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ON THE RELATION BETWEEN THE STRATONOVICH AND
OGAWA INTEGRALS

BY D. NUALART AND M. ZAKAI

Universitat de Barcelona and The Technion-Israel Institute
of Technology
It is shown that for a suitable definition of the nonadapted Stratonovich

stochastic integral, the existence of the Ogawa integral implies that the
Stratonovich integral exists and the two are equal.

Let {W,, t € [0,1]} be a standard Wiener process and let ({2, #, #) be the
probability space on the space of continuous functions induced by it. Let
{X,, t € [0,1]} be a Borel measurable random process such that

le;" dt < oo as.

0

Consider the following (not necessarily adapted) two types of stochastic inte-
grals.

DEFINITION 1. The (smoothed) Stratonovich integral [12]. The process X =
{X,, t €[0,1]} is said to be Stratonovich integrable if there exists a random
variable denoted [;X,o dW, such that

n—1 1 L
1) S, = Z ( meds) A
( i—o\tiv1— & j;i o t')
converges in probability to [jX,odW, as |7| = max,(¢;,, — ¢;) tends to zero,
where 7 runs over all finite sequences of points # = {0 = ¢, < --- <¢,=1}.

This definition is equivalent to: For any sequence of refinements {7#™, m > 1}
of [0,1], such that |7(™)| — 0, the sequence S, converges in probability to a
limit [}X, > dW, and the limit is independent of the particular sequence.

The equivalence of these two definitions seems to be known; however, we give
a proof of it at the end of this note since we have not been able to find a

reference for it.

REMARK. There exist other definitions for the Stratonovich integral which
are not equivalent to the above definition for which the results of this note may
fail to hold. This point will be discussed later.

DEFINITION 2. The Ogawa integral. The process X-= {X,, t € [0,1]} is said
to be Ogawa integrable if there exists a random variable denoted [3X, * dW, such
that for any complete orthonormal system ({e; i > 1} in H = L%*0,1)
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we have

@) S ([ xee) &) [letyWiar) = [',xaw,

i>1

where the series converges in probability.

REMARK. Ogawa defined this integral using a particular orthonormal sys-
tem; cf. [4].

The purpose of this note is to prove the following.

PROPOSITION. Suppose that the process X is Ogawa integrable. Then X is
Stratonovich integrable and both integrals coincide.

Proor. It suffices to show that for any increasing sequence of subdivisions
(7™, m > 1} such that the mesh of #(™ decreases to zero and =(™*? is
obtained by refining #(™ at one point, the sequence S, converges to the
Ogawa integral [}X,* dW, as m tends to infinity. We will introduce a partlcular
complete orthonormal system for which S, will be the partial sum of the series
(2). Without any loss of generality we may assume that #® = {0,1}. Set e; = 1.
For m > 1 define e,,, , as follows. By our assumption, 7(™*? refines 7™ at one
point only. Assume that this point is in some interval (d{™, d§{™]. Let a
satisfying d{™ < a < d§™ be the point of refinement. Set

0, i if t & (d{™, d§™],

" —a - (m)
(a — d{m))(dém) — d{m)) ’ ifte (dl ) a] ’

(3) em+l(t) =

a—dm . ™
- (@5~ a)(agm = ) ifte (a, dj ]

Note that [le2,,(¢)dt= 1. Also note that e, , is orthogonal to the con-
stants on [0,1]. Moreover since all e,,..., e, are constant on (d{™, d{™], it
follows that e, e,, ... define an orthonormal system. Notice that this system is a
generalization of the Haar system and the completeness follows by the same
arguments as for the Haar system.

We will compare now the mth Stratonovich apprommatlon S, with the
mth Ogawa approximation

(4) (f X,e,(2) dt)f () dW,.

i=1

In fact, we will show by induction that they are equal. Note first that for m = 1,
S, = O, Also note that S,y differs from S, only because of changes taking

kK
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place in the interval (d{™, d§{™]. Therefore,

1 m
o' dt)(w(dg"ﬂ) — w(dm))

S,,(m+1) - S,,(m) = - dém) _ dfm) dgm
1 . (m)
(5) H oz Lot |(W(e) - W(af))
1 dﬁ”') m
| g [ x| (¥a) - W)
On the other hand
07+t = 07 = ( [leps(t)X,t) [ e (EYWIa)
o 0
1 di™ —a L« a—d™ gm
"G —ap || o LK | g [ et

di™ — a
X ( «—am (V@) = W(dm))

a—d™
d§™” — a

(W(agm) - W(a)))

1 dém) — a pa (m)
" a0 || @ a Ly | (W) = W)

_( " % dt)(w(d;m>) - W(a))

) _( [*x, dt)(W(a) - w(a(m))

a

a — d(m) m)
M O (fm"’é Xtdt)(w(dé"‘)) - W(a))}.

Comparing (5) and (6) yields that they are equal which completes the proof. O

REMARK 1. The example of Rosinski [5] (X, = W,_,) shows that the con-
verse to Proposition 1 is not true. .

REMARK 2. If the definition of the Stratonovich integral is changed to read

1 n-1X, + X,
7 X, odW,= lim — (W,
( ) j(; s 8 7|0 igo 2 ( 2

w,)

i+1 i
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(cf. [1], page 101), then the result no longer holds since the (nonrandom)
integrand
X, = { 1, tirrational,
¢ 0, ¢rational,
is Ogawa integrable but not integrable in the sense of (7) or in the sense of

nol g+t
1 i+1 T
7 X, odW, = lim X(——-—) W, —W,).
(7) A im B x| (W, = W)
Note, however, that if X, is a continuous semimartingale on the natural filtra-
tion of W,, then the definition

(8) [ X odw,= ['X,dW, + 1 X, W)
0 0

is equivalent to Definition 1. In this case (8) is also equivalent to (7) and (7).
However, if X, is not adopted to the natural filtration, even if X, is continuous
in ¢, it is not clear whether in general (7) or (7’) coincides with Definition 1; cf.
[2] for further information on this point.

REMARK 3. The relation between (7) and the Ogawa integral for adapted
integrands has been discussed by Ogawa in [4]; also cf. [3], Proposition 6.2.

REMARK 4. The definitions and results of this note go over directly to the
case where [0, 1] is replaced by [0,1]" under obvious modifications.

Finally, we turn to the proof that the two definitions of the Stratonovich
integral given under Definition 1 are in fact equivalent. Obviously the first
version implies the second one. Starting with the second definition, suppose that
S; — o in probability for any sequence 7, of refinements with |#,| — 0 but there

exists an ¢ > 0 and a sequence 7, with |7,| > 0 but ||S, — o], > ¢ for all n

where || - ||, denotes a pseudonorm corresponding to convergence in probability.
Note first that for any fixed subdivision =, we have

9 lim ||S, -S. llo=0

( ) |‘”',.|—’0" Ty V Ty 1r,,||0

(where =, V m, denotes the subdivision induced by the union of =, and )
for the following reason. The difference between S, ., and S, is a sum
of terms of the form +[(W,— W,)/(t — s)] [{X,du. The number of terms
depends only on 7, (it is upper bounded by three times the cardinality of =)
and each of these terms tends to zero in probability as |7, — 0 (since
Prob{|[(W, — W,)/(t — s)]/!X, du| > 8} tends to zero as |t — s|— 0), so (9)
holds.

Returning to the sequence 7, for which ||S, — ol|, > ¢, fix an n,. By (9) we
can find an n, (large enough) such that n, > n, and

2
IISqr(no)v'lr(nl) - Svr(nl)IIO < e
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Next choose n, large enough so that

3
”Sw(nz) V @(ny) V m(ng) - S‘rr(ng)llo <e

and continue recursively. Set #(N) ==, V @, V --- V m, . Then after the Nth
step we have

ISsny = ollg > e~ —& — - — ¢V
Note that #(N) is a system of refinements and [#(N)| - 0 but ||S;y, — ollo =
e(1 — 2¢)/(1 — &), which completes the proof by contradiction.
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