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A LAW OF ITERATED LOGARITHM FOR ONE-SAMPLE
RANK ORDER STATISTICS AND AN APPLICATION!

By PRANAB KUMAR SEN AND MALAY GHOSH?
University of North Carolina, Chapel Hill

For one sample rank order statistics, a law of iterated logarithm and
almost sure convergence to Wiener processes are established here. For the
one-sample location problem, a sequential test procedure based on rank
order statistics is proposed, and with the aid of the earlier results, it is
shown that this has power one and arbitrarily small type I error.

1. Summary and introduction. Motivated by a martingale property of one-
sample rank order statistics and the recent works of Strassen (1967) and Stout
(1970) on martingales, we consider here the following problems. First, under
minimal assumptions on the score function, a law of iterated logarithm for
one-sample rank order statistics is derived (see Theorem 2.1). Certain bounds
and asymptotic expressions for probabilities of moderate deviations for these
statistics are also derived (see Theorems 2.2 and 2.3). Second, under slightly
more stringent regularity conditions, almost sure (a.s.) convergence of one-
sample rank order statistics to appropriate Wiener processes is studied (see
Theorem 2.4). The proofs of these results are outlined in Section 3. In the last
section, for the classical one-sample location problem, a sequential test pro-
cedure based on one-sample rank order statistics is proposed along the lines of
Darling and Robbins (1968). Such tests have zero type II error and arbitrarily
small type I error. Results of Section 2 along with those in Sen (1970) on the
strong convergence of rank order statistics are utilized in the study of the pro-
perties of the proposed test procedure.

2. Statement of the main theorems. Let {X;, i = 1} be a sequence of independent
and identically distributed random variables (i.i.d. rv) defined on a measure
space (Q, %7, P), having a distribution function (df) Fy(x) = F(x — @), where ¢
is a location parameter (unknown) and F € &, the class of all df’s continuous
with respect to Lebesgue measure and symmetric about 0, i.e., for every F e &,
F(x) + F(—x) = 1 for all real x. For each positive integer n, let

2.1y X,=(X, -+, X,), R,=%++ 3 ,¢(X) —|X)]), i=1,---,n,
where ¢(u) = 1, 1 or 0 according as u is >, = or < 0. Also, let

(2.2) T,=TX,) =nr"r, sgn X;J (R,;/(n + 1)), sgnu = 2c(u) — 1,
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A LAW OF ITERATED LOGARITHM 569

where J,(i/(n + 1)) = EJU,,;), i=1,..-,n; U, < --- < U,, are n ordered
random variables (rv) from a rectangular (0, 1) df, and J(u), 0 <u < 1,is a
non-decreasing score function satisfying the condition that

(2.3) 0< A=} J%(u)du < oo .
Note that, by definition, J,(i/(n + 1)) = i(?) s J@w* (1 — w)y**du,i =1,..-,n,
so that by some routine steps
(2.4) LG/(n + 1)) = [i/(n + DYV, + Dfin + 2))
+ [(n — i+ 1)/(n + DV, u(i/(n + 2))

fori = 1, ..., n. Inpassing, we may remark that for J(u) = uand @~}((1 + u)/2),
®(x) being the standard normal df, the corresponding T, are the Wilcoxon signed
rank and the normal scores statistics. )

THEOREM 2.1. If Fe &, 6 = 0 and (2.3) holds, then
(2.5) limsup, ., n!T,[A4*(2 loglogn)] "t =1 a.s.,
(2.6) lim inf, ., niT,[A4*(2loglogn)]"t = —1 a.s.

The proof of the theorem is based on a martingale property of {nT,, n = 1}
and a second theorem which we state below. Let ¢(f) be a non-decreasing posi-
tive function on [0, co) such that there exists a positive ¢, (< co) for which

(2.7) 7(f) = ¢*(t) — loglog ¢t is nonnegative and non-decreasing in (= ).

THEOREM 2.2. If Fe ., 6§ = 0, and (2.3) and (2.7) hold, then for every ¢ > 0,
there exist positive numbers K (< o) and 7, such that

(2.8) P{miT, = A[2(1 + ¢)]}¢(m), for some m = n}
< Kfexp[—7(n) — n¢*(m)]},  forevery nzt,
(2.9) P{miT,, < —A[2(1 + ¢)]}¢p(m), for some m = n}
< K{exp[—7(n) — ng*(m)]},  forevery n=1t,.
In fact, in the same fashion as in Cramér (1938), we may provide an asymp-

totic expression for the left-hand side of (2.8) and (2.9) under slightly more
stringent regularity conditions.

THEOREM 2.3. IfJe L, for somer > 2, Fe &, 0 = 0, and in addition to (2.7),
(2.10) lim, ., (log log #)/¢*(t) = O and i1 = o(179),
then as n — oo,
(2.11) [¢(n)]? log P{miT,, > Ag(m), for some m = n}— —%,
(2.12) [¢(n)]~2 log P{miT, < — Ad(m), for some m = n} — —%.

Finally, we note that if we assume that Je L, for some r > 2, then, as in
Theorem 4.4 of Strassen (1967), we may strengthen the results of Theorem 2.1
as follows.
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THEOREM 2.4. If Je L, for some r > 2, Fe %, and @ = 0, then on defining
T, = 0 and
(2.13) T, = [T + (¢t — [N Tien — Ta) » t>0,
([s] being the integer part of s (= 0)), there exists a standard Brownian motion
& =1{&(#): 0 < t < oo}, such that
(2.14) T, = A&(t) + o[(#(log ©)**7] a.s., as t—oo,7p >0,
where s = (r + 2)/4r (< %). In fact, (2.14) implies (2.5) and (2.6).

3. Proofs of the theorems. For convenience, we start with the proof of Theo-
rem 2.2. Let &2, be the o-field generated by (S,, R,), where S, = (sgn X, .- -,
sgn X,) and R, = (R,;, ---, R,,), n = 1; clearly, &%, is 7 in n. Note thavt for
Fe 7,0 =0,8, and R, are stochastically independent [viz., Hajek and Sidak
(1967, page 40)]. Write 7, = nT, for n = 0 and E, for E_ . Then, by (2.2),

Eo(Tn) =0,
(3.1)  E(T)=n4}; Al=n'3r 1Y ijn+1)< A< oo,
forall n>1.
Also, conditional on <%, R,.,,., can assume all the values 1, ..., n + 1 with
the common probability 1/(n + 1), and sgn X, ,, can assume the values 41 and
—1 with the same probability 4, independently of R, ,,,.,. Finally, conditional
on &, R,,,; (1 £ i < n)can assume the two values R,; and R,; + 1 with re-
spective probabilities (n + 1 — R,;)/(n 4+ 1) and R,;/(n + 1). Hence, for every
n=1,
E(T,11| 2,) = XLio 580 X Bl a(Ry il (n + 2)) | ]
+ Eo[sgn X, 11/, 1(Rys1nsa/(n + 2))| ]
(3-2) = 2t sgn X EfJ, 1Ryl (n + 2))| 5]
= i (sgn X)[1 — (0 + D7R, Vo ia(Ryi/(n + 2))
+ (1 + DR Ja((Res 4 D/(n + 2))}
= Tn.sgn X I, (Ryf(n + 1) = T, by (2.4).
Thus, {T,, &,, n = 1} forms a martingale sequence when F e % and § = 0.

Note that, by definition, ¢*(n) = ni¢(n) is increasing in n, and by (3.2), for
every real ¢, {exp(¢T,), Z,, n = 1} is a nonnegative submartingale on which the
classical Kolmogorov inequality yields the following:

PT, = (24%(1 + ¢))¥¢*(m), for some m = n}
(3.3) < D PolMaX,, cpcn, ,, XD (1 ) Z exp[624°(1 + o)}ig*(n,)])
< Do exp{— 6,241 + e)ig*(m)}Efexp(t T, )} »
where we let n, = [n(1 + ¢/2)*]and ¢, = (2(1 + ¢))}¢*(n,)/An,, fork = 0,1,...,
and P, denotes the probability computed under the hypothesis that F e & and
6 = 0. Also, note that for Fe &, § =0, S, and R, are stochastically inde-
pendent and that for every real x, (e* + e7*)/2 < exp(x’/2). Hence, on using
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(3.1), we obtain that for every r > 0,

E[exp(tT,)] = Ej[exp{t L1580 X;J,(R,:/(n + 1))}]
= E[E(TTt exp{tsgn X;J,(R,:/(n + 1))}|R,)]
= E[ITt. {(3lexp{t/a(R,i/(n + 1))}
(3.4 + exp{—tJ,(R,/(n + 1)}]}]
< E[I: exp{3£7,(R,i/(n + 1)}
= EJ[IIi. exp{32,%(i/(n + 1)}]
= exp[(7/2) Zi J(/(n + 1))]
= exp(nf’4,’/2) < exp(nf?A’[2) .
Therefore, by (3.3) and (3.4),
PT, = [24%1 + ¢)]*¢*(m), for some m > n}
(3.5) < Troexp{—2(1 + ¢X(ny) + (mwrfm)(1 + e)i(n,))
= Yreexp(—(1 4+ D)@(m)} . 1 =<1 — <)f2.
(Note that for 0 < ¢ < 1, 0 < » < ¢/2.) Then, by (2.7), the right-hand side of
(3.5) can be expressed as
Zimeexp{—(1 + 9)r(m) — (1 + ») log log n,}
= exp[—(1 + n)r(n)] X3 (log n,)=+7 (for n = 1)
(3-6) = exp[—(1 + n)r(n)] X [logn + klog (1 + ¢/2)]~+7
= exp[—(1 + p)r(m)][O((log n)™")]
= {exp[—7¢*(n) — r(n) + 7 log log n]{O((log n)=7)}
= {exp[—7(n) — n¢*(mI{O(1)},
which completes the proof of (2.8). The proof of (2.9) follows on the same
line by working with —T, instead of 7,,. Hence, the proof of Theorem 2.2 is

complete.
Returning now to the proof of Theorem 2.1, we only prove (2.5), as (2.6)

follows similarly. By letting ¢?*(n) = loglogn, we have from (2.8) that for
every ¢ > 0 and n = ¢,

(3.7) P{miT, = A(2(1 + ¢)loglog m)t for some m > n}
< K(logn)~7, (—0 as n—>o0); np=c¢(l—¢)2,
and hence,
(3.8) lim sup, _,., {niT,(24* loglogn)~t} < 1 a.s.
So, to complete the proof of (2.5), we only need to show that
(3.9) lim sup, _,., {n*T, (24 log log n)‘*}vg 1 as.
For this, define Z, = T,and Z, = T, — T'._,, kK = 2, and let
(3.10) Vo = EfZ3) + Die (23| Biss) -
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Then, (i) E(Z) =0, E(Z,| %) =0 [by (3.2)], (i) 0 < E(ZY) =4’ <
£ < oo [by (3.1)], and (iii) EfZ| Fy) = Eo[ Tt sgn KUu(Rusl(k + 1)) —
Joa(R_aifK)} + 580 X, (R /(k + 1)1 | ) = Eo([ 2320 sgn X{Ju(Ryif (k +-1)) —
o iRyl N | B+ B (Rif (k1) | B} 40 Z EfIH Rusf(k+1)) | ) =
A2, k =2, as S, and R, are stochastically independent, Ey(sgn X, | %,._,) =0
and EfJA(Ry/(k + 1))| F_i} = k7 Di 2(/(k + 1)) = 4,2 k = 2. Thus, on
noting that

(3.11) d} = [t A/(n4) — 1 as n— oo,
we have from (3.10) through (3.11) that
(3.12) V,= S, A = (nA)d,’ — oo as n—oo.

Let us now define #,? = max[1, 2 loglog ¥,] and K, = 4d,™"u,™*, so that both
u, and K, are <%,_, measurable with )

(3.13) K,—0 as n— oo, by (3.12).
Further, by assumption, J(x) is non-decreasing, so that by (2.4),
G.14) I+ 1) S Tifn)
< J(G + 1)/[(n + 1)), forall i=1,...,n—1.
Then, |Z,| = [/\(3)| = 4 < 4, and for k = 2,
|12, = |T. — Ty
< T VRW/(k + 1) — Jea(Rimai/K)| + Vi(R/(k + 1))
< 3o max {[J(i/(k + 1) = (iR, (@ + DItk + 1)
— Jo(if(k + 1)} + max {[J(1/(k + D)], Vu(k/(k + D)}
(3.15) < TG+ DIk + 1) — L1k + )]
+ max {[Jy(1/(k + D), Vik/(k + 1)I}
< 2{Vulk/(k + D)| + Vu(1/(k + )]} -
= 2Kk|§3 J(u)ur=" du| + 2k|§5J(u)(1 — u)*~ du

< 4kA)(2k — 1)}, by the Schwarz inequality.
Thus, by (3.11), (3.12), (3.13) and (3.15), we obtain that
(3.16) |Z,| < K, V,u, forall n>1,

where K, is <4,_, measurable and converges to 0 as n — oo, and ¥V, — oo as
n — oco. Hence, by Theorem 2 of Stout (1970), we obtain that

(3.17) lim sup, ... {T,[2V, loglogV,]"*} = 1.
On the other hand,
(3.18)  T,[2nA4loglogn]*
— (T,[2V, log log V,I"#}{[ V, log log V,]/[nA" log log n]}* ,
where by (3.11) and (3.12), for every > 0, there exists a positive integer ny(7),
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such that for n = n(7), the second factor on the right-hand side of (3.18) can
be made > 1 — 7. Consequently, (3.9) follows from (3.17) and (3.18), and the
proof of Theorem 2.1 is complete.

Since, under (2.10), y(n)/¢*(n) — 1 as n — oo, by choosing ¢ (> 0) sufficiently
small and noting that for 0 < ¢ < 1, » = ¢(1 — ¢)/2, we obtain from (2.8) that

(3.19) lim, ., ([¢(n)]7% log Py{m*T, > A¢p(m) for some m =n}) < —4%.
So, to prove (2.11), it suffices to show that
(3.20) lim, ., ([¢(n)]7? log Py{m*T, > A¢(m) for some m = n}) = —4%.
For this, we note that
P{miT, > A¢(m) for some m = n} .

(3:21) z PifnT, > Ag(n)} = PT, > A¢*(n)}

= E[P{ 211580 X;Ju(R,if(n + 1)) > A¢*(n) [R,}]

= Py 213,580 X;J,(if(n + 1)) > Ag*(n)},

as conditional on R,, the distribution of T, is generated by the 2" equally likely
sign inversions of S,, and hence, agrees with the distribution of T, * =

7.sgn X, J,(i/(n + 1)) (= X%, U, say), whose distribution does not depend
on R,, and for which

(3.22) P{U,; = +J,(i/(n + 1))} = & for i=1,..-,n.
Thus, EU,;, =0,i=1,...,n,and

(3.23) ntyr EUL = A2 (£ 4); lim, 4= A4, 0< A2 < oo0.
Let us write v,? = nd,*(log n4,%)3, so that

(3.24) v, = O(nt(log n)~%).

On the other hand, by the assumption that Je L,, r > 2, and the Holder in-
equality,

(3.25) max,g;,

Jn< i >| < n[§5 )| du] [ §i w0 du}T < Kt
n+1

where 1/r + 1/s =1 and K < oco. Consequently, by (3.24) and (3.25), for
every ¢ > 0, there exists a positive integer ny(c), such that for n = nyc),
max, ;. [L.(/(n + 1)) £ ev,, so that by (3.22),

(3.26) P{lU,| > e} =0 forall i=1,...,n (= nye)).

Finally, as in (3.4), for every real ¢,

(3.27) Efexp(t i Uni)] = exp(nt*A[2) .

Hence, by the same technique as in Rubin and Sethuraman (1965), one can
extend a classical result of Cramér (1938) to a double sequence of random vari-
ables, and obtains that under (2.10),

(3.28) [PAT,* > Ap*m)]/[1 — @(P(n)] — 1 as n— oo,
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where @(x) is the standard normal df, so that for large x,
(3.29) 1 — @O(x) = (2r)~Hexp(—x%2)]x~ {1 + O(x~?)}.
Thus, (3.20) follows directly from (3.21), (3.28) and (3.29), and this completes

the proof of (2.11). (2.12) follows on similar lines. Hence, the proof of Theorem

2.5 is complete.
Now, proceeding as in (3.15) but using (3.25), it follows that for Je L,, for

some r > 2,

(3.30) ) |Z,| < KAn*", forevery n > 1, K <e,
and hence, if we define a function g(f) on [0, co) by
(3.31) g() = Pr(logry, - n>0,
it follows from (3.11), (3.12), (3.30) and (3.31) that
(3.32) P{Z?> {9V} <, =0 as., as n—oco.

Consequently, Theorem 2.4 can be proved directly from Theorem 4.4 of
Strassen (1967). For brevity, the details are therefore omitted.

Theorem 2.4 is of interest in providing asymptotic expressions for the OC and
ASN of sequential tests for H,: 6 = 0 (vs. H: 6 > 0, say) based on {T',} where
the Wiener process approximation simplifies the expressions considerably.

4. Sequential rank order tests for location with power one. We start with the set
up as in Section 2, and assume that F e &, and J() is continuous and strictly
increasing. Consider the null hypothesis

4.1 Hy: 0 =0 vs.either H:0>0 or H,:0+0.

It follows from Sen (1970) that if J € L,, then lim, _, T, = 7(6) a.s. (P,), where
in our notations,

4.2) n(0) =27 J[F(x — 0) — F(—x — 0)]dF(x — 0) — \}J(u) du,

and the strict monotonicity of J(x) implies that 7(#) is >, = or < 0 according
as @ is >, = or < 0. Now, to test H, vs. H,, define

(4.3) N = first integer n > n, suchthat T, >n"'%,; oo if
no such n occurs,
where {c,} is some sequence of positive constants such that n-'c, — 0 as n — oo.
If H, is false, T, — 7(0) (> 0) a.s., as n — co, and hence,
4.4) Py(N = o) = lim,_,., P(N > n)
é limnaw P0(T'n < n_lcn) =0.
Hence, if we agree to reject H, as soon as we observe that N < co, while if

N = oo, we do not reject H,; then since Py(N < oo) = 1 for every 0 > 0, the
test has power 1. Again, when H, is true, by the law of iterated logarithm in
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Section 2, if lim sup, ... [(24°n log log n)/c,’] < 1, then,

4.5) PN < o0) = P(T, = n7'c, for some n = n,)
= Py(niT,/(A(2n loglog n)t = ¢,/(2 loglog n)* for some n = )
< Py(ntT,/(A(2 loglog n)t) = 1 for some n = n)

which can be made arbitrarily small by choosing n, adequately large. In fact,
if we let ¢, = A(1 + ¢)[2n log log n]t where ¢ > 0, we obtain from Theorem 2.2
that the type I error can be bounded by K(log ny)~7, 7 = ¢(1 — ¢)/2, and this can
be made smaller than any preassigned @, 0 < @ < 1, by proper choice of n,.

Now, as J(x) is assumed to be continuous inside (0, 1), we may as in Theorems
2 and 3 of Sen (1970), prove the following result:

If Je L, for some r > 2, then for every (fixed) ¢ > 0, there exist positive
constants C (< oo) and ny(c), such that for n = ny(c),

(4.6) PAIT, —9(0)] > c} = Cn*,

where s = min (r — 1, k) if 2(k — 1) < r < 2k, k = 1. If further, E(exp tJ(u)) < oo
for some ¢ > 0, then, for every ¢ > 0, there exist positive constants C and p(c),
0 < p(c) < 1 and an n,, such that for n = n,,

(4.7) P|T, — 7(0)] > ¢} = Clo()]" -
Consequently, for Je L,, r > 2, denoting by
(4.8) my(#) = {minn: n7'c, — p(f) < —n(0)/2 = —c(0)},

we have from (4.3) and (4.6), that for every (fixed) ¢ > 0,

Py{N > n} < Py{T, < n7'c,}
(4.9) < PAIT, — 7(0)] > <«(0)}
< Cn—, s>1, forall n = n*= max[my6), n(c(0)],

where n* depends on 6 and F, but is finite for every finite 6. Therefore,

(4.10) E(N) = XyonPy(N = n) = L3 Py(N > n)
S 4 O(Tiewna 1) = 1% + O((n*)™*") < o0,

for every (fixed) 6 > 0. Thus, for Fe F,,0 > 0,andJe L,,r > 2, E(N) < oo.
Similarly, if E(exp{t/(x)}) < oo for some ¢ > 0, we have by (4.7) and (4.10) that
E[exp{uN}] < oo for some u > 0.

We may remark that Darling and Robbins (1968) while dealing with the same
testing problem involving the Kolmogorov-Smirnov statistics confined them-
selves to c, behaving as (1 + ¢)[n log n]* instead of (1 + ¢)[r log log n]t. This
difficulty can be avoided by means of some recent results of Brillinger (1969) on
a.s. behavior of empirical processes. We may also remark that unlike the case
of sample mean, we do not need the assumption of a finite moment generating
function.
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Finally, consider the testing problem H, vs. H,. Define

(4.11) N = first integer n = n, suchthat |T,|=n"%,; oo if

no such n occurs,

where ¢, is defined in the same manner as before. If H, holds, T, — 7(6) a.s. as
n — oo, where |7(0)| > 0 for 6 + 0 [by (4.2)]. Hence, |T,| — |7(d)| > 0 a.s., as
n — oo. Then, for every § =+ 0,

(4.12)  Py(N = o0) = lim,_, PN > n) < lim,_.. P,(|T,| < n~%c,) = 0.

Results analogous to (4.5) and (4.10) can be obtained in a similar manner.
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