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BY GILLES R. DUCHARME AND TERESA LEDWINA
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The notion of efficient test for a Euclidean parameter in a semiparametric
model was introduced by Stein [Proc. Third Berkeley Symp. Math. Statist.
Probab. 1 (1956) 187-195]. Such tests are locally most powerful for a
wide class of infinite-dimensional nuisance parameters. The first formal
application of this notion to a suitably parametrized two-sample problem
was provided by Héjek [Ann. Math. Statist. 33 (1962) 1124—1147]. However,
this and subsequent solutions appear to be not well-suited for practical
applications. This article aims to show that an adaptive two-sample test
introduced recently by Janic-Wrdblewska and Ledwina [Scand. J. Statist. 27
(2000) 281-297] is locally most powerful under a more realistic setting.

1. Introduction. Efficient nonparametric tests were introduced by Stein
(1956) for situations where, as expressed by Bickel, Klaassen, Ritov and Wellner
(1993), “...we believe we have enough knowledge to model some features of the
data parametrically but are unwilling to assume anything for other features.”

One such situation is the two-sample pure shift model that is typically phrased

as follows. We have two independent samples X1, ..., X;; and X, 41, ..., Xn. We
assume

‘ F(), i=1,...,m,
(LD Xi {F(~—A), i=m+1,...,N,

where F' is an unknown absolutely continuous distribution function possessing a
differentiable density f and A € R. The testing problem is

(1.2) Hy: A =0 against Hi:A#0
or
(1.3) Hyp: A =0 against Hp:A>0.

In the context of (1.1) and (1.2) [or (1.3)], an efficient test according to Stein’s
notion of efficiency should have the same asymptotic power [under A = Ay =
O(N—1/2) as N — co] when F is unknown as the best test for (1.2) [(1.3)] when
F is known. Note that to get asymptotic results in a standard form, one considers
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an even more specialized pure shift model

1_
Fl-+A W =t m,
NN

(1.4) X; ~

Fl.o—A ™ )  i=m+1.....N,
I —nn

where ny = m/N and the asymptotic analysis is again considered under A =
Ay =O(N"Y2)as N - oc.

Hiajek (1962) provided the first formal efficient two-sample test. The con-
struction of his test is related to the estimation of the score generating function
f'(x)/ f (x). However, due to its very slow rate of convergence, this procedure has
turned out to be of little practical value. Many researchers have proposed different,
data-dependent approaches for choosing an adequate score generating function.
In general, such choices can be interpreted as selecting a model for the data at
hand. Therefore, the resulting test procedures have been called adaptive. For nice
reviews of adaptive methods for (1.2) and (1.3), see Huskova (1984), Hogg and
Lenth (1984) and references therein [see also HuSkova and Sen (1985) for an al-
ternative development].

The pure shift model (1.1) is, in many practical situations, unrealistic.
Unfortunately, efficient and/or adaptive procedures derived under (1.1) break down
when applied to more realistic situations. For evidence and some discussion,
see Behnen (1975) and Behnen and Neuhaus (1989). Thus several investigators
[Behnen (1975, 1981), Behnen and Neuhaus (1983), Neuhaus (1987), Bajorski
(1992) and Fan (1996)] have attempted to provide sensitive two-sample tests
for more realistic setups than (1.1). In particular, the test proposed by Neuhaus
(1987) exhibits nice empirical power behavior. However, none of the above tests
has been shown to be asymptotically efficient. More recently, Janic-Wrdblewska
and Ledwina (2000) proposed a new adaptive two-sample test which, in an
extensive simulation study, has been shown to compare nicely with many other
tests, including Neuhaus’ (1987) test.

The aim of the present article is to prove that the test proposed by Janic-
Wroéblewska and Ledwina (2000), hereafter referred to as the J-WL test, is efficient
under a general nonparametric two-sample model. To explain our result more
precisely, we now describe the model under consideration and how Stein’s notion
of efficiency is adapted to this setup.

We assume throughout that we have two independent samples,

F(), i=1,....,m,
G(), i=m+1,...,N,

where F and G are unknown continuous distribution functions. The testing
problem is

(1.5) Ho:F =G against H:F #G.

X; ~
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A key point in our construction is a reparametrization of (1.5) that was
introduced by Behnen (1981) and successfully exploited by Neuhaus (1987),
among others. A similar reparametrization was used in some unpublished reports
by Parzen [cf. Eubank, LaRiccia and Rosenstein (1987), Sections 2.1 and 4.1]. To
write this reparametrization, some auxiliary notation is needed. Set

(1.6) Hx)=nnF(x)+ 0 =nn)Gx),

where ny = m/N. We shall assume throughout that ny — n € (0, 1) as N — oo.
Set also U; = H(X;),i =1, ..., N. Each of these random variables has a density
with respect to Lebesgue’s measure A on [0, 1]. In particular,

1.7 U; ~ Pl(u)=1+(1jﬂN)l;(u), i=1,...,m,
(-7 {pz(u)=1—mvb(u), i=m+1,...,N,

where, under our assumptions, it follows from (1.8) of Neuhaus (1987) that b is a
bounded function from L, ([0, 1], 1) [Ly(X) for short] satisfying [ b(u)dr(u) =
The connection between b and (F,G) is given by b = f — g, where f =
d(FoH™")/d\ and g =d(GoH ')/d\. We have b=0& F =G & p; =
p> = 1 so that b contains full information on whether F and G obey #; or #;. In
this setting, H is an unknown nuisance parameter.

To derive local asymptotic results, we require a setup similar to (1.4) and will
consider the following type of density for U; and Uy, respectively,

piv () =1+AN,/ L=,
paNu)=1—Ay / a(u),
I —nn

where a(-) is a bounded function such that [ a(u) dr(u) =0 while Ay — 0 as
N — o0o. The case Ay = O(N~'/2) and a(-) = b(-) corresponds to Neuhaus’
(1982) Fp-contiguous alternatives further exploited in Neuhaus (1987).

Without loss of generality, we will assume [ a®(u) di(u) = 1. Moreover, to give
a limpid presentation of our result, we shall restrict attention to the alternatives

p |[l—nn
pinw) =1+ —= [——a(u),
N¢ NN

a(u)

(1.8)

1— 2
pan(u) = Nf 1

where p > 0, & € (0, 1/2] while

a() e b= {a(-)

sup la(u)| < oo, | a(u)di(u)=0, /az(u)dk(u) = 1}.
uel0,1]
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In (1.8), the function a(-) describes a type of deviation from the null U[O0, 1]
density while p regulates the distance from this null density.

We aim to prove that, under local alternatives (1.8) with any p > 0 and almost
arbitrary a(-) € +, the J-WL test has the same asymptotic power as the Neyman—
Pearson test for testing piy(-) = pan(-) = 1 against (1.8). This corresponds to a
nonparametric version of Stein’s postulate. However, there is one basic difference
between Stein’s approach and the one considered here: we are not considering
& = 1/2, but instead & € (0, 1/2). There are two reasons for this choice. The
first one is technical. Under £ = 1/2, the limiting distribution of the J-WL test
statistic is the same, except in some special cases, as under the null hypothesis, and
thus no conclusion about #y, #; can be drawn. For a discussion, see Inglot and
Ledwina (2001a) and our comments in Section 2. The second reason is qualitative
and can be phrased as follows. First, let us see what are the consequences of
taking £ < 1/2. To have, under such alternatives, asymptotic power converging
to some value in (0, 1), the “classical” approach of fixing at some given value the
significance level «, finding critical values and then computing powers must be
abandoned. Instead, we must first find critical values tending to co as N — oo such
that power under (1.8) converges to a 8 € (0, 1) and then compute the resulting
significance levels. These will drift toward O at a rate related to the value of &.
To describe an efficiency notion under such a setup, consider (1.8) with £ < 1/2
fixed, p > 0 and all a(-) belonging to a given subset of 4. Denote by #y the
resulting class of alternatives. We shall say that a test ¢y for Jy against #; is
asymptotically efficient under Py if for any given density from £y, the asymptotic
power of gy convergesto a 8 € (0, 1) and is the same as the asymptotic power of
the Neyman—Pearson test for testing p1y (#) = poy (1) = 1 against this alternative
from &y . Simultaneously, both tests should have the same type I error probabilities
any =ay(&, p) tending to 0 as N — oo. For more details, see Section 4.

A by-product of such an efficiency notion is that such a way of comparing
tests is more appealing than the traditional approach in the sense that one has
the guarantee that increasing the information contained in the sample increases
the precision of the ensuing inference. Namely, the compared tests have the same
asymptotic power (separated from 0 and 1) and the same (for each N) probability
of the first kind of error vanishing as N — oo. Note also that there is evidence
that in applying such an approach to some classical tests for which the standard
asymptotics works as well, one is getting more informative results than those
derived under £ = 1/2 [see Inglot, Kallenberg and Ledwina (2000) and Inglot and
Ledwina (2001a)].

Note also that Oosterhoff (1969) and Oosterhoff and van Zwet (1972) were the
first to consider optimality of tests in the situation where, basically, asymptotic
power is separated from 0 and 1 and the significance level tends to 0 as the sample
size grows. Further results can be found in Kallenberg (1978), Inglot, Kallenberg
and Ledwina (1998, 2000) and Inglot and Ledwina (2001a, b).
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This article is organized as follows. In Section 2, we present the adaptive
J-WL test. In Section 4, we describe explicitly how the critical values of this
test as well as the Neyman—Pearson test have to be chosen and what are the
related probabilities of the first kind of error. The basic tools needed to get this are
central limit theorems (CLTSs) for both statistics derived under (1.8) and moderate
deviations derived under #fy, which are presented in Section 3. The basic result on
efficiency of the J-WL test is stated and proved in Section 4. The auxiliary results
from Section 3 are proved in Section 5.

We close this section by emphasizing that the results we are presenting can be
generalized in many directions. However, our primary goal is to explain and justify
the efficiency of the J-WL test in the simplest possible setting. The technical tools
we have developed to this end are adjusted to this goal.

2. Adaptive test. To define the test statistic, several auxiliary notations are
needed. Let R;,i =1, ..., N, be the rank of X; in the pooled sample X1, ..., Xn.
Set n = N — m and define

1
_ [mm ) m
2.1) eNi =\ 1

—_—, asi=m+1,...,N.
n

asi=1,...,m,

Let ¢po(u) =1, ¢1(u), ¢p2(u), ... be the orthonormal Legendre polynomials on
[0,1]. Givenk =1,2, ..., define

(2.2) }:{}:chj< 05)}.

j=1li=1

Throughout the article, {d(N)} will denote a nondecreasing sequence of integers
such that d(N) — oo as N — 00. Define the selection rule

S2=min{k:1 <k <d(N):Ty —klogN >T; — jlogN,
1<j<dN)}.

The data driven, or adaptive in the terminology of the present article, test
for Fy against F rejects Fy for large values of Ts,. For an interpretation, a
relationship to model selection, basic properties and an extensive simulation study,
see Janic-Wroéblewska and Ledwina (2000). Here we discuss three aspects of
these findings. First, note that by Theorem 1 of Janic-Wréblewska and Ledwina
(2000), S2 — 1 in probability under #. This immediately implies that under (1.8)
with & = 1/2, the same takes place. Hence, under such contiguous alternatives,
Tso behaves asymptotically as 77, which is the squared Wilcoxon rank-sum
statistic. The simulation results reported on Figures 1-3 of Janic-Wréblewska
and Ledwina (2000) show, however, that the finite sample performances of Ts;
and T are completely different. This indicates that such a local approach can

(2.3)
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be noninformative. The second aspect of their simulation study which is worth
mentioning is that the comparison density b introduced in (1.7) has, for a very
large range of typical probability models for both samples, an expansion in the
system 1, ¢1, ¢, ... with few large Fourier coefficients. Moreover, these large
coefficients are essentially concentrated on the first few terms of the expansion.
Finally, observe that the empirical critical values and powers are very stable with
respect to the choice of d(N) [see Table 1 and Figure 4 of Janic-Wrdblewska
and Ledwina (2000)]. For more evidence on the empirical behavior of similar
constructions, see Kallenberg and Ledwina (1997). The above remarks motivate
the present study as well as the scope of the basic Theorem 4.1.

We close this section by noting that Albers, Kallenberg and Martini (2001) have
elaborated a counterpart of Ts» for testing Ffy against some restricted class of
alternatives.

3. Notation and auxiliary results. Recall that we are considering the trans-
formed observations U; = H(X;) with H given in (1.6). The joint distributions
of Uy, ..., Uy under (1.8) and Fy will be denoted by Py and Py, respectively.
Obviously under #y, Uy, ..., Uy are i.i.d., each obeying the uniform distribution
on (0, 1).

Given a bounded function a(-) € 4, set

12
lall = {fa%u)dx(w} ,

lallo = sup la(u)l,
uel0,1]

3.1) a) = / a(u)é; () dA(w),

a=(a,a,...),

With this notation, we state the following results regarding the behavior of 7.

THEOREM 3.1. Let Py be defined via (1.8) with & € (0,1/2) and p > 0.
Assume that d(N) — 0o, N~ Hd(N)]*° — 0, N"2%[d(N)]® = 0 and N5~ 1/%2 x
[d(N)logN]— 0as N — oo. Then
Tsr — 02N1_2§|&|¢21(N) -

2pN2=8alany

(3.2) lim PN< x) =d(x), x €R,
N—o0

where ®(-) is the cumulative distribution function of a standard normal random
variable.
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THEOREM 3.2. Let xy € Ry be such that xy = O(N~%) for some § €
(1/4,1/2). Assume d(N) — oo in such a way that limN_wox]s\,[d(N)]3 = 0 for
some € € (0, 1) and ijzv > d(N) for N sufficiently large. Then for any n € [¢, 1),

3.3) P()(T52 > NXIZV)
' fexp{—%ijzv +2Nx12\,+’7[d(N)]3 —I—d(N)[log(Nx]zv)]}

for all sufficiently large N .

Set now
O .
efn = Ep,(log pin (1), viy = Epy(log® pin (U)), i=1,2,

and vlz\, = mv% Nt nv% > and define a standardized version of the Neyman—Pearson
test statistic for testing Jfy against (1.8) by

1 m N

1 0 0

v1§,>:_vN > log pin (Up) —mely + > logpzN(Ui)—neéA),}.
i=1 i=m-+1

The corresponding results about the behavior of VIS,I) are as follows.

THEOREM 3.3. Under Py of (1.8) with & € (0,1/2) and p > 0, we have

(3.4) Jlim Py(V) —VNbD(Py) <x)=d(x),  xeR,
— 00

where bV (Py) is explicitly given by (5.25) and satisfies b (Py) = ,oN_g +
O(N~%). In particular, for & € (1/4,1/2), it holds that

lim Py(V) —N'26p<x)=d(x), xecR.
N—o00

THEOREM 3.4. Let xy € Ry be such that xy — 0 and lezv — 00. Set
o*]%, = Varp, ng,l). Then

Nx2 Nx3 Nx2
@5 (2 VNe) =el ¥ 4 0( T )+ 01og( ) )}

N Oy N

In particular, if xy = O(N~¢) with Ee(1/4,1/2), then

N 2
(3.6) Po(V" = /Naxy) = exp{_% + o(Nl/Z—é)},
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4. On efficiency of adaptive test. The techniques we are using enable us to
get efficiency results for £ € (1/4, 1/2) (see Remark 4.2). Therefore, in this section
we restrict consideration to this case. By Theorem 3.3 we have

Jlim Py(V{) =N Ep<x)=d(x), xeR.
—00

Consequently, to have local power of the test rejecting for large values of V]E,I)
lying in (0, 1), we define a critical region as

1 1 —
ek ={Va) =N Ep>k}, Kk eR

Then Py (G](\,l?kl) — 1 — ®(ky). The related probability of first kind of error is
given by P()(G](\,l’)k1 ). By (3.6) of Theorem 3.4, we have

2
p - — —
“.1) PO(@z(vl,)kl)=eXp{—7N1 % N2 p o2 f)}.

This gives the rate at which the size of G](\}’)kl vanishes as N — oo.

We will apply a similar argument to 7s;. For ease of presentation, we focus
herein on the special case where d(N) = O(log N) and the function a(-) appearing
in (1.8) has a finite Fourier expansion in the system 1, ¢1, ¢7, .. .. This means that
for some K > 1,

K
a)="Y_a;p;wu),

j=1

where a; is defined in (3.1). The more general situation is briefly discussed in
Remark 4.1.
Under the above restrictions, Theorem 3.1 reads as

Tgr — IOZNI—ZE
(WS.X)—CD(X), x eR.
Define a critical region for this standardized version of T, by
e® _ { Tsy — p°N'=%
2pN1/2—§

lim P
N—o00 N

Nk = Zkz}, ky € R.

Then Py (@1(\%,)@) — 1 — ® (ko) and the related probability of first kind of error is
given by
ay’ =ay & p) = Po(CF),).

Obviously, to fulfill the first postulate of our efficiency notion presented in the
Introduction, that is, to guarantee that the two tests yield the same asymptotic
power, one must have k1 = k1 (N) = k> + oy, where {oy} stands for an arbitrary
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real sequence tending to 0 as N — oo [see (4.3) below]. To fulfill the second

postulate of efficiency, one has to show that there exists such a sequence {oy} for
which aj(\%) = P()(G](\}’)k2 toy)» thatis, for each N the tests with critical regions G](\%?kz
©))

and C Nokotoy have the same size [see (4.2)].

THEOREM 4.1. Assume Py obeys (1.8) for some & € (1/4,1/2), p > 0 and
arbitrary a(-) having a finite expansion in the system 1,¢1, ¢2,.... Suppose
d(N) - oo and d(N) = O(log N). Then, for any ky € R, there exists a real

sequence {fon}, on — 0as N — oo, such that for tests with critical regions el N kz

and € N kz +oy [t holds for N sufficiently large that

2 1
Po(CN k) = Po(Clsy40,)

4.2) 2
= exp| LN —op N2 E o 12
and
*3) lim Py(Cy),) = lim Py(Cy),p,) =1 - (k)
) N—00 N,k N— 00 N.ka+on :

PROOF. The argument patterns the proof of Theorem 5.1 in Inglot, Kallenberg
and Ledwina (1998) and Theorem 3.3(3) in Inglot and Ledwina (2001a). We
provide it here to give an idea of this argument and to indicate possibilities of
some variants of Theorem 4.1.

Take xlz\, = N"2%p2 4+ 2p0N~1/27€k,. Then x N72%p%[1 4 o(1)] and, by
the definition, oe( ) — = Py(Tgp > NxN) Applylng Theorem 3.2 with n = ¢ and
e>(1/2—-&)/&, one gets

(4.4) al) <exp{—AN'"Ep2 —kypN2TE 4 o(N1/2E)),

To get information on the relationship between k; and k», take now xy =
b (Py)/2=pN~% /24 O(N~%) and apply (3.6). This yields

(4.5) Po(Vy) = V/Niy) = exp|—iN172% p2 4 o(N1/275)),

Since for large N, (4.5) is greater than the right-hand side of (4.4), we infer that
there exists k| =k (N) such that k;(N) > —v/Niy and

Po(V) =2V Ny > ki(N))
(4.6) —a
= Po(Vy' = VNbO (Py) = k1<N>)
Hence, we have the critical region el N k ) of level a ). Moreover, by Theo-
rem 3.3, PN(G](VI)k (N)) [1 — ®(k1(N))] — 0. Hence, for sufficiently large N, it
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has to hold that
4.7) ki(N) <ky+o(1),

as G](\,l?kl N) corresponds to the most powerful test. Now, we apply Theorem 3.4 to
the last expression in (4.6). Take x}, = N2k (N) + bV (Py) = N~V 2k (N) +
N=%p 4+ O(N~%). By (4.7) and k;(N) > —/Niy,x} = O(N~%). Hence, by
(4.6), (3.6) and the assumption & € (1/4,1/2),

Po(V = V/Nx})
4.8) =ay)

1 ki (N)]?
= exp{—iNl_Zs,OZ — pki(N)N'/2=5 — # + o(Nl/z—f)}.
To get further information on k, and k1 (N), compare the right-hand side of (4.8)
with the bound in (4.4). This yields the inequality

(4.9) N2 (NP + ki (N)p — pka + 0 (1) 2 0.

The minimum of the parabola in (4.9) is attained at —N'/2=§p and, by the
previous argument, ki (N) > —Nl/z_f,o/Z for large N. Hence we get kj(N) >
ko + o(1). This and (4.7) prove the existence of a sequence {0y} that satisfies both
requirements of the theorem. []

REMARK 4.1. The assumption of a finite expansion for a(-) allows us to skip
the term |a |[21( N) in the definition of @1(3),(2. Another way to reach the same result is
to assume that |&|§( N) is sufficiently close to IEII%O = 1. For this, one can use some

results on the rate of decay of 1 — |a |§ N) for smooth functions given in Barron and
Sheu [(1991), Section 7]. However, one then has to consider d (N) increasing faster
than O (log N) and, by the methods given here, optimality can be established only
for £ in a subinterval of (1/4, 1/2), depending on the rate of growth of d(N) and
the smoothness of a(-). For an illustration of this in the case of testing uniformity,
see Inglot and Ledwina [(2001a), Theorem 3.1(3)]. One can also leave |El|fl( N) in

the definition of @z(v)k , but then, when comparing the resulting a(z) and “1(\})’ some

information on the magnltude of |a|q(ny is needed or, alternatlvely, we must allow
the size of the test to depend on |a|g(n). For an example of this in the case of
testing uniformity, see Inglot, Kallenberg and Ledwina [(1998), Theorem 5.1].

The empirical behavior of S2 under moderate sample sizes indicates that
Ts> can detect, with high probability, alternatives corresponding to b with large
first few Fourier coefficients. In this context, it is worthwhile to observe that the
results collected on pages 1365—1366 of Barron and Sheu (1991) show that smooth
functions from L,(X) can be very precisely approximated by linear combinations
of the first few Legendre polynomials. Consequently, the setup of Theorem 4.1 is
most natural for the present application.
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REMARK 4.2. The condition & € (1/4,1/2) in Theorem 4.1 is assumed to
get the desired result without further technical work. Indeed, observe first that
it is possible to have a more precise expression for (3.5) [see (5.27) and Book
(1976)]. However, getting an exponential inequality more precise than (3.3) seems
to be far more complicated. Therefore, when equating aj(\}) and oz](\%), we are
comparing as few terms as possible. From (4.4), (4.8) and (4.9) it is seen that we
can achieve the same asymptotic powers and the same rates of decay of sizes when
the remainders arising in (4.4) and (4.8) are indeed o(N/27%). For this, we need to
assume £ > 1/4. Obviously we cannot exclude that another line of argument could
give a similar result for £ < 1/4. In this context, note that better results can be
achieved under another notion of optimality. Namely, one can consider optimality
(or efficiency) in the sense of asymptotic equality of sample sizes of two tests with
powers converging to a 8 € (0, 1) and levels tending to O at the same rate. Such
a notion, called intermediate efficiency, was introduced by Kallenberg (1983) and
extended by Inglot (1999). It has been applied by Inglot and Ledwina (1996) and
Inglot (1999) to prove optimality of some data-driven tests for uniformity. For
an easy exposition, see Inglot and Ledwina (2001a). Such an approach could be
applied here leading, under d(N) = O(log N), to the optimality of Ts> for any

£€(0,1/2).
5. Proofs.

PROOF OF THEOREM 3.1. The proof of Theorem 3.1 will be given in steps.
Two of these are stated below as separate theorems. They concern the behavior
of S2 and a CLT for Ty under Py. The proofs of these results exploit some ideas
developed in Inglot and Ledwina (1996) coupled with Hdjek’s (1968) projection
method.

We start by introducing some auxiliary rank statistics and their approximation
as proposed by Hdjek (1968). Throughout the rest of the article, we omit in the
integrals the notation A for the Lebesgue measure. Forany t =1, 2, ..., set

N R
5.1) 5,=ZcNi¢t(N—+1), S5 =Epyd.  s=(s1.5...)

i=1

and introduce the independent random variables Z;;,i =1, ..., N, according to
formula (4.28) of Hajek (1968). In our application, his X; are replaced by our
U; = H(X;), his ¢; correspond to our cp; of (2.1) and instead of his Fj(x), we
have

F1N<x)=/0 pinGdu,  i=1,....m,

X
Fay (x) =/0 ponG)du,  i=m+1,...,N,



EFFICIENT AND ADAPTIVE TEST 2047

where piy (u) and pon (1) are givenin (1.8). Consequently, N1 ZlNzl Fin(x)=x
and we have

1
—ent fo [[(U: <x) — Fiy@)]l(x) d Fan (),

asi=1,...,m,

52 Ziu= 1
—enw /0 [1(U; <x) — Fay(0)]$)(x) dFin (x),

asi=m+1,...,N,

where [ (A) denotes the indicator function of the event A. By (4.26) of Héjek
(1968) we get

N 2
(5.3) Ep, (5, — 5 — Zzi,) <M($)N",
i=1

where, by pages 339 and 340 of Hajek (1968) and the relationships [see Sansone
(1959] 9/ ll0o = c17/2, |¢)' |00 = c2t®/? for some absolute constants ¢; and ¢,
we have

(5.4) M@) <ct'®
for some positive constant c. Moreover, (5.2) easily yields
(5.5) Zie = cnil$i(U) + pN 20D, i=1,...,N,

where (@ (1) stands for a bounded everywhere random variable.

Now we define a deterministic counterpart to S2 of (2.3) by
56 ¢(N)=min{k:1 <k <d(N),|s|; — u’klog N > |s|; — uu*jlog N,
ji=1,...,dN)},

where s is defined in (5.1), |s|£ = 21;21 st and i > 1 is a constant defined in the
proof of the following theorem.

THEOREM 5.1. Let Py be defined via (1.8) with p > 0 and & € (0, 1/2), and
assume that N~'[d(N)]?° — 0 with N=%[d(N)]> — 0. Then
PN(S2 <4(N))—0 as N — oo.

PROOF. For simplicity, write £ instead of ¢(N). Moreover, for any real
sequence x = (x1,x2,...)and any 1 < j <k, set

k 1/2
(5.7) |x|jk== > xf} :

t=j+1
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Observe now that (2.2) and (2.3) yield
£—1
(5.8) Py(S2<0) <) Py(Te—T; < (£ — j)logN).
j=1
Put m; = Py(Ty — T; < (£ — j)log N). Definition (5.6) implies [s|j¢ > p X
(€ — j)logN for j =1,...,£. This together with the triangle inequality implies

senl| £ B3]

> (u—1) w—j)logN).

(5.9

The rest of the proof consists of three steps. First, we approximate ZZN: 1 CNi X
¢:((R; — 0.5)/N) by 4&;. Then, to 4; — s; we apply Hdijek’s approximation
Z,N: | Zi;. Finally, to estimate the tails of ZZNZI Z;:, we apply Yurinskii’s (1976)
inequality.

Throughout, we use ¢ to denote various positive constants, the values of which
might change from line to line. By (5.9),

—05 24172 1
n,-sPN(= ) [Zcm( )- &} } > (=1 w—j)logN)

t=j+1

¢ 12
1
+PN<{ Z [51—5;]2} ZE(M_I) (f—j)logN).

t=j+1

Since [¢y (x) — ¢ (V)] < er>?|x — yl, qx — 1 € (0, 1) and [d(N)]*° = o(N), the
first component in the above sum is O for N large enough.

Set y; = %(M — D4/ — j)log N. By (5.8), (5.9) and the above, for N large
enough,

1 ¢ 172
PN(S2<£)§ZPN<{ > [&—st]z} Z)’j)

j=1 r=j+1
-1 ¢ 2 Vi 2
5.10 P 8 — Z; > | —=—
10 5,2,;1 N([’ v Z ’} >[ fd(Nd])
-1 ‘ 2,172 1
2l 2 [Ba]] =3)
j=1 1=j+1

Markov’s inequality, (5.3) and (5.4), the definition of y; and the assumption
N Hd(N)* =0 imply that the first component of (5.10) tends to 0 as N — oo.
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Introduce now the vectors Z;({) = (Z;1,...,2i¢) and Z = ZlNzl Z;(£). By
construction, Z({), ..., Zy(¢) are independent with Ep, Z;(¢) = 0 [see Hdjek
(1968), page 340]. The second component of (5.10) can be rewritten as

-1
(5.11) Y Py(1Zlje = 53))-
j=1

To estimate the terms in (5.11), we apply Yurinskii’s [(1976), Corollary, page 491]
inequality. To this end, observe that by (5.5) and the assumption N —2%[d(N)]P =0,
we get, for large NV,

2¢%,(€ = ), i=1,...,m,

2
Ep,(1Zi(0)]i¢)” <
PN(| i |J@) {ZC%VN(Z_j)v i=m+1,...,N.

Analogously, for large N,

2 N o1/2 .
cicy (€ — e , i=1,....,m,
|Zi(0)]je < { M }1/2 _
cleyy@— ey's, i=m+1,...,N.
Set # = clmax{le1], [ennNA(N), b2 = - = b2 = By (€ — ), b2, =

s = blz\, = clz\, ~ & — j). Applying Yurinskii’s (1976) inequality with this # and
these biz’s, we get BIZ\, = b% +---+b%=(—j)and

o )

1 1
PN(|2:|je > 5)’]’) < ZeXp{—1—6(M — 1)2(log N)(l —c

So there exists u > 1 such that, for N sufficiently large,

> (122 307) = %
= N ]Z_zy] =N

This concludes the proof of Theorem 5.1. [
Our next auxiliary result is as follows.

THEOREM 5.2. Let Py be defined via (1.8) with p > 0 and & € (0, 1/2).
For a given in (3.1), let k(N) be a deterministic sequence such that, for N
large enough, |alxny > & for some positive §. Assume N k(N)]*° — 0 while
NE=12[k(N)] — 0 and N=%[k(N)]° — 0. Then,

Teny — Is?
lim PN(M §x> —®(), xeR
N 28|k
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PROOF. In what follows, we supress the dependence of k(N) on N. Also
throughout, as before, c is a running positive absolute constant. Set now

N N
R, —0.5 R;
Dy = ZCNi [@(7) - ¢t< )] and Z, = Zzit,
0 N N+1 0

where Zy;, ..., Zy; are given by (5.2). We split Ty = Ti(n) [see (2.2)] into several
terms. For brevity, we consider at once the standardized version of 7j. Simple
algebra yields

Ty —Is|?

4
=L+ ) Riji,
2|s]k Z !

Jj=1
where

k k
Li=sl0™" Y iZ,  Rue=Qlsl)™" Y (D)2,

=1 t=1

k k
R =(sl)™' Y D8, Rau=Qsl)™" D8 — s,
t=1

t=1
k
Rae = (sl si[8 — s — Z4].
t=1

The rest of the proof consists of showing that, under Py, Ly —p N (0, 1) while
Rjr — 0in Py,j =1,...,4. We start by proving that the remainders are
negligible. To this end, we need some information on the magnitude of |s|. This
is provided by the following approximation of s; [see Hijek (1968), Theorem 4.2
and page 340]. Fort =1,2,..., set

1
(5.12) re=pN'/?7 54,  witha, = / a(u)g, () du.
0
Then by (5.4) and (4.27) of Hajek (1968), with u = ry,

(5.13) (st —r0)> < M(¢y)/N <ct'®/N.

Hence, for r = (r1, r2, ...) it holds that ||s|x — |r|x] < {ck'®/N}/2. So under our
assumptions, limy_, col|$|x — |7]|x] = 0.
Consider first Rix. By |¢:(x) — ¢: (V)| < ct3?|x — y|, for large N we get

(5.14) 1D < ct®?/V/N.

Hence, R — 0in Py.
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For Ry, any positive y and N large enough, by (5.14) we have
Py (|Rox| = 2y)

(5.15) ( k
<Py

Z :Olsl

t=1

k
> V|S|k> +ZPN(|5z — sl > VC|S|kVN/k7>'

t=1

Again using (5.14) and the Schwarz inequality, we infer that the first component
on the right-hand side of (5.15) tends to 0.

To get an upper bound for the second component, set v> = Varp, 8, and
otz = Varp, Z;. By (2.9), (4.28) and (5.6) of Hajek (1968), we have, for N large,
oy — v < {M(¢z)}1/2{maxlgi§N|CNi|} <ct?/V/N.

On the other hand, the constant d defined in (2.14) of Hijek (1968) equals 1 in
our application. Hence, (5.13) and (5.17) of Hajek (1968) yield

(5.16) |6: — 1| < ct”?|Fiy — Fan| o, < ct”/?/N5.

So under our assumptions, |v; — 1| = o(1) and an application of Markov’s
inequality yields Ry — 0 in Py.

Markov’s inequality together with |v; — 1| = o(1), the relationship between |s
and |r ¢, and the assumptions NE-12[k(N)] = 0, |a|kvy > 6 imply that R3x — O
in Py. Finally, Schwarz’s inequality and (5.3) yield the same conclusion for Rgy.

Now we shall prove the asymptotic normality of L. Observe that

N k
Ky
oCk:ZxNi, where XNi—Z—tZi,.
i=1 =1 |S|k
Since by construction, Ep,Z;; =0,t =1, ..., k, we have Ep, X n; =0 as well.
Moreover, each Z;; is a function of U;, solely. This implies Xyi,..., Xyn

are independent. By (5.8) of Hajek (1968), we have, for N large enough,
|Z;| < c{maxi<i<n lenilt3/?} < ¢r2/?/</N. Hence, by Schwarz’s inequality,
[ Xni| < ck3/\/ﬁ. Set now 312\, = Varp, ZlN:l Xni. By the above, Gy =
ZZNZI ElexNi|3 < ck3£12v/\/ﬁ. By Lyapunov’s theorem [see Serfling (1980),
Section 1.9.3], it is enough to show that Gy = 0(§8N) We shall show that
§8N 1 + o(1). Since k3 /«/— N — 0, this will conclude the proof. We have

k
(5.17) 8= L 52 Z Z 2 E b Zir Zi.

t= 1| | i=1rt=1 |s |k
r#t
Due to (5.16) and the assumption k° /N 2§ 5 (0, the first component of (5.17)
behaves like 1 + o(1). Moreover, by (5.5), properties of Legendre polynomials
and Schwarz’s inequality, we infer Ep,Z,; Z; < cINT%-1 4+ N5k 4
N~E-1p5/2), Simultaneously, by (5.13) and the imposed assumptions, |s,s;|/ |s|,%
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is bounded for N large enough. Hence, by & € (0,1/2) and the assumption
N~1k20 - 0, the second component of (5.17)is o(1). O

Now, using Theorems 5.1 and 5.2, we shall establish (3.2) of Theorem 3.1. Set

Tsy — Is|3
- {J < x},
2|s|avy
Since d(N) — oo and |la]| = 1, Theorem 5.2 can be applied to Ty(y), but

since S2 < d(N), we get liminfy_, oo Py(Ex) = ®(x). On the other hand, by
Theorem 5.1,

Tewy = Isl3w)

Py(&y) < PN(
2|sla(vy

< x) +o0(1).

So, to show that Py (&) — ®(x), it is enough to prove that |s|zn)/[slev) — 1
and |S|%(N)d(N)/|s|d(N) — 0. By the definition of £(N) it follows that |S|%(N)d(N) <
w?>d(N)log N. The assumption N&~1/2[d(N)log N] — 0 implies d(N)logN/
Is|la(vy — 0. This concludes the proof of limy_, o Py (Ex) = ®(x). Note that by
(5.12) and (5.13), it follows that under our assumptions [s|gn)/|7|la(n) — 1. By
this relationship we get

This is just (3.2). O

PROOF OF THEOREM 3.2. Under F#y,U; = H(Xy),..., Uy = H(Xy)
[cf. (1.6)] are i.i.d. uniformly distributed on (0, 1). Since Tsy < Ty(n), we have
Po(Tsa > Nx%) < Po(Tuvy > Nx3).
Setnow yy = xy[d(N)P?,

dN) [T N
Cany = Z |:ZCNi¢j(Ui)i|

j=1 Li=1

2

and
12

AN N Ri—05\ & ?
Rawny = i > |:ZCNi¢j<T> - ZCNi¢j(Ui)i| }
i=1

j=1Li=1
The triangle inequality yields, for large N,
Po(Tany = Nxy)

(5.18) 1/2
< Po(€x) = (1 = yw)xn VN ) + Po(Rawy = ynxwv/'N).



EFFICIENT AND ADAPTIVE TEST 2053

To simplify notation, in what follows we skip the dependence of d(N) on N
and write simply d. The first component on the right-hand side of (5.18) will be
estimated using Yurinskii’s (1976) Theorem 3.1. To this end, set %;; = cy;¢;(U;)

2

and Y;(d) = (i1, ... Yia). Obviously, €}/ = XN | Y, (@) For any j = 1.

.,d, we have Epoy,] =0,i=1,...,N,Varp, Y;; = ch fori=1,....m
and Varp, Y;; = cjzvN fori =m+1,..., N. Moreover, Covp,(¥ij, Yie) =0 for
j#L,i=1,..., N.Hence we get, for any & eRlandi=1,...,N,

Ep,(W"Yi(d)* =3 |h3 =h"bih  with b; = cX,1,,
where I is the identity matrix of order d. Consequently, by (¢ llcc < +/2j + 1,
for any integer s > 2 and all & € R?, it holds that
|Epy (R Yi ()" | < (W"bim) 32 (|hla)* 2,

where # = 2d max{|cny1]|, |cnn]|}. Since By = by + --- + by =1z, we apply
Theorem 3.1 of Yurinskii (1976) with (712 == (73 =1, K =1 and the above #.
To shorten the notation, set for a moment yy = (I — yy)xy~/N. Assume N is
large enough to have d > 4, yjz\, >3d —3 and o = Hyy < 1. Then for both d even
and odd we infer, for N large enough,

N
Po( > yN)
- d

> Yi(d)
i=1
8.731

<o
= T'(d/2)2@-D/2

Using the fact that logI"(x) > —x + (x — 1/2)log(x), the definition of yy and a
simple argument yields, for N large enough,

Po(€)?> = (1 — yw)xnv/N)

2
exp{_%m +a)y - mogyN}.

(5.19) 1 2043, d 5
<exp{—§NxN+(1+o(1))Nx d 2log(NxN)}.

To deal with the remainder R, set

iN = ®j N j\Hi)

Then
N
j VNXN\/N
Po(Ra > ynxnvV/N) < Z Py ZCNiu,F{V) >
j=l1 = vd
(5.20) .
vd }2” ol
< Ep eni U
] X en[ St
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for any positive p. Assume for the moment that p is an integer and satisfies
1<p< VN /2. By Lemma 2.5 of Huskova (1977), with the correction and
implementation given by Kallenberg [(1982), see formula (2.3)], we have

al ()
ZCNi‘U,-fV

i=1

A(m,n, p)= [max(l, Zp@max{%, %})]zp.

Since ||¢>;.||Oo < ¢j>/2, a Taylor expansion yields, for some V; between (R; —
0.5)/N and Uy,

. R 1 2p
EP()[UYA)/] EP()[( 1 Ul)d’ (Vl)]

2p

521)  Ep < pP4e)* P AGm, n, p)Ep,[URTY,

where

N 2N

Rl 1 2p
<ted PR3~ gy ~01)

Setnow w; =N~"1(1/2 - U)), w; = N‘l[I(U‘ <Up)—Ul,i=2,...,N.Then
Ry
and wy, ..., oy satisfy the assumption of Lemma 6.1 of Bickel (1974). Hence we
get
N 2p 5 22p

(522)  Ep, ( ;w) < NPep)” max Epy(;") < (dep)’ S
Using Hélder’s inequality, (5.21) and (5.22) yield, for any real 1 < p <+/N/2,
N 2
> eniUiy
i=1
Set ¢; = 4e and ¢ = 16¢3/2¢. By (5.20), (5.23) and the choice of yy,

dor
< A(m, n, p)(4e)(16¢3/%¢)*P p*P —

(5.23)  Ep, "

2p
ap

Py(Ra > yNXNV N)fA(m,n,p)cld{ 1_,_,7} .
Nxy

Take now p = lez\,/Z. By our choice of xy, we have p < +/N/2 and
A(m,n, p) =1 for N large enough. This yields

szl_n lezv
(5.24) Py(Ra = ynxn+v/N) < cld{iN} .
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Since n € (0,1) and d(N) < ijzv, then Pyp(Rg > nyN\/N) < exp{—NxIZ\,/Z}
for N sufficiently large and an application of (5.18), (5.19) and (5.24) concludes
the proof of Theorem 3.2. [J

PROOF OF THEOREM 3.3. To shorten the argument, we relate (3.4) to
an earlier result of Inglot and Ledwina (1996). Set el(aN) = Ep,logpin(U),
i=1,2,b0(p1y) = (efy — ei(j)\),)/vuv, b(l[)(PzN) = (e — egj)\),)/va and define

(5.25) bV (Py) = —="bD(p1y) + b @ (o).
x/ﬁv \/_ vy
With this notation, we have
(M _ \/_UIN log 1y (U) — €|}
Vy' = Z o
Pt IN
(5.26) N
nv lo U; e
+[2N= Z gpan(Ui) — 2N}+«/—b(l)(PN)
UN lizmt Vnvon

By Proposition 6.6 of Inglot and Ledwina [(1996), page 2000] and using the
notation on page 1994, the random variables appearing in braces in (5.26) are
asymptotically standard normal. Therefore, to conclude the proof it is enough
to study the deterministic expressions that appear in (5.26). To this end, intro-
duce cj(\}) =pN~=5 /(0 —=nn)/nn and c%) =—pN~5/nn/(T = ny). By Proposi-
tion 2.10 of Inglot [(1999), page 494; see also page 503], we have [p® (plN)]2 =

PR+ 0, bW (pan) 2 = [P + 0(cP)) and v3y = [T +
0(08\),))),1 = 1,2. Consequently, vi /vy = (n/mN)(1 + O(C(l))) vdy 03 =

(m/nN)(1+ 0(cP)) and bV (Py) = pN~% + O(N~%). The theorem follows,
O

PROOF OF THEOREM 3.4. Statement (3.5) can be deduced from an unpub-
lished article by Book (1976). For convenience, we quote here a version of this
result suitable for our setting. Its applicability to the present context follows from
some conditions given in Inglot and Ledwina (1996).

THEOREM 5.3 [Book (1976)]. Let {Wy;,1 <i < N,1 <N < o0} be a
triangular array of rowwise independent random variables. Assume EWy; =0
and EW]%H < oo forall N andi. Put

N
Wy = Z Wyi  and ‘r]%, = Var Wy.
i=1
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Further suppose there exist positive constants C',C" and 0 < B < 0o such
that, for all h,|h| < B,C" < Eexp{hWy;} < C” for all N and i. Then, for
all sequences {zn} of positive numbers such that zy — 0o and zy/ VN =0
as N — o0,

14
T

(5.27) = ¢(zn)

2 3
— Onl —1/2[1 o 2V ] {_Z_N AN <Z_N>}
2mzy) + (ﬁ) exp ) +ﬁAN Nidi

as N — 0o, where Ly (z) is a power series in 7 convergent for all sufficiently small
values of z, uniformly for all N.

Observe now that

(1) UlNzle vN Z Yy,

i=m+1

where Yy; = {log p1y (U;) —el(j)\,}/le asi=1,...,m and Yy; = {log pan (U;)
— €2N}/U2N asi=m+1,...,N. Set o*izN = Varp,log pin(Uy),i = 1,2. By
Lemma 5.4 of Inglot and Ledwma [(1996); see (5.11) and the last sentence of the
proof], ai%\,/viZN =14 O(N~%). The above and (5.26) imply (7]%, = Varp, Vjsll) =
1 + O(N~2%). Finally, observe that by Proposition 5.12 of Inglot and Ledwina
(1996), the variables Yy;,i = 1,..., N, satisfy Book’s assumptions. Hence the
same holds for the components of ng,l). Therefore, (5.27) is applicable and
PO(V]E,I) > oNxNVN) = (p(xN\/ﬁ). Taking in particular xy = O(N~%), we have
oy =1+ O(x%) and (5.27) implies (3.5). O
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