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A SIMPLE PROOF OF A CLASSICAL THEOREM WHICH
CHARACTERIZES THE GAMMA DISTRIBUTION

By PETER FINDEISEN °
University of Dortmund

The following result of Lukacs is known: let X1, Xz be independent,
positive random variables, having the nondegenerate distributions Py and
P;. Suppose that X1/X; and X1 + X; are independent. Then Py and P;are
gamma distributions with the same scale parameter. Lukacs’ original de-
duction requires details from complex analysis. Here a simpler proof is
given. Instead of P; and P; two other probability measures y and p are
shown to be determined by the independence properties of X1 and X,. It
is possible to express Pi and p: by each other, and i is chosen such that
all moments of y; are finite (/ = 1, 2). Thus the proof reduces to a straight-
forward calculation of moments.

1. Introduction and summary. When a statistician has to decide what prob-
ability law describes a real chance situation, he sometimes will be helped by the
fact that certain properties of the real phenomena are consistent with only a
certain class of distributions. He can refer to mathematical studies of probability
distributions from characteristic properties. The following result of Lukacs [1]
is well known: let X, X, be independent, positive, nondegenerate random vari-
ables. Then X, and X, are gamma distributed with the same scale parameter if
and only if X,/X, and X, + X, are independent.

Reading Lukacs’ original deduction, a statistician who is interested in the
proof has to handle Fourier transformations and specific details from complex
analysis. We present in this paper a new, technically simple proof of the “if”
part of Lukacs’ theorem, the “only if” part being elementary anyway. The
method consists of a straightforward calculation of moments. It is based on the
fact that certain probability distributions on IR, the gamma distributions belong-
ing to them, are determined uniquely by their moments: see, e.g., [2], Theorem
5.5.1.

2. New proof of Lukacs’ theorem. The following notation will be used:

d(v, @) is the function on R which takes the value of x*~le==* for x € (0, <o)
and of 0 for x € (—o0, 0] (v, @ € (0, 0));
I'(v, @) is the gamma distribution, given by the density (I'(»))™" - a* - d(v, )
(v, ae (0, ));
A: Lebesgue measure on R.

The problem is to deduce the following
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THEOREM. Let X,, X, be independent, positive, nondegenerate random variables.
Suppose that X,/X, and X, + X, are independent. Then there are v,, v,, a € (0, o)
such that I'(v;, ) is the distribution of X, (i = 1, 2).

Proor. By P, we shall mean the distribution of X, (i = 1, 2). Let f(x) =
Lgw(X)-e*(xe R)and (i = 1,2) ¢; = E(f(X;)) = § f(x)Pi(dx). Fori=1,2we
can define a probability measure yx, on R such that the function (1/c,) - f(x) is
the density of g, relative to P,. The nth moment of y,, say m,® (n =0, 1, -..),
is finite for any n (i = 1, 2). (We have used the fact that the function x". f(x)
is bounded for n = 0, 1, - . ..) Now, the independence of X, and X, and of X,/X,
and X, + X, imposes some relations on the m,”. Forn, k = 0,1, ... we obtain:

E[X," - (X, + X)* - f(X; + X))]
= E[(1 + X/X)™ - (X, + X)™** - f(X, + X))
= E(1 + X,/X,)™" - E[(X, + X,)*** - f(X, + X,)]
= E(1 + Xy/X))™ - iz (PHELXY - f(X)] - XM (X)] -
Dividing this equation with kK = 1 by the corresponding equation with k = 0;
noticing that (1/¢;,) - E[X;* - f(X))] =m,? (v =0, 1, --.;i =1, 2), we get
m n+1 (njl)mv(l)mﬁ:—l—v

(1) n+1 + m1(2) — v=0

[&Y) w (n [SPYE)) n=1,2,...
m’n v=0 (v)mv mn-—v

Similarly, it can be derived that the expression on the right-hand side of (1) is
also equal tom@,/m,® + m,™. Hence we have proved that substitution of m,®
for M, in the following equation provides a valid relation:

(¢Y] (2)
) Wows 4w = Mebs g n=1,2, .

Using this result, we can eliminate m}, from (1). We obtain that, with m,"?
for M, ™, the equation (3) holds:

M, T2 (MM,
3) = M, T (MM, + MM (M — M)

2 1 1 J—
— MM S, (MM, n=1,2.

Since P, is not a degenerate distribution, neither is g, Hence m, > (m,V)?,
which implies the existence of v, € (0, o0) such that (v; + 1)/y; = m,® . (m,*®)7%
Define a’ = v, - (m,V)™}, v, = a’ - m;"® and choose two independent, positive ran-
dom variables X,, X, having the distributions I'(v;, @) and I'(v,, @’), respectively.
Let f(x) =1 (xeR) and ¢ = ¢ = 1. Using now X,, X,, f, ¢, ¢, instead of
X,, X,, f, ¢, ¢; and writing , instead of m,®, we can exactly repeat our de-
duction given above: we find that, with M, = m,®, (2) and (3) hold. (One
detail of our argumentation must be modified: the functions x" - f(x) are not
bounded. But the finiteness of #,®, the nth moment of I'(y;, a’), is known.)
Hence both the m, and /1, satisfy the same system of equations which implies
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m," =m,(n=1,2,...;i =1,2). Atfirst, well-known formulas give /i, ® =
vija’s i@ = yla’, m,Y = v(v, + 1) - (a’)7? therefore, m,» = m®,m,® = m,?,
m,’ = m,». But under the assumption M,® >0 (n=1,2,...;i=1,2), (2)
and (3) result in a calculus to determine all M, out of M,V, M,®, and M,.
Since a gamma distribution cannot have the same moments as any other distribu-
tion on R, we have p; = I'(v;, &) (i = 1,2). Put g(x) = 1,.,(x)-e" (xe R).
Combining the relations

Z/’: t=cog  and ‘z_f;i — (D)) ta™ -dy, o)  i=1,2,

we get dP;/d2 = a, - d(v;, ' — 1), where g, is a constant factor (i = 1, 2). Hence
§d(vi,a' —1)dA < 0,@’ — 1 > 0,and P, = T'(v;, a) witha = o’ — 1 (i = 1,2).

Acknowledgment. I wish to thank the reviewers for their careful reading of
this note and their interesting comments. They pointed out that a mixture of
Lukacs’ proof and my deduction results in a proof which also simplifies Lukacs’
arguments though it does not avoid the explicit use of characteristic functions.
(Clearly, the proof given above is based on the theory of characteristic functions,
too, but applies it implicitly.)
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