, for each k& € w, there is a
bounded quasi-uniform quasi-pseudometric p, on X such that {px < 1} C U.
By Lemma 3.5, for each n > k, the quasi-pseudometric p, can be extended to a
quasi-uniform quasi-pseudometric py, on the quasi-uniform space X,, O Xj. For
each n € w, let d,, = >, ., prn- Then (d,)ne, is a required monotone sequence
of quasi-uniform quasi-pseudometrics.

By Claim 1, there exists a monotone sequence of quasi-pseudometrics (d,)ne, €
I, QPMcx, such that {d, < 1} C U, for each n € w. Let dos = lin d,,. Then

we have {d,, <1} C U.
Indeed, take any points z,y € X with doo(z,y) < 1. By Lemma 3.3, there
exists a sequence of points © = xg, 1, ...,x, = y such that

n
Zd‘wifl,mﬂ(xi—l;xi) <1
i=1

and
o > faa] > - > fag] <] <o <
for some 0 < k < n. Note that, for each i < k, we get |x;_1| > |z;| and then
d|:l‘i_1|(xi717xi) = d|$i_1,$i|<xifl7xi) < 1

Therefore, the choice of the quasi-pseudometric d|,, ,| guarantees that (x;_1,z;) €
{d|zi71| < 1} C Umil‘.
For i > k, since |z;_1| < |z;|, we have

d\xi|($z‘—1,$i) = d\xi,l,xi\(l‘i—hxi) <1,
which implies that (z;_1,2;) € U}y, It follows from
|zo| > |z1| > - > o] < zpp] < -+ < |zl
that
(x,y) € UILBOI ©:+0 Ulﬂﬂk—ll © U|$k+1\ 00 U\wn\
CUk;_]_o"'OUOOUOo"'O n—k
c Uy
cU. O

Question 3.7. For towers (X, )new, (Yn)new of quasi-uniform spaces, is the identity
map id : qu-lim(X,, x ;) — qu-lim X,, X qu-lim Y, a homeomorphism?
— — —

Let (X, QUx) be a quasi-uniform space. Denote QU% be the coarsest unifor-
mity on X which is finer than QU x.

Theorem 3.8. Let (X,,, QUx,,) be a tower of quasi-uniform spaces, and let QU x
be the quasi-uniformity of qu-lim X,,. Then QU is the uniformity of u-limYy,,
— —

where each Y, is the uniform space (X,, QU ).
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Proof. Let Ux be the uniformity of u-limY,. Obviously, we have QU C Ux.
—

Next we shall prove that Uy C OUY.

Let U € Ux. Obviously, we have U N (X, x X,,) € QU for each n € w. Next,
we shall construct a sequence {V,, : n € w} of subsets of X x X such that the
following conditions hold:

(1) for each n € w, V,, € QU x, ;
(2) for each n € w, V,, = Vi1 N (X, X X,);
(3) foreachn € w, V, NV, cUN (X, x X,,).

Indeed, since U N (Xo x Xo) € QUY,, there exists a Vj € QU x, such that
VonVy ' € UN(Xox Xp). Now, suppose we have defined V;, V4, . .., V,,. Since V,,N
Vb C (Xnp1 X Xpg1)NU and V, NV, 1 € QU | there exists a symmetric subset
W e QU suchthat V,NV, "' = WN (X, xX,)and W C (Xp11 X Xpp1)NU.
Moreover, since V,, € QU x,,, there exists a L € QU ,, such that LN(X,, x X,,) =
V... Therefore, there exists an O C L and O € QU ,, such that ON O~ C W.
Put V,,,1 = OUV,. Then V,,; € QUx, , and V,, = V,,,1 N (X, X X,,). Moreover,

n+1

V%+1er2;h

=OuvVy)nOtuvh
=OnoHhuOnvHhuOtnv,)u(,nv™t
(OmO NuONX, xX,)NV, )
UO'N (X, x X)) N Vo) U (VN V,h

(OmO NU(LN(X, xX,)NV, )

UL'N (X, x Xn)NV) U (VN
c(OnoOHu(V,nV, ™
cwWuUnu,)
CUN(Xpp1 X Xps1)-

Therefore, {V,, : n € w} satisfies (1)—(3).

Put V = (J,, Va- Obviously, the set V' € Uy, and hence VNV~ € Uk,

Obviously, we have

vV =Jwvanv,h e | JUn (X, x X,)) =U.

new new

Therefore, we have U5 C QU x. Then Uy = QU x. O

4. SOME PROPERTIES OF TOPOLOGICAL DIRECT LIMIT OF
PARATOPOLOGICAL GROUPS

Obviously, we have the following two theorems.

Theorem 4.1. Let (G,)nen be a tower of paratopological groups. Then the topo-
logical direct limit t-im G,, is a semitopological group.
_>
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Remark 4.2. However, the multiplication t-lim G,, x t-imG,, 3 (g,h) — gh €
— —

t-lim G,, is not necessarily jointly continuous (see [12, Example 1.2]).
—

Theorem 4.3. Let (G,)nen be a tower of paratopological groups, and let H be
a paratopological group. If ¢ is an algebraic homomorphism of the group G =
Unew Gn into H, then the following conditions are equivalent:

(1) ¢ is continuous as a map from pg-limG,, to H;
H

(2) ¢ is continuous as a map from t-lim G,, to H.
H

Let (G, T) be a paratopological group. Denote G* by the coarsest group topol-
ogy on the abstract group G which is finer than 7.

Theorem 4.4. Let (G,)nen be a tower of paratopological groups. If the topological
direct limit t-lim G,, is a paratopological group, then t-lim G} = (t-lim G,,)*.
— — —
Proof. Let 7, § be the topologies of t-lim GG,, and t-lim G, respectively. Obviously,
— —
we have 7% C ¢ by the definition of the topological direct limit t-lim G. Next,
_>

we shall prove that 6 C 7*. Let U be an open neighborhood of e in §. Then each
UNG, is open in G. Next, we shall construct a sequence {V}, : n € w} of subsets
of GG such that the following conditions hold:

(1) for each n € w, V,, is a neighborhood of e in G,;
(2) for each n € w, V,, = V11 N Gy;
(3) foreachn e w, V, NV ' Cc G, NU.

Indeed, since U NG| is open in G, there exists an open neighborhood Vj of e in
Gy such that VoﬂVO_l C GoNU. Now, suppose we have defined Vj, Vi, ..., V,. Since
VNVt CGpiiNU and V,, NV, ! is open in G, there exists a symmetric open
neighborhood W of e in Gj,; such that V,, N VI=WnNG, and W C G,,1NU.
Moreover, since V,, is open in G, there exists an open neighborhood L of e
in G, 1 such that L N G,, = V,,. Therefore, there exists an open neighborhood
O C L of ein G4y such that ON O~ ¢ W. Put V,,.; = OUV,. Then V,,, is a
neighborhood of e in G,, .1 and V,, = V,,;1 N G,,. Then we have

Vo NV, L =(OuV,)nOtuy,™)

=OnoHhuOnvHhuOtnv,)u,nv™t
=OnoHuOnG, NV, HhuO*'nG. NV u(V,nV. 1
cONOHUILNG, NV HUu(L NG, NV, U ((V,nV, 1
cOnoHu(,nv™1
cwuUunu,
CUNGpt1-

Therefore, {V,, : n € w} satisfies (1)—(3).

Put V.=, ., Va. Obviously, the set V is a neighborhood of e in 7; hence

new N

V NV~ is a neighborhood of e in 7*. Obviously, we have
vavl=Jv.nv,h e Junag,) =U.

new new

~_ N/~
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Therefore, we have § C 7*. Then § = 7*; that is, t-lim G} = (t-lim G,,)*. O
— —

Lemma 4.5 (see [5, Theorem Y]). Let (Gy,)nen be a tower of metrizable topologi-
cal groups, where each G, is closed in G,1. Then t-lim G,, is a topological group
H

if and only if each G,, is locally compact or some G, is open in all G,,, m > n.

Corollary 4.6. Let (G,)nen be a tower of Ty first-countable paratopological
groups, where each G, is closed in G11. If the topological direct limit t-lim G, s
_)

a paratopological group, then each G, is locally compact or some G} is open in
all G5, m > n.

Proof. Obviously, each G}, is metrizable and each G, is closed in G}, ;. By
Lemma 4.5 and Theorem 4.4, the theorem holds.

Example 4.7. There exists a tower of T first-countable paratopological groups
(Gp)nen such that each G, is closed in G,.; and the topological direct limit
t-lim G,, is not a paratopological group.

—

Proof. For each n € w, let G, = @ x --- x ), where the rational number Q
~—_—

endows with usual topology. Obviously, We can identify each G,, as a subset of
Gpi1- Then each G, is a metrizable topological groups and each G,, is closed
in G,11. However, it follows from Lemma 4.5 that t-lim G,, is not a topological

—
group, and hence it is not a paratopological group by Theorem 4.4. O

Question 4.8. Let (G,)nen be a tower of paratopological groups. If the topological
direct limit t-lim G is a topological group, is the topological direct limit t-lim G/,
— —

a paratopological group?

Question 4.9. Let (G,,)nen be a tower of T first-countable paratopological groups,

where each G, is closed in G,1;. If the topological direct limit t-lim G} is a
H

topological group, is the topological direct limit t-lim G,, a paratopological group?
—

Finally, we discuss the direct product of two towers of paratopological groups.
The following lemma is obvious.

Lemma 4.10. Let (G,)new be a tower of paratopological groups, and let L be a
paratopological group. For each n € w, if the map ¥, : G,, — L is a continuous
homomorphism and V¥ny1|a, = Un, then the following homomorphism map

Y :pglimG, — L, X 2z Y,(x),
—

where n = min{n € w: x € G}, is continuous.

Theorem 4.11. Let (Gy)new, (Hp)new be two towers of paratopological groups.
Then the identity map id : (pg-lim G,) x (pg-lim H,,) — pg-lim(G,, x H,) is a
— — —

homeomorphism.
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Proof. Obviously, the map id ™" : pg-lim(G,, x H,) — (pg-lim G,,) x (pg-lim H,,)
— — —
is continuous. Let us prove the continuity of id.
We assert that the homomorphism (pg-limG,,) 5 g — (g, en) € pg-lim(G,, X
— —

H,) is continuous, where ey denotes the neutral element of pg—lig)l H,.

To prove this, we apply Lemma 4.10 for L = pg-lim(G,, x H,,). Indeed, for each
n € w, the canonical map G, X H,, 3 (gn, hn) — (g:hn) € L = pg-lim(G, x Hy,)
is continuous by the definition of the topology of pg—ligl(Gn x Hp), ;r>1d the em-

bedding map G,, 3 g, — (gn,€n,) € G, X H, is also continuous. Therefore, the
homomorphism G,, 5 g, — (gn,en) € L is continuous. Hence, by Lemma 4.10,
we get the asserted continuity:.

Similarly, the homomorphism (pg—ligl H,) > h— (e, h) € pg—liL}n(Gn x H,)

is continuous, where e denotes the neutral element of pg-lim G¢,,. Then the map
—
¢ : pg-lim G,, x pg-lim H,, — pg-lim(G,, x H,) X pg-lim(G,, x H,,),
— — — —

(9,h) — ((g9,en), (eq, h)), is continuous. Moreover, the product map

¢ : pe-lim(G,, x Hy,) x pg-lim(G,, x H,) — pg-lim(G,, x H,),
— — —

((g,h),(¢', 1)) — (gg’, hh'), is continuous since the topology of pg—ligl(Gn x H,)

is a paratopological group topology. Therefore, the product of maps ¢ - p = id is
continuous. O

5. TOPOLOGICAL DIRECT LIMIT OF PARATOPOLOGICAL GROUPS
In this section, given a tower of paratopological groups
GocGicGyCc---CcG,C---

we define topologies on the group G = J,,,, G-
Given a sequence of subsets (U, )new of the group G, where e € U, for each
m € w, let
.
I1 v. =00 Un;

0<n<m
H

H Un - UmUm—l te UOa
0<n<m
>

11 v =U.Uns - UsUsU; - - Uy

0<n<m

Then we consider the following direct product in G:

[Mo.-U II os

new mew 0<n<m
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new mew 0<n<m
—> —
[Tv.-U II o
new mew 0<n<m
Note that
— 1 — > — —
(H Un> ~[Iv.t and  JJU.= (H Un> : (H Un).
new new new new new

In each paratopological group G, fix a base B,, of open neighborhoods of the

— = = &
neutral element e. The topologies 7, 7, 7, 7 on the group G are generated

by the bases, respectively:

EZ {(ﬁUn> -x:xEG,(Un)newé HBn}a
new new
. 4
VRN >
B = {x (H Un> cyrx,y € Gy (Up)pew € H Bn};
ﬁ 1& . new
B=Jz: (HUn> N (HUn> “Yyrx,y € G7(Un)n€w S HBTL}
new new

new

I
1

— = _ e
By G, G, G, G we denote the group GG endowed with the topologies 7, 7,
— = = = = . . .
T, T, respectively. Obviously, G, G, G, G are semitopological groups having
the families

B, {ﬁ Un: (Unew € [] B},

B, {ﬁ Un (Unnew € [ Bu -

B, - {ﬁ U : (Unnew € [] Bn},

<:> new . new

B. = {(ITv.) n(IT0) : Waduew € [] B}

and are neighborhood bases at the neutral element e, respectively.

<
Theorem 5.1. The identity map G — pg-lim G,, is continuous.
—
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<
Proof. Obviously, G and pg-lim G,, are semitopological groups. Therefore, it suf-
—

<
fices to prove the continuity of the identity map G — pg-lim G,, at the neutral
—

element e.
Take a neighborhood U of e in pg-lim GG,,. By induction, construct a sequence
%

of open neighborhoods V,, of e in pg-lim GG,, such that V04 C U and V,LQH c 'V, for
—)

each n € w. Then, for each m € w, we have
— —
0<n<m 0<n<m

Indeed, for m = 0, this inclusion holds according to the choice of Vj. Suppose
that for some m € w the inclusion holds. Then we have

via- (T ) (11 %) 2.

0<n<m 0<n<m
— —
:Vri—&—l'vm'(H V")'(H Vn>'Vm’VTi+1
0<n<m 0<n<m
— —
Voo Voo (TT V) (II V) - Viu: Vi
0<n<m 0<n<m
cU.

Therefore, we have

(Iv)-(I1%) = (U T1 %) (U I w)cv

new ncw mew 0<n<m mew 0<n<m

— — p— pg
Since [],c,Vo = (IT,euVa) - (I1,.e,Va), we have [],.,Va C U.

—
Therefore, the identity map G — pg-lim G,, is continuous. 0
—

Obviously, the following five semitopological groups are linked by continuous
identity homomorphisms:

Theorem 5.2. The following conditions are equivalent:
(1)
(2)

— — ‘
G and G are paratopological groups;
=

G is a paratopological group;
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P

<
(3) the identity map _G> — G is continuous;

F
(4) the identity map G — pg-lim G,, is a homeomorphism.
H

- —
Proof. (1) = (2)._>Suppose that G and G are paratopological groups. Next we

%
shall prove that G is a paratopological group.
_>

—

<_

G are paratopological groups, there exists a V;, € By, such that (], ., )2 C
— “— «—

[1,c.Un and (I1,,c,Vn)? C I1,cuUn, and hence

(ﬁ Vi ﬁ v) c (ﬁ v)'n (ﬁ v) c (ﬁ AN

new

— — z —
Indeed, take a (],c,Un) N (I],cuUn) € Be. For each m € w, since G and
|74

P

Therefore, G is a paratopological group.
=

(2) = (4). Obvigusly, all the inclusion homomorphisms G,, — G, n € w, are
continuous. Since G is a paratopological group, it follows from the definition of

%
pg-lim G, that the identity map pg-lim GG, — G is continuous. By Theorem 5.1,
— — —
<_
the identity map G — pg-lim G, is also continuous. Then the identity map
— —
<_
G — pg-lim G, is a homeomorphism.
- 2
(4) = (3). Let the identity map G — pg-lim G,, be a homeomorphism. Then
—)

the composition of two continuous maps

— =2
G — pg-limG, and pg-limG, — G
— —
is continuous, and hence the identity map _G) — @ is continuous.

Ay A Ay
(3) = (1). Let the identity map G — G be a continuous map. Then G —

Qfl

is a homeomorphism. Therefore, the identity maps between semitopological

N =4 — =

<_
groups G, G, G, G are homeomorphisms. Moreover, the map G x G — G,
(x,y) — zy is continuous. Therefore, it is easy to see that the multiplication map

- = — ‘ '
G x G — G, (z,y) — xy is continuous. O

—
Theorem 5.3. The serrgopological group G is a paratopological group if and
only if the identity map G — pg-lim G,, is a homeomorphism.
H
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<
Proof. Sufficiency. Let the identity map G — pg-lim G, be a homeomorphism.
—

<
Then G is a paratopological group because pg-lim GG,, is a paratopological group
—
by the definition of pg-lim G,,.
—
The proof of necessity is similar to that of (2) = (4) in Theorem 5.2. O

Remark 5.4£bviously, the equivalent conditions (1) through (4) in Theorem 5.2
imply that G is a paratopological group.

Corollary 5.5. Let (G, )nen be a tower of abelian paratopological groups. Then
the following conditions are equivalent:

1
2

(1)
(2)
(3)
(4)
()

1s a paratopological group;

_>

G

F . .

G is a paratopological group;
=

G

1S a paratopological group;
&

<
4) the identity map g — G 1s continuous;

%
5) the identity map G — pg-lim G,, s a homeomorphism.
H

Next we shall introduce the properties of PPTA, balanced and bi-balanced,
guaranteeing that the topology of the direct limit pg-lim GG,, of a tower of paratopo-
_>

. o T =
logical groups (G, )new coincides with the topologies G, G, G, and G.

Definition 5.6. A tower of paratopological groups (G, )ne, is said to satisfy PPTA
if each paratopological group G, has a neighborhood base B, at the neutral
element e, consisting of open neighborhoods of e in GG,,, such that, foreach U € B,
and each neighborhood V' of e in G,, with m > n, there is a neighborhood W of
e in G,, such that WU Cc UV and UW C VU.

Theorem 5.7. If a tougr of paiatopological groups (Gy,)ne. satisfies PPTA, then

semitopological groups G and G are paratopological groups and hence conditions
(1)-(4) of Theorem 5.2 hold. In particular, the topology of pg-lim G,, coincides
—)

ﬁ
. e o
with any of the topologies T, 7, T, T.

Proof. Since the tower of paratopological groups (G, ),e. satisfies PPTA, each
paratopological group G, has an open neighborhood base B,, at e, consisting of
an open neighborhood U in G, such that, for each m > n and a neighborhood
V of e in G,,, there is a neighborhood W of e in GG, such that WU C UV and
Uw cVuU. N -

By Theorem 5.2, we shall show that G and G are paratopological groups.
Therefore, it suffices to check the Cont_i>nuity <o_f the multiplication at the neutral

element e for semitopological groups G and G, respectively.
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%
Let HnewW € B and HnEan € B.. Next, we find a neighborhood
.
HnewV € B and H V,, € B such that

new

(ﬁvn)zcﬁwn and (ﬁvn>2cﬁwn.

new new new new

For each n € w, we can find a neighborhood U, of ¢ in G,, such that U> C W,,.
Put V¥ = U, and, using PPTA, for each 0 < i < n find a neighborhood V! of e
in (G,, such that

(a) V! C U,, and

(b) ViU, ; C U,;Vitand U, Vi C V7lU, .

Note that, for i = n — k, the latter inclusion yields
(c) VU, c U VrF1and UVF c Vir-ly,.
By induction on k we can deduce from (c) the following two inclusions:

g (n—k) — (n—k—1)
(d) (IkcnzmVn ) - U C Uk - (ITicpzm Vn );
= (n—k) p (n—k—1)
(e) Uk ’ (Hk<n§mvn ) - (Hk<n§mVn ) ) Uk
Claim 2. For each m > 0, we have

(EVA”)»(EUOCEW,I and (HU) (HV )C ﬁWn

n<m n<m n<m

Indeed, for each nonnegative integer £ < m + 1, put

- (IT w)-( I ves)-(IT o)

0<n<k k<n<m k<n<m
and
— — —
- (I o) ( T1 v)-( I w)
k k<n<m <n<m 0<n<k

of paratopologlcal group G Gm Then it is easy to see that Clalm 2 holds if and
only if Ho C Hm+1 and Ho C Hm+1 Next we shall show that Hk C Hk+1 and
Hk C Hk+1 for each k£ < m.

Since VU, = UyUy, € Wy, and U, V") = UUy, € Wy, it follows from (d) and
(e) that

- (I w) (I ve ™) (II v)
k 0<n<k k<n<m E<n<m
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(I mw)ve- (e T ) (1T o)

0<n<k k<n<m k<n<m
— —
< (TT w)-wi- (1 wes)-( 1T o)
0<n<k k<n<m k<n<m
N
11
k+1
and
— — — —
IT=(IT o) ( IT v ™) - (I e
k k<n<m k<n<m 0<n<k
— —
=(IT w)-oe (1 vie) - (11 w)
k<n<m k<n<m 0<n<k
— — —
< (I1 ) (I vt ) v (I1 )
k<n<m k<n<m 0<n<k
«— «— “—
c( I1 Un>< I1 V;”*’“*U) Wi ( T] W
k<n<m k<n<m 0<n<k
«
“T1.
k+1

Therefore, Claim 2 holds.
Since V™ ¢ U,, it follows from Claim 2 that the following Claim 3 holds.

. = (n)\2 g p (n)y2 P
Claim 3. (HnGan ) C HnGwW and (HnGan ) C HnGWW :

By Claim 3 and Theorem 5.2, semitopological groups G and G are paratopo-
logical groups and hence condltlons (1) through (4) of Theorem 5.2 h()_l()i in
particular, the topology of pg—lim G, coincides with any of the topologies 7, 7,

%
<—>
, 7' by Theorems 5.2 and 5 0

Definition 5.8. A subset U of a group G is said to be H-invariant for a subgroup
HcGifzUx ' =Uforall z € H.

Note that, for any subset U C G, the set
VU={2eG:z" cU}

is the largest H-invariant subset of U, where 2% = {hzh™' : h € H} denotes the
conjugacy class of a point x € G.

Definition 5.9. A triple (G, H, L) of paratopological groups L C H C G is called
balanced if, for any neighborhood V of e in H and neighborhood U of e in GG, the
products V - /U and YU - V are neighborhoods of e in G.



DIRECT LIMIT TOPOLOGIES OF QUASI-UNIFORM SPACES 65

Definition 5.10. A tower of paratopological groups (G, ),e, is said to be balanced
if each triple (G412, Gni1,Gy) is balanced for each n € w.

Theorem 5.11. If a t_o)wer oﬁ)amtopological groups (Gyp)new 1S balanced, then

semitopological groups G and G are paratopological groups and hence conditions

(1)-(4) of Theorem 5.2 hold. In particular, the topology of pg-lim G,, coincides
H

I A s

with any of the topologies T, 17, 7, T.

Proof. Obviously, it suffices to check the Continuity of the multiplication at the

neutral element e for semltopologlcal groups G and G respectively.
%

Let HnewU € B and HnewU € B.. For each n € w, take a neighborhood
W, of e in G,, such that W,, - W, C U,,. Let

Zp= /W, ={xecqG,: 22 CW,}

be the largest G,,_s-invariant subset of W,,, where we assume that Gy = {e} for
k < 0.
Put Vo = UyNWy, and let V; be a neighborhood of e in G} such that V2 C W;.
Then, for each n > 2, by induction take a neighborhood V,, of e in GG, so that
O VEicV,1-Z,NZ, Vyq, and
(g) Vn C Wn+1-

For each n € w, since (G, G,,—1, G,—2) is balanced, condition (f) can be satisfied.

Claim 4. For each m > 2, we have

(EVO'(E@%)CE% and (ngnv) <EV>CEU"'

Indeed, for each nonnegative integer £ < m, put

- (I %)V (I ) TT zem)-w

n<m—~k n<m—~k m—k<n<m

and

[T-ve (1 v) (19 v (11 9)

m—k<n<m n<m—k n<m—=k

— — —
of paratopological group G,,. Next we shall show that [, C [],.,; and J], C

H
[1. for each k < m.
Then it follows from (f) and (g) that we have

V) ( ﬁ Zui1Va) Vo

—k m—k<n<m

—

[T (I1 %)V

k n<m—k n

S(TL W) Vos Zoaor- (TL V) Voo ( TT Zawita) -V

n<m-—k n<m—k m—k<n<m

ISEl
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.
:< H V.,
n<m—~k
—
:< I v
n<m—k
N
=11
k+1
and

3
=
A
S
A
3

3
=
A
3
A
3

3
=
N
3
A
3

—1
=

I
=
e R N NN
—1
=
N
+
- - o
<
3
A
L1 i
)
i
—
=
~—
=
—
=1
=
~—
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)-VQ -(ﬁv)-z v ( ﬁ Z V)-v
ke n m—k+1 " Vim—k n+1Vn m

n<m—k m—k<n<m
— —
n<m—k m—k<n<m

i
=
/N
—
s
S
/N
—
=
N~——

=
=
/N
—
=
N~——"
=
VRS
—
=
~—"

3
>
IN
3
AN
3
3
A
3
-
3
A
3
=

Therefore, we have
— 9 — —
(IIv.) <« (II v)-va- (1)
n<m <m-—1 n<m

.
VoV ([T Zun%a) -V

0<n<m

.
c UyW Wy - ( H Wn+1W+l> Wi

0<n<m

— —
C UpUys - < H Un+1> Upg1 = H U,

0<n<m n<m+1
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and
— 9 — —
(I1va) < (I1va)-vii- (1T w)
n<m n<m n<m-—1
—
=11
1
-
<l
" —
—v,. ( H WZns1) - VoViEVh
n<m
C Wi - < H Wn+1W+1) - WiWh Uy
0<n<m

C Uppis - ( Unﬂ) UL Uy

0<n<m

:HUn.

n<m+1

— —

By Claim 4 it is easy to see that (I],.c.Va) - (Il,euVn) C HnewU and
(Hnva) (Hnewv) - HnEwU

Therefore, semitopological groups G and G are paratopological groups and
hence Condltlons (1)—(4) of Theorem 5.2 hold. In particular, the topology of
> & o r=

peg-lim G, coincides with any of the topologies 7, 7, 7, 7 by Theorems 5.2
H
and 5.3. OJ

Definition 5.12. A triple (G, H, L) of paratopological groups L C H C G is called
bi-balanced if, for each neighborhood V of e in H and U of e in G, the product
YU -V - YU is a neighborhood of e in G.

A tower of paratopological groups (G, )ne, is called bi-balanced if each triple
(Gri2, Gny1, Gp) is bi-balanced for each n € w.

Theorem 5.13. (11)& tower of paratopological groups (Gp)new 1S bi-balanced, then
the identity map G — pg-lim G,, s a homeomorphism and hence the topology
H

of pg-lim G,, coincides with the topology T .
—

<
Proof. By Theorem 5.3, it suffices to show that G is a paratopological group.
Therefore, 1t suffices to check the continuity of multlphcatlon of the neutral el-

ement Let HnEWW € B . Then we shall find a H Vo € B6 such that
(Hnva) C HnEwW

new
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For each n € w, there exists a neighborhood U, of e in G,, such that U2 C W,,,
and let Z, = “»</U, be the largest G,,_o-invariant subset of U,,, where we assume
that G = {e} for k < 0. Let Oy = Wj. By induction for each n € N| since each
set Z,0,,_17, is a neighborhood of e in G,,, we can take a neighborhood O,, C U,
of e in G,, such that O3 C Z,0,,_1Z,. For each n € w, put V,, = G,, N Op1 1.

—

<
Claim 5. For each m € w, we have (] ,.,,Va)*> C I1cpWa-

For m = 0, this inclusion is obvious. Suppose that the inclusion in Claim 5 has
been proved for some m = [ € w. Next, we shall prove it for m = [ + 1. For each
nonnegative k < m =1+ 1, put

1= ( IT vzn) - (I[%) 0 (IT%) - ( IT 7

k k<n<m n<k n<k k<n<m

of paratopological group G,,. Then we have [], a1 C [1,- Indeed, we have

1= IT vz} - (I%) -0 (IT) - ( IT %)

k+1 k<n<m k<n<m

— — —
C(H VnZn+1)'Vk'<HVn>‘Vk'OkH"/Is'(HVn)‘Vk
n<k

k<n<m n<k

(I 2

k<n<m

(11 ) i

k<n<m

(1 ) i

k<n<m

(I 2

k<n<m

)0t (I[) v (11 7

n<k k<n<m

—
Vo) Zisr - Ox Zia - (T[T V) - Va

n<k

—1 a1

3
INA
=

—

= ( ﬁ VnZn+1> Vi Ly <ﬁ Vn) O (H Vn> k1 Vi

k<n<m n<k n<k
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Then it follows that

([ ([T v) o (1)
-1l
-1l
- (ﬁ VaZui1) - Oo (ﬁ ZuiiVa)

n<m n<m
«— —
C (H U3+1> 0o - <H Un2+1>
nm nm
— —
< (T wsr) - W - (T W)
nm nm
<
= [ W
n<m
< < —
By Claim 5, it is easy to see that (][], Vo) (I],coVn) C 11 ,coWa- Therefore,
—
(G is a paratopological group. O

Remark 5.14. (1) In [3], the authors proved that the properties of PPTA and
balanced are independent.

(2) It is clear that each balanced triple of paratopological groups is bi-balanced.
The converse implication is not true (see [3, Example 5.3]).
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