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THE HEAT EQUATION AND REFLECTED BROWNIAN MOTION
IN TIME-DEPENDENT DOMAINS

BY KRZYSZTOF BURDZY,! ZHEN-QING CHEN? AND JOHN SYLVESTER?
University of Washington

The paper is concerned with reflecting Brownian motion (RBM) in do-
mains with deterministic moving boundaries, also known as “noncylindri-
cal domains,” and its connections with partial differential equations. Con-
struction is given for RBM in C 3_smooth time-dependent domains in the
n-dimensional Euclidean space R". We present various sample path proper-
ties of the process, two-sided estimates for its transition density function, and
a probabilistic representation of solutions to some partial differential equa-
tions. Furthermore, the one-dimensional case is thoroughly studied, with the
assumptions on the smoothness of the boundary drastically relaxed.

1. Introduction. This is the first part of a two-paper series on the heat
equation and reflecting Brownian motion (RBM) in time-dependent domains.
The paper is concerned with RBM in domains with deterministic moving
boundaries, also known as “noncylindrical domains,” and its connections with
partial differential equations. A related paper, Burdzy, Chen and Sylvester (2004),
studies the existence and uniqueness of solutions to the heat equation in this
context from the analytic point of view. Some of the results of this paper,
for example, a Feynman—Kac type formula, are the basis for several effective
quantitative and qualitative arguments in the second paper in this series, Burdzy,
Chen and Sylvester (2003).

The analytic literature on the heat equation and related problems is enormous
and we would rather let the reader search the library than provide an exceedingly
imperfect review. Crank (1984) provides an excellent review of various problems
related to free and moving boundaries. Although one can see obvious general
similarities between our problem and the classical Stefan’s problem, it remains
to be seen if there exist any connections at the technical level. For an analytic
approach to the same model as in our paper, see Hofmann and Lewis (1996) and
Lewis and Murray (1995).
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Brownian motion in time-dependent domains belongs to “classical” subjects in
probability. The model appears in the context of a problem often referred to as
“boundary crossing.” The literature on the problem is huge; we suggest Anderson
and Pitt (1997) and Durbin (1992) as starting points. The boundary crossing
problem was mainly motivated by statistical questions but the estimates derived
in this area have been also applied to study Brownian path properties, see, for
example, Bass and Burdzy (1996) or Greenwood and Perkins (1983). In the context
of our article, this classical model may be described as a Brownian motion killed
on the boundary of a time-dependent domain. The corresponding analytic problem
may be called the heat equation in time-dependent domain with Dirichlet boundary
conditions.

Our article is devoted to Brownian motion reflected on rather than killed at the
boundary of a time-dependent domain. The analytic counterpart of the model is
a heat equation with Neumann rather than Dirichlet boundary conditions. We are
not aware of any article devoted to a systematic study of such a process but this
stochastic process appeared in literature in several unrelated contexts; see Bass and
Burdzy (1999), Cranston and Le Jan (1989), El Karoui and Karatzas (1991a, b),
Knight (1999) or Soucaliuc, Toth and Werner (2000).

There exists an extensive literature devoted to the relationship of Brownian
motion and the heat equation. We suggest four books as possible starting points:
Bass (1997), Doob (1984), Durrett (1984) and Port and Stone (1978). But, to the
authors’ best knowledge, the interplay between the RBM and the heat equation in
time-dependent domains has not been investigated before.

One of the strongest assertions about existence and uniqueness of RBM in a
smooth time-independent domain has the following form [Lions and Sznitman
(1984)]. Suppose B, is a Brownian motion in R”. For any bounded CZ-smooth
domain D C R”, there exists a unique solution X; (RBM) to the following
Skorohod equation:

t
(L.1) Xﬁ=xw+&+/ﬁmxadm, 10,
0

where n is the inward normal vector on the boundary d D and L is a continuous
nondecreasing process with Lo = 0, which increases only when X; is on the
boundary d D, that is,

t
(1.2) u=£1m@mu¢

Recently, strong existence and pathwise uniqueness have been established by Bass,
Burdzy and Chen (2002) for RBMs in bounded planar lip domains.

When the domain D in R” is C3-smooth, there are a number of ways of
constructing a RBM in D—all these methods yield the same continuous strong
Markov process on D. RBM can be constructed using Dirichlet form methods
[Bass and Hsu (1990, 1991) and Fukushima (1967)]. It can be obtained by
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solving the deterministic Skorohod problem (1.1) and (1.2) or by solving the
corresponding stochastic differential equation [Costantini (1992), Dupuis and Ishii
(1993), Lions and Sznitman (1984), Saisho (1987) and Tanaka (1979)]. It can
also be constructed by solving a submartingale problem [Stroock and Varadhan
(1971)] or using an analytic method starting by solving the heat equation for the
transition density function for RBM [Hsu (1984) and Sato and Ueno (1965)]. See
the Introduction to Williams and Zheng (1990) for more information.

When the Dirichlet form method is applied, the smoothness assumption on
the boundary of D can be dramatically relaxed. One can construct RBM on an
arbitrary domain and effectively study its various properties [see Burdzy and Chen
(1998), Burdzy and Khoshnevisan (1998), Chen (1993, 1996), Chen, Fitzsimmons
and Williams (1993), Fukushima (1967), Fukushima and Tomisaki (1996) and
Williams and Zheng (1990)]. RBM constructed in this way is unique in the sense
of distribution. In some nonsmooth domains, RBM is a semimartingale [see Chen,
Fitzsimmons and Williams (1993), Fukushima (1999), Fukushima and Tomisaki
(1996) and Williams and Zheng (1990)]. This holds when, intuitively speaking,
the boundary of the domain has locally finite “surface area.” For such domains,
a generalized definition of the normal vector n for D can be given and one can
find a Brownian motion B such that a Skorohod decomposition similar to (1.1)
holds for the RBM X. All results mentioned in the last three paragraphs hold for
RBMs in time-independent domains. Motivated by a preliminary version of our
paper, Oshima (2001) recently constructed reflecting diffusions in certain time-
dependent domains by using the time-dependent Dirichlet form approach.

At the other extreme, parts of the theory of RBM and the corresponding heat
equation are known to hold only in domains with Lipschitz or Hélder continuous
boundaries [cf. Bass and Hsu (1991) and the references therein].

We would like to point out that in the one-dimensional case the strongest
existence results for RBM and solutions to the heat equation are obtained via the
deterministic Skorohod equation (see Section 3).

The remainder of the paper is organized as follows. In Section 2, we give the
construction of RBM in C3-smooth time-dependent domains in the n-dimensional
Euclidean space R” and derive an upper bound estimate for its transition density
functions, also called the heat kernels. We prove the existence of boundary
local time for the RBM and derive its Skorohod decomposition. We then focus
on the probabilistic representation of solutions for the corresponding partial
differential equations. For this, exponential integrability of the boundary local time
is established. Several results will elucidate the relationship between “forward”
and “backward” equations and the time reversal transformation of the RBM. We
would like to point out Corollary 2.12, which contains Feynman—Kac formulas in
terms of RBMs in a space—time domain as well as in its time-reversed domain.
This formula is one of the main technical tools in Burdzy, Chen and Sylvester
(2003) to study the detailed properties of the heat equation solutions, including the
existence of heat atoms and singularities.
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Section 3 of this paper is devoted to the one-dimensional case. A deterministic
version of the Skorohod equation allows us to drastically relax the assumptions
on the smoothness of the boundary. Various properties concerning the heat kernels
or the marginal distributions of the RBM are studied using probabilistic means.
For example, it is shown for a one-dimensional time-dependent domain that, as
long as the boundary is continuous, the marginal distribution of the RBM in
the interior is absolutely continuous with respect to the Lebesgue measure and
its density function satisfies the heat equation. When the boundary of a one-
dimensional time-dependent domain is given by a continuous function g(z) whose
distributional derivative g’(¢) is locally square integrable then transforming it into a
time-independent domain can result in a useful representation of the heat equation
solution—see Theorem 3.9 for a precise statement. This implies, in particular,
that under these assumptions the RBM has transition density functions up to the
boundary. It should be noted that if the local square integrability of g’(¢) is not
satisfied, then the distribution of the RBM at the boundary point can be singular
with respect to the Lebesgue measure—this is one of the main topics of the second
paper in this series, Burdzy, Chen and Sylvester (2003).

2. Multidimensional RBMs in time-dependent domains. Let D be a subset
of Ry x R" such that the projection of D onto the time axis is [0, T) with
0<T <oo,andthatforeachO <t <T,D(t) ={x e R": (¢, x) € D} is abounded
connected open set in R". In this section we will assume that 9D N (0, T) x R" is
C3-smooth. Let n(z, x) be the unit inward normal of D(t) at a boundary point x.
Sometimes we will identify n(z, x) with a vector in R4 x R" in an obvious way.
Let y be the unit inward normal vector field on 9 D.

THEOREM 2.1.  Suppose that ¥ -n > co on 9D N (0, T) x R for some positive
constant c¢o > 0. Suppose that B is a Brownian motion in R" with B(0) = 0. Then

for each (s, x) € D with s < T, there is a unique pair of continuous processes
(X%, L**) adapted to the minimal admissible filtration of B such that:

(i) (¢, X)") e D fortels,T) with X3* = x,
(i) {L;",t € [s,T)} is a nondecreasing process with L5 = 0 such that
t — L}"" increases only when the process (t, X;) is on the boundary of D, that
is, Ly = [1 1, (r, X,)dLS> fors <t <T,
(iii) X;* =x+ (B — By) + [/ n(r, XS¥)dL5> fors <t <T.

PROOF. Theorem 4.3 of Lions and Sznitman (1984) may be applied to con-
struct from the space-time Brownian motion (¢, B;) a new process, a diffu-
sion X** in D with oblique reflection vector field n. All assertions of Theorem 2.1
follow immediately from that result. [

Let P&%) denote the law of X** induced on C[0, 00), the space of continuous
functions equipped with uniform topology on each compact time interval. Let
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X be the canonical map on C[0, c0). The uniqueness of X** implies that X =
(X, PSY) (s,x) € D) is a time-inhomogeneous strong Markov process. It is in
fact a continuous Feller process, as we will see in Theorem 2.5.

We will now prove the existence of the transition density for X and find some
estimates for it, using a parametric method from the theory of partial differential
equations [see, e.g., [td (1957) or Hsu (1987)].

From now on we will work with the “half Laplacian” operator %A, rather then
the standard Laplacian A because the standard Brownian motion is related to %A.
One can pass from one normalization to the other by a trivial change of variable.

THEOREM 2.2. There exists a fundamental solution p(s,x;t,y), (s,x),
(t,y) e D,s <t <T, for the following differential equation:

d 1 .
—p—i——Axp:O, for (s,x) € D withs < t,
ds 2
2.1 9p -
(2.1 a—:O, for (s,x) € 9D with s <,
n

li%np(s,x; t,y)dx =8y(dx),  for(t,y) € D.
sTt

The function p(s, x;t,y) is continuous on D x D withs <t < T, continuously
differentiable in s € (0, t) and of class C2(D(s))NC'(D(s)) as a function of x. In
particular, p(s, x; t, y) solves equation (2.1) pointwise.

PROOF. We will use |- | to denote the Euclidean norm and d to denote the
Euclidean distance. Let I'(s, x; ¢, y) be the fundamental solution for the heat equa-

tion 2 4+ 1 Avu =0 in R"; that is, T'(s, x: 7, y) = 2m (1 — $)) ™/ 2exp(~ 521,
For (s,x) € D, let xo € dD(s) be such that |[x — xo| = d(x,9dD(s)) and let
x} = 2x0 — x, the point symmetric to x with respect to xo. Note that since D(s) is
C3, xo and x; are uniquely determined by (s, x) and are C 2_smooth in (s, x) pro-
vided (s, x) is sufficiently close to the boundary 3 D. For each fixed Ty < T, let
¢ € C°(Ry x R") (the space of infinitely differentiable functions with compact

support) with 0 < ¢ < 1 and such that for s < Ty,

1,  ifd((s,x),dD) <eo/2,

PEZ0N 00 a2, 9D) > eo,

where g is a fixed small constant :clnd d((s,x), 8D) is the Euclidean distance
between (s, x) and the boundary of D in Ry x R". As a first approximation of p,
set

po(s,x;t,y)=T(s,x;1,y) + (s, x)T (s, x5 1, y).



780 K. BURDZY, Z.-Q. CHEN AND J. SYLVESTER

This function satisfies the boundary and terminal conditions in (2.1). The idea of
the remaining part of the argument is to find a suitable function f (s, x; ¢, y) so that
if

t
m(s,x;t,y):/ (/D( )po(s,x;r, z)f(r,z;t,y)dz>dr,

then

(2.2) p(s,x;t,y)=pols,x;t,y)+ pi1(s,x; t,y), s <t <Tp,

is the fundamental solution for (2.1). Note that p defined in (2.2) satisfies the
boundary and terminal condition in (2.1). We would like the function p defined
in (2.2) to satisfy the heat equation, that is,

0 1 0 1 t
(— + —Ax>po + <— + —Ax> / < f(rozit, y)pols, x; r, z)dz> dr =0.
as 2 as 2 s D(r)

This is equivalent to

9 1
fls,x;t,y)= (— + —Ax>po(s,x; t,y)
ds 2

t 0 1
—i—/ </ f@rz;t, y)(— + —Ax>p0(s,x; t, y)dz) dr.
s D(r) ds 2

It remains to solve (2.3) for f. This is an integral equation of Volterra type, which
can be solved by the method of iteration. Let

(2.3)

9 1
fo(s, x;t,y) = (— + —Ax>po(s,x; t,y),
ds 2

t
s

(2.4) ﬂuwndo=/(ﬁuﬂMamn@ﬂqvimmedn k=1,

[ xit,y) =) fils,x:1,).

k=0

We will show below that > 72, fk(s,x;7,y) is absolutely convergent and
solves (2.3).

Using induction, we can show that [cf. Hsu (1987), page 375] for each fixed
[ < T, there are constants Ki, K, and C such that for all (s, x), (¢, y) € D
withs <t <I,

k+1\"! —y]?
|ﬂ@mn»nsmKﬁ({}) a—w“*””wﬂ—%}l%)
— S

2.5
3 k>1.
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Here I'(A) is the Gamma function defined by I'(}) = fooo *~le=tdr for A > 0.
Thus, f(s,x;t,y) =Y 12 fi(s, x;t,y) is well defined and continuous. It is easy
to deduce from (2.4) that it satisfies (2.3). [

For a fixed t < T, and a bounded continuous function ¢ on D(¢), we see from
Theorem 2.2 that

u(s,x)=/D(t)p(s,x;t,y)¢(y)dy

is a solution of the following equation:

0 1 .
—u—i-—Axu:O, for (s,x) € D withs < t,
as 2
d .
2.:6) a—” —0, for (s, x) € 3D with s <1,
n

limu(s, x) = ¢(x).
st

The following theorem is a special case of the uniqueness result in Friedman
[(1964), Theorem 15 in Chapter 2].

THEOREM 2.3. For fixed (t,x) € D, the solution of the heat equation (2.6) is
unique.

THEOREM 2.4. The function p(s,x;t,y) in Theorem 2.2 has the following
properties:

(1) p(s,x;t,y)isstrictly positive and C?%-smooth on {(s, x, 1, y) € DxD:s <
t<T}. .
(i) Fors <t <T, (s,x) €D,

f p(s,x;t,y)dy=1.
D(t)

(iii) The Chapman—Kolmogorov equations hold then for any0 <s <r <t <T
and any (s, x), (t, y) € D,

p(s,x;t,y)=/ p(s,x;r,2)p(r,z;t,y)dz.
D(r)

(iv) For each fixed 0 <1 < T, there exist constants K; > 0 and C; < 0o such
that

—Kzlx—y|2>

p(s,x;t,y) < Ci(t —s) " ?exp <
(t—s)

fors <t <land(s,x),(t,y) EB.
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(v) Let Dg ={(t,x) e D:d(x, 0D(t)) < ¢&}. For each fixed 0 <l < T, there
are constants & > 0 and C; > 0 such that for 0 <e < ¢, 0<s <t <[ and

(s,x)eD,
1
_/. P(S,X,t,)’)dyfcz/\/t—s
& JD,

PROOF. (i) The positivity of p(s, x; ¢, y) is a consequence of a strong version
of the maximum principle [see Friedman (1964), Theorem 1 in Chapter 2] while
the C? smoothness follows from (2.2) and (2.3). Assertions (ii) and (iii) follow
from Theorem 2.3. Claim (iv) follows from the estimate (2.5) and (2.2). Finally,
(v) follows from (iv). [

THEOREM 2.5. The function p(s,x;t,y) in Theorem 2.2 is the transition
density of the time-inhomogeneous RBM X on D defined in Theorem 2.1.
Therefore, X is a continuous Feller process and, hence, a strong Markov process.

PROOF. For any fixed ¢ < T, and a bounded continuous function ¢ on D(1),
let

u(s,x)=/D(t)p<s,x;r,y>¢<y>dy.

The function u(s, x) is a C?-smooth solution to equation (2.6). For (s, x) € B,
applying It&’s formula to u(r, X;>*), we have

1
du(r, X)) =us(r, X3")dr + EAu(r, X3 dr

9
+ Vu(r, XS¥)dB, + %(r, X% LS

= Vu(r, X}")dB;.
Hence,
u(s, x) =Efu(t, X)) = E[¢(X;)].

This shows that the distribution of X;** is absolutely continuous with respect
to the Lebesgue measure and its density function is p(s,x;¢,y). From the
continuity of p, we see that for bounded measurable function ¢ on D(t), u(s,x) =
E[¢(X;™")] is a continuous function in D N[0, ) x R”. This means that X is a
Feller process. The Feller property together with the continuity of the sample paths
implies that X is a strong Markov process. Note that an alternative way of proving

the strong Markov property has been indicated in the proof of Theorem 2.1 and the
remark following it. [

For ¢ > 0, let D'8 ={(s,x) € D:d(x, 0D(s)) < ¢} and let o, denote the surface
area measure on d D (r).
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THEOREM 2.6. For (s,x) € Dands <t <T,
S, X 1 d 5,X
27 L =1im—/1- r, X5 dr,
(2.7) : i s /. b, X;7)

in L? and a.s., uniformly on relatively compact sets of t. For each fixed0 <1 < T,
there is a constant ¢; > 0 such that for (s, x) € Dands <t <l,

t
(2.8) E[L}"] = %/ </8D( )p(s,x; r, z)a,(dz)) ds <ci\/t —s.

N

PROOF. For each fixed small constant ¢ > 0, define ¥.(5) = (¢ — 8)2/2
if0<§<eandOif § > ¢. Let

fe(s, x) = e(d(x, D(s))).
Since Disa C 3-sm00th. domain, f; is twice differentiable with bounded second
derivative on {(t,x) € D:t <1} for each fixed [ < T. Note that 0 < f, < &2,
% < ci&, |Vifel < g, Vi fe(s,x) = —en(s, x) for (s,x) € 9D, and Ay f, =
(I+ 0(8))1[)5- By It6’s formula,

t
Fot, X3 = fu(sax) + f Vfo(r, X*¥) dB,

ty e
[ e xran e [ ane xar
s N

The second spatial derivative of the function f. is not continuous so the usual
Itd6’s formula does not apply to f.. We will sketch a standard approximation
argument justifying the last formula. Let ¢ > 0 be a smooth function on R"
with compact support and such that [p. ¢(x)dx = 1. Let ¢, (x) = n¢(nx) and

Jen(s,%) = [ fe(s,x — y)¢u(y)dy. We can apply Ito’s formula to f, (¢, X;")
and then pass to the limit with n — oo, using Theorem 2.4(iv).
Dividing both sides of the last formula by ¢, we obtain

1 t
L™ — 2—8/S 1p (r, X3 dr
2.9) . ,
:—/ V fe(r, Xﬁ’x)dBr+O(8)+O(8)/ 1, (r, X" dr.
EJs s ¢

|

(2.10) < j—zEMl IV £ (r, X;,x)|zdr]

By Doob’s maximal inequality and Theorem 2.4(v),

1 t
—/ V f.(r, X**) dB,
& Js

E|: sup

s<t<l
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1
< clE[/ |1D£(r, X5 dr}
N

[
=Cz/ </ p(s,x;r,y)dy>dr
s D,

l
< Ca/ (r —s)_l/zdr =Ce+l —5.
S

This and (2.9) imply that
2
} B 0,

that is, (2.7) holds in L2-sense. From (2.10) and Chebyshev’s inequality we see
that

limE [ sup

ed0  Le<r<i

Sx——/ 1y (r, XY dr

St t
ZP( sup k4/ V fijpa(r. X3 dB,| > —

k=1 ~s=t=l s k=1

By the Borel-Cantelli lemma, with probability 1,

lim sup k*
k—00 g<r<|

t
/ Vfl/k4(r, Xi’x) dBr
s

This implies that, a.s.,

4 ot

k
sx . $,X —
>/ 1D1/k4(r’ X)) dr

(2.11) lim sup >

k—>oos<,<1

For 0 < ¢ < 1, let k; > 1 be the integer such that l/k4 <e<1/(ke —1)*. Since
Dl/k4 C D C Dl/(k _1)4 we haVe

_1\4
(N 1) /1 X”)dr<—/ 1,0, X2%) dr

4 ot

< k_g 1-

= D 4
2 Js 1/(ke—1)

This, together with (2.11), implies that, a.s.,
lim sup |L;"

lftl (r. X3%)d
- — s (r, X0 dr| =
8\L0S§t§l 28 S Dg "

Inequality (2.8) follows from (2.7) and Theorem 2.4(v). [

(r, X3 dr.

The following result on exponential integrability of the local time is needed
for the probabilistic representation of solutions to the heat equation given in
Theorem 2.8.
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LEMMA 2.7. Foreach fixedo <ocoand 0 <1 < T,

sup E[exp(aL;™)] < oo.

(s,x)eD
s<t<l

PROOF. It follows from Theorem 2.6 there is a § > O such that

§,X 1
sup ElaL;"] < 7
(s,x)eD,s<r<lI
|s—r|<8

and therefore, by Khasminskii’s inequality [see, e.g., page 231 of Durrett (1984)],

sup Elexp(xL)™*)] < 2.
(s,x)el.),s<r§l
[s—r|<é
Let kK > 1 be such that //k < é. Then by the Markov property of X and the
additivity of local time L, we have forany 0 <s < ¢ </ and (s, x) € D,

k
Elexp(aL;™)] < ( sup E[exp(aL;,x)]) <ok,

(s,x)eD,s<r<l,|s—r|<8

O

THEOREM 2.8.  Fix somet > 0. Let f (s, x) be a bounded function defined on
aD and ¢ be a continuous function on D(t). Suppose u(s, x) € CZ(D) nc' (D) is
a C2-smooth solution for

0 1 .
—u+—Axu=0, for (s,x) € D withs <t,
ds 2
0 .
(2.12) a—u—i-f(s,x)u:O, for (s,x) € 0D with s < t,
n

lirnu(s, x) = ¢(x)
st
Then for (s, x) € D with s < t,
@13 e =Elen( [ exan oo

Conversely, if f(s,x) is a bounded continuous function on aD, then the
function u(s, x) defined by (2.13) is continuous on D for s < t, it is continuously
differentiable in s € (0, 1), it belongs to class C2(D(s)) N CY(D(s)) as a function
of x, and it solves the equation (2.12).
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PROOF. Assume that u(s, x) solves (2.12). By Itd’s formula,
r
d(exp (/ f, X)) de;x>u(r, Xﬁ’x)>
N
,
= exp (/ f, X3 de)’x)
S

0 1

d
+ Vu(r, X;")dB, + a—Z(r, X5 dL;”‘)

=exp (/ f, X)) de)’x)Vu(r, X3")dB,.
S

Hence, {exp(fsr f, X3 dLy )u(r, X*'), s <r <t} is a local martingale. By
Lemma 2.7, it is, in fact, a martingale since u and f are bounded. This implies

uls, x) = E[GXP </l [, Xf’x)dLi’x)u(t, Xf*x)}

—E[ e [ f.xenaLz)eog).

and, hence, proves (2.13). .
Now suppose that f(s,x) is a bounded continuous function on 0D and u is
a function defined by (2.13). Clearly, limg4, u(s, x) = ¢ (x). We have

uts. ) = Bp OGN+ (exp ([ £33 L) = 1)o o]
— (X))

t t
—k[ [rexes( [ oo eont ar |
(2.14) t
=E[p(X;")] - E[ / £, X5u(r, Xf’x)dLﬁ’x}

= / p(s,x:t, VP(y)dy
D(t)
! . )
2 /v (/BD(r) p(s,x;r, Z)f(r, Du(r, z)o,-(dz) ) dr.

From (2.14), we see that u € C2(D)NC! (B) for s < t. By Theorem 2.2, u satisfies
% + %Axu =0 in D. To show that u satisfies the boundary conditions in (2.12),
we adapt an approach from Hsu (1987), Proposition 3.2. Applying It6’s formula,
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we have for s <r <1,

1 Iy
(2.15) u(r,X‘,”)—u(s,)c)z/Y Vu(v,Xf;x)dBv—i—/v %(U,X‘;’x)db;’x.

On the other hand,

t 5,X §,X §,X
u(r, Xj’X)zE[exp</ f, XXy arnXr )¢(X,V’X’ )
r

— exp(— [ s de;")
t
X E[exp(/ f(v,Xi’x)de)’x)qﬁ(Xf’x)

‘?S‘,I‘i| ’
where ¥ , is the o -field generated by X for v € [s, r]. Let

t
M =[exo( [ e xinans ooz, |
S
In view of Lemma 2.7, M, is a martingale so by It6’s formula,
u(r, X3*) —u(s, x)

r [%
:/ exp(—/ f(v,Xf;x)de;x> d Ms

0
(2.16) /f(e X5 )exp( /f(v,Xf,’x)de)’x)MgdLg’x

=[ exp(—/Y f(v,Xf)’x)de;x>dM9

,
— [ O X5 u. X5 Ly,
N

From (2.15) and (2.16), we see that the bounded variation process

r/ou
1 <%(U,Xf)’x)+f(v,Xf)’x)u(v,Xf)’x)>de)’x

787

is a continuous martingale and, therefore, it must be identically zero. Were
‘)—ﬁ # — fu on aD, say a”(s x)+ f(s,x)u(s, x) > 0 for some (s, x) € dD, there
would be a neighborhood U of (s, x) such that a” 5 (s, %)+ f(s,x)u(s,x) > e >0
onUNJD. Let t = inf{r >s:(r, X;>%) € D \ U}. Clearly, T > 0 almost surely

and, therefore, there is #y > 0 such that P5*(t > fy) > 0. Then on {1 > 1y},

0= / ( (0, X55) + f (v, X35)u(v, X”))dL”>80dL,O :

This is impossible as (s, x) is a regular point of D for the space—time Brownian
motion because D is C3-smooth and, therefore, L{™* > 0, P**-almost surely.

fo

Therefore = fuondD. O
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REMARK. Uniqueness of CZ-smooth solutions to (2.12) is a by-product of the
probabilistic representation (2.13).

The equation in (2.1) is the “backward partial differential equation” for the
transition density function p(s,x;¢,y) of X, in variables s and x. Our next
result is concerned with p(s,x;7,y) as a function of 7 and y. If we view L =
as + 5 A as an operator in D together with its zero Neumann boundary condition
glven in (2.1), and we let L* be its formal adjoint operator in LZ(D), then the
function (¢, y) — p(s, x;t,y) is in the domain D (L*) of L* and it satisfies the
differential equation L*p = 0 [cf. Stroock and Varadhan (1979), pages 2 and 3].
The following result is an application of the divergence formula in R"*!. Recall
that.)7 =1, ¥2, - - -, ¥n+1) denotes the unit inward normal vector on the boundary
of D.

THEOREM 2.9. The function p(s,x;t,y) satisfies the following forward
differential equation in (t, y) for each fixed (s, x) € D:

8p1

= 3 Ayp=0, for(t,y)GDwiths<t,
ap 2 :

Q17 {2 _N o, for (t,y) € 9D with s <,
on  y-n

lim p(s. x: 1, y) dy = 84x) (@), for (s, x) € D.
tys

PROOF. A function ¥ belongs to D(L*) C L*(D) if and only if there is
¢ € L%(D) such that

/, YLudtdx =/, dudtdx
D D

for any u € D (L), and in this case L*y = ¢. In view of the remarks about the
function (¢, y) — p(s,x;t,y) preceding the theorem, it will suffice to show that
¥ € D(L*) if and only if L*y = (=& + L A)(y) and 22 %w:o.

For any test function ¢ € C2°((0, T) x R*) and u € {O(L),

/Dlﬁ<%+%A)udtdx
/(a“”/’) aa‘f)dzd +2/ </D(t)wAudx>dt
/(a“”/’) aa‘f)dzd +2/ </Dmumﬂdx>dt
2/ (AD(;)MHGI(GZX))
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_/ <a<”‘/’) aw)d tdx +2/ (/D(l)uAl//dx)dt
-3 / ( D(t)dian(—uVVf)dx)dt

/ <_—+ A>wdtdx+/ divgas (uw Luv, w) dt dx
J;

(———i— A)xﬂdtdx%—/ uy - (—W,vaw>d<7-

Therefore, ¥ € D(L*) if and only if y - (—, %wa) =0on dD and L*y =
(—% + %A)w. This is equivalent to L*y = (—% + %A)I// and % — %1// =0
The proof is complete. [

REMARK. The differential equation (2.17) above is equivalent to the differ-
ential equation (2.25) in Burdzy, Chen and Sylvester (2004) by a straightforward
change of variable.

For fixed/ < T, let 5; ={{t,x):(I—t,x) e D}. For (¢, x) € 51, let Y be the
RBM in D; constructed via Theorem 1, with ¥;"* = x and local time L’*.

THEOREM 2.10. Let f(t,x) be a bounded function defined on 3D and ¢ be
a continuous function on D(s). Suppose that v is a C%-smooth solution for

0 1 .
a—:—EAv=O, for (t,x)e Dwiths <t <I,
(2.18) v -
a——i—f(t,x)v:O, for (t,x) € 0D withs <t <I,
n
v(s, x) = ¢ (x).

Then for (t, x) eBwith s<t<l,

[—s

(2.19) v(t,x) = E|:exp ( f(l —r, le—l‘,X)dZi—t,x>¢)(Yll_—St,x)i|'

Conversely, if f(t,x) is a bounded continuous function on 3D, then the function
v(t, x) defined by (2.19) is continuous on D x D for s <t < T, continuously
differentiable in t € (s, T), it belongs to class CE(D))NCYD®)) as a function
of x, and it solves equation (2.18).
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PROOF. Letu(t,x)=v( —t,x). Then u solves

0 1 ~

a—l:—i-EAu:O, for (t,x) e D;withO <t <[ —s,
0 ~

a—u+f(l—t,x)u=0, for (t,x) € 0D; withO <t <[ — s,
n

lTilm u(t,x) =¢(x), forx € D(s) = D;(l — s).

ITl—s

Hence, by Theorem 2.8,

[—s

v(l—t,x)=u(t,x)= E[exp(

t

FU=r ¥ AL o)

This proves the theorem. [

REMARK 2.11. Uniqueness of C2-smooth solutions to (2.18) is a by-product
of the probabilistic representation (2.19), just like uniqueness of solutions to (2.12)
follows from (2.13), as noted above. N

We will use p to denote the transition density function for process Y in D; and

use 1738:2;)) to denote the expectation under the law for the process Y conditioned
by (¥} 7" =x}and {Y/ """ = ).

Letting f(s,x) = —% on 9D, we obtain the following result from Theo-
rem 2.10.

COROLLARY 2.12. The function

l—s _9 N

[—t Y- -1

=/. NP —1.x:1—s5,y)
D(s)

- l—=s _9
I, % s I
XEEI—Z,);))[GXP</I ——({ -, le ”x)dLi ”xﬂ dy

-t Y -1

solves
u 1 S
E_EAMZO, for (t,y) e Dwiths <t <,
d 2 :

(2.20) T u=0, for(ty) €dD withs <t <l,
on  y-n
u(s, x) =¢(x).

By Theorem 2.9, the function u(¢, x) solving (2.20) satisfies

u(t,x) = /D( )p(s, yit,x)p(y)dy.
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Therefore,
p(s,y;t,x)
~(_ l—-s 2 ~
= ﬁ(l —1,Xx; [ — S, y)EEf_i:);)))l:exp(_ /l_t )_)yln(r, le—l,x)dLi—t,x>i|
for0 <s <t < /. It follows that for s <t <,
p(s,y;t,2)p(t,z; 1, x)
p(s,y; 1, x)
_D(s,yit,2)p(t, z; 1, x)
p(s,yi 1, x)
220 (U-1,2) =5 2y
< (1. et

EQ lexp(— o' 201/ - m)(r, YO¥) A1)

EQ) lexp(— fo° 20 /(7 - m)(r, Y L]

ForO0<s <[ <T,let /1510_”;’y denote the law of {Xs’y v € [0, — s]} conditioned

[—v°
by {X;” =x}, and let f’?’_jfv’y be the law of Y%* conditioned by {YIO_’f =y}
THEOREM 2.13.
50, _ . -
dPZi,  exp(— [y 20/ - m)(r, ¥ON) dLOY)
dP)” . EQ) lexp(— 7021/ ) YY) ALY

PROOF. Clearly by (2.21), the above assertion is true on cylindrical sets.
A standard measure theoretical argument shows that Theorem 2.13 is true for
general measurable sets as well. [J

3. One-dimensional RBM in a time-dependent domain. In the one-
dimensional case, the existence of a RBM in D can be proved under dramati-
cally relaxed assumptions on the smoothness of the boundary of D. We will show
that such a process can be constructed on any space-time domain lying between
the graphs of measurable functions. Almost all domains discussed in Burdzy, Chen
and Sylvester (2003) will have continuous boundaries. We need the existence re-
sult for domains with measurable boundaries mainly for technical reasons, but
some interesting theoretical questions arise in this context as well—we defer their
discussion to a separate article.

Recall the notation v = max{v, 0} and v~ = max{—v, 0}.

The following lemma is a variation of the famous Skorohod decomposition.
The result is deterministic. Its proof is a modification of that of Lemma 3.6.14 in
Karatzas and Shreve (1994). Soucaliuc, Toth and Werner (2000) pointed out that
reflecting a continuous function on another continuous function is quite easy.
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LEMMA 3.1. Suppose that g is a locally bounded measurable function from
Ry to R. Let g(t) = max(g(t), limsup, 1:8(8)). For every continuous function
b(t), t > 0, there is a unique pair of functions (x(t),[1(t)), t > 0, such that:

() x(O)Lb@) +1() = 80) for 1 =0,
(i) I(¢) is a nondecreasing right-continuous function with 1(0) = (b(0) —
g0)~,
(iii) if x(¢) > g(¢) for t € [s1, s2], then [(s1) = 1(s2) and
(iv) if1(t) has a jump at t = t1, that is, limq, [(t) < [(t1), then x(t1) = g(t1).

Moreover,

(3.1) [(t) = sup (b(s) —g(s))" .

0<s<t

PROOF. We first prove uniqueness. Suppose that (x(¢),(¢)) and (X (t),T(t))
have properties (i)—(iv) and that for some #, we have [(#,) — l~(t*) > (. By the
right-continuity of / and l~, there exist 1{ > t, and a > O such that /() — l~(t1) =a
and /(1) —lN(t) > 0 forall t € [t,, 11]. Lettg =inf{t <#;:x(s) > X(s) Vs € [t, 11]}.
For every t € (ty, 1] we have x(¢) > X(¢) > g(t) so (iii) implies that [(¢) = [(¢1).
This implies that, for ¢ € (g, #1],

(32) O<a=x(n)—%)=1t)—1(r) <1@t) —[t) =x@) —X@).

Since b, [ and I are right-continuous, so are x and X and so (3.2), in fact, holds for
all ¢ € [tg, t1]. In particular, x(t9) — X(t9) > a > 0, which implies, in view of (ii),
that g > 0. The definition of ¢y and the fact that x(zy) — X(¢9) > a > 0 require that
liminf;44, x(t) — X(t) < 0. Another consequence of (3.2) is that [(ty) — l~(t0) >a.
We obtain

(111}%tionfl(z)) — (l(t0) —a) < <1i1t1%tionfl(t)> —I(t0) < lim inf (@) —1(0))

= liminf (x () — X(¢)) <O0.
119
We see that lim;4, [(t) < I(tp) and so, according to (iv), x(fo) = g(tp). However,
X(t9) < x(t9) —a = g(tp) — a. This implies that X (¢) < g(¢) for some ¢, which is a
contradiction. The proof of uniqueness is complete.

We will finish the proof by showing that /(¢) defined in (3.1), together
with x () = b(t) +1(t), satisfy (i)—(iv). Property (i) is evident and so is the fact that
[(t) is nondecreasing. It is easy to see that g(z) > limsup, I £(s). Right-continuity
of [(¢) easily follows from this observation.

To prove (iv), note that by the continuity of b(¢) and right-continuity of /(¢),
x(t) is right-continuous and so lim; |, x () exists and is equal to x(#;). Let

ty = sup {s: sup (b(s) —g(s)) = 0}.

0<r<s
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Then (x(¢),1(t)) = (b(t),0) is the unique solution to the Skorohod problem
on [0, #,) and so /() has no jumps on this interval. Suppose now that #; > ¢, is
a jump time for . Let b(t;) = c¢. Then I(¢;) = —c + g(¢;) because of continuity of
b(t) and the fact that /(#) has a jump at r = ¢;. We conclude that

x()=bt) +1(t)=c—c+2t)=5g@),

which proves (iv).
It remains to prove (iii). Suppose that x(¢) > g(¢) for ¢ € [s1, s2]. Then [(¢) >
2(t) — b(¢) on the same interval. Since

l<s2>=max{ sup (b(s) —g(s))", sup (b<s>—§<s>)‘},

0<s<s; $1<5<$2

we must have [(sp) =1(s;). U

REMARKS 3.2. (i) If the function g(¢) is continuous then g(z) = g(¢). Then
formula (3.1) shows that /(¢) and, consequently, x(¢) are continuous.

(1) If g1(¢) and go(¢) are locally bounded measurable and there exist contin-
uous functions g3(¢) and g4(¢), such that g;(r) < g3(t) < ga(t) < ga(t), then for
any continuous function b(¢) one can construct a function x(¢) which satisfies
g1(t) <x(t) < g2(¢) and is a sum of b(¢) and a “local time” [(¢) which does not
change when g1 (¢) < x(¢) < g2(¢). The proof of this generalization of Lemma 3.1
is somewhat tedious but completely elementary. See Burdzy and Toby (1995) for
a similar version of the Skorohod lemma.

The first two of the following results follow immediately from formula (3.1).

COROLLARY 3.3. In the setting of Lemma 3.1, consider the Skorohod
problem for a fixed function b(t), relative to two different measurable functions
g1(t) and gr(t). Let (x1(¢),11(t)) and (x2(t),1(t)) denote the corresponding
solutions of the Skorohod problem. If g1(t) < g2(t) for all t, then x1(t) < x2(t)
forallt. If |g1(t) — g2(t)| < e forallt,then |x|(t) — x2(t)| <e forallt.

COROLLARY 3.4. Suppose that we have a family of continuous func-
tions gy (1), where « is an index in some metric space and assume that the mapping
o — gu(+) is continuous in the uniform topology. Let (x4 (1), [y (t)) denote solu-
tions of the Skorohod problem for a fixed b(t) (same for all o), relative to g4 (t).
Then the mapping o — x4 (t) is continuous in the uniform topology.

COROLLARY 3.5. Suppose that we have a family of measurable functions
84(t),a € R. Assume that a — g,(t) is nondecreasing for eacht. Let (x4(t), l,(t))
denote solutions of the Skorohod problem for a fixed b(t) (same for all a), relative
10 g4(t). If limgqay 8a(t) = gay (2) for every t, then limgpqy X4 (1) = Xqy(2).
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PROOF. Itis not hard to verify the convergence in (3.1). We note, however, that
it is not necessarily true that limg | 4, g4 (t) = gq, (1) implies lim, |4, X4 (1) = X4, (7).
O

Fix for a moment s > 0 and let B be a one-dimensional Brownian motion
starting from O at time s, that is, By = 0. Suppose that g(¢), f > s, is a measurable
function and let D = {(,x):7 > s, x > g(®)}. For any x > g(s), let (X**, L")
be the solution of the Skorohod problem defined in Lemma 3. 1(1) with b(t) =
x4+ B(t). If g(t) is C3-smooth, then clearly X** is the RBM in D in the sense of
Theorem 2.1.

We will use P* to denote the probability law on the canonical sample space
C([0, 00), R) induced by X%*. The o-field generated by w(r) for 0 <r <t will
be denoted by ;.

Let Y be the RBM on [0, oo) with Yo = y > 0, defined on the canonical sample
space C ([0, c0), R). Then Y; can be represented as

Y,=y+ W, + Ly, t>0,

where W is a Brownian motion on R with Wy =0 and L, is the local time of Y,
at 0, satisfying L; = fé 1yy,—0ydL,. Set Z; = Y; + g(t), t > 0. Then the process

(t, Z;) takes values in D and satisfies
Zi=z+ (W, +g() —g0)+ Ly, t>0,

and

1 rt
Li=lim— | 1qyz - ds,
t 81?8 28'/0 {1Zs—g(s)|<e} 45

where z =y 4 g(0). Note that

t
L= /0 Lz, =gy dLy.
Denote the distribution of Z by P~

THEOREM 3.6. The measure P* is absolutely continuous with respect to P~
on Fi if and only if g € H'[0, 1] [that is, [} |g'(t)|2dt < 00)]. If g € H'[0, 1], then

(3.3) P’ ( /l (1) dW, 1/l| ’(t)|2dt) Fi
. —— = ¢€X - - on .
P p A 8 175 0 8 1

PROOF. The “if” part and (3.3) follow fr?m Lemma 3.1 and Girsanov’s
theorem. For the “only if” part, let M; = %m, and M; = E(M; | ¥;) for

0 <t <I. Then M; is a continuous martingale. Define N; = fé M;ll{Ms>0} dM;.
Clearly, (N;,0 <t <) is a continuous local martingale with respect to the
filtration {¥;}o<<;. By the martingale representation theorem [cf. Theorem 3.4.2
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of Karatzas and Shreve (1994)], there exists an adapted process H; with
fé Hszds < oo a.s., such that N; = fé H; dW;. According to the Girsanov
transform, under the measure dP* = M; dP* on ¥, the process

— t
Wo=Wi— [ Has, 0=l
0
is a Brownian motion and Z can be rewritten as
~ t
Z;:x+W;+/ (Hv+g/(s))dS+L[, OSISI.
0

Since under P*, Z; is a RBM in D, by the uniqueness of the Skorohod
decomposition, fé (Hy + g'(s))ds + L; must be the boundary local time of Z
and, hence, H; + g’(s) =0 for a.e. 0 < s <. This implies that g’ € L?[0, ] and,
therefore, g € H'[0,7]. O

The following result gives the exponential integrability of the boundary local
time for RBM, which will be used to give a probabilistic representation for
solutions of the corresponding heat equation.

LEMMA 3.7. Suppose that the domains Dy = {(s,x):5>0,x > gr(s)} have
smooth boundaries, the functions gi(t) converge to g(t) uniformly on compact
subsets of positive half-line and D= {(s,x):5s > 0,x > g(s)}. Let X555k g pe
the RBMs in Dy’s driven by a common Brownian motion B, as in Lemma 3.1.
Then, a.s., X*K*s converge uniformly to the RBM X in D, driven by the same
Brownian motion B.

PROOF. The result follows from the second assertion of Corollary 3.3. [J

Now we show that RBM in D = {(s,x):s >0, x > g(s)}, where g is a
continuous function, always has transition density function in the interior of the
domain.

THEOREM 3.8. Suppose that g(s) is a continuous function and let D =
{(s,x):8s >0, x > g(s)}. For all t > s > 0 and x > g(s), there is a positive
function p(s, x; t, y) such that

P(X) € A) = / (s, x: 1, y)dy,
A

for all Borel subsets A of the interior of D(t). The function p(s, x; t, y) is (locally)
Holder continuous on D x D. Moreover, p(s, x; t,y) satisfies
ap 1

R N—
o5 T 28xP
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for (s, x) € D with s < t, and

ap 1
o 2Pl

for (t,y) € D with s <t.

PROOF. For each fixed [ > ¢, there is a sequence of smooth functions {gi}x>1
on [0, /] such that limy_, o Supy, ; |k () — g(r)| = 0. Define Dy = {(r,z) ;¥ >0,
z > gx(r)} and denote the RBM in Dk by X, and its transition density function
by pr(s,x;t,y). For (¢,y) € D with s < < [, there is a constant 0 < & <
min{/ —t,t —s}/4 such that [t — 3¢, +3¢] x [y — 3¢,y +3¢e] C D. Without loss
of generality, we may assume that [t — 3¢, +3¢] x [y — 3¢, y+3¢] C Dk for every
k > 1. By Moser’s Harnack inequality [see Theorem 2 of Moser (1964)], there is a
constant ¢; = ¢y (n, €) > such that

. 2
X1, - th—t
1ngk(sx 1y1)<c(|y1 2 . 1+1)

Pi(s,x; 02, y2) — h—1t &2
fort —2e <t; <tp <t+2¢,y1,y2 €y —2¢ y+2¢]and k > 1. Therefore, there
is a constant ¢co = ¢2(g) > 0 such that

Pk(s, x5 11, y1) < capi(s, x5t + 28, y2)
forty et —e,t+¢],y1,» €ly —2¢e,y+2¢]and k > 1. Thus,

&) &)

pk(s,x;tl,yl)f—/ Pr(s, x5t +2¢e, y2)dyrs < —
de Jiy—2e,y+2¢] 4e

for (t1,y1) €t —e, t +¢] x [y —2¢,y 4+ 2¢] and k > 1. Now by Nash’s Holder

continuity result for solutions to heat equation [see (2.4) of Moser (1964)], there

are constants 0 < o < 1 and ¢ > 0 that depend only on n and ¢ such that

| (s, x5 11, 1) — pi(s, X3 12, y2)| < c(ly1 — y2|* + |11 — 12]*/?)

fork>1and (t;,y;) €lt —€/2,t +¢/2] x [y — ¢,y +¢e] withi =1, 2. So there
is a subsequence of pg(s, x;r, z) that converges to some function p(s,x;r, z)
uniformly in (r,z) € [t —&/2,t +&/2] x [y — &,y + €]. Clearly, p(s,x;r, z) is
Holder continuousin (r, z) on [t —&/2,t+¢/2] x [y —¢, y+¢] and by Lemma 3.7,

P(Xf’xeA):/ p(s,x;t,y)dy forAe B((y —e,y+e)).
A

Since y is an arbitrary point in D(1), it follows that p(s, x;z,y) is the density
function for X** inside D(¢). Nash’s inequality again implies that p(s, x; 7, y)
is locally Holder continuous in (s,x) € D so p is locally Holder continuous
in D x D.

The function p(s, x;t,y) satisfies the forward and backward heat equations
because the functions px (s, x; t, y) do and they converge to p(s, x; ¢, y) uniformly
onballsin D. [
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When the boundary of the domain is sufficiently smooth, transforming it into a
time-independent domain can result in a useful representation of the heat equation
solution. A similar general idea underlies the arguments in Burdzy, Chen and
Sylvester (2003), but the following result is completely different at the technical
level. The representation (3.4) is somewhat similar to that in Corollary 2.12 but
the crucial difference is that the local time in (3.4) corresponds to the RBM
on a half-line. The distribution of this process is well known—we use it as an
essential ingredient of the proof of Theorem 3.9. The smoothness assumptions
on the boundary of the domain are significantly weaker in Theorem 3.9 than in
Corollary 2.12.

THEOREM 3.9. Suppose that g is a continuous function on Ry and that
D={(t,y):t >0,y < g(®)}. Let X be the RBM in D with initial distribution
Xo being the Lebesgue measure on (—00, g(0)). Let B; be the standard Brownian
motion and Y; = Yo+ B; — L, be the RBM on (—o0, 0], with L, the local time of Y
at 0. Let P* denote the law of Y with Yo = x. Assume that fol Ig'(s)|?ds < oo and
let

t t t
No=ew( [ ga-nas -~} [1g@-sras-2 [ ¢@-dL,).
0 0 0
34
S 0<r<l.
Then for each t € [0, 1], Ex[N,] is bounded on compact intervals of (—o00,0)
and the distribution of X, is absolutely continuous with respect to the Lebesgue
measure on (—oo, g(t)] with density function u given by u(t, g(t) + x) = E,[NV,].

PROOF. The absolute continuity of the distribution of X; is a consequence of
Theorem 3.6.

Step 1. We first assume that g is C3-smooth. By Theorem 2.9, the density u(z, x)
for the distribution of X, is a C%-smooth function and satisfies the following heat
equation:

U; = %Mxx, for (t,x) € D,
uy +2¢'(Hu=0,  for (t,x)€dD,
u0,x)=1, for x < g(0).

Let v(t,x) = u(t,g(t) + x) for t > 0 and x < 0. Clearly, vy = u, and v; =
u; + g'(t)u, and so v satisfies the partial differential equation

v = %Uxx + g (t)vy, for x > 0,
(3.5) vy +2¢' (v =0, for x =0,
v(0,x)=1, for x <O0.

Fix some T € (0, 1] and for r € [0, T'] let

t t t
Mi=ewp( [ o —9ab 4 [1gT —9Pds—2 [ g ~saL,)
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Note that M7 = Nr. By Itd’s formula, using (3.5),
d(w(T —1,Y)M;)
=M;(—v(T —t,Y;)dt + v (T —t,Y,)dB;
— 0 (T —1,Y)dL; + 30 (T — 1, Y,) d1)
+u(T —t, Y)M (g (T —1)dB, — 31g'(T — 1> dt
—2¢'(T —1)dL, + 3|g'(T — 1)|*dr)
+u (T —t,Y)M,g' (T —t)dt
= M;(vx(T —t,Y) +v(T —1,Y;)g (T —1))dBs.

This shows that t — v(T — ¢, Y;)M; is a local martingale for ¢ € [0, T]. We
will prove that this process is, in fact, a martingale. It will suffice to show that
E(T —t,Y,)M;)? < oo for t € [0, T]. We first note that v(z, x) is bounded
on DN [0, T] x R"™ in view of Theorem 2.4(iv). It remains to estimate £ le. In
view of the boundedness of the first three derivatives of g, the process

t t
t—>exp</ 4¢"(T — 5)d By — %/ |4g/(T—s)|2ds)
0 0

is a martingale so its expectation is equal to 1 for every f. We obtain for
anyt €[0,T],

E,[M?]

=exp(— [ lg/T —9)Pas )
t t
X Ex[exp (2/0 g (T —s)dB;s —4/0 g (T —s)dLs)]
= exp (2/t |g’(T—s)|2ds>
0
t
X Ex[exp (2/ g (T —5)dB;
0

— 2«6/(: 1 (T — )% ds — 4f0l g (T —s) dLsﬂ

=P (2 /ot 8'(T ~ S)|2d5> <Ex[exp(—8/0[ g (T — s)dLs)Dl/z

o (ufon([r - -]
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T
sexp(z /0 |g/<s>|2ds)(Ex[exp(8||g/||Loo[o,T]Ll)])”2

<c

’

for some positive constant ¢ < oo independent of x < 0. The first factor in
the second to last line is bounded because g’ is bounded on [0, 7], while the
second one is bounded due to Lemma 2.7. This shows that E, M,2 < 00 and, thus,
completes the proof of the fact that t — v(T — ¢, Y;) M, is a martingale. Thus,

v(T, x) =Ex[v(T = 0, x)Mo] = Ex[v(T — T, x)M7]=E[N7],

and the theorem follows for C3-smooth g.

Step 2. For the general case, let g, be a sequence of smooth functions with
gn(0) = g(0) such that g, converge to g’ in L?[0, 1]. Then gn converge to g
uniformly on [0, 1]. We will prove the theorem only for # = 1 as the argument
is analogous for r < 1. Let X" be the RBM in the domain D, = {t,x):t>0,x <
gn ()} with the density of the initial distribution equal to 1 on (—o00, g,(0)] and
let u,(t, x) be the density of the distribution of X}'. Let N" be defined by (3.4)
with g, in place of g. If we let v, (¢, x) = u, (¢, g(t) + x), we have from Step 1,
v, (1, x) = Ex[N{'] for x < 0. Note that

EJN, — N|
1 ! 2 2
=EX[N{' exp <§ /0 (2. )2 = 1g'®)] )ds)
1
X exp (/0 (g —g,)(1—s)dB;
1
(3.7) 2 [ - gt -sdL,) - 1]

1
< (E.[(N)?)'? (Ex(exp (% fo (Iga)I1> =18 )) ds)

X exp ( / (¢~ g1 —5)dB,

1 2
2 [ (- g -9dL,) 1) )

We now estimate the second factor on the right-hand side of (3.7). First of all, for
k>0,

1/2

1
exp (k [ 1R - 1g0R) ds) =1

because g, — g’ in L.
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Recall that for a fixed s > 0, the density of the distribution of L is equal to

%s‘l/ze_“z/(zs) [see, e.g., page 211 in Karatzas and Shreve (1994)]. Hence, for

any a < 0,
1
/ /
Jim supE | [1(e, = 8)(1 =9l dL]
(3.8) | .
s IO — =12, 2s) g
= Jlim, = [ (e = )1 =)k ds =0
and, therefore, by Khasminskii’s inequality,
1
(3.9) lim supE, exp (k/ (g, — g — s)|dLS) =1
n—=>0 y<q 0
Since

! 1 ! 2
Hexp(/o k(g;,—g@(l—s)st—z/O lk(g) —g)(1 =) ds)

is a martingale, the expectation of its value at # = 1 is the same as at t = 0, that is,
it is equal to 1. We use this observation in the following computation:

Ex[exp( / (g — g1 - s)st)]
=exp(f01 81’ —g;,|2<s>ds)

! 1 ! 2
xExexp( [ 46— g —nas — 4 [ 14 - gpa -l ds)

1
—exp( [ 8lg'~ g ds)
0

The last expression converges to 1, so using (3.9),

1 1
lim_supE, [exp(/o 2g ~ g1 -5 dB —4 <g/—g;><1—s>dLs)}

x<a

(3.10)

1
< lim sup <Ex[exp </ 4g — g1 —s) st>]
n—oo 0

1 1/2
« Ex[exp (8[0 ' — g —s)|dLs)]) <1

On the other hand, by Jensen’s inequality and (3.8),
1 1
lim_inf E, [exp (/ (¢ =g =9 dB 2 [ (¢~ g1 =) dLs)}
0 0

n—>xXx<

1
> exp(~250p B[ [ 16— g1 —)ldL,|) =1.

x<a
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This, together with (3.9) and (3.10), shows that

1
lim sup (Ex(exp <%/(; (|g/(S)|2 — |g;,(s)|2) ds)

n—00 y <4

1
G.11) xew( [ (&'~ gt -5 ds,

172

1 2
—2f (g’—g;l)(l—s)dLS)—l)> =0.
0

Since g, is C3-smooth, we see from (3.6) with 7 = ¢ = 1 that Ex[(N{‘)z] 18
bounded. Hence, E, [|N1 — N{|[] is locally bounded on (—o0, 0). Therefore, Ny is
P*-integrable and v(1, x) = E,[N1] is locally bounded on (—o0,0). A similar
argument as above shows that E,[(N})?] is locally bounded on (—o0, 0). Note
that

(L, x) — v, (1, x)|

= [Ex[N1 — N{l|

1
sEx[Nl 1—€Xp<% /0 (1g')I? = |g;,<s>|2)ds)

1
X exp (/0 (¢ —g)(1 —5)dB,

—2/01<g; —¢hHa —s)dLs)

]

1
< (E.[(N)*)2 (E(l —exp (% [ gr- |g,;<s>|2)ds)

1
xexp(/o (¢, — )1 —5)dB,

. N 172
—2f <g;,—g/><1—s>dLs)—1)) .
0

By a proof completely analogous to that of (3.11), the second factor in the
last display goes to zero uniformly on compact intervals of (—oo,0). Thus,
lim, 00 v, (1,x) = v(1,x) uniformly on compact intervals in (—o00,0). As
gn converge to g uniformly on [0, 1], by Corollary 3.4, X} converge to X
uniformly. Since v,(1,x — g,(1)) is the density function for X7, we see that
v(1, x — g(1)) is the density function for X;. [

REMARK 3.10. It is shown in Burdzy, Chen and Sylvester (2003) that the
distribution of X; can be singular with respect to the Lebesgue measure at a
boundary point x = g(z) if the L>-integrability of g’ is not satisfied.
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