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BOCHNER’S THEOREM ON MEASURABLE LINEAR FUNCTIONALS
OF A GAUSSIAN MEASURE

BY YosHIAKI OKAZAKI

Kyushu University, Fukuoka

Bochner’s theorem formulated by Xia Dao-Xing is established for an
abstract Wiener space. Let (¢, H, E) be an abstract Wiener space. Then for
every continuous cylinder set measure » on E’, the image ¢/(») is a Radon
measure on H'.

1. Introduction. Let E be a locally convex space and y be a Radon measure on E.
The measurable linear functionals on (E, u) are the elements of Hy(u) = the closure of E’
in L°(E, p). The Bochner problem, formulated by Xia [6] as follows, is investigated.

Bochner Problem. For every continuous cylinder set measure » on E’, is the image
R(v) a Radon measure on Hy(u)?

Here R : E’ — Hy(p) is the natural mapping defined by R(x’) = (., x’) and the
continuity of the cylinder set measure » means the continuity of the Fourier transform »(x)
= (g expi{x, x")) dv(x’) on E.

In this paper we shall restrict ourselves to the case p is a centered Gaussian Radon
measure and show the Bochner problem is valid in this case.

2. Bochner problem for Gaussian case. In case p is a centered Gaussian Radon
measure, the Bochner problem can be reduced to the following form (see Sato and Okazaki
[5]). Let (i, H, E) be a triple such that H is a separable Hilbert space, E is a locally convex
space and ¢ : H— E is a one-to-one continuous linear mapping with dense range satisfying
that the image g = «(yn) is a Radon measure on E, where yy is the canonical Gaussian
cylinder set measure on H with the Fourier transform 1z = exp(—|| & | }).

Bochner Problem for measurable linear functionals of a Gaussian measure. For
every continuous cylinder set measure » on E’, is the image /() a Radon measure on H'?
(/' : E' - H'’ is the transpose of ).

The answer to this problem is “Yes” as we shall prove in the next theorem.
THEOREM. The Bochner Problem for a Gaussian measure is affirmative.

ProoF. Let » be a continuous cylinder set measure on E’. By the manner similar to
Maurey [3], Théoréme 4, it can be assumed [z | (x, x”) |"/? dv(x’) < + for every x €EE.
That is, » corresponds to a continuous random linear functional ¢ = ¢, : E — L*(,, U,
P,), see Dudley [1].

The mapping ¢ ° « : H — L'*(Q,) is 2-summing. To see, this let {g,} be identically
distributed independernit random variables on a probability space (2, ¥, P) with the
characteristic function exp(—| «|?). Then it holds
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Sk 6 o o) [32) 2 = € f 1351 ¢ o (x:) £ile) || e dP()
Q

for every n and x1, xa, - - -, X, € H, since L'/*(Q,) is of cotype 2 (see Maurey [2], Proposition
3). By the continuity of ¢, there exists a continuous seminorm p on E so that || ¢(2) || Lv:
= p(2) for every z € E, so it holds

(Sl o wlx) |32) 2 = Cf (X1 u(x:) giw)) dP(w)

Q
=C f p(2) di(T'2)(2)
E

where T, is the Gaussian measure on H with I, = exp(—Y%: | (xi, h) |?). By Maurey [2],
Théoréme 1, it holds

(X ¢ o ulx) [|702) 2 = Cf PR dilyr)(@) - (|yullH)™" - IT:0l1,
E

where || o||f = sup jay=: [u | (x, A) | do(x) for a cylinder set measure o on H. We have
[Tl =l vellt - supyay=:(Tiat | (21, A) |*)*% so it holds

(BE1 o o o) | 112)? = Cf p(2) dulyn)(2) - supjayyst (X1 | (i, hY|*)'?

E

for every xi, xs, -+, x, € H. Remark that [r p(z) di(yn)(2) < +oo.

By Pietsch’s factorization theorem (Pietsch [4], Pietsch’s theorem is valid for a
p-summing operator u : X — Y, where X is a Banach space and Y is a quasi-normed space
such as Y = L**(Q)) ¢ ° « can be decomposed as

H-S>E 2, 1'2Q,)

U 1%
1

where H; is a Hilbert space, U is a Hilbert-Schmidt operator and V is continuous. Let »,
be the cylinder set measure on (L'*($,))° (the algebraic dual) which corresponds to the
identity random linear functional id : L**(Q,) — L“*(Q,). The image V’(») can be
regarded as a continuous cylinder set measure on H1, hence U’(V'()) is a Radon measure
on H’ and we can see U’ (V'(»)) = /(»).

This completes the proof.
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