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ON MAXIMAL AND DISTRIBUTIONAL COUPLING!

By HERMANN THORISSON

University of Goteborg

A simple construction of maximal coupling is given by way of a distribu- -
tional coupling concept.

1. Introduction. Let Z = (Z,)F and Z’' = (Z]){ be discrete time stochastic
processes on a general state space (E, &). It is known that under topological
restrictions on ( E, &) there exists a maximal coupling of Z and Z’; see Griffeath
[2], [3], Pitman [4], and Goldstein [1].

In the author’s paper [5] a distributional coupling concept was introduced to
deal with the difficulties arising when certain continuous time stochastic processes
on a general state space are coupled. It is the purpose of the present note to show
how this distributional approach allows a short and transparent construction of a
maximal coupling, without any restrictions on (E, &). The nondistributional
maximal coupling result is then a direct corollary to the distributional one. We
restrict our attention to discrete time processes, mentioning the continuous time
problem only in a remark.

For further information on coupling we refer the reader to the papers quoted
above.

2. Nondistributional coupling. For nonnegative integer valued random
variables T put 6,Z = (Z;,,)§ on {T < o0} and 6,Z = (2,2,...) on {T = w0},
where z is some fixed element of E. Let =,, denote identity in distribution and
|| - || the total variation norm.

The following is a version of the traditional definition of coupling:

DEFINITION 1. Z = (2,)7 and Z' = (Z/)% is a nondistributional coupling of
Z and Z’ with coupling epoch T if

(a) Z =p Z and 7=, Z,
(b) 6,2 = 6,7

The coupling is called successful it P(T < o0) = 1. In this case the following
inequality yields a strong limit result as n — oo, which explains much of the
interest in coupling:

THE COUPLING INEQUALITY. For any integer n > 0
IP(6,Z € ) —P(6,Z € -)| < 2P(T > n).
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PROOF. Due to (b), P(§,Z € A, T < n)=P(6,2' € A, T < n) and thus
P(0,2cA)-P(0,2 cA)=P(0,Z2cA,T>n)-P(0,2 €A, T>n)
<P(§,Z€A,T>n)<P(T>n).

Take supremum in A € &} multiply by 2 and apply (a) to obtain the
desired result. O

3. Distributional coupling. We now weaken the requirement that Zand 2’
ultimately coincide and demand rather that Z behaves probabilistically from a
time T onwards as Z’ does from a time 7" onwards, or more precisely:

DEFINITION 2. Z and Z' is a distributional coupling of Z and Z’' with
coupling epochs T and T' if (a) of Definition 1 holds and

(b") (0,2, T) =, (8:2',T).

With this coupling concept the coupling inequality still holds: In the proof
apply (b’) instead of (b) and replace T by 7" in the appropriate places.

REMARK 1. If there exists a regular version of the conditional distribution of
7 given (0,2, T)—in particular, if E is Polish and & its Borel subsets—then Z
and Z’ can be glued together through the identically distributed random ele-
ments in (b’) transforming =, into = (see Construction 1.1 in [5]). Thus in this
case the distributional coupling in Definition 2 can be made nondistributional.

REMARK 2. Since T is discrete there certainly exists a regular version of the
conditional distribution of Z given T. Thus we may assume that 7' = T".

4. Maximal coupling.

DEFINITION 3. The coupling (distributional or nondistributional) is maximal
if the coupling inequality is an identity:

IP(6,z< ) -P(6,Z2 € )| =2P(T>n), nz0.
THEOREM. There exists a maximal distributional coupling.

The theorem is proved in the final two sections.
As an immediate consequence (see Remark 1 above) we have the following:

COROLLARY. If E is Polish and & its Borel subsets then there exists a
maximal nondistributional coupling.

REMARK 3. For continuous time processes Z = (Z,), ), Z' = (Z})(0, )> there
does not in general exist a maximal distributional coupling such that

|P(6,Z€ ) —P(6,Z € -)||=2P(T > t), te[0,0),
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since although the left-hand side is nonincreasing in ¢ it need not be right- or
left-continuous. However, if we apply the theorem to Y = (Y)Y and Y’ = (Y))¥
where Y, = (Z,4, Jo,ap ¥, = (Zl4s ), q) With d a positive constant, then we
obtain the following result: For any d € (0, 0) there exists a distributional
coupling of Z and Z' maximal at all t € {0, d,2d, ... }. In particular, this means
that also in the continuous time case total variation convergence is equivalent to
the existence of a successful distributional coupling. Observe, that even if (E, &)
is Polish the state space of Y and Y, (E[*), &1 is not. Thus we need path
regularity conditions (such as right- or left-continuity) in order to get the regular
conditional distributions needed to establish the analogous nondistributional

result.
5. Proof of the theorem. The following lemma is the key part of the proof:

LEMMA. Let %,D %, D --- be a nonincreasing sequence of o-algebras and
7, 7’ two probability measures on . Let () denote the restriction, of m to %,
and w A ' the greatest common component of m and w’'. Then there exist
subprobability measures \,, \,, 0 < n < o, on %, such that

(1) Ao+ - +A =7 and ANj+ - +N, =7,

(2) Mg+ - +X)zs =N+ - +N)s, =(7)s, A(7)5, 0<n<oo.
In order to prove the theorem it is no restriction to let Z and Z’ both be

defined on sequence space, E{*"--}. Put %, = ¢{0,Z} = 6{6,Z'} and let =, 7’ be

the distributions of Z, Z’, respectively. Define probability measures A, A’ on

(EtOb1 % (0,...,00}, F ® B{0,...,0}) by A(- X{n})=A,, N(-xX{n}) =X,

and let (Z, T), (7, T') be governed by A, A, respectively. Clearly (1) and the first
equality in (2) imply the conditions of Definition 2. Further, (2) yields the final
equality in

IP(8,Z€-)-®(6,2 € )| =[(7)5,— (75
=2(1—|(7)x A (7))
= 2(1 _”}\0 + o +}\n”)a

proving maximality since |A, + :-- +A,|l = ME®Dd x {0,..., n}) =
P(T < n).

6. Proof of the lemma. We start by defining the subprobability measures
A,, A\, on %, such that (2) holds:

Ay=Ay=7 A7,
M) e =N)s = (1)z, An)s, = ((7)s, A (7)5, )5, 1=Sn<ox.

Make the induction assumption that A, can be extended as a subprobability
measure from %, to %, for 0 <k <n and that A\, + -+ +A, | <7 (this
certainly holds for n = 1).
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Extend A, from %, to %, by

n

(3) A11(14) =/(77_}\0_ _An—l)(A|‘g€1)d(}\n).‘7,,7 A G.%).

By (2)

(4) Az, <(m=XNg— - =X, 1) 5,

implying that the set-function A, is independent of the version of
(m— Ay — -+ —=A,_(|%,). Thus for a given sequence of disjoint events in %,

we can choose a version that is o-additive for that specific sequence. Hence A, is
o-additive. Further, A, is nonnegative and from (3) and (4) we obtain
Ap+ - A, <

n —

By induction we have proved that A,, 0 <n < oo, can be extended as
subprobability measures to %, such that A, + A\, + -+ < 7. By symmetry the
same holds with A, replaced by A’, and 7 by #’. Define

Ao=7—Ay—A — - and N_=a"—AN,— A} — ---

<

to obtain (1) and complete the proof.
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