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QUANTITATIVE WEIGHTED BOUNDS FOR THE
COMPOSITION OF CALDERON-ZYGMUND OPERATORS
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ABSTRACT. Let T1, T5 be two Calderén—Zygmund operators, and let T3 ; be
the commutator of 77 with symbol b € BMO(R"™). In this article, we estab-
lish the quantitative weighted bounds on LP(R™,w) with w € A,(R™) for the
composite operator T4 pT5.

1. Introduction

We will work on R™, n > 1. Let A,(R™) (p € [1,00)) be the Muckenhoupt class
of weight functions, that is, w € A,(R") if w is nonnegative and locally integrable,
and

[w]a, = sgp(lﬁ; /Qw(:c) dx) <|712| /Qw_ﬂil(a:) dx)p_l < oo, ifpe(l,00),

and

[w] 4, := sup Muw(z)

vekr W(T)

where the supremum is taken over all cubes in R™, and [w]y4, is called the A,
constant of w (see [7] for properties of A,(R™)). In the last several years, there has
been significant progress in the study of sharp weighted bounds with A, weights
for classical operators in harmonic analysis. The study was begun by Buckley
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[3], who proved that if p € (1,00) and w € A,(R™), then the Hardy-Littlewood
maximal operator M satisfies

1
M Lo ®nw) Snp [w]ffpl 11| 2o @@ ) - (1.1)

Moreover, the estimate (1.1) is sharp since the exponent 1/(p — 1) cannot be
replaced by a smaller one. Hyténen and Pérez [12] improved (1.1), and showed
that

1

1 1

1M fllzr @y S (104, [0 774 ) 7 1 f o) (1.2)
where here and in what follows, for a weight u € A (R") = 5, 4,(R"), [u]a,,
is the A, constant of u defined by (see [25])

[u]a,, = sup / M (uxq)(
QCR™ U

It is obvious that (1.2) is more subtle than (1.1).
Let T be an L?*(R™) bounded linear operator with kernel K in the sense that,
for all f € L*(R"™) with compact support and almost everywhere z € R™\ supp f,

Tf(x)= | K(x,y)f(y)dy, (1.3)

R
where K is a measurable function on R™ x R"\{(z,y) : * = y}. We say that T
is a Calderon—Zygmund operator if K is a Calderon—Zygmund kernel, that is, K
satisfies the size condition that

|K(z,y)| Sle—y[™ ifz#y,
and the regularity condition that for any z,y,y’ € R" with |z — y| > 2|y — ¢/|,
ly—y'IF

| ~ | ‘n+€

|K(2,y) — K(2.y)| + |K(y,z) - K(y,2)

where € € (0,1] is a constant. The sharp dependence of the weighted estimates
of Calderén-Zygmund operators in terms of the A,(R") constants was first con-
sidered by Petermichl [22], [23], who solved this question for Hilbert and Riesz
transforms. Hytonen [10] proved that for a Calderén—Zygmund operator 7" and
w € AQ (Rn),

1T fll z2(r ) Sn [w]as 1|22 ). (1.4)
This solved the so-called Ay conjecture. Hytonen and Lacey [11] improved the
estimate (1.4), and proved that for a Calderén-Zygmund operator T, p € (1, 00)
and w € A,(R"),

1
7

1 1

1T f e @ w) Snop [w]G, (WA, + [015.) 1fllzo@n,0)- (1.5)
Here and in what follows, for p € (1,00) and w € A,(R"), p’ = p/(p — 1),
o = w 7T, Lerner [16] gave a very simple proof of (1.5) by dominating the
Calderén—Zygmund operator using sparse operators. (For other recent works

about quantitative weighted bounds for singular integral operators, see [12], [13],
[17], [18], [20] and the related references therein.)



WEIGHTED BOUNDS FOR CALDERON-ZYGMUND OPERATORS 135

Let b € BMO(R"), let m € N, and let Tj; and Tj, with j = 1,...,m be
Calderén—Zygmund operators. Krantz and Li [15] considered the boundedness of
a Toeplitz-type operator defined by

Fof(x Z 1S T2 f (x (1.6)

where, both here and in what follows, S, is the multiplication operator with

symbol b defined by

Svg(x) = b(x)g().

Krantz and Li proved that if f € LP(R") such that > 7" T;,Tjof = 0, then for
p € (1,00) and b € BMO(R"),

m m
1B oy S (DI T5allions ) (30 152 lleono ) lbllmviogen 1/ lss -
j=1 j=1

Observe that we can write

Ta5 T2 f () = b(2) T2 (Th2f)(x) = Than(Tiof) ().
Therefore, > 70 Tj1Tj2f(x) = 0 is equivalent to the fact that

m

Fof(x) ==Y Tirp(Tiaf) (@),

=1

where, both here and in what follows, for b € BMO(R") and a linear operator U,
Uy is the commutator defined by

Upf(x) = b(x)U f(z) = U(bf) ().

Thus, the study of properties of T;,5,Tj2f can be reduced to considering the
operator T}141j2. For p € (1,00) and w € A,(R"), it follows from (1.5) and
the quantitative weighted bounds for the commutators of Calderén-Zygmund
operators (see [5], [6]) that, if 77 and T, are two Calderén—Zygmund operators
and b € BMO(R"), then

2 1

1
p P p )2
T Tof Nl o @n ) S I0llBMo@m [w]h ) ([w]h +[0]4.)
X ([w]as + [0)ac) 1 || Lo @ 0)- (1.7)

The main purpose of this article is to establish a weighted bound for 773 ;75 which
is more refined than (1.7). Our main result can be stated as follows.

Theorem 1.1. Let T} and Ty be Calderon—Zygmund operators, and let b &€
BMO(R"™). Then for p € (1,00) and w € A,(R"),

1 1

T2 Tof |l Lonw) S NbllBmo@n W, (w4, + lo]4,)

P

% (waw + [0]a2) I orcrn - (1.8)
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Remark 1.2. As it is well known,

[wae S wla,,  [0]aw Slola, = Wi

Thus,

v

1 1
[W]a + [0]a. S [wlh, ([w]h, +[0]4.,)-
And the inequality (1.8) is more refined than the inequality (1.7).

Remark 1.3. Benea and Bernicot [2] considered the weighted bounds on LP(R™, w)
for the composition of two Calderén—Zygmund operators. They proved that if 77,
T5 are two Calderén—Zygmund operators and T (1) = 0, then for r € (1,00) and
bounded functions f and g with compact supports, there exists a sparse family
of cubes S such that

[ storinsa i 5QEE;|Q|(@1|/Q!f@)rdx)i(ﬁ/cg‘g(ywy),

which implies that for any p € (1,00), r € (1,p), and w € A, (R"),

1

max{ Pt

1}
T f Lo @) S [w]y f || 2r (R ) - (1.9)

p/T

Our argument in the proof of Theorem 1.1 does not require the assumption
T1(1) = 0, and is different from that used in [2]. In fact, repeating the proof
of Theorem 1.1, we can verify that if 77, T5 are two Calderén—Zygmund opera-
tors, then for p € (1,00) and w € A,(R"),

1 1 1
1T T2 fllorny < [wl, ([w]h, + [o]4) (Wlae + [0]a) 1 Il o0
Remark 1.4. To prove Theorem 1.1, we will employ the idea of Lerner [17],
together with some variants. Precisely, by suitable estimate for the grand maximal
operator My, ,1,, we show that the bi-sublinear form [, |T1,T3.f()||g(x)| dz can
be dominated by the combination of three bi-sublinear sparse operators, which
via the estimates for bi-sublinear sparse operators leads to (1.8).

In what follows, C' always denotes a positive constant that is independent of
the main parameters involved, but whose value may differ from line to line. We
use the symbol A < B to denote that there exists a positive constant C' such that
A < CB. In particular, we use A <,,, B to denote that there exists a positive
constant C' depending only on n, p such that A < C'B. Constants with subscripts
such as ¢; do not change from one occurrence to another. For any set £ C R",
X e denotes its characteristic function. For a cube @ C R™ and A € (0, 00), we use
0(Q) (diam @) to denote the side length (diameter) of @, and AQ to denote the
cube with the same center as () and whose side length is A\ times that of (). For
a fixed cube @, denote by D(Q) the set of dyadic cubes with respect to @, that
is, the cubes from D(Q) that are formed by repeated subdivision of ) and each
of its descendants into 2" congruent subcubes. For x € R™ and r > 0, B(x,r)
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denotes the ball centered at x and having radius r. For 5 € [0, 00), cube @ C R",
and a suitable function g, ||| Lqog )5, is the norm defined by

191l £.og 2.0 lnf{)\>0 \Q!/ |g 5<e+@)dy§1}.

We denote [|g(|Laog y0.@ by (l9])@- For r € (0, 00), we set (|g])r.o = ({l9["e)"-

2. Estimates for the grand maximal operator

As in [17], for a sublinear operator U, we define the corresponding bi-sublinear
grand maximal operator My by

Mu(f.9)(2) = s @7‘ /Q U Framo)(©)]|9(6)] de.

where the supremum is taken over all cubes () C R” containing z. Also, we define
the grand maximal operator My by

My f(x) = ZI;PGSS 21113’(] (fxrmazg)(©)]-

Lerner [16, Section 3] proved that if 7' is a Calderén—Zygmund operator, then
Mrf(z) ST f(x) + Mf(z). (2.1)

This section is devoted to the estimates for the operators Mz, ,1,. We begin with
some preliminary lemmas.

Lemma 2.1. Let py € (1,00), let p € [0,00), and let U be a sublinear operator.
Suppose that

1U Sl zro @y S N Nl 2vo eny
and for all A > 0,

H{z eR": |Uf(z)| > A} S /Hgnwlogg(e—l—@)dx.

Then for cubes Qo C Q1 C R",
H U(fXQQ) HL(log L)8,Q1 § ||f||L(log L)B+etl Qy-

For § = 0, Lemma 2.1 was proved in [9, Section 3]. For the case of 5 > 0, the
proof is similar to the case of § = 0.

Lemma 2.2. Let s € [0,00), and let T be a sublinear operator satisfying that for
any A >0,

H:UER” |Tf(x ]>)\H /}Rnwlog%e%—&;)l)dm.

Then for any o € (0,1) and cube Q C R",

(ﬁ/Qlﬂfo)(x)\‘-’dx)g Sl og 9.0
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For the proof of Lemma 2.2, see [8, p. 643].
Let 8 € [0,00). For a locally integrable function f, define the maximal function

4
ML(log L)# f by
M g 1o (@) = 500 1 = ()l gos 110

where the supremum is taken over all cubes in R". Obviously, Mg(log )0 is just

M?*, the Fefferman—Stein sharp maximal operator (see [7]). For r € (0, 1), let M}
be the operator defined by

MEf(x) = [ME(F7) ()] "

and let M, be the maximal operator defined by M, f(x) = [M(|f]")(z)]'/". It is
well known that if » € (0, 1), then (see [8]) for any A > 0,

[{z eR": M, f(z >)\}|<)\ "sup tl{zeR":|f (x){>t}| (2.2)

t>2-1/7 )

For 8 € [0,00), let My, 1oq )5 be the maximal operator defined by

ML(log L)ﬁg(x) = Zup Hg”L(log L)5,Q-

For simplicity, we denote M, og £y by Mp10g 1. Carozza and Passarelli di Napoli
[4, Theorem 2] proved that for « ﬁ € [0, 00),

M (0g e Mp(og )5 f () R M 0g pyetstr f(2). (2.3)
Also, we have that for any A\ > 0,

{2 € R™ : Mpogrypg(z) > A} S / &f)' log” (e + @) d. (2.4)

Lemma 2.3. Let ® be an increasing function on [0,00) satisfying that
O(2t) < CP(t), tel0,00).
(i) Let > 0. Then
iu;g(b HxE]R  Mpgog nys f (z >)\}|
>
n #
< s/\ligcb()\)‘{x € R": My, 1o f (@) > N},

provided that for any R > 0,

sup (IJ(/\)|{$ € R" : Mpgog rys f() > )\H < 00.
0<A<R

(ii) Letr € (0,1). Then
sup ®(A)[{z € R" : M, f(x >)\}‘<sup<I> )|{x€R”:Mff(x)>)\}|,
A>0

provided that for any R > 0,
sup P(A\)|[{z € R": M, f(z) > A}| < 0.

0<A<R
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The proof of Lemma 2.3 is fairly similar to the proof of Corollary 7.4.6 in [7]
(see also the proof of Theorem 2.2 in [9]). We omit the details for brevity.
For a Calderén—Zygmund operator T', let T be the maximal singular integral

operator defined by
[ K@)
|lx—y|>e

For b € BMO(R"), let T} be the maximal commutator defined by
Ty f(x) = sup

/ (b(a) = b{y)) K (.9) T (9) dy.
>0 ‘x y|>e
and let M, be the commutator defined by

Vs ) = sup o | b)) 7).

T"f(x) = sup

e>0

Lemma 2.4. Let T1 and T be two Calderon—Zygmund operators. Then for each
A>0,

{z e R": MTyf () + Ty Taf(x) > A}| S / )|log<e+|f(/\x)|>da:,

provided that f is bounded, compact supported, and has integral zero.

Proof. We first consider the operator MTy. For 8 € [0, 00), let ®4(t) = tlog™"(e+
t=1). We claim that, for each bounded function f with compact support,

M o o (@) S Mygog s f), [ € | JIP@®D,  (25)
p>1
and
iu;g Pa1(AN)|{z € R : |Mpgog 1ypTaf ()] > A} < o0. (2.6)
>

If we can prove these two estimates, then it would follow from Lemma 2.3 and
the inequality (2.4) that

|{x€R”:|MT2f(q:)‘>)\}|§/Rn@bg@—k@) dx. (2.7)

The proof of (2.5) is fairly standard. For each € R", cube @) containing z,
and function f € 5, LP(R"), we decompose f as

FW) = FW)xeyma W) + fW)xameymq(y) = f1(y) + fa(y)-
Let zg € @ such that |15 fa(xg)| < co. Then for all y € @,
}T2f2(y) - T2f2(xQ)’ S Mf(x).
On the other hand, by Lemma 2.1 and (2.3), we see that

12 f1llLgog )20 Sl Lgog nys+16vng S Mrgog nys+1 f(2),
and so (2.5) holds true.
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To prove (2.6), we assume that supp f C B(0, R). Thus by Lemma 2.1, we
know that ||T5 || L(iog £)5,8(0,3r) < 00 and that

/ 1 Tof(y)]log” (e + |Tof(y)|) dy
B(0,3R)

S HT2fHL(1og L)8,B(0,3R) logﬁ (e + HT2f||L(log L)ﬁ,B(o,sR))

T T
B(0,3R) ||T2f||L(log L)#,B(0,3R) ||T2f||L(log L)8,B(0,3R)
S HTszL(log L)8,B(0,3R) 10g’8 (e + HT2f||L(1og L)ﬂ,B(o,:sR))-

Thus by (2.4),

{2 € R" : Mpgog 1ys (XB03r) T2f)(x) > A/2}]
T T:
5/ | zf(y>|10gg(e+| 2f(y)l)dy
B(0,3R) A A

<A logﬁ(e+A1)/B(03R)‘T2f )| log” (e + | Tof(y)|) dy

<A M og’ (e + A Tof |l Laog £y5. 50,31 1087 (€ + | Tof1| Litog )2 B0 3R) ) -
It is obvious that for any x € R",

M 0g 1ys (Xrm\B03R) T2 )(2) S Mpog ys M f(2) S Mpgog ys+1 f(2),
since supp f C B(0, R). This, via (2.4), implies that

[{z € R™ : Mp(og 1ys (Xem 030y T2f) () > A/2}|

< /n @ log*f”+1 (e + @) dz.

The estimate (2.6) now follows directly.
We turn our attention to the operator 7775. The well-known Cotlar inequality
states that

TYg(x) S MiTig(x) + Mg(z).
Applying (2.2), we know that
sup @1 (A H:UER” M1T1T2f >)\}’
A>0

Ssup® (M)A sup t|{z € R": |1 T f (z)| > t}]
A>0 t>272)

ST f |l @y,

since Tof € L'(R™) when f is bounded, compact supported, and has integral
zero. Recall (see [21]) that for g € -, LP(R"),

M (Thg) () < Mg(x). (2.8)
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It then follows from Lemma 2.3 and (2.7) that
{z e R": MiTi T2 f (2 >1}|<supc1> J{z € R" : My(T\Tof)(x) > A}

Ssup® HxER” MT,f(x >)\}|
A>0

§/Rn’f(l')|10g(e+’f(x)|)dx

This, along with (2.7), leads to the fact that

Hx eR":TTTLf( )\}} / 17@)l log<e + &/\xﬂ) dz,

and this completes the proof of Lemma 2.4. O

Lemma 2.5. Let T1, Ty be two Calderon—Zygmund operators, and let b €
BMO(R”) with Hb”BMO(]R") = 1. [f?” S (0,1), U e {MrTf’bTQ,MTMbTQ}, then
for each A\ > 0,

[{z e R": |Uf(z)| > A} 5/@1@105;"2(64—@) dx,

provided that f is bounded, compact supported, and has integral zero.

Proof. We only consider the operator M, T}, T>. At first, we claim that if f is
bounded, compact supported, and has integral zero, then

sup o(\)|[{z € R" : M, T}, Trf(z) > A}| < o0 (2.9)
A>0

and
sup Po(A)[{z € R" : M, M, T f(z) > A}| < o0. (2.10)
A>0

Since the proofs of these two inequalities are similar, we only prove (2.9). Recall
(see [1]) that

{z e R": |TT,9(z)| > A} S /Rn @bg(e + M) dz. (2.11)

For a bounded function f with compact support and integral zero, it is well known
that Ty f € L'(R™) N L*(R™). Thus by (2.2),
sup @o(N)|[{z € R™ : M, T, To f(z) > A}
A>0
Ssup @ (WA sup t[{z e R": TY, Tof(x) > t}]
A>0

t>2-1/7 )\

Ssup @x(A)ATT sup ¢ / szJ;(I)'log(eﬂTQf (x”)dm

A>0 t>2-1/r ) t

/ |T2f |log e+‘T2f de<oo.
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We can now conclude the proof of Lemma 2.5. For 0 < r < ¢ < 1, it was
proved in [1] that there exist two operators W, and Wy such that

1T g9(x) < Whg(z) + Wag(x),
Wig(z) S T7y9(x) + Myg(x), Wag(x) S Myg(z),

and for o € (r,1),
Mi(Whg)(x) S MyT*9(x) + Mpiog rg(x),
MF(Wag)(2) S Mpiog 1.9(2)-

Observe that by Lemma 2.4 and (2.2),

(2.12)

|{.CE eR": M, I7Tof(z) > /\}| < /Rn Mlog(e—i— @) dx.

It then follows from Lemma 2.3 and inequalities (2.9), (2.12), (2.5), and (2.6)
that
{z e R": M\W Ty f (x) > 1}| Ssup @o(A)[{z € R* : MW Tof)(x) > A}
A>0
Ssup Oo(N)[{z € R™ : M, TT T f (z) > A}
A>0

+ ?\UIg (I)Q()\)‘{SL’ e R"™: M7y, logLTZf(I) > )\}‘
>

S/Rn\f(ﬂi)ﬂogz(eJr £(2)]) do-

Similarly, from Lemma 2.3 and inequalities (2.10), (2.12), (2.5), and (2.6), we
obtain that

[{z e R": M,W,Tof(z) > 1}| /Rn}f(x)‘logg(e+ | f(2)]) da.

Therefore,

{z e R": M, TT, Tof(z) > 1}| S /Rn‘f(x)ﬂogQ(e%— | f(2)]) d.

This completes the proof of Lemma 2.5. 0
We are now ready to establish our main conclusion in this section.

Proposition 2.6. Let T, Ty be Calderon—Zygmund operators, and let b €
BMO(R™) with [|b]|[smon) = 1. There exist three operators Uy, Us, and Us such
that

(i) Uy is bounded from L'(R™) to L (R™);

(i) for any bounded function [ with compact support and any A > 0,

{z e R": [Uaf(z)] > A} ,ﬁ/ﬂgnwlog(e—l—@) dx,



WEIGHTED BOUNDS FOR CALDERON-ZYGMUND OPERATORS 143

while for any bounded function f with compact support and integral zero,
and X\ > 0,

|{x e R": |U3f(:17)‘ > )\}‘ < /Rn&;)llog;%e—l—&;)’) dx;

(iii) for any q € (1,00), bounded function f with compact support and integral
zero, and bounded function g with compact support,

2
MT1,bT2 (f: g)(SL’) 5 (maX{Q7 q/}) Ulf(‘T)ng(I)
+ Us f(2)Mpiog 9(x) + Us f(x) Mg(x).
Proof. Let x € R™, and let ) C R™ be a cube containing x. Write

r612|/‘TLbTZ(fXRn\gQ)(S)\|g<£)‘d€

~al / [7((b = (o) xemsaTa(fxem90)) (§)]]9(€)] d€
11 1190 = el i (s xsnaa)) €90

1
+ @/Q‘Tl,b(X?)QTQ(fXR"WQ))(f)l‘g(f)l dg§
=14+ 1T+ IIL
For the term I, we deduce from (2.1) that
IS Mg(x) inf Mz, (0= (b)) Ta(fxrmo)) (v)

|Q| / (T Q) Ta(fxzmoq)) ()

wl—

dy} M g9(z)

IQI / Q) Tal frzma)) ) derg(:r)'

On the other hand, a straightforward computation leads to the fact that

\QI/ (T (( T2(fXRn\9Q>)(y>)§dyr
|@|/
@ /Q|T1*,bT2(fX9Q)(2)|3 dz)

L 3 * 1 3
(i / b(=) = el *| T o) ()] d2) -
It now follows from Lemmas 2.5 and 2.2 that

1 T 0@ d2) 5 1 liaws 00 S Mages /(0

7o f (2)]° dz 4 |Q|/\b <b>Q}§\T;T2f(z)|§dz)3

!QI

and
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(1 o)~ el 1Tt rva) ) 5 (s [ i@ )’
5 ML log Lf(x)
Therefore,
@ / (T3 (b~ ()) To(Fxemo0) W) dy]
S MT] T f () + MyT{ T f () + Magiog 2 f ().

Similarly, we can obtain that

01 ] (0= )T xem00) ) o]
S M%Mszf( T) + M%MT2f(I> + Mpgog )2 f ().
Combining the last two estimates yields
IS (MiTHTof (o) + My To f(2) + My MyTo f ()
+ MTof () + Mpgog 2 f(2)) Mg(x),

since My M h(z) &~ Mh(x). The generalization of Holder’s inequality (see [24, p.
64]), along with (2.1) and Lemma 2.2, gives us that

II < (;Ielg Mo (Taf)(y) + inf MT1 (T2(fx0q)) () ML1og Lg()

S [ing ¢ 00 + (17 [ 190 (Bt Froa) 0 ) TV 00

S(TYTof () + MTof () + Mprog 1.f (2)) Mp1og L9().-

Finally, we consider the term III. Let ¢ = (1+¢)/2. By Holder’s inequality and
the fact that 7} is bounded on L (R") with bound C' max{q, ¢'}, we deduce that

ms o / 15(€) — Bal[9(6)] T2 (xaaTa(F xrmoe)) (€)] de

"l / [9O[[72((0 = o) xsaTlFxrmoa)) (€)] 6
Smax{%q’} @/SQ‘{;(Q — <b>Q‘ !g(é)‘ df)qMTQf(x)

1
7/

#masta, o} (a7 [ 19— 0al” dE)” M ) Myo()

2 *
< (max{q, ¢'})" (T3 f(2) + M f(2)) Myg (=),
where in the last inequality we have invoked the fact (see [7, p. 128]) that

L ¢(q T ,
<@/3Q‘b(€)‘<b>‘9| Hl)d&) S d g+ 1) S max{g. ¢}
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Let
Urf(z) =15 f(x) + M f(x),
Uaf(z) = TiTaf(x) + MTof(z) + Mpiog .f (),
and
Usf(z) = M%TibTQf(x) + M%Tl*TQf(a:) + M%Mngf(x)
+ MTof(x) + Mpgog Ly2 f(2).
Our desired conclusion then follows from Lemmas 2.4 and 2.5. OJ

3. Proof of Theorem 1.1

Let n € (0,1), and let S = {Q;} be a family of cubes. We say that S is
n-sparse if for each fixed () € S, there exists a measurable subset Eg C ) such
that |Eg| > n|Q| and the Eg’s are pairwise disjoint. Associated with the sparse
family S and constants 1, 52 € [0, 00), we define the bi-sublinear sparse operator

AS;L(log L)A1,L(log L)P2 by
AS;L(log L)%1,L(log L)52(f7 g9) = Z |Q|||f||L(1og L)Bl,QHQHL(log L)32,Q>
QeS
and the operator As 1 - by
Asiir(£,9) = S 1QUI) o (9)re-
QeS
We will now denote Ag.,1og £)!,100g £)%2 DY As:L10g I, L(10g )52, and we will also
denote Ag; p(0g £)%1,L(10g L) PY As;L(log L)51,L-

Theorem 3.1. Let T} and Ty be Calderon—Zygmund operators, and let b €
BMO(R™) with ||b||smomny = 1. Then for bounded function f with compact sup-
port and integral zero and bounded function g with compact support, there exists
a 3gz-sparse family of cubes S = {Q} such that for any q € (1,00),
/ |T1,bT2f(x) | ‘g(l’)| dx S) AS;L(log L)Q,L(fa g) + AS;L log L,L 10gL(f7 g)
R’ﬂ

+ (max{q, q’})QAs;L,Lq(ﬁ 9)-

Proof. We will employ the argument in [17]. For a fixed cube @, define the local
analogue of Mr, 1, by

Mz, 1.0, (f, 9)(z) = sup i/|T1,sz(fX9Qo\9Q)(y)!Ig(y)|dy.
x€QCQo |Q| Q

For ¢ € (1, 00), functions f and g, set
W},(Q) = (max{g,q'})*(| ) {l9]), o

and

Wig(@) = Iflreeroollgliwere,  Wig(@) = [1fll0os 200191 -
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We claim that for each cube @)y C R™, there exist pairwise disjoint cubes {P;} C
D(Qo) such that >, || < 2]Qo|, and for almost everywhere z € Qo,

/Q T Fxoan) (@) |o()] dz < 1Q0l S WE,(Q0)
0 k=1
+Z/Pv‘Tl,bTQ(fXQPj)(JZM{g(l’)‘dZL’. (3.1)

If we can prove (3.1), then as in the proof of Theorem 3.1 in [17], we can obtain our
desired conclusion by iterating the estimate (3.1) and applying a decomposition
of R™.

We now prove (3.1). Let F = E; U Ey with

= {2 € Qo : |T1sT2(fXoqo)(@)| > DI f |l £tog £)2.900 }

and
3
B = {2 € Qo: M, m0,(f,9)(@) > DY W}, (Q) },
k=1

with D a positive constant. Note that by Proposition 2.6,

By € {z € R": (max{q,¢'}) Ur(fx90,)(@) My (9xq,)(x) > DW} ,(Qo)}
U {z € R™ : Ua(fx000) (%) ML 10g 19X Q) () > DW} (Qo) }
U{r € R : Un(fxaq)) (@) M(gxa ) (2) > DWW}, (@)}

It then follows that
1
[Ev U Bp| < 55 1Qol,

if we choose D large enough.
Now on the cube @y, we apply the Calderon-Zygmund decomposition to xg
at level i, and obtain pairwise disjoint cubes {P;} C D(Qy) such that

2M|P|<|P ﬂE|<—|P|

and |E\ J; Pj| = 0. Observe that 3~ |P;| < 5|Qo| and P; N E° # (). Therefore,

Mw

]P\/ | T To(fxo00\0p,) (€)]9(6)] dE < lﬂf Mz, ,7,(f,9)(y) <D
The fact that [E\ [J; ;| = 0 implies that

/Q N .|T1,bT2(fX9Qo)(€)Hg(€)’ d§ < DHfHL(logL)2,9Q0<’9’>Q0\Q0\.
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Note that

/Q |T1,bT2(fX9Qo)(§)H9(§)‘dﬁS/ | T2 6T (f Xoq0) () ]| 9(€) | d€

0 ij

+ 3 [ 1Tt ranon O lo(e)]

+ 3 [ [TBa(Fon) )] )] e

The inequality (3.1) now follows. This completes the proof of Theorem 3.1. O

To prove Theorem 1.1, we will also need the following lemma, which is Theo-
rem 2.3 in [12] (see also [14]).

Lemma 3.2.

(a) Let w € Auo(R™) and 7, = 217 [w] 4. Then for any cube Q C R™ and
de (1,14 1/7y),

<|?12|/Qw5(3:)dx>§§|%q|/cgwx dx

(b) If a weight w satisfies the reverse Hélder inequality that

\@!/ < Cfulg

for some constant Cy > 0 and r € (1,00), then w € A (R") with
[ ]Aoo ~n COT

Proof of Theorem 1.1. Again, we assume that ||b||pmo@ny = 1. We will employ
the ideas in the proof of Theorem 1.41in [20]. Let p € (1,00) and w € A,(R™). We

choose &1 such that & = 27 , that is, 81 = 2”;—+1, and we choose g5 € (0, 1)
e2p) 1 p'—
such that T = T namely, €2 = gy +1 For a sparse family S, we consider

the bi-sublinear sparse operator Ag pi+e; 1+ by

AS Llte1 [l+e2 f; Z<’f|>1+51 ,Q |g|>l+82 Q|Q‘

Qes

We get by [19, Theorem 1.6] that

1 1 1

1 1 1 -
As prven e (f,9) S L 7 (i, + 1) 1 @) 9] 2 @ )
1+eq 1+eo

with ry = (1;;—;2) (& —D+1Lu=w™7, v=0g"F27. Let g = =42 We then

have that for any cube I,

(ﬁ/lué’(m) dxf < ﬁ/ju(m) dx
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which via Lemma 3.2(b) shows that [u]

ula, S [o]a.,. Similarly, we can verify that
[V]a. S [w]a,, - Note that

o —1—¢
1+€2_p/:u.

p—1
For each cube I C R", we can verify that

l+eo

1 __1tes 1 ( )d r1—1
0’1+52 p’ ><_/0- 1+€27p/ r1—1 T x)
|f| 1 1] Jr
+%w 1 g_l_l ri—1
( /w ’ <—/01+751 (x)dm)
111 Jx
1+%w 1 (r1=1)(1+55)
< / ) dm ’ <—/cr(:p) dm) o
W

1
Thus, [U]Z? v <[ and

5|~5|~

:(>m~

Agiprear e (f, g) w7 (10147 + [l fllo@m 19 gy (3:2)
Recall that for any € € (0, 1] and cube I C R

1
||f||L(logL)5,I 5 6_’3<|f|>1’1+6'
It follows from (3.2) that

AS;L(log L)Q,L(fv g)
_QAS;L1+€1 7L1+€2 (f, g)

< o [wl P ([0]4"

A2+ L)1 ar @ 19 o (3.3)
Also, we get from (3.2) that
AS;L log L,L log L(fv 9)
S &%AS e pi+es (5 9)
S lolawlwla fwl 3 (0142 + Wl ) lrer a9l gy (34)
and

S Asirea(f9) S Wl w37 (014 + Wl{2) 1l w9l - (3:5)
2

The estimates (3.3)—(3.5), via Theorem 3.1, imply that for bounded function f
with compact support and integral zero, and bounded function g with compact
support,

[ Irstar @)oo do £ ful, (w3, + o

% ([wlan + [0]a2) 1 fll oo,

9llo @n o)
This gives our desired conclusion
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