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ON CHANGING TIME FOR TWO-PARAMETER STRONG
MARTINGALES: A COUNTEREXAMPLE

BY PETER IMKELLER!
Ohio State University

A two-parameter Wiener-measurable strong martingale is constructedr for
which no time change by means of stopping domains into the Wiener sheet
exists.

Introduction. In one-parameter martingale theory, Brownian motion owes
part of its significance to the fact that any continuous martingale may be
considered as a Brownian motion running with a different clock. This means that
by a suitable time change any continuous martingale can be transformed into
Brownian motion. Since its multiparameter analog, the Wiener sheet, is a strong
martingale and the strong martingale property is preserved under transforma-
tions by stopping domains (see Nualart and Sanz [4], page 151), it could only be
expected to play a similarly central role among strong martingales. Nualart and
Sanz [4], pages 153-156, exhibits a class of strong martingales for which time
changes exist which transform them into the Wiener sheet. In this paper we
construct a strong martingale which is measurable w.r.t. the Wiener sheet’s
filtration, but allows no transformation into the Wiener sheet by changing time
with stopping domains. Cairoli and Walsh [2] give a counterexample for another
type of time change.

0. Preliminaries, notation, and definitions. The parameter space R? is
endowed with the usual partial ordering, i.e., coordinatewise linear ordering, <,
with respect to which intervals are defined in the usual way. Coordinates of
points in parameter space are marked by lower indices, for example ¢ = (¢,, t,). If
f: R?2 > R is a function and J =]s, ¢] C R2 an interval, we denote by

A f=f(¢) - f((tl» 32)) - f((sl’ tz)) + f(s)

the increment of f over J. If (B, B) and (C, €) are measurable spaces, then
A (B, €) is the linear space of all measurable functions from B to C. Our basic
probability space (R, &, P) is supposed to be complete, the basic filtration
(5¢)ierz to be the filtration of a Wiener sheet W which lives on (2, §, P).
Furthermore, each ¥, is assumed to be augmented by the zero-sets of &. For
teR? let §; =V, ca,Bu,s,) and & =V, cg, T, r) The o-field B of
“previsible sets” is, as usual, generated by the rectangles F X ]s, t], where
]s,t]c R%, Fe g,
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A stochastic process X is always assumed to belong to #(F ® B(R2), B(R)).
X is said to be “adapted,” if X, € #(%,, B(R)) for ¢t € R2, “progressively
measurable,” if X|g, 10, € #(F, ® B([0, t]), B(R)) for t € RZ, “previsible,” if
X € A(B, B(R)). An adapted process M such that M, is integrable for each
t € R%, is called a “strong martingale” if for each interval J =]s, t] we have
E(A;M |, Vv §2) =0. Given Y € #(B, B(R)) such that [g,1 4nY?d(P ® )
< oo for each ¢t € R% (A being the Lebesgue measure on B(R?2)), the stochastic
integral process [g,1, .1YdW is a strong martingale (see Cairoli and Walsh [1]).

Let &% be the set of all closed subsets S of R2 such that ¢t € S implies
[0,t]c S. A “stopping domain” is a mapping D: £ — . such that
(w, t) = 1p,\(?) is progressively measurable. In particular, 1;, is adapted. Stop-
ping domains and associated stopping lines are considered to be the multiparam-
eter counterparts of stopping times (cf. Merzbach [3]).

1. The éounterexample. Let Y € #(B, B(R)) be such that
(1.1) . / Y?d(P®\A) < o foreacht < R?,
2 x10, £]

and let M = [, ,YdW be the strong martingale associated with it. Nualart and
Sanz [4], page 153, proved that if there exists a family (D,),cp2 of stopping
domains such that

(1.2) L 1, Y2dA = tt, as,

(1.3) D,nD,=D,,,,
for s,¢t€ R?, are satisfied, then N,= (1, dM = [1,YdW, teR?, is a
Brownian sheet. Of course, (1.2) is also necessary for N to be a Brownian sheet.
We will exhibit the existence of a process Y € (%, B(R)) satisfying (1.1),

f Y2d\A = oo as.,
(1.4) 10, 4IXR,

f Y2dA = 0o as.fort> 0,

R, X 10,2, ]

such that no family of stopping domains fulfills (1.2). This means that the
corresponding strong martingale M cannot, by any time change of the above
form, be transformed into the Wiener sheet.

Let us first construct Y. For k&, [ € Z, consider the dyadic rectangles

12+ 1)272% (1 + 2)272F] x J2~2k 27 2k+1], ifl>1,
Ak,l = ]2—2k’2—2k+1] X]2_2k,2_2k+1], ifl = 0,

1272k, 272k ) (— 1+ 1)272K, (=1 + 2)27%F], ifl< -1,

11272% (1 + 1)272F] x J272k-1 27 2#], ifl>1,
Bk,l= ]2_2k_1’2_2k] x]2_2k_1’2_2k]’ 1fl=0y

T2 21,2724 x ] — 1272k, (<1 + )22, ifl< 1.

Figure 1 may help to visualize the situation.



1082 P.IMKELLER

A
Bo-1,-1 m-1,0 :
Am,—3
Am,-—2
B
Bm—1,O m-1,1
A
m,—1
A .
Am,O Am,1 Am,2 m,3

Fic. 1

PutY=1%, rezla, Lag, W0} By construction, Y € (B, B(R)). Also, it is

easy to see that (1.1) and (1 4) hold true. Now assume that there is a family of
stopping domains (D,), c gz such that (1.2) is fulfilled. To get a contradiction, it is
actually enough to consider one time point. Therefore, pick ¢ € R2 such that
t, - t, = 1. We will show that

2
(1.5) j.;al"'y dr <1
with positive probability, which is in contradiction to (1.2). For s € R2 put

8y

T, =inf{u €R.: (s, u) €D}, She=[  ¥%s,-)ds,
[0, Tyl

Tsi = inf{uER+:(u,s2) $Dt}, Ss22 "=/. Yz(s")dsla
[0, Tl

where, as usual, inf @ = . Since D, is a stopping domain, we have

T..8, €#(3, 8®)), T2, (3, B(R)).
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Fic. 2

For m € Z and n € N let now

m, n

T2142m>l(w) <n, T22—2m—|(w) < n}

Coni={oc @ [T SN0 dsy <4, 7782 @) dsy <,
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Observe that T, T2 are decreasing by definition of stopping domains. Hence, by
(1.4), we have T}, T? finite as. for u > 0. It is therefore possible to ensure

P ( Cm, n
n and look at Figure 2 for illustration.

) > 0 by consecutively choosing m and n large enough. Pick such m and

According to our construction, there are only finitely many A k'S which

satisfy

Ak,,ﬂ]2;2’"“‘, n] x]272m"' n] + 2.

Let the corresponding B, ,’s be enumerated by E,,..., E,, and consider

F,,=C, N{AzW<0,..., A4, W<O0}.
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Since C,, ,, € &% 2n 1 V §3 2n 1, W has independent increments, and the Gauss
distribution is symmetric, we can conclude

16) P(F, ,) =P(C, ,)P(AyW<0,...,A, W<0)
1.6

= P(Cm,n)(%)p > 0. .
Pick w € F,, ,. By definition of stopping domains, D,(w) < [0, n] X [0, n]. Hence

Lz ].D'(w)Yz(w, ') dx S ‘/';2 ].D’(G)Y2(w, ')1]0,2‘2’""]><IR+ d)\
+ +
(1.7) + fn LY (@, Mg, s, 0em1y AN
= [P sk + [T 0)dsy < b+ =1

(1.5) follows from (1.6) and (1.7).
Our example shows in particular, that by means of stopping domains, passages
of the quadratic variation of strong martingales through fixed levels cannot be

stopped in general.
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