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QUANTITATIVE WEIGHTED BOUNDS FOR THE
COMPOSITION OF CALDERÓN–ZYGMUND OPERATORS

GUOEN HU

Communicated by J. Stochel

Abstract. Let T1, T2 be two Calderón–Zygmund operators, and let T1,b be
the commutator of T1 with symbol b ∈ BMO(Rn). In this article, we estab-
lish the quantitative weighted bounds on Lp(Rn, w) with w ∈ Ap(Rn) for the
composite operator T1,bT2.

1. Introduction

We will work on Rn, n ≥ 1. Let Ap(Rn) (p ∈ [1,∞)) be the Muckenhoupt class
of weight functions, that is, w ∈ Ap(Rn) if w is nonnegative and locally integrable,
and

[w]Ap := sup
Q

( 1

|Q|

∫
Q

w(x) dx
)( 1

|Q|

∫
Q

w− 1
p−1 (x) dx

)p−1

< ∞, if p ∈ (1,∞),

and

[w]A1 := sup
x∈Rn

Mw(x)

w(x)
,

where the supremum is taken over all cubes in Rn, and [w]Ap is called the Ap

constant of w (see [7] for properties of Ap(Rn)). In the last several years, there has
been significant progress in the study of sharp weighted bounds with Ap weights
for classical operators in harmonic analysis. The study was begun by Buckley
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[3], who proved that if p ∈ (1,∞) and w ∈ Ap(Rn), then the Hardy–Littlewood
maximal operator M satisfies

‖Mf‖Lp(Rn,w) .n,p [w]
1

p−1

Ap
‖f‖Lp(Rn,w). (1.1)

Moreover, the estimate (1.1) is sharp since the exponent 1/(p − 1) cannot be
replaced by a smaller one. Hytönen and Pérez [12] improved (1.1), and showed
that

‖Mf‖Lp(Rn,w) .n,p

(
[w]Ap [w

− 1
p−1 ]A∞

) 1
p‖f‖Lp(Rn,w), (1.2)

where here and in what follows, for a weight u ∈ A∞(Rn) =
⋃

p≥1Ap(Rn), [u]A∞

is the A∞ constant of u defined by (see [25])

[u]A∞ = sup
Q⊂Rn

1

u(Q)

∫
Q

M(uχQ)(x) dx.

It is obvious that (1.2) is more subtle than (1.1).
Let T be an L2(Rn) bounded linear operator with kernel K in the sense that,

for all f ∈ L2(Rn) with compact support and almost everywhere x ∈ Rn\ supp f ,

Tf(x) =

∫
Rn

K(x, y)f(y) dy, (1.3)

where K is a measurable function on Rn × Rn\{(x, y) : x = y}. We say that T
is a Calderón–Zygmund operator if K is a Calderón–Zygmund kernel, that is, K
satisfies the size condition that∣∣K(x, y)

∣∣ . |x− y|−n if x 6= y,

and the regularity condition that for any x, y, y′ ∈ Rn with |x− y| ≥ 2|y − y′|,∣∣K(x, y)−K(x, y′)
∣∣+ ∣∣K(y, x)−K(y′, x)

∣∣ . |y − y′|ε

|x− y|n+ε
,

where ε ∈ (0, 1] is a constant. The sharp dependence of the weighted estimates
of Calderón–Zygmund operators in terms of the Ap(Rn) constants was first con-
sidered by Petermichl [22], [23], who solved this question for Hilbert and Riesz
transforms. Hytönen [10] proved that for a Calderón–Zygmund operator T and
w ∈ A2(Rn),

‖Tf‖L2(Rn,w) .n [w]A2‖f‖L2(Rn,w). (1.4)

This solved the so-called A2 conjecture. Hytönen and Lacey [11] improved the
estimate (1.4), and proved that for a Calderón–Zygmund operator T , p ∈ (1,∞)
and w ∈ Ap(Rn),

‖Tf‖Lp(Rn,w) .n,p [w]
1
p

Ap

(
[w]

1
p′

A∞
+ [σ]

1
p

A∞

)
‖f‖Lp(Rn,w). (1.5)

Here and in what follows, for p ∈ (1,∞) and w ∈ Ap(Rn), p′ = p/(p − 1),

σ = w− 1
p−1 . Lerner [16] gave a very simple proof of (1.5) by dominating the

Calderón–Zygmund operator using sparse operators. (For other recent works
about quantitative weighted bounds for singular integral operators, see [12], [13],
[17], [18], [20] and the related references therein.)
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Let b ∈ BMO(Rn), let m ∈ N, and let Tj,1 and Tj,2 with j = 1, . . . ,m be
Calderón–Zygmund operators. Krantz and Li [15] considered the boundedness of
a Toeplitz-type operator defined by

Fbf(x) =
m∑
j=1

Tj,1SbTj,2f(x), (1.6)

where, both here and in what follows, Sb is the multiplication operator with
symbol b defined by

Sbg(x) = b(x)g(x).

Krantz and Li proved that if f ∈ Lp(Rn) such that
∑m

j=1 Tj,1Tj,2f = 0, then for

p ∈ (1,∞) and b ∈ BMO(Rn),

‖Fbf‖Lp(Rn) .
( m∑

j=1

‖Tj,1‖Lp→Lp

)( m∑
j=1

‖Tj,2‖Lp→Lp

)
‖b‖BMO(Rn)‖f‖Lp(Rn).

Observe that we can write

Tj,1SbTj,2f(x) = b(x)Tj,1(Tj,2f)(x)− Tj,1;b(Tj,2f)(x).

Therefore,
∑m

j=1 Tj,1Tj,2f(x) = 0 is equivalent to the fact that

Fbf(x) = −
m∑
j=1

Tj,1;b(Tj,2f)(x),

where, both here and in what follows, for b ∈ BMO(Rn) and a linear operator U ,
Ub is the commutator defined by

Ubf(x) = b(x)Uf(x)− U(bf)(x).

Thus, the study of properties of Tj,1SbTj,2f can be reduced to considering the
operator Tj,1;bTj,2. For p ∈ (1,∞) and w ∈ Ap(Rn), it follows from (1.5) and
the quantitative weighted bounds for the commutators of Calderón–Zygmund
operators (see [5], [6]) that, if T1 and T2 are two Calderón–Zygmund operators
and b ∈ BMO(Rn), then

‖T1,bT2f‖Lp(Rn,w) . ‖b‖BMO(Rn)[w]
2
p

Ap

(
[w]

1
p′

A∞
+ [σ]

1
p

A∞

)2
×

(
[w]A∞ + [σ]A∞

)
‖f‖Lp(Rn,w). (1.7)

The main purpose of this article is to establish a weighted bound for T1,bT2 which
is more refined than (1.7). Our main result can be stated as follows.

Theorem 1.1. Let T1 and T2 be Calderón–Zygmund operators, and let b ∈
BMO(Rn). Then for p ∈ (1,∞) and w ∈ Ap(Rn),

‖T1,bT2f‖Lp(Rn,w) . ‖b‖BMO(Rn)[w]
1
p

Ap

(
[w]

1
p′

A∞
+ [σ]

1
p

A∞

)
×

(
[w]A∞ + [σ]A∞

)2‖f‖Lp(Rn,w). (1.8)
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Remark 1.2. As it is well known,

[w]A∞ . [w]Ap , [σ]A∞ . [σ]Ap′
= [w]

p′/p
A∞

.

Thus,

[w]A∞ + [σ]A∞ . [w]
1
p

Ap

(
[w]

1
p′

A∞
+ [σ]

1
p

A∞

)
.

And the inequality (1.8) is more refined than the inequality (1.7).

Remark 1.3. Benea and Bernicot [2] considered the weighted bounds on Lp(Rn, w)
for the composition of two Calderón–Zygmund operators. They proved that if T1,
T2 are two Calderón–Zygmund operators and T1(1) = 0, then for r ∈ (1,∞) and
bounded functions f and g with compact supports, there exists a sparse family
of cubes S such that∣∣∣∫

Rn

g(x)T1T2f(x) dx
∣∣∣ . ∑

Q∈S

|Q|
( 1

|Q|

∫
Q

∣∣f(x)∣∣r dx) 1
r
( 1

|Q|

∫
Q

∣∣g(y)∣∣ dy),
which implies that for any p ∈ (1,∞), r ∈ (1, p), and w ∈ Ap/r(Rn),

‖T1T2f‖Lp(Rn,w) . [w]
max{ 1

p−r
,1}

Ap/r
‖f‖Lp(Rn,w). (1.9)

Our argument in the proof of Theorem 1.1 does not require the assumption
T1(1) = 0, and is different from that used in [2]. In fact, repeating the proof
of Theorem 1.1, we can verify that if T1, T2 are two Calderón–Zygmund opera-
tors, then for p ∈ (1,∞) and w ∈ Ap(Rn),

‖T1T2f‖Lp(Rn,w) . [w]
1
p

Ap

(
[w]

1
p′

A∞
+ [σ]

1
p

A∞

)(
[w]A∞ + [σ]A∞

)
‖f‖Lp(Rn,w).

Remark 1.4. To prove Theorem 1.1, we will employ the idea of Lerner [17],
together with some variants. Precisely, by suitable estimate for the grand maximal
operator MT1,bT2 , we show that the bi-sublinear form

∫
Rn |T1,bT2f(x)||g(x)| dx can

be dominated by the combination of three bi-sublinear sparse operators, which
via the estimates for bi-sublinear sparse operators leads to (1.8).

In what follows, C always denotes a positive constant that is independent of
the main parameters involved, but whose value may differ from line to line. We
use the symbol A . B to denote that there exists a positive constant C such that
A ≤ CB. In particular, we use A .n,p B to denote that there exists a positive
constant C depending only on n, p such that A ≤ CB. Constants with subscripts
such as c1 do not change from one occurrence to another. For any set E ⊂ Rn,
χE denotes its characteristic function. For a cube Q ⊂ Rn and λ ∈ (0,∞), we use
`(Q) (diamQ) to denote the side length (diameter) of Q, and λQ to denote the
cube with the same center as Q and whose side length is λ times that of Q. For
a fixed cube Q, denote by D(Q) the set of dyadic cubes with respect to Q, that
is, the cubes from D(Q) that are formed by repeated subdivision of Q and each
of its descendants into 2n congruent subcubes. For x ∈ Rn and r > 0, B(x, r)
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denotes the ball centered at x and having radius r. For β ∈ [0,∞), cube Q ⊂ Rn,
and a suitable function g, ‖g‖L(log L)β ,Q is the norm defined by

‖g‖L(log L)β ,Q = inf
{
λ > 0 :

1

|Q|

∫
Q

|g(y)|
λ

logβ
(
e +

|g(y)|
λ

)
dy ≤ 1

}
.

We denote ‖g‖L(log L)0,Q by 〈|g|〉Q. For r ∈ (0,∞), we set 〈|g|〉r,Q = (〈|g|r〉Q)
1
r .

2. Estimates for the grand maximal operator

As in [17], for a sublinear operator U , we define the corresponding bi-sublinear
grand maximal operator MU by

MU(f, g)(x) = sup
Q3x

1

|Q|

∫
Q

∣∣U(fχRn\9Q)(ξ)
∣∣∣∣g(ξ)∣∣ dξ,

where the supremum is taken over all cubes Q ⊂ Rn containing x. Also, we define
the grand maximal operator MU by

MUf(x) = sup
Q3x

ess sup
ξ∈Q

∣∣U(fχRn\3Q)(ξ)
∣∣.

Lerner [16, Section 3] proved that if T is a Calderón–Zygmund operator, then

MTf(x) . T ∗f(x) +Mf(x). (2.1)

This section is devoted to the estimates for the operators MT1,bT2 . We begin with
some preliminary lemmas.

Lemma 2.1. Let p0 ∈ (1,∞), let % ∈ [0,∞), and let U be a sublinear operator.
Suppose that

‖Uf‖Lp0 (Rn) . ‖f‖Lp0 (Rn),

and for all λ > 0,∣∣{x ∈ Rn : |Uf(x)| > λ
}∣∣ . ∫

Rn

|f(x)|
λ

log%
(
e +

|f(x)|
λ

)
dx.

Then for cubes Q2 ⊂ Q1 ⊂ Rn,∥∥U(fχQ2)
∥∥
L(log L)β ,Q1

. ‖f‖L(log L)β+%+1,Q2
.

For β = 0, Lemma 2.1 was proved in [9, Section 3]. For the case of β > 0, the
proof is similar to the case of β = 0.

Lemma 2.2. Let s ∈ [0,∞), and let T be a sublinear operator satisfying that for
any λ > 0,∣∣{x ∈ Rn : |Tf(x)| > λ

}∣∣ . ∫
Rn

|f(x)|
λ

logs
(
e +

|f(x)|
λ

)
dx.

Then for any % ∈ (0, 1) and cube Q ⊂ Rn,( 1

|Q|

∫
Q

∣∣T (fχQ)(x)
∣∣% dx) 1

%
. ‖f‖L(log L)s,Q.
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For the proof of Lemma 2.2, see [8, p. 643].
Let β ∈ [0,∞). For a locally integrable function f , define the maximal function

M ]
L(log L)β

f by

M ]
L(log L)β

f(x) = sup
Q3x

‖f − 〈f〉Q‖L(log L)β ,Q,

where the supremum is taken over all cubes in Rn. Obviously, M ]
L(log L)0 is just

M ], the Fefferman–Stein sharp maximal operator (see [7]). For r ∈ (0, 1), let M ]
r

be the operator defined by

M ]
rf(x) =

[
M ](|f |r)(x)

]1/r
,

and let Mr be the maximal operator defined by Mrf(x) = [M(|f |r)(x)]1/r. It is
well known that if r ∈ (0, 1), then (see [8]) for any λ > 0,∣∣{x ∈ Rn : Mrf(x) > λ

}∣∣ . λ−1 sup
t≥2−1/rλ

t
∣∣{x ∈ Rn :

∣∣f(x)∣∣ > t
}∣∣. (2.2)

For β ∈ [0,∞), let ML(log L)β be the maximal operator defined by

ML(log L)βg(x) = sup
Q3x

‖g‖L(log L)β ,Q.

For simplicity, we denote ML(log L)1 by ML log L. Carozza and Passarelli di Napoli
[4, Theorem 2] proved that for α, β ∈ [0,∞),

ML(log L)αML(log L)βf(x) ≈ ML(log L)α+β+1f(x). (2.3)

Also, we have that for any λ > 0,∣∣{x ∈ Rn : ML(log L)βg(x) > λ
}∣∣ . ∫

Rn

|g(x)|
λ

logβ
(
e +

|g(x)|
λ

)
dx. (2.4)

Lemma 2.3. Let Φ be an increasing function on [0,∞) satisfying that

Φ(2t) ≤ CΦ(t), t ∈ [0,∞).

(i) Let β > 0. Then

sup
λ>0

Φ(λ)
∣∣{x ∈ Rn : ML(log L)βf(x) > λ

}∣∣
. sup

λ>0
Φ(λ)

∣∣{x ∈ Rn : M ]
L(log L)β

f(x) > λ
}∣∣,

provided that for any R > 0,

sup
0<λ<R

Φ(λ)
∣∣{x ∈ Rn : ML(log L)βf(x) > λ

}∣∣ < ∞.

(ii) Let r ∈ (0, 1). Then

sup
λ>0

Φ(λ)
∣∣{x ∈ Rn : Mrf(x) > λ

}∣∣ . sup
λ>0

Φ(λ)
∣∣{x ∈ Rn : M ]

rf(x) > λ
}∣∣,

provided that for any R > 0,

sup
0<λ<R

Φ(λ)
∣∣{x ∈ Rn : Mrf(x) > λ

}∣∣ < ∞.
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The proof of Lemma 2.3 is fairly similar to the proof of Corollary 7.4.6 in [7]
(see also the proof of Theorem 2.2 in [9]). We omit the details for brevity.

For a Calderón–Zygmund operator T , let T ∗ be the maximal singular integral
operator defined by

T ∗f(x) = sup
ε>0

∣∣∣∫
|x−y|>ε

K(x, y)f(y) dy
∣∣∣.

For b ∈ BMO(Rn), let T ∗
b be the maximal commutator defined by

T ∗
b f(x) = sup

ε>0

∣∣∣∫
|x−y|>ε

(
b(x)− b(y)

)
K(x, y)f(y) dy

∣∣∣,
and let Mb be the commutator defined by

Mbf(x) = sup
Q3x

1

|Q|

∫
Q

∣∣b(x)− b(y)
∣∣∣∣f(y)∣∣ dy.

Lemma 2.4. Let T1 and T2 be two Calderón–Zygmund operators. Then for each
λ > 0,∣∣{x ∈ Rn : MT2f(x) + T ∗

1 T2f(x) > λ
}∣∣ . ∫

Rn

|f(x)|
λ

log
(
e +

|f(x)|
λ

)
dx,

provided that f is bounded, compact supported, and has integral zero.

Proof. We first consider the operator MT2. For β ∈ [0,∞), let Φβ(t) = t log−β(e+
t−1). We claim that, for each bounded function f with compact support,

M ]
L(log L)β

(T2f)(x) . ML(log L)β+1f(x), f ∈
⋃
p≥1

Lp(Rn), (2.5)

and

sup
λ>0

Φβ+1(λ)
∣∣{x ∈ Rn :

∣∣ML(log L)βT2f(x)
∣∣ > λ

}∣∣ < ∞. (2.6)

If we can prove these two estimates, then it would follow from Lemma 2.3 and
the inequality (2.4) that∣∣{x ∈ Rn :

∣∣MT2f(x)
∣∣ > λ

}∣∣ . ∫
Rn

|f(x)|
λ

log
(
e +

|f(x)|
λ

)
dx. (2.7)

The proof of (2.5) is fairly standard. For each x ∈ Rn, cube Q containing x,
and function f ∈

⋃
p≥1 L

p(Rn), we decompose f as

f(y) = f(y)χ6
√
nQ(y) + f(y)χRn\6

√
nQ(y) = f1(y) + f2(y).

Let xQ ∈ Q such that |T2f2(xQ)| < ∞. Then for all y ∈ Q,∣∣T2f2(y)− T2f2(xQ)
∣∣ . Mf(x).

On the other hand, by Lemma 2.1 and (2.3), we see that

‖T2f1‖L(log L)β ,Q . ‖f‖L(log L)β+1,6
√
nQ . ML(log L)β+1f(x),

and so (2.5) holds true.
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To prove (2.6), we assume that supp f ⊂ B(0, R). Thus by Lemma 2.1, we
know that ‖T2f‖L(log L)β ,B(0,3R) < ∞ and that∫

B(0,3R)

∣∣T2f(y)
∣∣ logβ(e + ∣∣T2f(y)

∣∣) dy
. ‖T2f‖L(log L)β ,B(0,3R) log

β
(
e + ‖T2f‖L(log L)β ,B(0,3R)

)
×

∫
B(0,3R)

|T2f(y)|
‖T2f‖L(log L)β ,B(0,3R)

logβ
(
e +

|T2f(y)|
‖T2f‖L(log L)β ,B(0,3R)

)
dy

. ‖T2f‖L(log L)β ,B(0,3R) log
β
(
e + ‖T2f‖L(log L)β ,B(0,3R)

)
.

Thus by (2.4),∣∣{x ∈ Rn : ML(log L)β(χB(0,3R)T2f)(x) > λ/2
}∣∣

.
∫
B(0,3R)

|T2f(y)|
λ

logβ
(
e +

|T2f(y)|
λ

)
dy

. λ−1 logβ(e + λ−1)

∫
B(0,3R)

∣∣T2f(y)
∣∣ logβ(e + ∣∣T2f(y)

∣∣) dy
. λ−1 logβ(e + λ−1)‖T2f‖L(log L)β ,B(0,3R) log

β
(
e + ‖T2f‖L(log L)β ,B(0,3R)

)
.

It is obvious that for any x ∈ Rn,

ML(log L)β(χRn\B(0,3R)T2f)(x) . ML(log L)βMf(x) . ML(log L)β+1f(x),

since supp f ⊂ B(0, R). This, via (2.4), implies that∣∣{x ∈ Rn : ML(log L)β(χRn\B(0,3R)T2f)(x) > λ/2
}∣∣

.
∫
Rn

|f(x)|
λ

logβ+1
(
e +

|f(x)|
λ

)
dx.

The estimate (2.6) now follows directly.
We turn our attention to the operator T ∗

1 T2. The well-known Cotlar inequality
states that

T ∗
1 g(x) . M 1

2
T1g(x) +Mg(x).

Applying (2.2), we know that

sup
λ>0

Φ1(λ)
∣∣{x ∈ Rn : M 1

2
T1T2f(x) > λ

}∣∣
. sup

λ>0
Φ1(λ)λ

−1 sup
t≥2−2λ

t
∣∣{x ∈ Rn :

∣∣T1T2f(x)
∣∣ > t

}∣∣
. ‖T2f‖L1(Rn),

since T2f ∈ L1(Rn) when f is bounded, compact supported, and has integral
zero. Recall (see [21]) that for g ∈

⋃
p≥1 L

p(Rn),

M ]
1
2

(T1g)(x) . Mg(x). (2.8)
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It then follows from Lemma 2.3 and (2.7) that∣∣{x ∈ Rn : M 1
2
T1T2f(x) > 1

}∣∣ . sup
λ>0

Φ1(λ)
∣∣{x ∈ Rn : M 1

2
(T1T2f)(x) > λ

}∣∣
. sup

λ>0
Φ1(λ)

∣∣{x ∈ Rn : MT2f(x) > λ
}∣∣

.
∫
Rn

∣∣f(x)∣∣ log(e + ∣∣f(x)∣∣) dx.
This, along with (2.7), leads to the fact that∣∣{x ∈ Rn : T ∗

1 T2f(x) > λ
}∣∣ . ∫

Rn

|f(x)|
λ

log
(
e +

|f(x)|
λ

)
dx,

and this completes the proof of Lemma 2.4. �

Lemma 2.5. Let T1, T2 be two Calderón–Zygmund operators, and let b ∈
BMO(Rn) with ‖b‖BMO(Rn) = 1. If r ∈ (0, 1), U ∈ {MrT

∗
1,bT2,MrMbT2}, then

for each λ > 0,∣∣{x ∈ Rn :
∣∣Uf(x)

∣∣ > λ
}∣∣ . ∫

Rn

|f(x)|
λ

log2
(
e +

|f(x)|
λ

)
dx,

provided that f is bounded, compact supported, and has integral zero.

Proof. We only consider the operator MrT
∗
1,bT2. At first, we claim that if f is

bounded, compact supported, and has integral zero, then

sup
λ>0

Φ2(λ)
∣∣{x ∈ Rn : MrT

∗
1,bT2f(x) > λ

}∣∣ < ∞ (2.9)

and

sup
λ>0

Φ2(λ)
∣∣{x ∈ Rn : MrMbT2f(x) > λ

}∣∣ < ∞. (2.10)

Since the proofs of these two inequalities are similar, we only prove (2.9). Recall
(see [1]) that∣∣{x ∈ Rn :

∣∣T ∗
1,bg(x)

∣∣ > λ
}∣∣ . ∫

Rn

|g(x)|
λ

log
(
e +

|g(x)|
λ

)
dx. (2.11)

For a bounded function f with compact support and integral zero, it is well known
that T2f ∈ L1(Rn) ∩ L2(Rn). Thus by (2.2),

sup
λ>0

Φ2(λ)
∣∣{x ∈ Rn : MrT

∗
1,bT2f(x) > λ

}∣∣
. sup

λ>0
Φ2(λ)λ

−1 sup
t≥2−1/rλ

t
∣∣{x ∈ Rn : T ∗

1,bT2f(x) > t
}∣∣

. sup
λ>0

Φ2(λ)λ
−1 sup

t≥2−1/rλ

t

∫
Rn

|T2f(x)|
t

log
(
e +

|T2f(x)|
t

)
dx

.
∫
Rn

∣∣T2f(x)
∣∣ log(e + ∣∣T2f(x)

∣∣) dx < ∞.
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We can now conclude the proof of Lemma 2.5. For 0 < r < σ < 1, it was
proved in [1] that there exist two operators W1 and W2 such that

T ∗
1,bg(x) ≤ W1g(x) +W2g(x),

W1g(x) . T ∗
1,bg(x) +Mbg(x), W2g(x) . Mbg(x),

and for σ ∈ (r, 1),

M ]
r(W1g)(x) . MσT

∗g(x) +ML log Lg(x),

M ]
r(W2g)(x) . ML log Lg(x).

(2.12)

Observe that by Lemma 2.4 and (2.2),∣∣{x ∈ Rn : MσT
∗
1 T2f(x) > λ

}∣∣ . ∫
Rn

|f(x)|
λ

log
(
e +

|f(x)|
λ

)
dx.

It then follows from Lemma 2.3 and inequalities (2.9), (2.12), (2.5), and (2.6)
that∣∣{x ∈ Rn : MrW1T2f(x) > 1

}∣∣ . sup
λ>0

Φ2(λ)
∣∣{x ∈ Rn : M ]

r(W1T2f)(x) > λ
}∣∣

. sup
λ>0

Φ2(λ)
∣∣{x ∈ Rn : MσT

∗
1 T2f(x) > λ

}∣∣
+ sup

λ>0
Φ2(λ)

∣∣{x ∈ Rn : ML log LT2f(x) > λ
}∣∣

.
∫
Rn

∣∣f(x)∣∣ log2(e + ∣∣f(x)∣∣) dx.
Similarly, from Lemma 2.3 and inequalities (2.10), (2.12), (2.5), and (2.6), we
obtain that∣∣{x ∈ Rn : MrW2T2f(x) > 1

}∣∣ . ∫
Rn

∣∣f(x)∣∣ log2(e + ∣∣f(x)∣∣) dx.
Therefore,∣∣{x ∈ Rn : MrT

∗
1,bT2f(x) > 1

}∣∣ . ∫
Rn

∣∣f(x)∣∣ log2(e + ∣∣f(x)∣∣) dx.
This completes the proof of Lemma 2.5. �

We are now ready to establish our main conclusion in this section.

Proposition 2.6. Let T1, T2 be Calderón–Zygmund operators, and let b ∈
BMO(Rn) with ‖b‖BMO(Rn) = 1. There exist three operators U1, U2, and U3 such
that

(i) U1 is bounded from L1(Rn) to L1,∞(Rn);
(ii) for any bounded function f with compact support and any λ > 0,∣∣{x ∈ Rn :

∣∣U2f(x)
∣∣ > λ

}∣∣ . ∫
Rn

|f(x)|
λ

log
(
e +

|f(x)|
λ

)
dx,
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while for any bounded function f with compact support and integral zero,
and λ > 0,∣∣{x ∈ Rn :

∣∣U3f(x)
∣∣ > λ

}∣∣ . ∫
Rn

|f(x)|
λ

log2
(
e +

|f(x)|
λ

)
dx;

(iii) for any q ∈ (1,∞), bounded function f with compact support and integral
zero, and bounded function g with compact support,

MT1,bT2(f, g)(x) .
(
max{q, q′}

)2
U1f(x)Mqg(x)

+ U2f(x)ML log Lg(x) + U3f(x)Mg(x).

Proof. Let x ∈ Rn, and let Q ⊂ Rn be a cube containing x. Write

1

|Q|

∫
Q

∣∣T1,bT2(fχRn\9Q)(ξ)
∣∣∣∣g(ξ)∣∣ dξ

=
1

|Q|

∫
Q

∣∣T((b− 〈b〉Q
)
χRn\3QT2(fχRn\9Q)

)
(ξ)

∣∣∣∣g(ξ)∣∣ dξ
+

1

|Q|

∫
Q

∣∣b(ξ)− 〈b〉Q
∣∣∣∣T1

(
χRn\3QT2(fχRn\9Q)

)
(ξ)

∣∣∣∣g(ξ)∣∣ dξ
+

1

|Q|

∫
Q

∣∣T1,b

(
χ3QT2(fχRn\9Q)

)
(ξ)

∣∣∣∣g(ξ)∣∣ dξ
:= I + II + III.

For the term I, we deduce from (2.1) that

I .Mg(x) inf
y∈Q

MT1

((
b− 〈b〉Q

)
T2(fχRn\9Q)

)
(y)

.
[ 1

|Q|

∫
Q

(
T ∗
1

((
b− 〈b〉Q

)
T2(fχRn\9Q)

)
(y)

) 1
3 dy

]3
Mg(x)

+
[ 1

|Q|

∫
Q

(
M

((
b− 〈b〉Q

)
T2(fχRn\9Q)

)
(y)

) 1
3 dy

]3
Mg(x).

On the other hand, a straightforward computation leads to the fact that[ 1

|Q|

∫
Q

(
T ∗
1

((
b− 〈b〉Q

)
T2(fχRn\9Q)

)
(y)

) 1
3 dy

]3
.

( 1

|Q|

∫
Q

∣∣T ∗
1,bT2f(z)

∣∣ 13 dz)3

+
( 1

|Q|

∫
Q

∣∣b(z)− 〈b〉Q
∣∣ 13 ∣∣T ∗

1 T2f(z)
∣∣ 13 dz)3

+
( 1

|Q|

∫
Q

∣∣T ∗
1,bT2(fχ9Q)(z)

∣∣ 13 dz)3

+
( 1

|Q|

∫
Q

∣∣b(z)− 〈b〉Q
∣∣ 13 ∣∣T ∗

1 T2(fχ9Q)(z)
∣∣ 13 dz)3

.

It now follows from Lemmas 2.5 and 2.2 that( 1

|Q|

∫
Q

∣∣T ∗
1,bT2(fχ9Q)(z)

∣∣ 13 dz)3

. ‖f‖L(log L)2,9Q . ML(log L)2f(x)

and
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|Q|

∫
Q

∣∣b(z)− 〈b〉Q
∣∣ 13 ∣∣T ∗

1 T2(fχ9Q)(z)
∣∣ 13 dz)3

.
( 1

|Q|

∫
Q

∣∣T ∗
1 T2(fχ9Q)(z)

∣∣ 12 dz)2

. ML log Lf(x).

Therefore, [ 1

|Q|

∫
Q

(
T ∗
1

((
b− 〈b〉Q

)
T2(fχRn\9Q)

)
(y)

) 1
3 dy

]3
. M 1

2
T ∗
1,bT2f(x) +M 1

2
T ∗
1 T2f(x) +ML(log L)2f(x).

Similarly, we can obtain that[ 1

|Q|

∫
Q

(
M

((
b− 〈b〉Q

)
T2(fχRn\9Q)

)
(y)

) 1
3 dy

]3
. M 1

2
MbT2f(x) +M 1

2
MT2f(x) +ML(log L)2f(x).

Combining the last two estimates yields

I .
(
M 1

2
T ∗
1,bT2f(x) +M 1

2
T ∗
1 T2f(x) +M 1

2
MbT2f(x)

+MT2f(x) +ML(log L)2f(x)
)
Mg(x),

since M 1
2
Mh(x) ≈ Mh(x). The generalization of Hölder’s inequality (see [24, p.

64]), along with (2.1) and Lemma 2.2, gives us that

II .
(
inf
y∈Q

MT1(T2f)(y) + inf
y∈Q

MT1

(
T2(fχ9Q)

)
(y)

)
ML log Lg(x)

.
[
inf
y∈Q

MT1(T2f)(y) +
( 1

|Q|

∫
Q

∣∣MT1

(
T2(fχ9Q)

)
(y)

∣∣ 12 dy)2]
ML log Lg(x)

.
(
T ∗
1 T2f(x) +MT2f(x) +ML log Lf(x)

)
ML log Lg(x).

Finally, we consider the term III. Let q̂ = (1+ q)/2. By Hölder’s inequality and
the fact that T1 is bounded on Lq′(Rn) with bound Cmax{q, q′}, we deduce that

III .
1

|Q|

∫
Q

∣∣b(ξ)− 〈b〉Q
∣∣∣∣g(ξ)∣∣∣∣T1

(
χ3QT2(fχRn\9Q)

)
(ξ)

∣∣ dξ
+

1

|Q|

∫
Q

∣∣g(ξ)∣∣∣∣T1

((
b− 〈b〉Q

)
χ3QT2(fχRn\9Q)

)
(ξ)

∣∣ dξ
. max{q, q′}

( 1

|3Q|

∫
3Q

∣∣b(ξ)− 〈b〉Q
∣∣q̂∣∣g(ξ)∣∣q̂ dξ) 1

q̂MT2f(x)

+ max{q, q′}
( 1

|3Q|

∫
3Q

∣∣b(ξ)− 〈b〉Q
∣∣q′ dξ) 1

q′MT2f(x)Mqg(x)

.
(
max{q, q′}

)2(
T ∗
2 f(x) +Mf(x)

)
Mqg(x),

where in the last inequality we have invoked the fact (see [7, p. 128]) that( 1

|3Q|

∫
3Q

∣∣b(ξ)− 〈b〉Q
∣∣q′(q+1)

dξ
) 1

q′(q+1)
. q′(q + 1) . max{q, q′}.
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Let

U1f(x) = T ∗
2 f(x) +Mf(x),

U2f(x) = T ∗
1 T2f(x) +MT2f(x) +ML log Lf(x),

and

U3f(x) =M 1
2
T ∗
1,bT2f(x) +M 1

2
T ∗
1 T2f(x) +M 1

2
MbT2f(x)

+MT2f(x) +ML(log L)2f(x).

Our desired conclusion then follows from Lemmas 2.4 and 2.5. �

3. Proof of Theorem 1.1

Let η ∈ (0, 1), and let S = {Qj} be a family of cubes. We say that S is
η-sparse if for each fixed Q ∈ S, there exists a measurable subset EQ ⊂ Q such
that |EQ| ≥ η|Q| and the EQ’s are pairwise disjoint. Associated with the sparse
family S and constants β1, β2 ∈ [0,∞), we define the bi-sublinear sparse operator
AS;L(log L)β1 ,L(log L)β2 by

AS;L(log L)β1 ,L(log L)β2 (f, g) =
∑
Q∈S

|Q|‖f‖L(log L)β1 ,Q‖g‖L(log L)β2 ,Q,

and the operator AS,L,Lr by

AS;L,Lr(f, g) =
∑
Q∈S

|Q|
〈
|f |

〉
Q
〈g〉r,Q.

We will now denote AS;L(log L)1,L(log L)β2 by AS;L log L,L(log L)β2 , and we will also
denote AS;L(log L)β1 ,L(log L)0 by AS;L(log L)β1 ,L.

Theorem 3.1. Let T1 and T2 be Calderón–Zygmund operators, and let b ∈
BMO(Rn) with ‖b‖BMO(Rn) = 1. Then for bounded function f with compact sup-
port and integral zero and bounded function g with compact support, there exists
a 1

2
1
9n
-sparse family of cubes S = {Q} such that for any q ∈ (1,∞),∫

Rn

∣∣T1,bT2f(x)
∣∣∣∣g(x)∣∣ dx . AS;L(log L)2,L(f, g) +AS;L log L,L log L(f, g)

+
(
max{q, q′}

)2AS;L,Lq(f, g).

Proof. We will employ the argument in [17]. For a fixed cube Q0, define the local
analogue of MT1,bT2 by

MT1,bT2,Q0(f, g)(x) = sup
x∈Q⊂Q0

1

|Q|

∫
Q

∣∣T1,bT2(fχ9Q0\9Q)(y)
∣∣∣∣g(y)∣∣ dy.

For q ∈ (1,∞), functions f and g, set

W 1
f,g(Q) =

(
max{q, q′}

)2〈|f |〉
9Q

〈
|g|

〉
q,Q

,

and

W 2
f,g(Q) = ‖f‖L log L,9Q‖g‖L log L,Q, W 3

f,g(Q) = ‖f‖L(log L)2,9Q

〈
|g|

〉
Q
.
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We claim that for each cube Q0 ⊂ Rn, there exist pairwise disjoint cubes {Pj} ⊂
D(Q0) such that

∑
j |Pj| ≤ 1

2
|Q0|, and for almost everywhere x ∈ Q0,∫

Q0

∣∣T1,bT2(fχ9Q0)(x)
∣∣∣∣g(x)∣∣ dx . |Q0|

3∑
k=1

W k
f,g(Q0)

+
∑
j

∫
Pj

∣∣T1,bT2(fχ9Pj
)(x)

∣∣∣∣g(x)∣∣ dx. (3.1)
If we can prove (3.1), then as in the proof of Theorem 3.1 in [17], we can obtain our
desired conclusion by iterating the estimate (3.1) and applying a decomposition
of Rn.

We now prove (3.1). Let E = E1 ∪ E2 with

E1 =
{
x ∈ Q0 :

∣∣T1,bT2(fχ9Q0)(x)
∣∣ > D‖f‖L(log L)2,9Q0

}
and

E2 =
{
x ∈ Q0 : MT1,bT2,Q0(f, g)(x) > D

3∑
k=1

W k
f,g(Q0)

}
,

with D a positive constant. Note that by Proposition 2.6,

E2 ⊂
{
x ∈ Rn :

(
max{q, q′}

)2
U1(fχ9Q0)(x)Mq′(gχQ0)(x) > DW 1

f,g(Q0)
}

∪
{
x ∈ Rn : U2(fχ9Q0)(x)ML log L(gχQ0)(x) > DW 2

f,g(Q0)
}

∪
{
x ∈ Rn : U3(fχ9Q0)(x)M(gχQ0)(x) > DW 3

f,g(Q0)
}
.

It then follows that

|E1 ∪ E2| ≤
1

2n+2
|Q0|,

if we choose D large enough.
Now on the cube Q0, we apply the Calderón–Zygmund decomposition to χE

at level 1
2n+1 , and obtain pairwise disjoint cubes {Pj} ⊂ D(Q0) such that

1

2n+1
|Pj| ≤ |Pj ∩ E| ≤ 1

2
|Pj|

and |E\
⋃

j Pj| = 0. Observe that
∑

j |Pj| ≤ 1
2
|Q0| and Pj ∩ Ec 6= ∅. Therefore,

1

|Pj|

∫
Pj

∣∣T1,bT2(fχ9Q0\9Pj
)(ξ)

∣∣∣∣g(ξ)∣∣ dξ ≤ inf
y∈Pj

MT1,bT2(f, g)(y) ≤ D

3∑
k=1

W k
f,g(Q0).

The fact that |E\
⋃

j Pj| = 0 implies that∫
Q0\

⋃
j Pj

∣∣T1,bT2(fχ9Q0)(ξ)
∣∣∣∣g(ξ)∣∣ dξ ≤ D‖f‖L(log L)2,9Q0

〈
|g|

〉
Q0
|Q0|.
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Note that∫
Q0

∣∣T1,bT2(fχ9Q0)(ξ)
∣∣∣∣g(ξ)∣∣ dξ ≤ ∫

Q0\
⋃

j Pj

∣∣T1,bT2(fχ9Q0)(ξ)
∣∣∣∣g(ξ)∣∣ dξ

+
∑
j

∫
Pj

∣∣T1,bT2(fχ9Q0\9Pj
)(ξ)

∣∣∣∣g(ξ)∣∣ dξ
+
∑
j

∫
Pj

∣∣T1,bT2(fχ9Pj
)(ξ)

∣∣∣∣g(ξ)∣∣ dξ.
The inequality (3.1) now follows. This completes the proof of Theorem 3.1. �

To prove Theorem 1.1, we will also need the following lemma, which is Theo-
rem 2.3 in [12] (see also [14]).

Lemma 3.2.

(a) Let w ∈ A∞(Rn) and τw = 211+n[w]A∞. Then for any cube Q ⊂ Rn and
δ ∈ (1, 1 + 1/τw),( 1

|Q|

∫
Q

wδ(x) dx
) 1

δ ≤ 2

|Q|

∫
Q

w(x) dx.

(b) If a weight w satisfies the reverse Hölder inequality that( 1

|Q|

∫
Q

wr(x) dx
) 1

r ≤ C0〈w〉Q

for some constant C0 > 0 and r ∈ (1,∞), then w ∈ A∞(Rn) with
[w]A∞ .n C0r

′.

Proof of Theorem 1.1. Again, we assume that ‖b‖BMO(Rn) = 1. We will employ
the ideas in the proof of Theorem 1.4 in [20]. Let p ∈ (1,∞) and w ∈ Ap(Rn). We
choose ε1 such that pε1

p−1−ε1
= 1

2τσ
, that is, ε1 = p−1

2pτσ+1
, and we choose ε2 ∈ (0, 1)

such that ε2p′

p′−1−ε2
= 1

2τw
, namely, ε2 =

p′−1
2p′τw+1

. For a sparse family S, we consider

the bi-sublinear sparse operator AS,L1+ε1 ,L1+ε2 by

AS,L1+ε1 ,L1+ε2 (f, g) =
∑
Q∈S

〈
|f |

〉
1+ε1,Q

〈
|g|

〉
1+ε2,Q

|Q|.

We get by [19, Theorem 1.6] that

AS,L1+ε1 ,L1+ε2 (f, g) . [v]
1

1+ε2
− 1

p′

Ar1

(
[u]

1
p

A∞
+ [v]

1
p′

A∞

)
‖f‖Lp(Rn,w)‖g‖Lp′ (Rn,σ),

with r1 = (1+ε2
ε2p

)′( p
1+ε1

−1)+1, u = w
1+ε1

1+ε1−p , v = σ
1+ε2

1+ε2−p′ . Let % = 2τσ+2
2τσ+1

. We then

have that for any cube I,( 1

|I|

∫
I

u%(x) dx
) 1

%
.

1

|I|

∫
I

u(x) dx,



148 G. HU

which via Lemma 3.2(b) shows that [u]A∞ . [σ]A∞ . Similarly, we can verify that
[v]A∞ . [w]A∞ . Note that

1 + ε2 − p′ =
pε2 − 1− ε2

p− 1
.

For each cube I ⊂ Rn, we can verify that( 1

|I|

∫
I

σ
1+ε2

1+ε2−p′ (x) dx
)( 1

|I|

∫
I

σ
− 1+ε2

1+ε2−p′
1

r1−1 (x) dx
)r1−1

.
( 1

|I|

∫
I

w(x) dx
)1+ 1

2τw
( 1

|I|

∫
I

σ
p−1
p

1+ε1
−1 (x) dx

)r1−1

.
( 1

|I|

∫
I

w(x) dx
)1+ 1

2τw
( 1

|I|

∫
I

σ(x) dx
)(r1−1)(1+ 1

2τσ
)

.

Thus, [v]
1

1+ε2
− 1

p′

Ar1
. [w]

1
p

Ap
, and

AS;L1+ε1 ,L1+ε2 (f, g) . [w]
1/p
Ap

(
[σ]

1/p
A∞

+ [w]
1/p′

A∞

)
‖f‖Lp(Rn,w)‖g‖Lp′ (Rn,σ). (3.2)

Recall that for any ε ∈ (0, 1] and cube I ⊂ Rn,

‖f‖L(log L)β ,I .
1

εβ
〈
|f |

〉
I,1+ε

.

It follows from (3.2) that

AS;L(log L)2,L(f, g)

.
1

ε21
AS;L1+ε1 ,L1+ε2 (f, g)

. [σ]2A∞ [w]
1/p
Ap

(
[σ]

1/p
A∞

+ [w]
1/p′

A∞

)
‖f‖Lp(Rn,w)‖g‖Lp′ (Rn,σ). (3.3)

Also, we get from (3.2) that

AS;L log L,L log L(f, g)

.
1

ε1ε2
AS;L1+ε1 ,L1+ε2 (f, g)

. [σ]A∞ [w]A∞ [w]
1/p
Ap

(
[σ]

1/p
A∞

+ [w]
1/p′

A∞

)
‖f‖Lp(Rn,w)‖g‖Lp′ (Rn,σ) (3.4)

and
1

ε22
AS;L,L1+ε2 (f, g) . [w]2A∞ [w]

1/p
Ap

(
[σ]

1/p
A∞

+ [w]
1/p′

A∞

)
‖f‖Lp(Rn,w)‖g‖Lp′ (Rn,σ). (3.5)

The estimates (3.3)–(3.5), via Theorem 3.1, imply that for bounded function f
with compact support and integral zero, and bounded function g with compact
support,∫

Rn

∣∣T1,bT2f(x)
∣∣∣∣g(x)∣∣ dx . [w]

1
p

Ap

(
[w]

1
p′

A∞
+ [σ]

1
p

A∞

)
×
(
[w]A∞ + [σ]A∞

)2‖f‖Lp(Rn,w)‖g‖Lp′ (Rn,σ).

This gives our desired conclusion. �
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20. K. Li, C. Pérez, I. P. Rivera-Ŕıos, and L. Roncal, Weighted norm inequalities for rough
singular integral operators, preprint, arXiv:1701.05170v3 [math.CA]. 134, 147
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