The Annals of Probability
1981, Vol. 9, No. 2, 293-301

DECISION PROCESSES WITH TOTAL-COST CRITERIA!

By STEPHEN DEMKO AND THEODORE P. HiLL

Georgia Institute of Technology

By a decision process is meant a pair (X, I'), where X is an arbitrary set
(the state space), and I' associates to each point x in X an arbitrary nonempty
collection of discrete probability measures (actions) on X. In a decision process
with nonnegative costs depending on the current state, the action taken, and
the following state, there is always available a Markov strategy which uni-
formly (nearly) minimizes the expected total cost. If the costs are strictly
positive and depend only on the current state, there is even a stationary
strategy with the same property.

In a decision process with a fixed goal g in X, there is always a stationary
strategy which uniformly (nearly) minimizes the expected time to the goal,
and, if X is countable, such a stationary strategy exists which also (nearly)
maximizes the probability of reaching the goal.

1. Introduction. Suppose to each element x of a set X is associated a nonempty
collection I'(x) of discrete probability measures (transition probabilities) on X. During the
course of the process, when one is at state x he chooses (as a function only of the past) an
element y in I'(x), and the next state is determined according to the distribution of 7.
Various objective functions associated with such processes have been studied extensively,
among them: maximizing average reward (e.g., [3, 7, 13]); maximizing total discounted
reward [1, 3, 7, 13]; minimizing finite-horizon costs [3, 8, 13]; maximizing stop rule
expectations [4, 5, 15, 16]; minimizing total cost [2, 7, 13, 14]; and maximizing the probability
of reaching (or minimizing the time to) a goal [4, 6, 15, 16]. This paper is concerned with
the last two objectives; decision processes with total-cost criteria, and goal problems.

In a total-cost decision process a nonnegative cost is associated with each “move,” and
the objective is to find strategies which nearly minimize, over all possible strategies, the
expected total cost.

Decision processes have been studied extensively under various assumptions: that the
decision set is finite [3, 8, 13]; that optimal strategies exist [3, 7]; that the spaces involved
(state, strategy, decision) are suitably well structured (e.g., Borel, compact, measurable,
convex, etc.) [14, 16]; or that precisely one ergodic class exists [3, 7, 13].

In general, however, the total-cost decision process with discrete transition probabilities
satisfies none of the above assumptions, and does not admit optimal, or even e-optimal,
stationary strategies.

In Section 3, however, it is shown (Theorem 3.2) that in every such process with
nonnegative costs, there is available a Markov strategy which uniformly (nearly) minimizes
the expected total cost. If the costs are strictly positive and depend only on the current
state (Theorem 3.1), there is even a stationary strategy with the same property. In Section
4, this theorem is used to establish several results concerning goal problems.

In a goal problem one has a fixed goal state g € X, and the objective is to find strategies
which “best” enable one to reach this goal.

Dubins and Savage proved ([4], Theorem 3.9.2) that in every finite state goal problem
there is available a stationary family of strategies which will uniformly (nearly) maximize
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the probability, under all possible strategies, of reaching the goal. Ornstein gave an
alternate proof of this result ([10], L1) and extended it ([10], Theorem B) to all problems
where X is countable. Sudderth [15] further extended the conclusion to a much larger
class of problems, including many with uncountable state space and finitely additive
probability measures. Hill [6] showed that if the state space is finite, there is available a
stationary family which not only (nearly) maximizes the probability of reaching the goal,
but also (nearly), minimizes the expected time to the goal.

The first main result of Section 4, (Theorem 4.1), states that in every goal problem with
discrete transition probabilities there is always available a stationary strategy which
uniformly (nearly) minimizes the expected time to the goal. The second, (Theorem 4.2),
states that if the state space is countable, there is available a stationary strategy which
uniformly both (nearly) maximizes the probability of reaching the goal, and (nearly)
minimizes the expected time to the goal.

2. Decision processes.

DEFINITION. A decision process is a pair (X, I'), where X is a set and I" associates to
each point x in X a nonempty collection I'(x) of discrete probability measures on X. (As
usual, v is a discrete probability measure on X if there is a countable sequence x1, x2, . . .
of elements in X with Y- y{x.} = 1.) )

In the terminology of Dubins and Savage [4], a decision process is simply a gambling
house with discrete gambles. In dynamic programming terminology, X represents the state
space, and I'(x) the actions available at x. No assumption is made either on the size or
structure of X, nor on the size or structure of I'(x), other than the fact that each set I'(x)
consists only of discrete probability measures, which automatically includes all problems
with countable X and countably additive probabilities.

(Allowing T'(x) to contain nondiscrete measures would in general seem to necessitate
either additional structural or measurability assumptions (e.g., [15, 16]), or else relaxation
of the countable additivity of the strategic measures involved (e.g., [4, 12, 15]).)

Much of the notation will follow that of Dubins and Savage [4]. For a set X, (X)) will
denote the discrete probability measures on X. The Dirac delta-measure at x will be
denoted by 8(x). A strategy is a function from X*, the free monoid generated by X, to
2(X), that is, from the finite sequences in X (including the empty sequence “@”), to the
discrete probability measures on X.

The same symbol, o, will be used to denote both a strategy and the (countably additive)
probability measure generated by o on the product sigma-algebra on X" (X endowed with
the discrete sigma algebra.)

A strategy o in T at x is a strategy such that ¢() € I'(x), and o(x4, . . ., x.) € I'(x,.) for
all x1, x2, ..., X, € X and all n € N. A strategy o is Markov [5] if o(x1, . .., x,) = o(xi,
..., X») whenever x, = x,, and is stationary if o(x, ..., x,) = o(xi, ..., Xxn) whenever x,
= xn,. The conditional strategy given x, . .., Xn, o[x1, . . ., X.], is defined by ofx1, ..., x.]
(x) = o(x1, x2, ..., Xn, X).

(All the results in this paper would also hold if the definition of strategy were changed
so that ¢ was a function o(x1, v1, X2, vz, . . - , X») Of past actions as well as states.)

3. Decision processes with total-cost criteria. The purpose of this section is to
define total-cost decision processes; to prove (Theorem 3.1) that in every such process
with strictly positive costs depending only on the current state, there always is available
a stationary strategy which uniformly (nearly) minimizes, under all possible strategies, the
expected total cost; and to prove (Theorem 3.2) that in every such process with nonnegative
costs depending on the current state, the action taken, and the following state, there
always is available a Markov strategy which uniformly (nearly) minimizes the expected
total cost.
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DEFINITION. A total-cost decision process is a triple (X, T, ¢), where (X, I') is a
decision process, and ¢: X — [0, o).

DEFINITION. Let ¢:X — [0, ®). Then é:X" — [0, o] is the function é(xi, xs, ...) =
Y=t ¢(x,).

LEMMA 3.1. ¢ is measurable with respect to the product sigma algebra on X" (X is
endowed with the discrete sigma algebra), and is thus integrable (in the wide sense) with
respect to each strategy.

ProoF. Routine.

DEFINITION. For a strategy o available at x, K(o), the expected total cost using o, is
given by K(0) = ¢(x) + [ ¢ do. The minimal expected total cost starting at x, K(x), is given
by K(x) = inf{K(0):0isin T at x}.

DEFINITION. For a subset A of X, let N(A): X" — N U {0} be the function N(4) (x,,
x2,...)=|{n:x, € A}|.

LEMMA 3.2. Let a, b> 0, and let A be any subset of {x:(1/a) < c(x) and K(x) < b}.
If 0 is any strategy at x satisfying K(o) < K(x) + €, then E,(N(A)) (= [ N(A) do) < a(db
+ 3e).

Proor.
Casel. x € A. Then

(1) K(x) + € > K(o) = c(x) + j ¢do= I ¢do = (1/a)E,(N(A)),

where the first inequality in (1) follows by hypothesis; the equality by the definition of
K(o); the second inequality since ¢(x) > 0; and the last since c(x) = (1/a) for all x in A.
Thus

(2) EN(A)) < a(K(x) + €) < a(b + 3¢),
where the first inequality in (2) follows from (1); and the second since x € A.

Case 2. x ¢ A. Let o be any strategy at x satisfying E,(N(4)) = a(b + 3¢). It will be
shown that ¢ can not be e-optimal, that is, for any such strategy o at x, K(o) > K(x) + e.

Let t: X" — N U {} be the hitting time of A (i.e., t(x1, x2,...) = min{j:x; € A} if such
a j exists, and = o otherwise).

Let ¢ be the cost incurred from time ¢ on, that is, é(x;, X2, ...) =Y {e(xn):n = t(x,
Xz, ...)}. Clearly ¢, is measurable relative to the product sigma algebra, and thus also
integrable (in the wide sense) with respect to each strategy.

For each x” € A, let o be a strategy at x’ satisfying K(o.) < K(x’) + ¢, and define the
new strategy o’ at x as follows. ¢’ = ¢ up to time ¢, and o[x;, . . ., x/] =0y,. It will be shown
that the expected total cost using o’ is at least 2¢ less than that using g, thereby proving
that ¢ can not be e-optimal.

Clearly

3) K(o) — K(o') = f ¢ do — f ¢, do’.
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By the definitions of A and o, it follows that

f ¢ do = (1/a)E(N(A)) = (1/a)a(b + 3¢)

4)
=sup{K(x'):x' € A} + 3e.
On the other hand,
J' ¢ do’ = sup{K(o.):x' € A}
(5)

=sup{K(x'):x' € A} +e.

Combining (3), (4) and (5) yields K(o) — K(o’) = 2¢, proving that o is not e-optimal. O

The following proposition is a stability or perturbation result for strictly positive total-
cost decision processes. It states that in any such process one may change the costs slightly
(but not uniformly) thereby obtaining a new problem whose expected total costs are
uniformly close to that of the original problem.

ProposiTION 3.1. Let (X, T, ¢) be a total-cost decision process with ¢ > 0. Given
positive € there exists d:X — (0, ) such that if | ¢’'(x) — c(x) | < d(x) for all x, then K(x)
— e = K'(x) = K(x) + € for all x, (where K’ is the expected total cost for (X, T, c¢’).)

Proor. Without loss of generality, assume that K(x) < « for all x € X. For m, n = 1,
2,3,...,letAn,={x€EXicx) E[m+ 1), m ) U[m,m+1),and n — 1 = K(x) <n}.
The sets {Anm,.} are disjoint, and X = Upp=14mn.

Fix € > 0, and define d: X — (0, ©) by d(x) =€ - 27" ™"*/(m + 1)(n + 1) if x € A, .. To
establish the proposition it suffices to show that for each x € X there is a strategy o at x
satisfying [ (d) do <e.

Fix x € X, and o any strategy at x satisfying K(o) < K(x) + %. Then

f (@) do=3, _ EN(Ann) d(Ans)
®) =

<%, €m A D@D 2+ D+ D =

where the inequality in (6) follows from Lemma 3.2. 0
Without strict positivity, the preceding result may fail even in very simple cases.
Consider

ExampLE 3.1. X = {aq, b}, I'(a) = {8(b)}, T'(d) = {8(a)}, c(a) = ¢(b) = 0. Then K(a)
= K(b) = 0, but for any ¢’ > 0, K'(a) = K'(b) = +»

The following lemma is a close analog of [13], Theorem 6.10, or [3], Theorem 1, page 23.

LEMMA 3.3. Let (X, T, ¢) be a total-cost decision process. Then K(x) satisfies
(7) K(x) = c(x) + inf(} {y(x")K(x'):x’ € X}:y € ['(x)}.
Proor. If K(x) = o, then } {y(x")K(x’):x’ € X} =  for all y € I'(x), and both sides

of (7) are infinite. Suppose K(x) < co.
(“="). Fix € > 0 and find o in T" at x such that K(¢) < K(x) + €. Then

K(x) = K(0) — e = c(x) + ¥, {K(o[x']o(@)(x'):x’ € X} — €
(8) =cx) + Y {(K(x')o@)(x'):x’ € X} —€
= c(x) +inf(} {K(x')y(x'):x’ € X}: yET(x)} — €
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where the first inequality in (8) follows by choice of o; the equality by definition of K(o)
and by conditioning on x;; the second inequality by definition of K; and the last since
a() € I'(x). Since € was arbitrary, this completes this portion of the proof.

(“<”). Fix € > 0, and for each x’ € X let o, be a strategy in I" at x’ with K(o.) < K(x')
+ €. Choose ¥ € I'(x) so that ¥ {y(x)K(x'):x’ € X} = inf(} {y(x)K(x'):x’ € X}:y €
I'(x)} + €. Define ¢ in I at x by 0(&) = ¥, and o[x’] = o, for each x’ € X. Then

K(x) = K(o) = c(x) + Y {K(o[x'])y(x"):x' € X}
9) =cx) + Y {Kx')y(x'):x’ €EX} +e€
< c(x) + inf(} {y(x')K(x'):x' € X}y ET' (%)} + 2,

where the first inequality in (9) follows by definition of K; the equality as in (8); the second
inequality by definition of ¢ and o,; and the last inequality by choice of ¥. Since € was
arbitrary, this completes the proof. 0

LEMMA 3.4. Suppose I''(x) = {yx)} for all x (i.e., (X, I") is simply a Markov chain with
stationary transition probabilities), and let K’ be the minimal expected total cost for (X,
TV, ¢). Then {K'(x)} is the minimal nonnegative solution of the system of equations

(10) k(x) = c(x) + ¥ {y:(x)k(x"):x’ € X}.

(That is, {K'(x)} satisfies (10), and if {K"(x)} is any other nonnegative solution of (10),
then K'(x) < K" (x) for all x in X.)

Proor. That {K'(x)} is a solution of (10) follows immediately from Lemma 3.3.

Let M = (m.,), be the transition matrix for the Markov chain (X, I'V), (ie., myr =
Yx(x)).

It is easy to see that {K'(x)} satisfies, in matrix notation, K’ = Y5-o M"c. By an obvious
extension of results in [9], Chapter 1.2 (to include uncountably infinite matrices M which
have only countably infinite nonzero entries in each row), Yn-o M"c is the minimal
nonnegative solution of (10). [

Contrary to Parzen’s claim ([11], page 239), even if the times to absorption in the
recurrent states are almost everywhere finite, the solution of (10) need not be unique.

ExaMPLE 3.2. Let X={0,1,2,...},T°(0) = {6(0)}, I'(n) = {6(0)/2 + 8(n + 1)/2}, and
¢(0) =0, ¢(n) = 1 for n = 1. One solution (the “principal solution”) of (10) is K(0) = 0, K(n)
= 2 for n = 1, but another solution is K(0) = 0, K(n) = 2 + 2".

THEOREM 3.1. If (X, T, ¢) is a total-cost decision process with c(x) > 0 for all x, then
for each positive € there is available in T a stationary strategy o such that K(o[x]) < K(x)

+eforallx € X.

Proofr. Fix € > 0, find d:X — (0, ) as in Proposition 3.1, and let K’ be the minimal
expected total cost for (X, I', ¢ + d). By Proposition 3.1, {K’(x)} satisfies

(11) K'(x)<e+ K(x) for all x € X.
By Lemma 3.3, {K’(x)} is a solution of

(12) k(x) = ¢(x) + d(x) + inf{} {y(x)K(x'): x' € X}:y € '(x)}.
For each x € X, choose y: € I'(x) so that {K’(x)} also satisfies

(13) k(x) = c(x) + d(x) — e(x) + ¥, {y:(x)k(x): x" € X},

where 0 < e(x) < d(x) for all x € X (possible by (12)).
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Define I'" by I'’ (x) = {v:}, let K” be the minimal expected total cost for (X, I, ¢ + d
— e), and let K be that for (X, I'’, ¢). Then

(14) Kx)=K”"(x)<=K’'(x)=<K'(x) = K(x) +e¢ forallx€ X,

where the first inequality in (14) follows since I' D I'’; the second since ¢ < ¢ + d — ¢; the
third by Lemmas 3.3 and 3.4 (since {K’(x)} satisfies (13)); and the last inequality by (11).
Define o by o(x) = v, for all x € X. Clearly K (o[x]) = K" (x), and the conclusion follows
by (14). O
In general, optimal strategies do not exist.

ExaMPLE 3.3. X = N, I'(n) = {8(m): m € N}, ¢(n) = 1/n. Then K(1) = 1, but for any
strategy o at 1, K (o) > 1.

Although nonnegativity of ¢ is sufficient for good Markov strategies (Theorem 3.2
below), it is not sufficient for good stationary strategies.

ExaMPLE 34. X = {a, b},T'(a) = {((n — 1)/n)dé(a) + (1/n)8(d): n € N}, T'(b) = {8(a)},
c(a) =0, ¢c(b) = 1. Then K(a) = 0, but for every stationary strategy o, K (o[a]) = +o.

If the costs depend on the order of succession of states visited, (e.g., cost c(x, x’) is
incurred when going from x to x’), then even strict positivity is not sufficient for the
existence of good stationary strategies.

ExampPLE 35. X=N,T'(1) = {8(n):n € N}, T'(n) = {8(1)} forn =2, c(i,j) = 1/jif i
=1,=1/iifj = 1, and = 1 otherwise. Then K(1) = 0, but for any stationary strategy o,
K(o[1]) = +oo.

In many dynamic programming formulations of cost problems (e.g., [1, 3, 13]), the costs
are allowed to depend upon the present state, the action taken, and the following state.
Although good stationary strategies may not exist in general (Example 3.5), if the costs are
nonnegative good Markov strategies always exist.

DEFINITIONS. A generalized total-cost decision process is a triple (X, T, ¢), where (X,
T) is a decision process, and ¢: X X 2(X) X X — [0, «). The (conditional) expected total
cost using strategy o is K(o[x1]) =Yiz1 T {¢(Xn, 0(x1, « + +, Xn), Xn1) - 0(x1) (x2). 0(x1, X2) (x3)

c0(X1, ceey X)), (Xnr): x; EX, j=1, .-, n + 1}, and the minimal expected total cost
starting at x is K(x) = inf{R(0): o is in T at x} = inf{K (ox]): 0 is in T'}.

THEOREM 3.2. If (X, T, ¢) is a generalized total-cost decjsion process, then for each
Dpositive € there is available a Markov strategy o such that K (o[x]) = K(x) + € for all x
in X.

Proor. Fix € > 0 and define the (nongeneralized) total-cost decision process (X', I/,
¢’) as follows. Let X' = (X X N) U (X X Z(X) X X X N) and define I by I''(x, n) = {Jx-ex
¥(x')é(x, v, x’, n): y ET'(x)} and I''(x, v, x’, n) = {8(x’, n + 1)}.

Define ¢’ by ¢’(x, n) = €-272" and ¢’(x, v, ', n) = c(x, v, x') + €-272"

There is a natural one-to-one correspondence between strategies o in I" at x and
strategies ¢’ in I' at (x, 1) given by o(x;, - - -, x,)(x) = o' ((x, 0(D), x1, 1), (x1, 2), (x1, 0(x1),
X2, 2), (2, 3), +++, (X, 0+ 1)) (x5, 021, -+, X4), X, 1 + 1).

The definitions of K and ¢’ give that

(15) | K(o[x]) — K(o[x,1]) |<€e forallx€ X,
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(where K is the minimal expected total cost for (X’, I'’, ¢’)) and hence that
(16) |K(x) — K(x,1)|<e forallx € X.

By construction, (X, ", ¢’) is a (nongeneralized) decision process with strictly positive
costs, so by Theorem 3.1 there is available a stationary strategy ¢’ in I'’ such that
K(o'[x']) =K(x') + eforall x’ € X"

In particular, it follows that

a7 K@[x 1) <K(x,1) +¢ forallx€ X.

Let o be the strategy in I" corresponding to ¢’ (i.e., o(xy, - - -, x,) = y if and only if o’ (x,,
n+ 1) = Yoex v(x')8(xs, v, x', n + 1)). Clearly o is Markov, and by (15), (16) and (17),
satisfies K(o[x]) = K(x) + 2¢. O

4. Goal problems. The purpose of this section is to prove (Theorem 4.1) that in any
decision process with a goal, there always exist stationary strategies which uniformly
(nearly) minimize the expected time to the goal, and (Theorem 4.2) that if the state space
is countable, there even exist stationary strategies which simultaneously (nearly) minimize
the expected time to the goal and (nearly) maximize the probability of reaching the goal.

DEFINITIONS. As in [6], a goal problem is a triple (X, T, g) where (X, I') is a decision
process and g € X is a “goal” state. The time to the goal, T, is the function 7 X¥ - N u
{0} defined by T'(x1, xz, - - -) = min{j: x; = g} if such a j exists, and = o otherwise. The
expected time to the goal using strategy o, W (o), is [ T do, and the minimal expected time
to the goal from x € X, W(x), is W(x) = inf{W(o): o isin T at x} if x # g, and W(g) = 0.

THEOREM 4.1. If (X, T, 8) is a goal problem then for each positive € there is available
a stationary strategy o such that W(o[x]) < W(x) + € for all x € X.

Proor. Define the total-cost decision process (X’, I, ¢) as follows: X’ = X u N (N
disjoint from X); I''(x) = I'(x) if x # g, ' (g) = {8(1)} and I'(n) = {8(n + 1)} for n = 1; c(x)
=1lifx#g c(g) =1,and c(n) = 1/2" for n = 1.

Fix € > 0. Since the costs are strictly positive and depend only on the current state,
Theorem 3.1 guarantees the existence of a stationary strategy o’ in I'’ satisfying K (¢’[x])
= K(x) + e for all x € X’, where K is the minimal expected total cost for (X, I, c).

Let o be any stationary strategy in I' satisfying o(x) = o’(x) if x € X. Since K(x) =
Wi(x) + 2, and K(0) = W(o) + 2, o satisfies W(o[x]) =< W(x) + eforallx €X. O

Theorem 4.1 generalizes [6], Theorem 5.1, which proved the same result for finite X.
Clearly g can be replaced by any non-empty subset G of X and the same conclusion will
follow.

Precisely the same proof shows that if (X, T, g, c) is a goal problem with nongoal costs
bounded away from zero (i.e., ¢(x) = a > 0 for all x # g), then for each positive € there is
available a stationary strategy which uniformly (nearly) minimizes the expected cost to
the goal. If the costs are not bounded away from zero, some strategies which will yield
small expected total cost may never reach the goal, and it is not known if there always
exist uniformly e-optimal stationary strategies.

It is important to note that in Theorem 4.1 the state space X is completely arbitrary, in
contrast to Ornstein’s example ([10], Theorem A) of a decision process in which stationary
strategies are not uniformly adequate if one’s objective is to maximize the probability of
reaching the goal.

If X is countable, however, there are always available stationary strategies which are
nearly optimal in both senses, that is, which simultaneously (nearly) minimize the expected
time to the goal and (nearly) maximize the probability of reaching the goal.
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DEFINITION. Let V(o) be the probability of reaching the goal using o, and let V(x) =
sup{V(o): oisinT"at x} forx # g, and V(g) = 1.

THEOREM 4.2. If (X, T, g) is a goal problem with X countable, then for each positive
€ there is available a stationary strategy o satisfying both

(18) Vio[x]) = V(x) — € forallxe X
and
(19) Wo[x]) = W(x) + ¢ for all x € X.

Proor. Fix € > 0, and find a stationary strategy o’ satisfying (18) (possible by [10],
Theorem B), and a stationary strategy o” satisfying (19) (possible by Theorem 4.1). Let S
= {x € X: W(x) < =}, and define the stationary strategy o by o(x) = o’(x) if x € S, and
= ¢"(x) if x € S. It is easy to check that o satisfies both (18) and (19). O

Theorem 4.2 strengthens [6], Theorem 5.1, which proves (16) and (17) for finite X, and
also strengthens Ornstein’s result ([10], Theorem B), which proves only (16). For uncount-
able X, Ornstein’s example ([10], Theorem A) shows that it is not possible in general to
find a stationary strategy satisfying even (18).

The following proposition, typical of the considerable simplifications that occur when
X is finite, is a generalization of the well-known fact that null recurrent states do not exist
in finite Markov chains with stationary transition probabilities.

ProrosiTioN 4.1.  If (X, T, g) is a goal problem with finite X and with V(x) = 1 for all
x, then W(x) < « for all x.

Proor. Itis even true that there is a stationary strategy ¢ in I with W(o[x]) < o for
all x. Suppose | X| =n.Let Si = {x € X: 3y I'(x) with y(g) >0},and S, = {x € X: 3
y € I'(x) with y(Sk-1) > 0} \_Sk-1. Since V(x) =1 for all x € X,u%-; Sx = X. For each x
€ X, choose y: € I'(x) such that vy, satisfies y.(g) > 0 if x € S}, and yx(Sk-1) > 0 if x € S,.
Define the stationary strategy ¢ in I" by a(x) = y. for all x. Under o, X is a finite Markov
chain with (stationary transition probabilities and) a single ergodic class containing g. The
finiteness of X guarantees that the expected first passage time to g is everywhere finite,
that is, W(o[x]) < o forallx. O

The following easy example shows that the conclusion of Proposition 4.1 may fail if X
is infinite.

EXAMPLE 41. X={0,1,2,3,---},g=1,T(1) = (8(1)}, T(j) = (8(j — 1)} forj > 1,
and T'(0) = (351 27%8(2%)). Clearly V(x) = 1 for all x, but W(0) = co.

5. Applications to infinite systems of equations. The purpose of this section is to
mention the relationship of the results of Section 3 to the classical study of infinite systems
of linear equations of the form

(20) w;=b; + 2;;1 m;;w; i=12 ...

The following perturbation result for such systems seems to be new. It states that if the
matrix (m;;) is stochastic, then one may change the b; slightly (but not uniformly), thereby
obtaining a new system with solutions uniformly close to that of the original.

PROPOSITION 5.1. If b; > O for all i, and the matrix (m;;) is stochastic, then for each
positive € there is a function d: N — (0, ) with the following property: if b’ satisfies | b;
— bi| < d; for all i, then for every solution {w*} of (20) there is a solution {w:} of

(21) wi = bl + Y myw,

satisfying w —e<w;<w} +e€ foralli.
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Proor. If {w/?*} is the minimal nonnegative (i.e., principal) solution of (20), then the
result follows exactly as in the proof of Theorem 3.1 for the special case | T'(x) | = 1 for all
x. If {w})} is any other solution of (20), the result is easily seen to follow since the
homogeneous systems associated with (20) and (21) are identical. [

Theorem 3.1 may be used to generalize the notion of the principal solution [9] of a
system of linear equations to include systems of the form

(22) k(x) = c(x) + inf(Y {y(x)k(x"): x’' € X}:y ET(x)},

where (X, I') is a decision process and c(x) > 0 for all x.

DEFINITION. The principal solution of (22) is the minimal nonnegative solution; that
is, a nonnegative solution {s(x)} of (22) is the principal solution if every other nonnegative
solution {$(x)} is such that s(x) < §(x) for all x € X.

Clearly the principal solution, if it exists, is unique. The question of existence is
answered by the following proposition.

ProrosiTiON 5.2. If (X, T, ¢) is a total-cost decision process with c(x) > 0 for all x,
then the following are equivalent:

(i) K(x) = inf{K (0): 0 is in T at x};

(ii) {K(x)} is the principal solution of (20);

(iii) K = inf(}7-0 M"c: M is the transition probability matrix associated with some
stationary strategy in I'}.

Proor. Equivalence of (i) and (iii) follows from Theorem 3.1. Equivalence of (ii) and
(iii) follows as in the proof of Lemma 3.4. 0O
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