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FLUCTUATIONS IN P(¢), PROCESSES

By JAY RosEN! AND BARRY SIMON?

Princeton University

Let H = —d?dx? + P(x) on L¥R, dx) and let E = infspec (H). Let
Q be a normalized vector with HQ = EQ. Let g(¢) be the Markov process
with generator G = Q~(H — E)Q, which is a Brownian motion with drift.
We investigate behavior of ¢(#) as # — oo and in particular prove that if
P(x) = agnx*™ + -+« + ao; @ym > 0, then

1im sup;—e {17 q(s) ds/(In £)/2m = (agm)-1/2m

with probability one. These represent fluctuations in the sense that the
liminf is —(a@m)"¥/2m. We obtain some weaker results for the P(¢)s
Euclidean field theory.

1. Introduction. The theory of Markov processes [7, 8, 27, 28] has generally
been developed on a fairly abstract level; the prime concrete examples which
have been studied are Gaussian Markov processes [5, 25, 32]. It is our goal to
study a particular class of non-Gaussian processes in which interest has been
aroused by developments in constructive quantum field theory [37, 45, 49]. In
addition to the intrinsic interest in these processes, it is our hope that the study
of these specific but non-Gaussian processes will be of use in the general theory.

We are interested in certain properties of the P(¢), Markov process which
can be described as follows. Let

(1) P(X) = 3:20 aan; azm > O

be an arbitrary polynomial which is bounded from below. Le H be the differ-
ential operator '

2
(2) H= —.;_x; + P(x) — E,

where E, is chosen so that H has zero as its smallest eigenvalue. General argu-
ments [2, 33, 39] assure one that H is essentially self-adjoint on C;*(R). Moreover
[15, 47] there is a unique positive function Q(x) with HQ = 0 and { Q*dx = 1.
Let dv = Q*x) dx and let G be the operator Q-*HQ on L*R, dv). Then since
HQ = 0, we have G1 = 0. Moreover', since e~* is positivity preserving, so is
e~*. The P(¢), Markov process is the process ¢(#) with initial distribution dv(x)
and transition function

E(f(9())|4(s)) = (77 )(q(s)) -
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This is the Markov process with' generator G and invariant probability measure
dv.

This process can also be described as a Brownian motion with drift since it
satisfies

dq(t) = 2 dW(t) + r(q(1)) dt

where W(t) is Brownian motion and r = 2Q’'/Q.
In case m = 2, there is another natural description of the process. For con-
sider first the case P(X) = 1X2. Then {¢(¢)} is a Gaussian process with covariance

§ q(1)q(s) dpg = exp(—3|t — s])

and is thus the familiar Ornstein—Uhlenbeck velocity process [36]. We realize
dp, throughout this paper as a measure on C(IR'), the continuous functions on
R. Fipy = exp(—1{8 P(4(s)) ds)[N,,,;, where P(X) = P(X) — }X*, and N, ,, =
§ dp, exp(— 2 P(q(s)) ds) is a multiplicative functional [8] over dy, [37], and so
by the standard procedure defines a new Markov process. That this is just what
we have called the P(¢), process above is part of the content of the Feynman-
Kac formula [30, 31, 35]; see Section 4. We note that because of the above
construction, what we have called the P(¢), process is sometimes called the
P(¢), process.

A final way of describing the process is to define a measure dp¢ on C(R') as
follows. Let Z,,, denote the o-algebra generated by g(s), a < s < b. Then
dp|Z,,, is absolutely continuous with respect to du,|Z,, with Radon-
Nikodym derivative

exp(— {2 P(g(s)) ds)/N - Q(9(a))2(q(5))
where N is a normalizing constant. Then [22], the P(¢), process is g(s) on
(C(RY), dp). )

These processes can therefore be described in terms of Q, r, P or P. We choose
the description in terms of P partly because we wish to make contact with con-
structive field theory, and partly because our results seem to be described most
naturally in terms of P (see the remarks at the end of the introduction). We
note that P — E, is determined by r through the equation

1dr+__P E

2 dx
In particular, the simple example of r(x) = —2x*+' leads to P = x*"** —
2m + 1)x*™.
Our purpose in this note is to distinguish the support of the measures dy on
C(R") which result for different P’s. These measures are disjoint since one has:

THEOREM 1. Let (M, X) be a measure space with a measurable action t — T,
indexed by R. If dp, and dp, are two distinct probability measures, both ergodic for
the action T,, then they are mutually singular.



NON-GAUSSIAN MARKOV PROCESSES 157

REeMARKs 1. This result is a standard one in ergodic theory. It has recently
been emphasized by constructive quantum field theorists in their study of the
P(¢), process; see Frohlich [13], Lenard-Newman [34] and Schrader [42].

2. One proof of Theorem 1 suggested to us by H. McKean employs the
individual ergodic theorem. For let 4e Z be a'set with p(A4) # py(A4). Let
Sy ={meM|lim;_., 1/T 7 x (T, mydt = p,(A)}. Then S, n S, = @ but p(S,) =
#a(Sz) = 1.

3. A second proof depends on the fact that the finite invariant measures form
a convex simplicial cone whose extreme rays are the multiples of ergodic proba-
bility measures. Moreover, two invariant measures are disjoint if and only if
their greatest lower bound is 0. This is automatically true of distinct extreme
rays.

Now let P, and P, be distinct polynomials with P, — P, nonconstant and let
, and p, be the corresponding P(¢), measures. If p, were equal to s, then, in
particular, we would have that (QW) dx = (Q®)*dx so Q® would equal Q®.
But since Q(Q") = P — E,, we would have P, — P, = const. Thus g, and p,
are distinct and so mutually singular. '

Our direct goal is to study the fluctuations of the paths ¢(f) on which the
measures dy are concentrated, and exhibit their dependence on the polynomial
P. The ergodic theorem assures us that with probability one 1/27T {7, |¢(¢)| dt
approaches a constant, so “on the average,” the paths are bounded. On the
other hand, one expects, and we will show, that lim sup,_., {»* g(rf) dt = o
with probability one. Our major results will involve suitable P-dependent func-
tions f(n) and g(n) with lim sup,_., f(n)"'[{»*' ¢(¢) dt] a finite nonzero constant,
¢, with probability one and sharper results involving further P-dependent con-
stants, d, with lim sup g(n)~*[[ {#** q(¢) dt] — cf(n)] = d with probability one. We
will also give some similar but weaker results for certain P(¢), theories. While
one can obtain some information about P given the.process, from our results,
more efficient ways of finding P are available; for example, one can use the DLR
equations [22].

Results on fluctuations of Gaussian processes go back to the law of the iterated
logarithm [28], and there are results on the fine structure of the fluctuations due
to Erdos [9] and Watanabe [50]. Asymptotic behavior of certain non-Gaussian
processes have been obtained by Gihman and Skorohod [14] for processes quite
different from the ones we consider. Our work is partially motivated by, and
our results generalize, the work of Collela and Lanford [3] who studied the
Gaussian case and proved among other things that for the case P(X) = 1X?
with p,-probability one,

3) lim sup,_., g(¢)/(In 1)t = 2%,
Our results typically will involve growths slower than (In #)* and this is easy to

understand. If deg P > 2, the extra exp(—P(q(s))) gives smaller weighting to
¢’s which have very large values and so the growth of the fluctuations is smaller.
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There is another important difference in the P(¢), for deg P > 2 as compared
with the Gaussian case. If deg P = 2m, we will find that

“ limsup,_., ¢(n)/(In )™ = ¢ >0; ¢ < oo,
®) limsup,_., {#* g(s)ds/(Inn)"*™ =d > 0; d< co.

Thus the growth of the fluctuations of g(n) is much more rapid than the growth
of the fluctuations of {2*!¢(s)ds. As a result, in the non-Gaussian case, the
fluctuations of ¢(r) are very sharp. The critical difference is that in the Gaussian
case g(s) — e~*"=*lg(r) is independent of ¢(r) so that if ¢(r) is large there is only
a mild restoring effect tending to make ¢(s) smaller for s near t. In the non-
Gaussian case we are learning that the restoring effect is much greater; that is,
the distribution is strongly dependent on g(7).

Let us next say a word about our proofs of (3)—(5). If X (w) is a family of
independent identically distributed random variables, then it is easy to find
lim sup X,(®)/f(n) in terms of the distribution function for X; in fact, there is a
simple intuition. In f{(n) is defined so that Pr (X(w) > f(n)) = n~!, then we expect
that about n trials will yield a value at least as large as f(n) and not one very much
larger. Thus, in the independent case, one expects that lim sup X, (w)/f(n) = 1
with probability one. Our first step (Section 2) will be to show that on account
of an ‘“exponential decoupling” built into the measures dyp, the g(n)’s and
{7*! q(s) ds = §(n) are “almost independent” as n — oo to the extent that obtain-
ing lim sup results is restricted to controlling the distribution functions for ¢(0)
and §(0). Since the distribution functions are explicitly known in the Gaussian
(P(X) = aX?) case, we will be able to easily recover the Colella-Lanford result
(3) (see Section 3). The behavior of the distribution function for ¢(0) at infinity
is known by ordinary differential equation methods [6, 26] but we will have to
work to control the distribution function for g(0) (Sections 4, 5) and, in par-
ticular, we will require recent estimates proven by J. Rosen [41]. We are then
able to discuss fluctuations in the P(¢), (Sections 6, 7, 8) and to a lesser extent
the P(¢), Markov processes (Section 9).

The question of whether to emphasize the labeling of the process by P, Q or
r is to some extent dependent on whether one wishes to emphasize ¢ or §. The
probability density of ¢ is Q?dx, or in terms of the drift

@ = exp(§ 7(y) dy)/V = exp (5 r(y) dy) dx .

As we shall see, the probability distribution for ¢ is asymptotically expressed
most naturally in terms of P.

2. The Borel-Cantelli lemma for /#-mixing algebras. Let (X, Z, z) be a prob-
ability measure space and let & be a given function from Z* to (0, c0). A se-
quence %, of o-subalgebras of ¥ is called A-mixing if and only if for any X,,-
measurable f and any X, -measurable g

(62) I$fgdp — ($fd)(§ gdp)] < h(In — m))]|f1Lllglls ;
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see e.g. [1] for many properties of such sequences. (6a) is easily seen to be
equivalent to various other statements. For example, if P(S) = § y,dp for
S c X, then (6a) implies

(6b) |P(Sa N Sn) — P(Sp)P(Su)| = A(ln — m|)(P(S,)P(S))!

for all §,eZ,; S, €Z,. Alternatively, if Q, is the L*-projection onto all Z -
measurable functions with §{ fdy = 0, then

(6¢) 10 Qull = A(jn — m]).

We will see below that the P(¢), process is Z-mixing for A(n) = exp[—a(n — 1)]
for suitable a and suitable s-algebras, Z,.
The following proposition generalizes the classical Borel-Cantelli lemmas:

THEOREM 2. Let X, C Z be h-mixing for an h with

Zimah(m) = B < oo
If S, e X, and we let

(7) Soo = n;.:':l (wa Sm)

be the set of points in infinitely many S,’s, then

(8a) P(S.) =0 if e P(S,) < o,
(8b) PS)=1 i T, PS)=oco.

ProoF. Since x e S, if and only if 37, x5 (X) = oo and under the hypothesis
(8a), E(Xm.11s,) < oo, (8a) is immediate.

To prove (8b) we appeal to a theorem of Erdos and Rényi [10] which states
that P(S.) = 1 if 3}, P(S,) = oo and
) lim inf, ., 33721 P(S; 0 S P(S)) = 1.

We will show that A-mixing and (8b) imply (9). By the definition of A-mixing,
(9) certainly follows if we can prove

(10) lim, .. [20% -0 (i — JDP(S)IP(S;)H/(ZD1-1 P(S))* = 0.
But since A(|i — j|) defines a bounded (convolution) operator on /%
(L% 5= (7 = JDP(SIP(S)Y) = B 2%, P(S))

so the expression on the left of (10) is bounded by /> 7, P(S;) which goes to
zero by hypothesis; (8b) is thus proven.' []

REMARK. See the appendix for a proof of (8b) independent of Erdds-Rényi.
The relevance of Theorem 2 to the problems we are considering is:

THEOREM 3. Let (M, Z, 1) be the P($), process for some fixed polynomial P.
Let %, be the o-algebra generated by {q(t)|n < t < n + 1}. Then there is a > 0
so that {X,} are h-mixing with h(m) = exp(—a(m — 1)).

Proor. We will prove (6a). It is well known (e.g., [29, 40, 43]) that H has
purely discrete spectrum and that ([2, 15, 47]) 0 is a simple eigenvalue of H. Thus
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G has the same properties, 1 is its ground state and for any F,, F, € LR, dv) -
(11) IKFy, e7Fy) — (Fy, 1] F| < e‘“’llFlllelelz

where a = inf (spec (H)\{0}). Now letn < mbe fixed. Let Xt be the o-algebra
generated by ¢(k) and let E, be the conditional expectation w.r.t. 2}, Let f,
be X,_,-measurable and f, X,-measurable. Then, by the Markov property,

E(ffs) — EUE(f) = E(Lfy — B — E())
= E[Ef; = E(S)En(fs — E(f2)]
= E(Fy(q(m)Fy(q(m)))
where Fy(q(n)) = E,(f, — E(f,)) and Fy(g(m)) = E,(f, — E(f,)). Thus, by (11)
and the definition of the Markov process:
\E(f1fs) — E(L)E(f)] = [KFy €7 Fy) — <Fyy 1)L, Fy
= e ALl
where we have used the fact that conditional expectation is a contraction on L?

in the last step. []

3. The Colella-Lanford results (Gaussian process case). Let us consider the
Gaussian process with

(12) E(q(s)q(1)) = et~

which is the P(¢), process for P(X) = 1X*. We will discuss limsup,_,., ¢(n)/(1n n)t.
A similar argument allows one to discuss lim sup,_., §»** ¢(s) ds/(In n)t and the
process when P(X) = aX*® for any a > 0. The arguments in Section 8 would
allow us to obtain the Colella-Lanford results on lim sup,_., ¢(¢)/(In £)%.

THEOREM 4 ([3]). For the Gaussian process with covariance (12), with proba-
bility 1,
lim sup, .., g(n)/(In n)t = 2%

PROOF. Since g(n) has probability distribution (2z)~te-*"?dx, P(q(n) = X) =
(27)~t (g e v"2dy. It is easy to prove the estimates for a > 0:

(13) o(@a+ 1)le i < 2r) 7t [Pe P dy < gp(a + 1) temt
for suitable ¢;, ¢,. Let

A4, = {q(n) = 2(In n))#} .
w(A,) = (1 + (2(In n))t)='a-?

s0 Zu(A,) = oo and thus by Theorems 2 and 3, w(A.) = 1. Fixa < %,a>0,
and let

Then, by (13)

B, = {g(n) = (2(In n))* 4 a(ln n)=}.
Then, by (13) and e=* < ¢, x7%, all k > 0,
‘U(Bn) < ¢n! eXp(—aZ*(ln n)%-a)
< dyn7Y(In n)~ki-a
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Choosing k large we see that Zu(B,) < oo, so by Theorems 2 and 3, y(B.,) = 0.
The theorem is now proven. []
Actually, we have proven more, namely:
(14) lim sup,_., (Inn)*[q(n) — (2Inn)}] =0
with probability 1if « < 4. Similar arguments prove that with probability 1,
lim sup,_., (In n)}[g(n) — (21nn)}] = oo,
or more strongly that
(15) lim sup, ., {(In n)[g(n) — (2 In n)t]}/In (In n) = $2¢.

Note 1. (14) and (15) are statements about the fine structure of fluctuations
in the path.

Note 2. Since ¢(¢) given by (12) is related to Brownian motion W(r) by
q(t) = e=*W(e)

Theorem 4 and (15) are related to the asymptotics of Brownian motion. For
example, the continuous version of Theorem 4 is just a restatement of the law
of the iterated logarithm [28], and (15) follows from results of Erdos [9] on the
behavior of W(f) near ¢ = 0 (since W(r) = tW(1/r)).

4. Controlling the characteristic function at imaginary argument. Let us
now fix a polynomial P and let du be the corresponding P(¢), Markov process
measure. Let ¢(¢) be the corresponding process and define

(16) q(r) = §i7 q(s) ds .

As in Section 3, to use the Borel-Cantelli lemma we need to have information
on the distribution functions

(172) D(a) = p{g(0) > a},
(17b) B(a) = £{g(0) > a)

as a — co. Asa preliminary to obtaining this information for D(a) we will study
in this section the function

(17¢) C(a) = § exp(—iag(0)) dp

when a = if with g real as 8 — co. Our key tools will be the Feynman-Kac
formula, the variational principle and certain technical estimates of J. Rosen
[41]. In our analysis, we reverse the classic approach of constructive quantum
field theory [16] where probability methods are used to study operators via the
Feynman-Kac formula and use operator theoretic methods (e.g., the estimates
of Rosen [41] have an operator theoretic proof) ‘o study probability measures,
again via the Feynman-Kac formula.

Let H be given by (2) and let Q be given by requiring HQ = 0, Q > 0 and
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[|Q]l; = 1. Then the Feynman-Kac formula we need is:

(18)  C(ip) = [ exp(8(0) dpe = § [e=*o(1)] dv = (Q, exp[—(H — 59)]?)

which follows easily by Nelson’s method [35] of using the Trotter product for-
mula and the transition {dv, G, 1) to {dx, H, Q) (see e.g., [45]). Thus we define
H(B) = H — fq, let E(pB) be its lowest eigenvalue and €2, the positive correspond-
ing eigenvector for H(B). On account of (18) and the estimates (¢, AJ) <

AP, (42, ) < |I9]1*(¢, A¢), we have:
PROPOSITION 5. For all real 8:
(Q5 Q) exp(—E(f)) = C(iB) < exp(—E(p)) -
Control of C(i) is thus reduced to control of E(§) and (Q;, Q,).
PROPOSITION 6. For f3 real, let P*(f) be the Legendre transform of P [11]:

(19) P*(B) = supsex (Bx — P(x)) .
Then, letting deg P = 2m:
(20) P¥(8) — R(f) = —E(f) = P*(B) + £,

where R(B) = O(B™~/m-b) g5 § s co.
NOTE 3. P¥(8) = O(B™/™-) as f — co.

Note 4. Using methods of Combes [4], one should be able to show the quoted
behavior on R(p) is best possible.

Proor. Since H(f) = —(d*/dx*) + P(B) — px — E,, we certainly have E(8) =
inf (P(x) — px) — E, = —P*(8) — E,, proving one half of (20).

On the other hand, for § large, let x, be the unique point where px — P(x)
takes its maximum so 8 = P'(x,) and x, = O(8Y*"~V). Letting ¢, be the trial
function

90 = @) [ P70 T exp(— 3P () — )
(ground state for —d*/dx* + 1P"(x,)(x — x,)*), it is not hard to see that
(Do H(B)Ps) = P(xg) — s + O(P"(xp))

E(B) £ —P*(B) + O(p\m-v/am-by |
proving the other half of (20). []

whence

ProPOSITION 7. In (Q, Q,) = —O(B™+V/™=1) g5 § — oo.

ProoF. We first use an idea from [44]: Let dv = Q*dx. Let f, = Q,Q7" so
that § f,*dv = 1. Then, by Jensen’s inequality w.r.t. the probability measure

fidv:
(20a) In(Q,Q,) =1In{f,dv =In{f(f;) dv

> —{filnf,dv.
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Now Rosen’s supercontractive logarithmic Sobolev inequalities [41] for G =
Q'HQ on LR, dv) assert that

(20b) §/2In|f]dv < c(f, (G + 1)m+viamsy

if f is normalized where the inner product is in L*R, dv). Moreover, if [ is
normalized, the spectral theorem and Holder’s inequality assert that

(200) (f, G + 1)(m+1)/2mf) < (f’ (G + l)f)(m-(-l)/z»m .
Thus, by (20a—c) and (f;, (G + Df ) rran = Qo (H + 1)Q,) 12000
(21) In (Q, Qﬂ) > __c(Qﬂ’ (H + I)Qﬁ)(m+l}/2m .

Now, by Proposition 6 and Note 3,
Q. (H + 1)Q) = 2Q,, (H) + HQ) — (2 H2B)Q,)
< 2E(p) + 1 — EQf) = O(gm/om-1) .
From this and (21), the proposition follows. []

From Propositions 5, 6 and 7, we conclude the main result of this section:

THEOREM 8. Let P have degree 2m and let P* be its Legendre transform (given
by (19)). Then, for some k:

C(B) = (const) exp (P*(8)) all
C'(ﬁ) = (const) exp(P*(8) — kpmin/am—1) all 8= 8,.

S. The distribution function for ¢ and ¢. In this section, we find the large a
behavior of the functions D(a) and D(a) of (17). We first use our results from
Section 4 to control D and then the results of Hsieh-Sibuya [26] to control D.
Upper bounds on D are easy to obtain from upper bounds on C:

PROPOSITION 9. Let f be a random variable and define C (if) = E(exp(Bf)),
Dy(a) = Pr(f =z a). Suppose that C(if) < exp(g(p)) for some g. Then for a = 0

D(a) = exp(—g*(a))
where g*(a) = max,, (af — g(B)).
Proor. Clearly E(ef) = e**D(a) for a, § > 0. Thus
D(a) < exp(g(h) — ap) < exp(—max,, (@B — g(8)) - 0

The lower bound is considerably trickier and we are grateful to D. Newman
for fruitful suggestions on how to go about finding lower bounds on D(a) given
upper and lower bounds on C(8). By Proposition 9 and Theorem 8, we have

D(a) < Cexp(—P**(a)) .

By a general result [11], P** is the convex hull of P(i.e., {(y, x)|y = P**(x)} is
the convex hull of {(y, x) | y = P(x)}); so, in particular,

(22) D)< C exp(—P(a)) a>
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since P is convex for large x. The basic idea of the proof below is the following.
Suppose that D(a,) is “significantly less than” C exp(—P(a;)). Then since D is
monotone decreasing, the bound D(a) < D(a,) a > «, is better than (22) for
a € (a,, ay) where a, is determined by D(a,) = C exp(—P(a;)). Now choose a
value of §8 so that § exp(84(0)) du has its value primarily from the points where
4(0) ~ %(a, + a,). Then we will obtain an upper bound on (p) “considerably
better” than what we would get by taking the bound (22). But the bound (22)
leads essentially to an upper bound C exp(P*(B)) on C(B) so we obtain a “con-
siderably better” upper bound on C(g) than Cexp(P*(B)). If it is sufficiently
better, we will obtain a violation of the lower bound of Theorem 8.

THEOREM 10. If D is the distribution function for \} G(s) ds in the P(¢), Markoy
process with deg P = 2m > 2, then:
D(a) < const exp(— P**(a)) al « =0
D(a) = const exp(—P(a) — Q(a))
where Q(a) = O(a™*%) as a — co.
REMARK. For a large, P(a) = P**(a). If P is even and all a,’s are nonnega-
tive, P(a) = P**(a) for all a.

Proor. As we have already noted, the upper bound on D follows from Prop-
osition 9 and Theorem 8. As a preliminary for the lower bound we note that
for =0 B .

C(B) = — (2. e d(D(a))
(23) = B (=, e?*D(a) da
<14 B{rer*D(a)da.
In the above, the upper bound already proven justifies the integration by parts.
To fix notation, let us rewrite (22) and the lower bound in Theorem 8 explicitly

(22a) D(a) < C, exp(—P**(a)) az=0
(22b) C(B) = C, exp(P*(B) — kpm+vr/om-n) B=h-
If necessary, increase §, so that

(22¢) 1 < 3G exp(P(B) — kpmvran—b) Bz=B-
Now we will pick successive constants L; 4, such that

(24) D(a) = C, exp(—P(a) — Laimt) a= A,

concluding the proof of the theorem. Equation (22) fixes the constants C,, G,
k, By > 0. Now choose 4, and E so that

(252) P (a) = P(a) a4,
(25b) jEaim < P(a) < Ea™ az A,
(25¢) mEa* ! < P'(a) < 2mEa®™! az= A4,

(25d) m@2m — 1)Ea™-* < P"(a) < 2m(2m — 1)Ea?™3 a= A,.
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Define £ by:

(25e) k = k(2™mE)m+v/am-b

Next choose L so large that: '

(26a) L3 (2*™mE)*m2m — DE) = k + L,

(26b) 2"mC, Ladm+ie-Le™* < 1C, a= A,
(26¢) 2"mEC, a*me~2e""! < LC, a= A,
(26d) 2mHim EClabm—t [le= 1™+ < 1C, Caz=4,.

We can arrange (26b-d) by first choosing L, so large that for L > L, all the
functions on the left of the inequalities are monotone decreasing for « = A, and
then arranging for the inequalities to hold at « = 4, by increasing L further.
Finally choose 4, = 4, so that

t

(27a) mEA™ ! = B, = A4,
2m

(27b) -27 EAm1 > B, A> A,

(27¢) (21 _ 1)EA™ > L Aint A= 4.

Now we claim that (24) holds. For suppose that (24) is false for some a, = 4,
i.e.

(28a) D(ay) < C,exp(—P(a)) — Lagim+t) .
Define a,, @, S by:

(28b) P(a)) = P(ay) + Layim+t,
(28¢) & = (e, + @),

(28d) B = Pla).

We will obtain an upper bound on C(B) which violates (22b) and thereby es-
tablish (24) by contradiction. By (25c), P(a) is monotone for a > a, = A4,, and
by (25b), (27c) and the definition (28b) of a; P2a) > P(a,), s0 a, < a; < 2a,.
Since P’ is monotone on [a,, a;] by (25d), we have P'(a)(a, — a;) < P(ay) —
P(ay) < P'(2ay)(a, — a;) from which we obtain by (25¢):

(292)  (2mEai" ) Lad" < (ay — ) < (mEag™ ) Lant .
From (25¢) and a, < a < 2a,, we also find
(29b) mEai™ < f < 2*"mEa,"!
so that, in particular, § = B, by (27a) and by (25¢)
(29¢) ag ik = kfomnson—
Now consider the concave function
(30a) Q(a) = af — P**(a) .

By (28d) and (25a), Q(a) has its maximum at & = & so that using P*** = P*
(30b) Q(a) = P*(f) .
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Moreover, since Q'(a) = 0, we have for any a > a:
Q@) = 0@ + e §5ds L 0sa + (1 — 5)2)
< 0(®) + & — @) maxg<,, 0" (1)

< 0(8) — }(a — aym(@m — 1)Eagn-t (by (25d))

where we have used the fact that Q” = —P” when a > 4, (by (25a)). In par-
ticular, taking a = a, in the above using (29a) with a;, — & = {(a; — «,) and
using (29a):

2
0() = @) — ¢ () Lo m(2m — 1) Eain=
0
11y, i
=0@) — ¢ <_22mEm L'm@2m — 1)a,"E ;

so by (26a) ]
O(a,) = Q(@) — (k + Lya,™*;
so by (29¢) and (30b)

(30c) : Q(a) < P*(B) — kfmsv/om=—b _ Lo mit,
Similarly
(30d) Q(a;) < P*(f) — kfim+vsam-n _ [ qm+1

We have the following bounds on D(a): (22) if 0 < a < a, or @ = a;, and
D(a) £ D(ay) < (28a) if @y < a < @,. Thus by (23):

CH =1+ L+ L+1,
where we have written (& = {3 + {50 + {7, Now:

I < C,B {3 exp(Q(ay)) da
< Cy(a, — @) exp(Q(ay))
< 4G, exp(P*(§) — k= rom-n)
by (30c), (29a), (29b) and (26b). Moreover

I, < C,B {50 exp(Q(w) dar
< C Ba, exp(Q(ay))
= §C, exp(P*(B) — kprmn/enh)
where the first inequality uses the fact that Q is monotone inqreasing on (0, &)
and the second uses (29b), (30d), and (26¢). "In addition, since Q(a) is monotone
decreasing and concave in (a;, co)
L < C,B {2 exp(Q(a) dar
< G §z exp(Q'(a)(a — @) + Q(ay)) dat
< CA(P'(ay) — p)™ exp(Q(ay)
= 3Gy exp(P¥(B) — kpmrv/enn),
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where we have used (29b), (30c), (26d) and the inequality

P'(a,) — B = P'(a) — P'(a) z inf, <,z P"(@) (e, — @)

= infa0<a<a1 P ()3 (ay — ay)

= tm(2m — 1)E(2””mE)‘1Lao*3m‘*

= (2)7™-'(2m — 1)Layimt.
by (25d) and (29). Finally by (22¢) we have
1 < LC,exp(P*(B) — kpim+viam-by
All these bounds together imply that
C(B) < C,exp(P*(B) — kpm+viam-ny

Since 8> 8, by (27b) and (29b), we have the required contradiction with (22b). []

Next we turn to the distribution function D(a). Clearly D(a) = (¥ Q¥(x) dx
by the definition of the Markov process. Fortunately the large x behavior of
Q(x) has been analyzed by Hsieh and Sibuya [26]; see also Dicke [6]. We are
thus able to conclude:

THEOREM 11. Define the polynomial Q(«) by
(31) Q(a) = {5 (P(x))* dx + O(In )
as o« — co. Then as a« — oo,
[ln D(a) 4+ 2Q(a)| = O(In a) .
Proor. By the result of Hsieh-Sibuya [26], Q has the property that
Q(x)/x* exp(—Q(x)) — k, a nonzero finite constant
for a certain explicit . Let J(x) = Q(x) — aln x. Then for « large:
(k + &)7*D(a) < |7 exp(—20(x)) dx
< {2 exp(—20(a) + 2(a — x)0'(a)) dx
= exp(—20(2))/20'(x) = exp(—2Q(a) + O(In ))

where we have used the fact that 0 is convex for large x. Also for a large, O
is monotone so:

D(a) = & exp(—20(a + d))
= exp(—20(a))d exp(—20(a + d) + 20(a))
for any 6 > 0. If we choose 6 so that O(a + 6) — O(a) = 1, then 30"(a) — 1
as a — oo; 50 0 is certainly > [('(2a)]™* for « large, so that
D(a) = exp(—20(a))e*d'(2a)!
= exp(—2Q(a) + O(In a)) . 0

ExampLes. If P(X) = x* + a,X* + a,x* + a,x, then Q(x) = 4x% + la,x* 4
(3a, — {ad)x.
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REMARK. Our bounds on D(«) are clearly only sensitive to those coefficients
of P(X) = Y;2",a,X" with n > 3m + } while the bounds on D are sensitive to
those with n > m; see Table 1 below:

m D depends on D depends on

2 a, a,, a;, a,
3 ag as, a,, a, ag
4 ays Gy a,, Ay, ag, Ay, Ag -

6. Fluctuation of the paths in P(¢),. As in Section 3, it is easy to combine
detailed bounds on D, D and the Borel-Cantelli lemma to find the behavior of
the fluctuations of the paths in the P(¢), process:

THEOREM 12. With probability 1 in the P(¢), Markov process:

lim sup (in ?1()?/)‘"‘“’ = (m —2|— 1>ll(m+1) ayl/omt

lim sup (_l—nifz% = (@y)~V"

where G(n) = \**' q(s) ds and P(X) = @, X*™ + 1+ ..
g(n) = ¢ )

Proor. We consider the result for g; the proof for g is similar. By Theorem
10, for any ¢ > 0 we can find «, so that for a > ay:

(32) exp(— (@ + &)™) < D(a) < exp(—(ayy, — €)a®™).
Let ,
A = {919(n) > [(an — 2¢)7 In ]}
B, ={q14(n) > (4 + )7 Inn)""} .
Thus for n large, we know by (32) that:
1(A,) = exp(—[1 + (ay, — 2¢)7¢] Inn)
= p-l+eegn=2071)
u(B,) =z nt,
so Zp(A4,) < oo, Zp(B,) = oco. From Theorems 2 and 3 we conclude that with
probability 1, '
lim sup g(n)/(In n)*™ < (@, — 2¢)7*"
lim sup g(n)/(In n)**™ = (a,, + &)7*™.
Taking ¢ = }, 1, ..., the result follows. []
We emphasize that since a similar proof shows that lim inf §(n) = —lim sup g(n),

these results are on fluctuations. We also note once more the dramatic difference
between the growth of the fluctuations in ¢ and in its average.

7. Fine structure of the fluctuations. Fix a polynomial P. Let us define
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numbers ¢, - -+, €, 5y by demanding for large y that

P(y) = <_y—>l/2m + Ximp-n g, ymiam g Q(yima-namy

2m

and numbers b,, .- -, b,_, by:
1 \¥m+1 _
i) = (5 L)) 4 beem + oy
2m

where & = 2Q and Q is given by (31). Here ~' denotes the inverse function.
The ¢’s and b’s are computable inductively from the coefficients Y2 a, X* of
P by the binomial theorem and the ¢’s only depend on a,; n > $m + 1 and the
b’s only on a,; n > m. Thus, e.g., if P(x) = x* + a,x* + a,x* + ... then

0) = @) = S+ (Far = 2@+
THEOREM 13. With probability 1, in the P(¢), Markov process:

lim sup {(ln n)m-i/mtl [q(n) — _(m_ + L=+ (In ny/m+t — ym3p(In n)—i/m+1:|}

( azm)1/2m+2
= bm—l
and
tim sup {(in rye~=nm [ gy — (Y sses  in DRG] ST
2m

REMARKS 1. In cases where the sum has one or more terms (i.e., m > 2 in
the g case; m = 4 in the § case) we are actually saying one can draw two curves
which approach each other asymptotically so that the maximal fluctuations
asymptotically fall in between the curves.

2. The order m — 1 for g and [m/2 — 2] for § are determined as the best we
are able to obtain given our error estimates.

Proor. Let us prove that the second lim sup is less than ¢, ,_,; + ¢ for any
¢. The other parts are similar. Let

A, ={qlqm = (2
a
Then since D(a) < C exp(—P(a)) for d large (by Theorem 10):
#(A4,) < exp[—In n — alfme(ln myidm+12m 1 O((In myiniom)]
_L
n(ln n)?

1/2m
R e

2m

IA

for n large since exp(—dx’) < x~*for any 7, 6 > 0 and sufficiently large x. Thus
Zp(A,) < oo so the lim sup in question is less than ¢(,, ,_,; + ¢. []

8. Fluctuations of the continuous paths.

THEOREM 14. Let §(1) = {i** q(s)ds. Then lim SUP,_e §(1)/(In £)*™ = (ay,,) /2™,
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REMARK. It may be possible to obtain a similar result for ¢(f) by following
some of the ideas in [3] but this would require detailed upper bounds on the
probability distribution for the moduli of local Holder continuity for the paths

q(t).

Proor. Fix k. Then as above one finds
lim sup, ... § <§nl:> / [In (n)]2™ = (@)~

But since lim,_, [In n/ln (n/2*)]**™ = 1 we find that

(33) lim sup,,_., § <2£k> / [ln <§n?>]1/2m = (Qy) ™.

Now, let r(n) = "> |(s)| ds. By following our arguments above with suitable

modification (e.g., —d?*/dx* + P — E — q is replaced by (1/2¥)(—d*/dx* + P —
E — |q|)) we find that

llm Sup”_m r(n)/ln[%]llzm — 2_k(1_1/2m)(a2m)—1/2m

since the Legendre transform of (1/2¥)P*(B) has leading behavior 2*¢™-bq, a*".
Now for any ¢, let ¢, be the largest number of the form n/2* less than ¢. Then

1g() — q(r)] = r(t) + r(te + 1)
so that

Ilim sup (In £)=¥27g(r) — lim sup (In £,)"¥*q(t,)| < 2 lim sup r(n) /In [E”E:‘”m

i.e.,
|11m Sup (ln t)—l/zmq-(t) _ (a2m)—l/2m| § 2 . 2—k(1—1/2m)(a2m)—1/2m

with probability 1. Since we can take k = 1, 2, ... we obtain the result. []

9. Fluctuations in the P(¢), field theory. We will suppose that the reader is
familiar with the P(¢), Euclidean field theory (see e.g., [45, 49]). In attempting
to mimic the above, we must first deal with smeared fields and so try to mimic
the methods of Sections 4 and 5. Since the tools of Section 4 used to obtain
lower bounds, most notably the supercontractive estimates, are not available
we can only obtain upper bounds on C and so only upper bounds on lim sup.
In fact: ‘

THEOREM 15. Let u be the measure on Cy°(R?) associated to a .P(p),: theory of
one of the following types:

(a) small coupling constant free boundary conditions [17, 18]; A

(b) P=Q — pg™; Q even, nodd, p large [48] with periodic boundary conditions,

(¢) P = ag* + bp* — ug; pn + 0, a > 0; with Dirichlet boundary conditions [12,
13, 22, 24, 38, 45].

Let deg P = 2m and let f ¢ C*(R?). Define ¢ [(x) = ¢(f(+ — x)). Let x, be a
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sequence of points with |x,, — x,| = C|n — m| for some C > 0. Then for any ¢ > 0:

lim sup,_., ¢ 4(x,)/(In n)*™ < co
with probability one.

ReEMARK. This result distinguishes p from a free field; in fact, from any
Gaussian field. The first results of this type are due to Schrader [42].

Proor. Since the theories in question are known to possess mass gaps [17,
24, 48], this result follows by our general method given the following bound of
Frohlich [12] type:

THEOREM 16. Under the above circumstances.

§ exp(B4(f)) dp = C,exp (G, .

ProorF. We consider case (a). The others follow with suitable modifications
for the different boundary conditions [22, 23]. As with Frohlich’s paper, we
need only prove that

(34) +pH(f) < H, + O(F*7)

with [ independent constants. Let f have support in [—a/2, a/2] x [—a/2, a/2].
Then, by the general results in [44], (34) follows if we prove that

(35) A, + Bo(f) = —O(p™/-1)

for each fixed ¢ where f,(x) = f(x, ). Let a,(P + BX) denote the energy per
unit volume for the interaction :P + BX:[19, 20]. By the improved linear lower
bound [21]:

(36) H, & p$(f)) = const — aar (P % f||f]|X) -
(35) follows from (36) and the bound [23]:

ao(P £ BX) < O(p*™/ ™)
for suitable a. []

APPENDIX
A Borel-Cantelli lemma. In this paper we required a generalized Borel-
Cantelli lemma. As we noted in the text, the case we need is covered by a
general theorem of Erdds-Rényi. In this appendix we want to prove a simple
result which also covers the case we need:

THEOREM. Let {A,} be a sequence of sets in a probability measure space. Suppose
that:

(A1) (A 0 Ay) — (AN AR S Com (A rpe( A
with {C,,} the matrix of a bounded operator onl,. Let A, = N, Us_, An. Then:
(A.2) pA) =0 if ¥ (A< oo,

(A.3) mAa) =1 if 3 p(4,) = oo.



172 JAY ROSEN AND BARRY SIMON

ProOOF. xe¢ A, if and only if x is in infinitely many 4,, if and only if
21 Xa(X) = oo where y, = characteristic function of 4,. (A.l) follows from
Fubini’s theorem for

§ X tndp =3 S tadp =3 p(A,) < o0

implies ) x, < oo, a.e.

Now suppose }, #(4,) = co. Let Sy = Y% y,. Since S, is monotone, we
need only prove that for any integer k, S, = k a.e.; or equivalently, that for
any k, m, there is an N with p{x|S, < k} < m™'. Fix k, m. Let p, = u(4,),

fn = lu'nl — Xn» FN = Z{vf'n; UN = Z{V Ko Then’ in Lz(dlu):

|(fos Sl = |1( A 0 Ap) — pr | < Compri et -
Thus
[|Fyllze = Yinmsy Comattnt < [|[Cl|Uy -
Thus
{x|Fy(x) =2 ||IC|FUYY} < ||C|72 U4 .

Since Uy — oo, we can find N with ||C||~3U,~* < m~* and U, — ||C|}U,} = k.
For this N:
{x|Sy(x) = Uy — Fy(x) = k} = m™. i

In the case that interests us, C,,, is a convolution operator by a function in
[, and so is a bounded operator.
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