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ASYMPTOTIC RESULTS IN JACKKNIFING NONSMOOTH
FUNCTIONS OF THE SAMPLE MEAN VECTOR

BY MARZIA MARCHESELLI

Universita di Siena

The asymptotic behavior of jackknife estimators and jackknife variance
estimators is investigated for nonsmooth functions of the sample mean vector.
An application of jackknifing a suitable estimator of the intrinsic diversity
profile is also presented.

1. Introduction. The jackknife method is widely applied in order to construct
variance estimators and define bias-reduced estimators. Many results for the
consistency of jackknife variance estimators are known for sufficiently smooth
estimators 7, of T [Miller (1968), Reeds (1978), Parr and Schucany (1982)
and Shao and Wu (1989)]. If estimators are not smooth, the jackknife may lead
to an inconsistent variance estimator as shown in Miller (1974). Other results
have been obtained for asymptotic behavior of jackknife bias reduction and
jackknife estimators under suitable differentiability conditions [Miller (1964),
Arvesen (1969), Thorburn (1977), Ghosh (1985) and Shao (1993)]. In this paper
the consistency of jackknife variance estimators and the asymptotic behavior of
jackknife estimators are studied for estimators fn of the type g(X,) when g is
not necessarily a Géteaux differentiable function but g satisfies some weaker
regularity conditions which do not imply the asymptotic normality of n!/ 2(T,—T).
Section 2 contains some preliminaries and notation while the asymptotic behavior
of jackknife variance estimators and jackknife estimators is derived in Sections
3 and 4, respectively. Moreover, in Section 5, an asymptotically conservative
confidence set for g(6) is obtained, when g is not necessarily a differentiable
function at 8, and, in this setting, the possible use of jackknife variance estimators
is discussed. Section 6 focuses on these results as applied to an important family
of nonsmooth estimators such as those obtained by estimating intrinsic diversity
profiles.

2. Preliminaries and notation. Let (X)), be a sequence of i.i.d. random vec-
tors, with values in a normed space (V, || - ||) and with E[|| X 2] < 0o. More-
over, let g be a function defined on V, with values in a normed space (W, || - |),
and let X, be the sample mean (X; + --- + X,,)/n. The Quenouille-Tukey

Received February 2002; revised March 2003.

AMS 2000 subject classifications. Primary 62G05; secondary 62G20.

Key words and phrases. Delta method, jackknife, consistency, regular quasi-differentiability,
intrinsic diversity profile.

1885



1886 M. MARCHESELLI

(delete-1)jackknife estimator for g( X,) is given by

n

1 — _
== [ne(Xn) = (n = Dg(X, 0],

k=1

where X, ; is the sample mean obtained by deleting the observation with the
index k (obviously k < n). When W =R, the jackknife variance estimator can
be defined for g( X,,) by

2
-1 — 1 & —
b (g(xn,k) - (X, ﬂ) .
j=1

k=1

vy =

Now let 0 be a vector of V and let (A;); be a finite partition of V. If A; is a Borel
setand b(A; — ) = A; for any real number b > 0, the partition (A;); is said to be
regular with respect to 6. Obviously, 6 is an accumulation point for any set A; of
a regular partition.

DEFINITION 1. A function g is said to be regularly quasi-differentiable
at 0 if there exists a regular finite partition (A;); of V such that, for any i, g is
A;-differentiable at 6, namely there is a unique continuous linear operator L? such
that

_ _ 19—
0 lim llig() — 8@ — Ly w =l _
v—0,V€EA; lv—20]

0.

Any mapping 7 (not necessarily linear on V') such that

(2) T(v) =) LI (v)14,(v),

where Lie denotes the A;-differential of g at 6, is called regular quasi-differential.

The set of discontinuity points of 7 is obviously a subset (in general, a
proper subset) of [ J; dA;, for any regular partition (A;);. However, it should be
noticed that T does not depend on the choice of the regular partition (A;); and
if there exists a regular quasi-differential of g at 6, it is unique; that is, two
regular quasi-differentials of g at 6 coincide. A Fréchet differentiable function
is obviously regularly quasi-differentiable while a quasi-differentiable function is
Fréchet differentiable only if there exists a linear quasi-differential. Moreover, a
regularly quasi-differentiable function g at 6 is a Lipschitz function at 8; namely,
there exists a constant C such that ||g(v) — g(@)|| < Cllv — 8]|. When V =R,
a function g is regularly quasi-differentiable at 6 if and only if there exist finite
g/, (0) and g’ (0). An interesting family of regularly quasi-differentiable functions

is obtained when g = h o I', where I':R¥ — R¥ is the ordering function and
h is a Fréchet differentiable function. When 6 has at least two equal components,
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g = h oI is not necessarily Gateaux differentiable at 6; nevertheless the regular
quasi-differential of h o I' is H o ', where H is the differential of & at I'(0)
and F(x) is a suitable re-ordering of the components of x [for more details
see Marcheselli (2000)]. By using the notion of regularly quasi-differentiable
functions, in Marcheselli (2000) the following generalization of the delta method
is given.

THEOREM. Let Y,,Y be random vectors in V and let (a,), represent a
sequence of real numbers, with lim, a, = co. Suppose that the random vector
an (Y, — 6) converges in distribution to Y. Moreover, let g be a regularly quasi-
differentiable function at 0 and suppose that P(Y € C) = 0, where C is the set
of discontinuity points of the regular quasi-differential t. Then a,(g(Y,) — g(0))
converges in distribution to t(Y).

If V is a separable Hilbert space and R is a symmetric Gaussian random vector,
with the same variance-covariance operator as X1, from the previous theorem it
follows that

3) Vn(g(Xn) — 8())

converges in distribution to 7(R), when g is a regularly quasi-differentiable
function at 8 = E[X{] and P(R € C) =0, where C is the set of discontinuity
points of t. Note that 7 (R) is not necessarily a Gaussian random vector. Moreover,
E[t(R)] = 0 when g is differentiable at 6 but, in general, E[t(R)] # 0 and,
since g is a Lipschitz function at 6, the bias E[g(X,)] — g(f) is equivalent to
E[t(R)]/+/n and Var[g (X,)]1is equivalent to Var[t (R)]/n. Therefore, the classic
techniques cannot be used in order to study the asymptotic behavior of jackknife
estimators for g( X,,), when g is only a regularly quasi-differentiable function at 6.
To this end, the following definition is also required.

DEFINITION 2. A function g is said to be continuously regularly quasi-
differentiable at 0 if g is regularly quasi-differentiable at 6 and there exists a
regular partition (A;); such that, for any index i:

(a) A; is aconvex set;
(b) there exists a convex neighborhood U of 6 such that, for any element
x € A;N U, gis A;-differentiable at x and
li Ly —1rf =0,
colm_ IL; — Lilleqv,wy
where L7 denotes the A;-differential of g at x and L£(V, W) is the space of
continuous linear operators, defined on V and with values in W.

It is apparent that a continuously Fréchet differentiable function at 6 is also
continuously regularly quasi-differentiable at 6. Functions g of the type 4 o I',
with £ a continuously differentiable function, are obviously continuously regularly
quasi-differentiable but, in general, are not continuously differentiable.
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3. Consistency of jackknife variance estimators. Let V be a separable
Hilbert space, R be a symmetric Gaussian random vector with the same variance-
covariance operator as X1 and 6 = E[X;]. The jackknife variance estimator v,
is often adopted since it has good asymptotic performance and its computation
only requires n evaluations of g at X, j, j = 1, ..., n, which is routine and easy
to program. It is well known that v, is strongly consistent when g:RF — R is
continuously differentiable at 8 [see Shao and Tu (1995)], namely, nv,, converges
almost surely to the variance of T(R) = (Vg(0), R). In this section, some results
on the asymptotic behavior of v, are derived when g satisfies some weaker
smoothness conditions than continuous differentiability at 6.

LEMMA 1. Let (A;); be a regular partition of V with respect to 6. If P(R €
UJ; 04;) =0,

Un=>_ > 4, (X 1) — 1a,(Xn)|

i k=1

converges in probability to 0.

PROOF. Obviously U, converges in probability to 0 when X is almost surely
a constant. It is not restrictive to suppose that X (P) is not degenerate. Thus, it is
sufficient to prove that, for any i,

n

U,il = Z |IAI-(Yn,k) - IAi(Y")|
k=1

converges in probability to 0. Since b(A; — 0) = A; for any real number b > 0, it
follows that

n n
Up=1a;(X0) Y Lae(Xnt) + Lac(X0) Y 4 (X )
k=1 k=1

n n
=14, (Yn) D Lae (Yo i) 4+ Lac (V) D 1a, (Yo i),
k=1 k=1

where Y, and Y, ; denote the random variables \/n( X, — ) and /n( X, x —6),
respectively. For a fixed real number é > 0, since ||Y,; — Y, x|l > 26 implies that
1Y ll/(n — 1)+ 2|| X — 0]|//n > 28, the following relation holds:

' | X — O
U, 0} S {IIYxll = — 1Sty -
{U, #0} C{IYull = (n — 1)8} {él;}f)n 7

where A? is the open set dA; + B(0, 28), with B(0,28) = {x:||x| < 28}. Since
X1 — 02 is integrable, the random variable sup; ¢, [| Xk — 0]|//n converges

> 5/2} Uy, e A7),
j
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almost surely to 0. Moreover, owing to the central limit theorem, Y;,, converges in
distribution to R [see Varadhan (1962)]. Then it follows that

limsup P(U; #0) <> P(R € A?),
n .
J

where A?‘S is the closure of A?‘S. Finally, the relation
lim P(ReA¥)=P(R€dA;)=0
§—0t

completes the proof. [

From now on, if (Z,), and (W,), are two sequences of real random variables,
Z, ~ W, means that Z,, converges in probability if and only if W, converges in
probability and they have the same limit. The following convergence result for
variance jackknife estimators can now be proved.

THEOREM 1. Let g:V — R be a continuously regularly quasi-differentiable
function at 0. Let (A;); be a regular partition with respect to 0 which satisfies
(a) and (b) of Definition 2. Suppose that P(R € dA;) = 0 for any index i. Then
nv, converges in distribution to ) ; 14, (R) Var[L? (X1)]. Moreover, nv,, converges
in probability if and only if there exists a constant ¢ such that Var[L? (X1)] = c for
any i, and, in this case, nv, converges in probability to c.

PROOF. According to the definition of jackknife variance estimators it follows
that

2
n _ 1 n -
nvy=m—1)) (g(xn,w - Zg(xn,»)
k=1 j=I1

2
n _ . 1 n _ _
=n-1) (g(xn,w —8(Xn) — ~ > le( X)) — g(Xm)
j=1

k=1
n n 2
~n Y (g(Xnp) — g(Xn)* — [Z (8(X,) — g@,@)} :
k=1 k=1

Now, let U be a convex neighborhood of 6 which satisfies condition (b) of

Definition 2. Having fixed § > 0, it is not restrictive to suppose Us = B(0, ) C U.
Since

Ty (X)) + sup Tyys (Xon 1)

converges almost surely to 0, in order to study the asymptotic behavior of nv,,



1890 M. MARCHESELLI

note that;g(yn,k) _g_(Yn) is eqUi‘flent to Zi (g(Yn,k) _g(yn))[IA,ﬂ‘ua (Yn,k) X
IA[ﬂUg(Xn) + |IA,‘(Xn,k) - IAI(X}’!)VZ] and

nY (e(Xup) — g(Xn)’

k=1
n . _ 2 . _
~n 33 (8(Xnk) — 8(Xn) Tanus (X La;naus (Xn) + Ca,
i k=1

where C, =13 371 (8(Xn) = 8(Xn)?|1a; (X 1) — Ia;(X,)1/2. Then, from
Lemma 1 and from the hypothesis of g, it follows that C,, converges in probability
to 0 and

nY (8(Xnx) — g(X)’

k=1

n
~ Ty (X)n SO N L3 (Rt — X)L (K,
i k=1

where & ; is a suitable random variable with values in A; N U;. Since Yn, i— X, =
[(X, —0)+ (@ — Xi)]/(n — 1), it may be observed that

ny Y. [(Lfk'i — L)Xk - X))

i k=1

n
<n). ( sup [IL} — L?Ilfc(v,R)) > Xk = Xall?
i xeA;NUs k=1

~E[||X1—0||2]Z( sup IILf—L?IIfC(v,JR)>»
i xeA,ﬂ‘ua

thatis,n ) ; > 7_; [(Lfk'i — L?)(Yn,k —X)? converges almost surely to 0 owing

to the continuous regular quasi-differentiability of g at #. From the previous
relation, it follows that

n > (8(Xni) — g(X)* ~ Iy (Xon > S ILY (X — X PLay (X)

k=1 i k=1

~ A (X Y LY (X — X))
i k=1

=Y 14, (Vn(Xy = 0))n Y (LY (Xni — Xn)T%.
i k=1
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In a similar way, it turns out that

n 2 n 2
[Z (g(Xn) — g(Yn,;a)} ~ (Z Y ML (X — X, (Y,o)

k=1 i k=1
n 2
- (Z In (Xu)L{ [ > (Xug — Y,»D =0.
i k=1
Therefore nv, is asymptotically equivalent in probability to
n
To=Y L, (Vn(Xy — 0)n Y (L Xk — X) 1.
i k=1
Owing to the strong law of large numbers, it is easy to recognize that
n
Ty~ 14, (Vn( Xy —0)) Y (LY (X — 0)1*/n
i k=1
~ Y Iy (V(X, — 0))E[L] (X1 — 6)°].
i

Observe that £ [Lie (X =0 = Var[L? (X1)]. Thanks to the central limit theorem
and the negligibility of dA;, 7, and nv, converge in distribution to L =
Y14, (R) Var[L? (X1)]. Moreover, nv,, converges in probability if and only if L is
a constant; namely, if there exists a real number ¢ such that Var[L? (X1)]=c, for
any i. Thus the proof is complete. [

REMARK 1. When g is a continuously regularly quasi-differentiable function
at @, it may occur that nv, does not converge either to the second moment or to the
variance of the limit random variable 7 (R). For example, if

g(x1,x2) =x1 A x2, X1 =(X1, X)), 0 =E[X1]=(0,0)

and X| and X| — X/ are not degenerate independent random variables, by
considering the regular partition (A;);=1 2 of R2, with

“4) A ={x1 < x2}, A = {x1 > x2},

it turns out that T(R) = g(Rj, R2). Since the hypotheses of Theorem 1 are
satisfied, nv, converges in distribution to L = Var[X/|] + I{g,>r,} Var[X{ — X/].
In this case, nv, does not converge in probability and its distribution-limit L does
not coincide with the variance (nor with the second moment) of (R)! It may
only be stated that E[L] = E[rz(R)]. Moreover, since g satisfies the Lipschitz
condition at @, it should be noticed that the bias E[g(X,)] — g(0) is equivalent
to E[t(R)]/+/n, which obviously is not o(1/4/n), and E[(g(X,) — g(0))?] is
equivalent to E[tz(R)]/n.
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REMARK 2. In Lemma 1, U, converges in probability to O but it does not
necessarily converge in mean [to this purpose it suffices to consider U, when X is
a bivariate Gaussian random vector and (4;); is given by (4)]. Moreover, from the
proof of Theorem 1, it is easy to note that if U,, converges almost surely to 0, nv,
converges in probability if and only if nv, almost surely converges.

As shown in Remark 1, nv, may be an inconsistent estimator of the variance
of T(R) when g is continuously regularly quasi-differentiable at 6. Some
examples in which nv, converges in probability but its limit is not related to
the moments of 7(R) could be also introduced. Note that the bootstrap variance
estimator for g(X,) may be an inconsistent estimator of Var[z(R)]; in fact, it
has the same asymptotic behavior as nv, since, on every event {X, € A;}, the
assumptions of regularity for g are equivalent to their classical counterparts.
Nevertheless, under suitable conditions, the jackknife variance nv, converges in
probability to the second moment of t(R). Actually, the following result can be
proved.

COROLLARY 1. Under the hypotheses of Theorem 1, let H be a closed
subspace of V. Denote by my the orthogonal projection onto H and let a
be a real number. For any index i, suppose that L?(HH(R)) is independent
of 14,(R), L?(nK(R)), where K denotes the orthogonal subspace of H, and
E[L?(HH(R))Z] =a. If IL?I are coincident on K, then nv, converges in
probability to E[t(R)?].

PROOF. First, note that, for any index i and for / ={R € A;} or J = €2,
E[L; LY (R = E[I; LY (mi(R))] + E[I; LY (xk (R))?]
= E[I; LY (my(R))] + E[I, L (mx (R))?].

Since Var[L? (XpD]= Var[L? (R)], from the previous relation, if J = €2, it follows
that

2
Var[L?(X)]=a + E[L{(mx (R))7]
and then, thanks to Theorem 1, nv,, converges in probability. Moreover,

E[t(R)*]=)_ E[I4,(R)L{(R)*]

=" P(Ai € Ra+ E[Ls,(R) LS (nk (R))*] = a + E[Lf (xx (R))*],

1

that is, nv, converges in probability to the second moment of 7 (R). The corollary
is thus proved. U
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EXAMPLE. Let

A X2 / "
I 5 X = X ,X )
1 0] 1= (X1, X7)

0 = E[X1]1=(61,01) #(0,0),

with P(X| # X{) > 0. By considering the regular partition of R? given in (4),
g is a continuously quasi-differentiable function, but not Gateaux differentiable
at 6 and, owing to the generalized delta method, T(R) = —|Ry — Ry|/(461) is
the limit in distribution of /n(g(X,) — g(®)). Since |L?| = |L§|, thanks to
Corollary 1, nv, converges in probability to E[t(R)?]. In particular, whatever
the variance-covariance matrix of X; may be, (g(X,) — g(6)) /+/Vn converges
in distribution to —|Z|sgn(0;), where Z is a standard Gaussian random variable,
and E[(g(X,) — g(6))?]/v, converges in probability to 1.

g(x1,x2) =

4. Asymptotic behavior of jackknife estimators. The asymptotic behavior
of J, is known when g is twice continuously differentiable at 6. In this section,
the asymptotic distribution of J, is obtained when g satisfies some weaker
regularity conditions. To this purpose it is necessary to introduce a definition which
generalizes the concept of continuous differentials of the second order in a natural
way.

DEFINITION 3. A function g is said to be twice continuously regularly
quasi-differentiable at 6 if there exist a regular partition (A;); and a convex
neighborhood U of 6 such that g is continuously regularly quasi-differentiable
at 0 and, for any index i, the mapping L; :x — L7 is A;-differentiable at every
point of A; N U and
(*) lim 1B = B llecv.cv.wy =0,

x—0,x€

where B denotes the A;-differential of L; at x and L(V, L(V, W)) is the space
of continuous linear operators, defined on V and with values in L(V, W).

Roughly speaking, a function g is twice continuously regularly quasi-
differentiable if there exists a finite partition (A;); such that g is twice continu-
ously differentiable on every A;. By using the same notation as in the previous
sections, the following result can now be proved.

THEOREM 2. Let g be a twice continuously regularly quasi-differentiable
function at 6 and let (A;); be a regular partition with respect to 0 which verifies
(%) and (a), (b) of Definition 2. Suppose that P(R € 0A;) = 0, for any index i.
Then

M, = \/ﬁ(-]n - g(Yn))

converges in probability to 0. Moreover, \/n[J, — g(0)] converges in distribution
to T(R).
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PROOF. By means of simple algebraic relations, it turns out that

Vn(Jy — (X)) = [Z ng(Xy) —(n— Dg(Xpx) — g(Xn)]

Z[g(xn> — g(Xn0)]

k=1

~ VY [8(Xn) — g(Xn )l

k=1

Since Iye( X,) + supy Iuc(Y,,, x) converges almost surely to 0, from the definition
of a twice continuously regularly quasi-differentiable function at 6 and from
Lemma 1, it follows that

Ap =) [g(Xn) — 8(Xni)]

k=1

n _
~ SO LK~ X L ou(X)

i k=1

n
- % Z Z (:Bim’k(Yn - Yn,k)a (Yn - Yn,k))IAlﬂ‘U(Yn)’
i k=1
where 7; ; is a suitable random variable with values in A; N U. Thus /n(J, —

g2(X,) may be equivalently decomposed into the sum of two components y;,,&,,
where

n _
Yo=Y 1> LXKy = Xn ) Laou(Xn),

i k=1

n
_% Z \/ﬁ Z <,3lmk (Yn - Yn,k)y (Yn - Yn,k)ﬂ&ﬂ‘ll(yn)'
i k=1
Now, y,,, &, remain to be studied. It may first be observed that

n _
Vo= Ianu(Xa) Y L (X, — X i)
i k=1

_ n
=Y Iynu(X)V/nL" ( S X, - Xn,k) =0
i k=1

since ZZ:1(Yn — Yn,k) = 0. In order to prove that ¢, converges in probability
to 0, it suffices to show that

n
S =1 11 Xn — Xl

k=1
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converges in probability to 0. Since

5 <2 V" <2||Yn||2+2||xk||2/<n—1)),
n—1) =

8, converges in probability (and almost surely) to 0. The proof is therefore
complete. [

REMARK 3. In general, the ratio r, = (E[J,] — g0)/(E[g(X)] — g(6))
is not negligible when g is only twice continuously regularly quasi-differentiable
at 6. Sometimes r,, is equivalent to a constant ¢ # 0. For example, with reference to
the case of Remark 1, if X is a bivariate Gaussian random vector, it is not difficult
to prove that E[M,] = E[/n(J, — g(X,))] converges to E[(X] — X|)T1/2
[which coincides with — E[t(R)]/2] and then r,, converges to ¢ = 1/2. As a matter
of fact, Lemma (3.2) in Marcheselli (1999) shows that

n
M, = % 1; | Wa ik (Iw, <0< W, 1) + 1w, x<0<W,})»

where W, = (X{ = XD+ -+ (X, — X;) and W, ; =W, — (X! — X}). In
particular, both M,, and nbjy,cx = —+/nM, converge in probability to 0 but not
in L'. Then, unlike what happens if g is continuously twice differentiable at 6, the
bias of the jackknife estimator J, is not considerably reduced with respect to the
bias of g(X,). Interesting cases where J,, does not reduce the bias may be obtained
by considering twice continuously regularly quasi-differentiable functions g of the
type i o I when g is not differentiable at 6.

5. Asymptotically conservative confidence sets. By using the same notation
as in the previous sections, let g:RF — R™ be a regularly quasi-differentiable
function at § = E[X]. Moreover, let (A;);c; be a regular finite partition of Rk
such that the regular quasi-differential 7 is given by

=) LIy,
iel
and, for any j =1,...,m, let I; C I be an index set for the distinct functions
Tjo L?, i € I, where 7; denotes the orthogonal projection onto the jth coordinate.
Suppose that t % 0 and that P(R € C) = 0, where R is a symmetric Gaussian
random vector on R¥, with the same variance-covariance matrix ¥ as X;, and
C is the set of discontinuity points of . Owing to the theorem in Section 2,
7(R) is the limit in distribution of \/n (g(X,) — g(0)) and, as has already been
observed, T(R) is not a Gaussian vector if g is not differentiable at 6. In this case,
neither the knowledge of the variance-covariance of 7 (R), nor the knowledge of 3,
characterizes the distribution of t(R) and, for j =1, ..., m, the jackknife variance
estimators for 7 o g(X,,) are not consistent estimators either of the variance or of



1896 M. MARCHESELLI

the second moment of 7; o T(R) [notwithstanding that lim, nE[(7r; o g(X,) —
Tjo g(0)*]1=E[(x jo 7(R))?]. For this reason, the nondifferentiability of g at 6
is a drawback to construction of asymptotic confidence sets for g(¢) by using the
jackknife method on the components 77; o g.

However, thanks to a suitable application of the Sidak inequality (1967), asymp-
totically conservative confidence sets for g(6¢) may be obtained by generalizing the
Richmond method (1982). More precisely:

PROPOSITION 1. Let Z be a standard Gaussian random variable and let
b; be the m x k matrix such that L?(v) = b;v for any v € RX. Then, for any
(Z1, ..., 2m) € R™ it turns out that

lirllnP< ﬂ Vnlgi(X,) — g (0)] SZj) > l_[ l_[ P(oij|Z| <z;),

j=1 jZIiGIj

where gj =mjogandoij=./(biZb)j ;.

PROOF. From the definition of 7 it follows that

Nt ®I <z} = JAin{lrj o L{R) < 2}

j=1 j=liel

2 (im0 LY (R)| < z5)

j=liel

=) NIz o L{R)] < 25}
j=1

lGIj

Moreover, since the random variables 7; o L?(R) are the components of a
symmetric Gaussian random vector, owing to the Sidak inequality [Siddk (1967),
Corollary 4, page 628], we may observe that

P( (N {Iz;(R)| sz,-}) > P( M N {izjoL{(R)] SZJ})

j=1 j=liel;

m
> [T [1P(mjo LI (R) <2y).
j=liel;

Finally, since Var[r; o L?(R)] = af i
Vn(g(X,) — g(0)) to T(R), the proposition is straightforwardly proven. [

from the convergence in distribution of

Now, let us consider a particular case in which the regularly quasi-differentiable
function g is of type h o I', where & is a Fréchet differentiable function with values
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in R™ and I :R¥ — R is the decreasing ordering function. If {91, ..., 9%} is the
set of the distinct components of 6, with ¢ > --- > ¥, let Fy,..., F; be the
disjoint subsets of {1,...,k} such that Fj, = {j:0; = ¥}, where h =1,...,5.
Moreover, let dj, be the cardinality of Fj and let Dy =]d; + --- + dp—1,d1 +
<~ +dp] N {l,...,k}. Let I; be a set of one-to-one functions ¢ on {1, ..., k},
with ¢ (D) = Fj, such that /; is an index set for the distinct functions of the type
x = (Vh;(T'(0)), xy), where xy = (x¢(1), .-, Xp(x))- Then the following result
holds.

COROLLARY 2. Let g=(hyoTl,...,hy, o). If Z is a standard Gaussian
random variable, for any (z1,...,zm) € R, it turns out that

(5) h;nP(ﬂdzﬂh,-oF(Yn)—hjonnszj) >[I 1] Plos.j1ZI <z,

j=1 j=1¢el;

where oy j = \/E[(th(l"(G)), Ry)?]. In particular,

(6) lir{nP< () VnlhjoT(X,) —hjoT(H)] Sq) > [[1P(o]1Z] <zj)1",
j=1

j=1

where w; is the cardinality of I and o*;.“ = SUPycy; 09, ;-

PROOF. First, let I be the set of one-to-one functions ¢ on {1, ..., k}, with
¢ (Dy) = Fy,. From Theorem 2 in Marcheselli (2000) it follows that the regular
quasi-differential t of g is given by

T(x) =) H(xp)la, ),

¢el

where H is the differential of & at I'(6) and Ay is a suitable convex set whose
interior part is of type M _{x € R¥: x4, ,+1) > -+ > X¢p(a,)}- Since Var[r; o
H(Ry)] = E[{(Vh;(T(9)), R¢)2], from Proposition 1 the corollary immediately
follows. [

REMARK 4. It is easy to see that when 6 has distinct components, that is,
s = k, the function g is differentiable at 0, the cardinalities w; are equal to 1 and
inequality (6) coincides with the Sidak inequality. Moreover, in Marcheselli and
Pratelli (2002) only particular cases of Corollary 2 are presented.

The relations (5) and (6) are a useful tool in constructing asymptotically conser-
vative confidence sets for g(6), especially when g = h oI is not differentiable at 6.
In order to show this, first let us suppose that the partition F1, ..., Fy of {1, ..., k}
(but not the values ¥, ..., ¥ of the components of #) is known. In this case,
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if 5; . denotes a consistent estimator of aq% j owing to Corollary 2, it asymptoti-
cally turns out that

P<ﬂ JilhjoT(X,) —hjoT(8) SZj) > ] [ ®G/5s.)  as.

j=1 j=1¢¢el;

where @ is the distribution function of |AN (0, 1)| [i.e., ®(z2) = 2/ X

f[o’z]e_xz/ 2dx]. If flq; denotes the sample variance-covariance matrix obtained
from the sample X1,..., X, when_ the components of X; are ranked according
to ¢, the random variable Vi ; (I"( Xn))tEq;th(l"( X)) may be considered as an

estimator 5(2 ;- Alternatively, when £ is a C'-function, n times the jackknife vari-

ance estimator for h(Yn,q;) may be used as an estimator 55’ i where Y,W is the
sample mean of the random vectors X;, whose components are ranked according
to ¢.

Then, even if in general the jackknife method breaks down when applied
dire_ctly for the estimator g( X},), this method may still be used for the estimator
h(X,,4) in order to estimate o(% i which through (5) makes it possible to

determine asymptotically conservative confidence sets for g(6). Finally, if the

partition F1i,..., Fy is only partially known, it suffices to apply the previous
argument to a partition which includes F1, ..., F; [e.g., the partition givenby s = 1
and F; ={1, ..., k}]. Obviously, in a similar way, the previous procedure may be

also used for any function g which is (continuously) regularly quasi-differentiable
at .

6. An application to intrinsic diversity profile. A number of measures have
been proposed to quantify the diversity of ecological populations. However, it is
well known that a single diversity index is not suitable for comparing communities
since the use of different indices may lead to different community rankings
[see Patil and Taillie (1982)]. In order to compare ecological communities, it is
convenient to consider diversity profiles [Gove, Patil, Swindel and Taillie (1994)],
that is, curves depicting the simultaneous values of a large collection of diversity
indices. The intrinsic diversity profile, owing to its properties, is perhaps the most
important diversity profile. It is defined as the plotting of pairs (j, T;), where

1 k
T] N1+"'+Nki:§_1N(Z)’ J 07"'7k’
is the right-tail sum diversity index, k is the number of species, N; is the abundance
of species i and (N(1),..., N)) is the ranked abundance vector, with N(j) >
- > N. (The term “species” is simply a convenient label for a finite set
of distinct categories comprising the community.) Thanks to intrinsic diversity
profiles, it can be stated that a population C is intrinsically more diverse than C’
by defining a population C to be more diverse than C’ if C’ leads to C through
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a finite sequence of (i) abundance transfer from more to less abundant species
without reversing the rank-order of the species, (ii) abundance transfer to a new
species and (iii) re-labelling of the species. As a matter of fact, according to Patil
and Taillie (1982), the population C is intrinsically more diverse than C’ if and
only if the intrinsic diversity profile of C is above that of C’. Moreover, if the two
profiles cross one or more times, no intrinsic ordering of the compared populations
is possible. Now let & = (N, ..., Ni) be the (unknown) abundance vector of a
population. Obviously 7o = 1,7y =0and T; =hjo'(0), for j =1,...,k — 1,
where h; is the C*°-function

(1o ) P> Z Xi
X i=j+1
and I' is the decreasing ordering function on Rk, 1f N1,...,ﬁn are n 1.i.d.

unbiased estimators for 6, with E[||]V1 2] < oo, which are frequently obtained
by replicating an encounter sampling design [see Barabesi and Fattorini (1998)],
let us say that N,, = (N1 + - -- + N,;)/n and consider

Tn = (Tn,lv LR T}l,k—l)v

where fn = gj(ﬁn) and g; = h; o I'. It is not difficult to note that Tn is an
asymptotlcally unbiased estimator for T =(Ty,...,Ty—1) and it turns out that

T, =g(N,), T = g(0), where g = (g1, ..., 8k_1) is not necessarily a Gateaux
differentiable function at 6. More precisely, g is always a twice continuously
regularly quasi-differentiable function at 6 but g is not Giteaux differentiable
when 6 has at least two equal components.

In order to determine the asymptotic behavior of /n (Tn — T) and, consequently,
of /n(J, — T), where J, denotes the Quenouille-Tukey jackknife estimator
for T,,, let {n1, ..., n} be the set of distinct components of 6, with n; > --- > ny.
Obviously s < k and s = k only if all components of 8 are distinct. Moreover,
with the same notation as in Section 5, let F1, ..., Fy denote the disjoint subsets
of {1,...,k} so that Fj, = {z = ny} and let dh be the cardinality of Fj, with
h=1,...,s. Finally, let = (Fl, e Fk) :R¥ - R* be the Lipschitz function
such that (Fl (x))1ep, 1s the vector of the coordinates {x;};cF, ranked in decreasing
order, where Dy, =]d+---+dp—1,d1+---+dp]N{1, ..., k}. The following result
is proven.

THEOREM 3. Let R be a symmetric Gaussian random variable with the same
variance-covariance matrix as Ny. Then \/n(T, — T) converges in distribution to
U=U,,...,Ur_1), where

1
Uf:m[ JZ”(R”“‘T) > ”(R)}

I=j+1
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If R does not have two equal components a.e., then /n(J, — T,) converges in
probability to 0 and, consequently, \/n(J, — T) converges in distribution to U.
Moreover, if vy, j is the jackknife variance estimator for Ty ;, nv, j converges in
probability if and only if there exists a constant c; such that

J k
(7 Var|:—Tj Y Rey+(1=Tj) > RW)} =cj,
I=1 I=j+1
for any one-to-one function ¢ on {1, ..., k}, with ¢(Dp) = Fp, h=1,...,s. In
particular, condition (7) implies that nv,_ j converges in probability to cj but c; is
not necessarily E[UJZ] (or Var[U;]).

PROOF. From Theorem 2 in Marcheselli (2000), it follows that g is a
twice continuously regularly quasi-differentiable function and its regular quasi-
differential at 6 is H o ', where H is the differential of & at ['(@). Owing to
the generalization of the delta method, +/n (T, —T) converges in distribution to
H o I'(R) which is equal to U since

1 / £
=1

I=j+1

where (e;)1</<k 1s the canonical basis of R*. Now let (A;); be a partition of R* so
that A; is a convex set with interior part of the form (Y, {Xo(f)) > =+ > Xo(fy) }»
where Fj, = {f1,..., f4,} and o is a one-to-one function on {l,...,k}, with
o (Fp) = Fy,. It is not difficult to observe that (A;); is a regular partition of Rk
which satisfies (x) and (a), (b) of Definition 2. Therefore, if R does not have two
equal components a.e., Theorems 1 and 2 can be applied to g and, from the relation

Var[L¢ (N1)] = Var[L! (R)]

1 J k
= Var| —=T; » Ryp.y+ (A —T; Ry, |,
N1+ -+ Np)? [ i R+ (=T 2 @(l)}
= =j+1
where ¢; is a suitable one-to-one function on {1, ..., k}, with ¢;(Dy) = Fy, the

theorem is proven. L[]

It is easy to see that U is Gaussian only if all components of 6 are distinct
while U; is always a Gaussian random variable when j =dj + --- + d;, and
h =1,...,s. In particular, g; is a differentiable function at 6 if and only if
j=di+---+dy for some h =1,...,s. Since g is a Lipschitz function at 6,
the bias E [(Tn — T)] is equivalent to E[U]/+/n and U is not generally a centered
random vector. Moreover, the bias of jackknife estimator J,, is not reduced with
respect to E[U]/+/n. Finally, E[(T",,,j — Tj)z] is equivalent to E[U]z] and, when
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U; is not Gaussian, the distribution of U; is not determined by nv, ; even if
nv, j converges in probability to E [UJZ]. Consequently, in order to construct an
asymptotically conservative confidence band for T, — T, the jackknife variance
estimator v, ; cannot be used directly when 6 has at least two equal components.
Nevertheless, owing to Corollary 2, a confidence band for 7 may be obtained. As
a matter of fact, the following asymptotic result can now be proven.

THEOREM 4. Forany h=1,...,s, let I; be a set of one-to-one functions ¢
onto {1, ..., k},. with ¢ (Dy) = Fy, which is an index set for the distinct functions

of type x — lezl Xp (). For any element (z1, ..., 2;) € Rl_i_l, it turns out that

k—1 k—1
(8) liignP(ﬂ«/EITn,j—lein)z]_[ [1 @Gj/04.0),

j=1 j=1¢€l;

where

1 / k
2
ol = Var| —=T; S Ry + (1 — T) Rsu
Od T (N + -+ Np)? [ ’,; v0 ! 1212-;1 o0

and @ is the distribution function of |N (0, 1)|. In particular, if w is the cardinality
of I;, it holds that

k—1 k—1
lirEnP< ﬂ VT, ; — Tjl SZj> > H[q’(zj/af)]wj
j=1 j=1
> H[qD(Zj/O_*,h)]Zdh—l’
h=1

: _ , -
with 0 = supye;. 0, j and 0" =SUp;cp,\ (1) 07 -

PROOF. Since VA ;(I'(9)) = m(—Tj lezl e+ (1— TJ-)Zf‘:jJrl e,
owing to Corollary 2, it suffices to show that

k-1 ;
[Tio;/op1™ = [Ti® /o™ " .
j=1 h=1

In other words, it suffices to prove that }_;cp,\ W) < 24n — 1. Since w; =

dp . .
(j @ +"‘+dh71)> for j € Dy, the proof is thus complete. [

Therefore, if 84% is a consistent estimator of 0(2 I according to (8) an

J
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asymptotically 100(1 — «)% conservative confidence band is given by

) N () (VT — Tl < meq&"},

h=1 jeDp\{k}

where 6" = = SUDje )\ (k} SUPger o*¢], d= ZJ le o _ Q% — 1) — 1 and
My, 4 18 the upper a-point of the maximum of the absolute value of d independent
standard Gaussian random variables.
If 7, denotes the vector Tn,j e+ (1 — T},,j) Zf‘:jﬂej and ﬁl«t»
,1/\7,1,(,5 denote the random vectors whose jth components are given, respec-

tively, by nq;(j) o Ny, ..., my(jyo Ny, with j =1,..., k, two consistent estimators
¢ j of o*¢ ;j may be obtalned by considering
75,0,
1 (Ng) + -+ (N2 0
where §¢ is the sample variance-covariance matrix relative to N Lips -+ ﬁn b

or by considering n times the jackknife variance estimator for £; (N n,¢), With

Nug=Nig+--+ Nug)/n.

In order to assess the finite sample behavior of (9), when & ¢ are estimated by
using jackknife variance estimators of A j(N n,¢)> and to establish the behavior
of the jackknife variance estimator for fn, a Monte Carlo study was carried
out on an ecological population of k = 10 species with abundance vector 6 =
(170, 40, 40, 35, 145, 10, 8, 6,6, 6). Hence, a set of B = 200 simulations was
performed and for each simulation, n abundance vectors were generated as
independent realizations of uniform discrete variables on {N; —r;/2 +m:m =
0,...,rj}, where (r1, ..., r10) = (30, 30,70, 10, 30, 6, 4, 8,4, 12).

First, the study focused on the Monte Carlo distribution of the jackknife
variance estimator nv, ; for Tn j. Computing nv, ; by means of the simulation
of n abundance vectors, the empirical distribution function corresponding to
the B simulated realizations of nv, ; was obtained. Accordingly, the empirical
distribution functions corresponding to nv, 2, nvy, 3, 1V, g and nv, 9 are displayed
in Figure 1 when n = 50. From the figure, it is at once apparent that, while the
empirical distribution function corresponding to nv, 2 resembles the distribution
function of a normal random variable (which degenerates into a point for n — 00),
the empirical distribution functions corresponding to nv, 3, nv, g and nv, 9 show
a clear departure from normality (and degenerate into two points or three points
for n — 00). Therefore, these results are in complete accordance with Theorem 3,
even if the simulation is performed with a relatively small sample size such as
n = 50, since

Fy = {1}, F, = {5}, F3={2,3}, Fy= {4},
Fs5 = {6}, Fe = {7}, F7={8,9,10},
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FIG. 1. Empirical d f.s corresponding to nv, j withn =50 and j =2,3,8,9.
(dy,...,d7)=(@1,1,2,1,1, 1,3)) and from Theorem 3 it holds that the jackknife

variance estimator nv, ; for T, ; works if and only if j # 3,8, 9. (For the sake
of simplicity the results for nv, 1, nv, 4, nv, s, nv,.6, 1V, 7 are not reported in
Figure 1, since they display the same behavior as nv, ».)

On the other hand, we analyzed the coverage of the proposed confidence
band. In this case, B = 1000 simulations were performed for each sample size
n =20, 50, 100, 200. In turn, the n abundance vectors were produced by means of
the previous stochastic generation. Moreover, for each simulation, the confidence
bands were computed for the confidence levels 90%, 95%, 97.5% and their
coverage was assessed. The simulated coverage is ultimately reported in Table 1.
These results show the excellent performance of the proposed confidence band
with values very similar to the corresponding nominal levels also for relatively
small sample sizes.

TABLE 1
Simulated coverage of the proposed confidence band

Level n 20 50 100 200
0.900 0.93 0.94 0.95 0.95
0.950 0.96 0.97 0.98 0.98
0.975 0.98 0.98 0.99 0.99
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