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GENERALIZED INTEGRATION AND STOCHASTIC ODEs!

By FRANCO FLANDOLI AND FRANCESCO RUSSO

Universita di Pisa and Université de Paris 13

Stochastic forward integrals for processes more general than semimartin-
gales are shown to exist, generalized forms of It6—Wentzell formula and
covariation formula are proved, and one-dimensional stochastic equations
driven by finite quadratic variation processes and semimartingales are solved.
This generalized stochastic calculus is motivated by applications to unique-
ness and dependence on parameters for stochastic equations with nonregular
drift.

1. Introduction. The aim of this paper is to develop a generalized stochastic
calculus for a class of finite quadratic variation processes. It is well known that
the stochastic calculus for semimartingales cannot be extended to more general
processes unless restrictions on the integrands are imposed; see [4]. Follmer [7]
defines integrals of the form fé f(As)dA; for finite quadratic variation processes
(A;) and C! functions f: R — R. Other directions have been explored by Lyons
and Zhang [12] (see also [13, 16]), Lyons [11], Bertoin [2], Z&hle [27, 28], Russo
and Vallois [20], Wolf [24, 25].

Here, given a finite quadratic variation processes (A;), we introduce a class of
processes > constructed from (A;), such that the forward integral (see [20-22])

(1) [ "V,d U,

exists for all U, V € 4A,, and belongs to +4». In fact we can take the integrand V
in a larger class 41 D . The class 4, contains for instance the semimartingales
and the C2-functions of A (and #4; the C!-functions of A). The set #; will be
defined as the set of all processes of the form

Vt = Xt(Az)

where (X, (x), t € [0, T], x € R) is a C* 1t6 field driven by some semimartingale
N = (NY,...,N™), such that (A, N) has all its mutual brackets (see more
detailed definitions below). The procedure to define the forward integral (1) is
a refinement of the method of Follmer [7]. We make use of a Ito—Wentzell type
formula (Section 3), and of various formulas for the brackets of certain processes
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GENERALIZED INTEGRATION AND SDEs 271

(Sections 2.3 and 4). These tools are extensions of previous results of Russo and
Vallois [20-22].

When the basic stochastic calculus for processes of class A, is developed, we
solve non-linear SDEs of the form

t t
@ X, =x+ / o (X d™ As + / b(s, X) dNj.
0 0

We prove that, under proper conditions on the coefficients, this equation has a
unique solution in #A».

Apart from the intrinsic interest in a generalization of the classical calculus
for semimartingales, one of our main motivations was the development of a new
approach, based on these tools to the analysis of the SDE

dX[:b(t,Xt)dt+G(t,X[)th fortE[O, T],
Xo=1x,

3

with b, o: [0, T] x R — R, and (W,) a one-dimensional Brownian motion. We are
interested in the case when b is not (locally) Lipschitz continuous in x. Of course
on this subject there is a large literature, we recall in particular [1, 3, 5, 10, 15,
17,19, 23, 26] or [29]. In the forthcoming paper [6], by means of the generalized
stochastic calculus developed here, we show that one can perform computations
on equation (3) and prove results of uniqueness and regular dependence on
parameters, along lines close to the case of Lipschitz continuous drift. Roughly
speaking, these results can be obtained by certain linearizations of equation (3),
yielding linear equations like

t lao-
@) vf=1+f vsd—As+/ 99 (5. Xy) AW,
0 0 J0x

where
1 9b
A,=/ —(s, Xy) ds.
0 Jdx

In spite of the lack of regularity of b, it is possible to define properly this process A,
which has finite quadratic variation but is not a semimartingale. Then one can
define the generalized integral fé Vs d™ A and study equation (4) in the class ;.

2. Forward, backward integrals and covariation.

2.1. Preliminaries. We first recall some basic concepts. For simplicity all
the processes will be supposed to be continuous. Let (X;);>0, (Y;)r>0, be
real stochastic processes. We recall the definition of, respectively, the forward,
backward integrals and brackets:

: C Xeae— X
f Yd~ X = lim [ y, 22— 2
0 e—01J0 &

ds,
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/ yatx = tim [y, Xs = Xe-ovo
0 e—0*tJo N &

ds,

[X,Y]= lim ! (Xs+e — X5)Ys4e — Yy) ds,
e—0T € J0

provided the limits, taken in the uniform convergence in probability on each

compact interval (ucp) sense, exist. We recall that a sequence X" of real processes

converge ucp to some process X if sup,.r |X} — X;| converges to zero in

probability for all 7 > 0. We denote [X, X] also by [X]. We recall some basic

concepts from [20, 21].

If X is such that [X, X] exists, it is called a finite quadratic variation process.
We denote [X, X] also by [X]. A vector process (X',..., X™) is said to have
all its mutual brackets if [X’, X/] exists for every 1 <i < j < m. In this case
[X?, X7] has bounded variation. We recall that, without the previous condition, a
bracket [X', X2] may exist and not have bounded variation: if f € C O Bisa
classical Brownian motion, [ f (B), B] is well defined but it does not have bounded
variation. For this sake, we can consult for instance [8, 21] and [14] which develop
It6 formula for functions f € C!, or less regular, of the Brownian motion or more
general semimartingale.

REMARK 1.
[X,Y] =/'Yd+x —/'Yd—x
0 0
provided that two of the three previous terms exist.

REMARK 2. If X is a finite quadratic variation process and A is such that
[A, A] =0, then the bracket [ X, A] exists and [ X, A] =0.

REMARK 3. Let X = (X',..., X%) be a vector of real processes having all
its mutual brackets, F, G € C'(R%). Then the bracket [F (X), G(X)] exists and is
given by

d . o
[F(X),G(X)]= Z /0 aiF(X)ajG(X)d[X',XJ].
i,j=1

This includes the case d =2, F(x1, x2) = f(x1), G(x1,x2) = g(x2), f, g € C'(R).

REMARK 4 (Classical 1td6 formula). Let X = (X', ..., X9) be a vector of
real processes having all its mutual brackets such that X I 2 <i<d, are either
semimartingales, or finite quadratic variation processes such that the forward
integrals fé 9; F(X)d~ X" exist (resp. bounded variation processes), X 1 is a finite
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quadratic variation process, F € C 2(RY) (resp. F € C Z1(R x R~1Y). Then the
forward integral fé 91 F(X)d~ X! exists and we have

d t t
_ , —yi — vl
F(Xt)—F(X())—I-i:EZ/O F(X)d™ X +/0 nF(X)d X

(5) :
+3 > / o0f  F(X)d[X', X/]
i,j=1"0
(resp.
d , t
F(X,):F(XOH—Z/ aiF(X)Xm—I—/ WF(X)d x'
(6) i=270 0

t
+3 /0 Ot F(X)dIX', X1]>.

A similar formula with the additional term fé aa—f(s, Xs)ds is true if F depends
also on 7, of class C!.

2.2. It6-Dirichlet fields. Let (2, A, P) be a probability space and ¥ =
(F1)=0 be a filtration. Let N = (N L ..., N™) be a continuous F -semimartingale
(resp. ¥ -local martingale). We shall say that a random field (X;(x), t € [0, T],
x € RY) is a CO It6 field (resp. a C° Ito martingale field) driven by N if it is a.s.
continuous, there are f: RYx Q—R,a': [0,T] x RY x Q — R a.s. continuous,
f being Fy-measurable and a’ being F -adapted for every x, such that

m t . .
%) X0 =f0)+Y) fo a' (s, x)dN.
i=1
Given a continuous £ -local martingale N = (N 1 ...,N™), a random field

(X/(x),t €[0,T], x € RY) is said to be a C° It6—Dirichlet field driven by N if
it can be written as

X (x) = M;(x) + Z;(x)
where (M, (x)) is a C° Itd martingale field driven by N and (Z;(x)) is a strict zero

quadratic variation process in the following sense:

T 2 dt
(8) sup (Zi4e(x) — Zi(x))"— =0 ucp
lx|<R /O £
for all R > 0. We also assume that (Z,(x)) is a.s. continuous in (¢, x), and it is
F -adapted for every x.

EXAMPLE 5. If Z is a Holder continuous process in ¢ € [0, T'] of parameter
o> %, uniformly with respect to x on compact sets, then (8) is verified.
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EXAMPLE 6. If
[T .
Z,(x):Z/ b'(s,x)dV;
i=170

where b’ are continuous fields and (W),e[o,f], i=1,...,1, are bounded variation
processes, then (8) is verified. In particular, a C° It6 field is also a C° Itd—Dirichlet
field.

Finally, we shall be interested in more regular Itd fields. Given a positive
integer k, a CO 1t6 field (X;(x), t € [0, T], x € RY) driven by N of the form (7)
will be called a C* It6 field driven by N if:

() (X;(x)) is a.s. of class C¥ in x, with derivatives in x up to order k a.s.
continuous in (¢, x);
(ii) a' is a.s. of class C* in x, with derivatives in x up to order k a.s. continuous
in (t,x);
(iii) f is a.s. of class ck;

(iv) for every multi-index o = (o1, ..., o¢g) with |o| < k we have
X, (x) %f(x) & /t %al(s,x) .
= + ————~dN..
x« x« ; 0 0x« s

In fact, in the definition of C* It6 field driven by N we could assume only that a’
and f are C k=1in x with Holder continuous (k — 1)-derivatives: the k-derivatives
of the coefficients do not appear explicitly in the statements and proofs, and the
Holder continuity of the (k — 1)-derivatives is used to apply substitution arguments
in some proofs.

The definition of C¥ It6 martingale field is similar, with the only difference that
N is a local martingale.

2.3. Brackets of Ito—Dirichlet fields. The following proposition extends the
result of Remark 3. This is the only result of this paper involving the concept
of Ito—Dirichlet fields. In most of the work we only need It6 fields. However, on
one side the next result on brackets is more properly posed in the most general
framework of It6—Dirichlet fields. On the other side, in other applications, see [6],
it is necessary to compute the bracket of an [t6—Dirichlet field which is not an It6
field.

PROPOSITION 7. Let X = (X;(x),t € [0,T], x € RY), Y = (Y;(x), 1 €
[0, T, x € R?) be two CO Ito—Dirichlet fields driven by a local martingale N =
(N, ..., N™), with decompositions M' + 7', M? + Z2. We denote by a;, the
coefficients of M/, j=1,2,1<i <m. We suppose moreover that M, and M?
are C! It6 martingale fields. Let A = (A, ..., A be a process such that (A, N)
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has all its mutual brackets. Then the bracket [ X, (All), Y, (Atz)] exists and it is given
by

[X(A),Y(A)], = Z / al (s, Ay) - aj (s, As)d[N', N7 ]

i,j= 1
tax
(A )d[A", AV]q
) d m
X,

+X£X;/O ™ 2 (Ay) -l (s, Ag)d[AT, N,

i=1j=

m d ¢

+ZZ/O dl (s, Ay) - (A YA[N', A/,

EXAMPLE 8. If (N',..., N™) is a standard Brownian motion (W!, ..., W™)
then the integral sum in the first line can be replaced by

Z/ ai(s, Ag) - as(s, Ag)ds.
i=170

PROOF OF PROPOSITION 7. For simplicity of notation we give the proof
in the case d =m =1, X =Y. The proof in the general case does not contain
essential differences. We have to prove

t
[X(A), X(A)] = / (a(s, A)*dIN, N1

(10) +/ <
+2/0 axs

Xs+8 (As—l-s) - Xs (As) = Xs—i—s(As—l-s) - Xs+8 (As)
+XS+8(AS) - XS(AS)

) d[A, Al

We can write

so that for r € [0, T'],

1 rt
E/(.) (XS+8(AS+8) - Xs(As))st =hL+DL+13

where

1/t 2
I = g,/() (Xs—i—s(As—l-s) - Xs+8(As)) ds
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2 t
h=> /0 (Xsre(Ayse) — Xore(A9)) - (Xyae(As) — X, (Ay)) ds,

1 t
h=- fo (Xyse(Ay) — Xy (Ay)> ds.

Now I; does not create any problem, since it equals
1 t 1 aXS-i—S 2 i
E /0 (/O T(Av + a(A‘H_g - AY)) d()l) (As+€ - Av) ds

and by usual uniform continuity arguments (see, for instance, the proof of
Proposition 2.1 in [20]), it converges to

19X 2
f( S(As)> d[A, Al;.
0o \ ox

Concerning /3, assumption (8) implies that it converges if and only if it converges
to

1 ! 2
: /0 (My1e(As) — My(Ay))2 ds.

This equals

ds.
X=As

/()Z(JLE [Hga(u,x) dNu)2

Since a(u, x) is Holder continuous in u, we can apply a substitution argument (see
for instance [21], Lemma 3.3) and have

/(:(% /+ alu, As) dNu>2ds.

It remains to show that

(11) /Ot{<%/:+8a(u,As)dNu)

converges ucp to zero.
Using localization techniques, we can suppose that

2
- é(Nere — Ny)*(as, A»)Z} ds

(12) sup |a(s, As)l, sup [[N, N]l,
s€[0,T] s€[0,T]

are bounded random variables. For classical typical localization arguments the
reader can consult [20-22]. Now (11) is equal to
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/Z{L/H_SCI(M,AS)CZNM _L(NS—F(S_NS)CI(S’AS)}
0 \/E s ‘/E
1

1 s+e d
X{(%,/S a(u, Ag)dN, — \/E(Nﬁ_g — Ny)a(s, As))

2
+2 (Nyie — Nyas, A»} ds
£

NG

T 1 s+e 2 1/2
< (/0 7§/s (a(u, Ay) —a(s, Ay))dNy ds)
T 1 s+e 2

><<2'/0 %./s (a(u, Ay) —a(s, Ay))dN,| ds

g [T 172
48 / (NAW—N‘;)zaz(s,As)ds) .
£ J0

Now

a’(s, Ay)ds < C

T (Ngye — Ny)?
/M ds — [N, N1r.
0

/T (Ns+8 - Ns)2
& 0 &

In order to conclude the proof that (11) converges to zero, it remains to prove
the following result:

T
(13) E/
0
To do this, recall (12). We have
T
£,
0
1

T s+e 5
=—/0 E[/ (a(u, Ag) —a(s, Ay)) d[N,N]u}ds

&

2
ds — 0.

1 s+¢e
%/ (alu, Ay) —a(s, Ay))dN,

2
ds

1 s+ée
ﬁ'/ (a(u, Ay) —a(s, Ay))dNy

T ds
:E\/(.) \/1;_8(a(u,As) _a(S,AS))Z?d[N’ N]u

which clearly converges to zero because of Lebesgue dominated convergence
theorem.

At this level we have proved the convergence of /3 to the first term of (10).
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We still have to prove the convergence of />. It can be written as

2 [t 139X
_/ (/ —H_E(As +a(Asgye — As)) da)
o \Jo 0x

e
X(As—i—a - Av) : (Xs—i-s(As) . (Av)) ds.
By usual uniform continuity arguments, it is sufficient to prove that
1 .
= Ao = 40+ (Xere(4) = X,(40) ds
(14) €70 .
= [ ats, AdA, NI, uep.
0

Moreover, it is easy to see that

1 .
. /O (Asse — Ay) - (Zyae(Ay) — Zy(Ay))ds — 0

so in (14) we can replace X by M.
Similarly as for the proof of the convergence of /3, we have

1 t
- / (Asre — Ay) (Myse(Ay) — My(Ay)) ds
£ J0

_ é /OZ(AH - As)<fss+8a(u, x)dNu)

1 t
=- /0 (Ayse — Apa(s, A)(Nyre — Ny)ds

ds
x=Ay

ds

1 t s+e
o [ As>( [ a0 aN, a0 Wi - Ns>)
£ JO s x=Ag

=N+ N
where

Ji— / “a(s, Ay d[A, N];  ucp
0

and by substitution as above,

t 1 s+& 1
JZZ/O <$/S (a(u,AS)—a(S,AS))dNu)ﬁ(AH-g_As)ds

< (/OT(% /SHS(a(u, Ay) — als, AS))dNu)zds>1/2

T 12
x ( / L Ayse — A;)zds)
0o €&

This converges to zero in accordance with (13). The proof is complete. [J
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3. Ito—Wentzell formula. In our applications we need in fact a generalization
of the classical It6 formula stated in Remark 4. It will be of Ito—Wentzell type; see,
for example, [9].

PROPOSITION 9. Let F = (F(t,x),t € [0,T], x € RY) be a C? It6 field
driven by a semimartingale N, of the form (7). Let A = (A',..., A%) be a
F -adapted process such that (A, N) has all its mutual brackets. Assume that the
forward integrals fé %(s, Ay) d‘Ai existfori =2,...,d. Then we have

F(zAt)_F(0A0)+§/a(sA)dN’Jr}j/ (5, Ag)d™ Al
1 t9iF o
_ - L J
(15) +2i’§.:1/0 Txi0%, (s, Ag)d[A", AV

+ ZZf (s A dIN', AT],.

i=1j=1

REMARK 10. In particular, fdg—g(s,As)d_Ai exists. A similar formula
would hold for f; g—)ﬁ(s, A dtAlL

PROOF. We give the proof for m = d =1 for simplicity of notation. Let
s €]0, T[; we have
F(s+e Asre) — F(s, A)) = I1(s, &) + Ir(s, €)
where
I1(s,8) = F(s + & Agpe) — F(s +¢, Ay),
(s, e)=F(s+¢, Ay) — F(s, Ay).

On one side,

/f F(s+¢&, Agre) — F(s, Ay) J
0 )

converges ucp to F (¢, A;) — F (0, Ap). On the other side, since

s+e
bs. ) =/ a(u, A;)dN,

(because A is adapted and because a is Holder continuous in x to apply a
substitution argument; see [21], Lemma 3.3), it is not difficult to show that

/’ (s, ¢) s
0 £
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converges ucp to

t
/ a(u,A,)dN,.
0
It remains to discuss /1 (s, €). This gives
Li(s,8) = Ji(s, &) + Ja(s, &) + Ja(s, &) + Ja(s, &)

where

oF
Ji(s,e) = a(sv Ag)(Asye — Ay),

oF oF
(s, ) = (a@ FeA) =S, AQ)(AH — Ay

19%F 5
J3(s, &) = EW(& Ag)(Asye — Ay,

0x
X (Agpe — Ag)?.

1 3?F 3’F
Ja(s, &) :/ (I— Ot)(—z(s +e, Ay +a(Agye — Av)) - —z(sa Av)) da
0 0x

Integrating from O to ¢ the previous expressions and using similar arguments to
those of the proof of Proposition 7, we get

t d o
lim [ 1. e) %S = / %2 (5, Ay)dIN, Al.
e—0Jo & 0 0x

. . . o 2 .
Using classical uniform continuity arguments for % and pathwise weak

convergence of fé (Asqe — AS)2 % on [0, T'], we also obtain

, ZJ( )ds 1/t 82F( Ad[A, A]
m , ) — = ¢ 5 W, ) )
e—0Jo 3 & 2 Jo 9x2 5o B s

. t ds
hm/ Ja(s,e)— =0.
e—>0J0 £
This forces in particular the convergence of
! ds
[ n6.0
0 e
whose limit is by definition fé %(s, Ag)d™ Ag. The proof is complete. [
4. Existence of forward integrals. From this section we restrict ourselves to

d = 1. Thus A will be a scalar process with finite quadratic variation, and the It6
fields X;(x) will have x € R.
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With the help of the Ito—Wentzell formula, in this section we first show the
existence of the forward integral

t
/ X, (Ay)d~ A,
0

for suitable random fields (X;(x), t € [0, T], x € R); then with the aid of this
forward integral we show the existence of a more general forward integral

t
(16) fo Xy (Ay)d ™Yy (Ay)

for suitable random fields (X (x)) and (Ys(x)). The only assumption on A
imposed below is that the process (A, N) has all its mutual bracket, N being the
semimartingale driving X and Y. Since A in general will not be a semimartingale,
the class of integrand X; (Ay) is a restricted one, but still including semimartingales
and functions of A itself. Apparently, the integration defined in this section is not
a particular case of the known stochastic integration theories.

4.1. Forward integral with integrator A. In this section it is always understood
that (A;) is a continuous F -adapted process.

DEFINITION 11. Given (A;), we denote by Ay the set of processes V; of the
form
Vi = X:(Ay)
where (X,(x), 7 € [0,T], x € R) is a C* Itd field driven by some continuous

F -semimartingale N = (N 1 .., N™)suchthat (A, N) has all its mutual brackets.

REMARK 12. The set A is an algebra, since the space of all C¥ It fields
(X¢(x)) is an algebra (by classical stochastic calculus for semimartingales).

REMARK 13. If (X;(x)) is a C? Itd field of the form (7), so V; = X;(A,)
belongs to 4>, we can use [to—Wentzell formula to express V; as

m t . . 13X,
V,:V0+Z/ al(s,As)dN;+/
170 0o d

(As)d™ A
X

1 192X, "t dal ,
— ———(A))d[A, A /— , A d[N*, Als.
3 [ S5 ot L[] G G- ADdIN', AL

In particular, the forward integral fé % (Ag)d~ Ay exists.



282 F. FLANDOLI AND F. RUSSO

DEFINITION 14. Given a C* 1t6 field X, (x) of the form (7), we denote by
X7 (x) the C*1 1t6 field defined as

X
X,*(x):/o X (x"ydx'
having the representation
m t . .
X¥(x) = f*(x) +Z/ a*(s,x)dN!
: 0
i=1
with
b , X
f*(x)z/ f&Hdx', a’*(t,x)z/ a'(t,x)dx'.
0 0
PROPOSITION 15. The forward integral

t
/ V,d—A,
0

exists for all V. € A1. If Vi = X (Ay), (Xi(x)) of the form (7), then we have the
formula

t m t . .
/ Ved™ Ay = XF(A) — F(Ap) = Y f (s, A,) dN
0 = Jo

1 [t oX;
2Jo ox

a7

m t . .

(A9 dIA, AL, =Y /0 a'(s, A dIN', Al.
i=1

In particular, we have

/. Vs d_As € AZ-
0

PROOF. It is a direct consequence of the I[t6—Wentzell formula and the
previous definitions and remarks. [J

REMARK 16. As announced, the previous proposition proves the existence
of a forward integral for processes more general than semimartingales, which does
not seem a particular case of other theories of generalized integration. Let us notice
that by similar reasonings we can define the backward integral

t
(18) / VedTAs.
0

REMARK 17. Let { be the linear operator

1 AL — LY(Q: C([0, T]; R))
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defined as
V) = '/Ol Ved™ Ay.
Assume that A has zero quadratic variation. Then

@Yy =X} (A0 = (A = Y [ a5 A aN].
i=1

Therefore, the mapping 4 can be extended to +(, and even to processes V; =
X,(A,) where X,(x) is the derivative in x of a C° Ito field (thus X,(.) is a
distribution). However in this case we do not know whether ({V); is a forward
integral.

We complete this subsection with the computation of the bracket of the previous
integrals.

LEMMA 18. Let U,V € A;. Then

. . t
(19) [/ vyd A, [ vsd—As} = [(v,v,aia, a,.
0 0 t 0

PROOF. We can write V; = X;(A;), U; = Y;(A;), where X,(x) and Y;(x) are
C'-1t6 fields given by

20) X0 =@+ [ s,
i=170

1) Y, (x) = g(x) + Z/ a' (s, x)dN!
i=170

(it is not restrictive to take the same driving semimartingales). First we recall
that bounded variation processes give zero contributions in brackets calculations.
Formula (17) implies that the left-hand side of (19) equals

[X (A)—;/(; a'*(s, Ay)dN!, Y (A)—;/(; o (s,AS)dNS} :

t

Proposition 7 and the bilinearity of covariation gives the right member of (19),
after a few easy calculations (see next lemma for similar ones). [

LEMMA 19. Let V € A1, M a F-local martingale, R a continuous
F -adapted process. Assume that [A, M ] exists. Then

. . t
(22) [ / V,d~ Ay, / deMs] _ / V,Ryd[A, M;.
0 0 t 0
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PROOF. We assume the representation (20), with V; = X;(A;). From (17) we
have that the left-hand side of (22) equals

[X*(A)_Z/'ai*(s,AS)dN;',/'RSdMS} .

=1 0 0 t

To [X*(A), [; Rs dM]; we apply Proposition 7 and have
m t . . t
> [ ADRAIN' ML+ [ X, (AR, LA, M.
i=1"9 0

The sum is
t
/ X, (Ay) Ry d[A, M1,
0

completing the proof [since V = X (A)]. U
From the previous facts we can deduce an interesting result.

COROLLARY 20. If 14 is a Dirichlet process, that is, A = M + A, with M
a local martingale and A a process with zero quadratic variation, then for all
V € A the forward integral [; Vs d™ Ay is a Dirichlet process.

PROOF. From the definition of forward integral, the forward integral
Jo Vs d~ A exists (by linearity), equal to

f'vsd—As—/'vdes.
0 0

Then it is sufficient to apply the bilinearity of the covariation and the previous two
lemmata, to show that fd Vs d™ A has zero quadratic variation. Since fd Vs dM; is
a local martingale, the corollary is proved. [

4.2. Forward integral with more general integrator. The following propo-
sition states simultaneously the existence of the announced forward integral
fé X (Ag)d ™ Ys(As) and a generalization of Ito—Wentzell formula to a chain rule.
Setting V = 1, in the next formula, we obtain the previous Ito—Wentzell formula.

PROPOSITION 21 (Ito—Wentzell chain rule). For every V € A1 and U € A,
the forward integral

t
(23) / Vsd™ Uy
0
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exists and belongs to A;. If Vi = X, (A;), Uy = Y (Ay), where (X, (x)) and (Y;(x))
have the representations (20), (21), we have the formula

/Vd Us = Z/ Vsa' (s, Ag) dN!

1t 32 Y
(24) w5 [ vsﬁms)d[A,A]s
+Z/ Vi— (s Ay)d[N', Al;.

REMARK 22. We already know from the previous subsection that the forward

integral
!
| Rea=a,
0
exists if R € 4. In particular here
/ Vi (A )d ™ Ag
exists because V - %(A) € Aj.

PROOF. The proof is very similar to the case V = 1. One has to prove the ucp
convergence of

/f v, Usie(Asqe) — Ug(Ay) d
&

The existence of fo Vs aY T (A )d~ Ay, known a priori from the previous section, is
needed in the proof. We omlt the details. [

The next corollary expresses a nontrivial substitution property.

COROLLARY 23. LetV,Z € A|. We set U, = fé Z,d~ Ag (which belongs to
Ao, SO fé Vs d~ Uy is well defined). Then

t t
(25) / Vs d_Us = / VsZs d_As'
0 0

PROOF. We have to use (24), so we need a representation of U as U; = Y;(A;),
Y having a representation of the form (21). However, we have the additional
information U, = fé Zyd~ Ag, which provides formulas for Y and o' in terms of
the representation of Z € 4. Substituting these formulas into (24) we shall find
the result.
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Assume Z; = X;(A;), X with representation

mo

ro. .
X, (x) :f(x)+2/(; a'(s, x)dN2.
i=1
Then we have (17), with m = mg and N' = N%, so U, = Y;(A,) with
mo t . .
Yi(0) = X7 (0) — M (Ag) = Y fo a'*(s, Ay) AN
i=1

L70Xs 4 dra, Al %/l “(s, A))d[N®", A]
—— ] — , — a'(s, o .
2 0 ax S S P 0 S S
To compare this representation of Y;(x) with (21) we have to take m = 2mqg + 1,

N =N% and do'(s,x)=a’*(s,x) —a'*(s, Ay) fori=1,..., mo,
10X
Nm(H'l — [A, A], (Xm(H_l(S, x) — ___S(AS)’
2 d0x
N =[N% A] and o'(s,x)=—da'(s,A;) fori=mo+2,...,2mo+1,
g(x) = f*(x) — f*(Ag).

Therefore, in (25) we have to substitute

ol (s,x)=0 fori=1,...,mo,
aY;

—(Ay) = X (Ay) = Zs;

dx

and notice that in (25)

! | L Lot 8%y,
/ Vo™t (s, Agyd NPT 4~ / Vi—= (Ag)d[A, Al =0,
0 | 2 Jo ox2

2mo+1 ¢ ) ) mg taOli )

> [ vl agani+ Y [ 26,40 dIN' 4], =0,
. 0 o= Jo ox

i=mo+2 i=1

Therefore (24) reduces to (25). The proof is complete. [
Finally, let us compute the covariation of these new integrals.

PROPOSITION 24. Let U,V € Ay, ®, ¥ € Ay. Then

. . t
U Usd_CDS,/ vsd—ws} :f UV, d[®, ;.
0 0 t 0

The proof is a not difficult exercise based on the bilinearity of the covariation,
the representation (24), Lemma 18, Lemma 19 and Proposition 7.
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4.3. Processes of class A;. We have introduced processes of the form V; =
X:(A;) and we have developed some rules of calculus for these processes. In
comparison with the classical Itd calculus, it would be interesting to have a
representation of these new processes as sum of stochastic integrals and to have
rules of calculus based on this representation.

LEMMA 25. A process V is of class Ay if and only if it has a representation
of the form

m t . . t
(26) Vi=Vo+ Y. fo ol (s)dN! + /0 y(s)d ™ Ag
i=1

where o' and y are continuous F -adapted processes, with y € Ay, Vo is
Fo-measurable and N = (N',...,N™) is a continuous F -semimartingale,
(A, N) with all its mutual brackets. Similarly, we can say that a process V is
of class ) if and only if it has a representation of the form

t
Vi=Vo+ Y+ [ y@d A,
where Y is a continuous ¥ -semimartingale, (A, Y) with all its mutual brackets.

This result is a rewriting of formula (17) in one direction, and of Proposition 15
in the opposite direction (the semimartingales may change from one representation
to the other).

REMARK 26. The decomposition of a process V of class +; in general is not
unique.

REMARK 27. If A is a Dirichlet process, then every process of class 43 is a
Dirichlet process. This follows from Corollary 20 and the representation (26).

Some basic rules of calculus based on this representation are expressed by the
following proposition. The assumption F € C!* is stronger than the classical
one. It is needed, in view of the following remark, to have that %(X tl (Ap), ...,

X"(A,)), where Xi(A,) = V!, is of the form Y;(A,) with (Y;(x)) an Ito field [we
need to apply It6 formula to the composition g—; (X tl (x), ..., X} (x)].

REMARK 28. If X'(A),..., X"(A) € A,, and ¢ € C3>(R"), then
o(X1(A),..., X"(A)) € Aj.
Indeed, by Itd formula, (¢, x) — go(th (x),....,X!(x)) is a C! 1to field [we omit

82(p
dykayh

the full computation; for instance, the term (X sl (x), ..., X% (x)) appears in



288 F. FLANDOLI AND F. RUSSO

the Itd representation of ¢(X tl (x),..., X (x)), and this term is of class C Uin x
since ¢ is of class C3 and Xl(x) ., X}'(x) are of class C? in x]. In the next
proposition we apply this remark to ¢ = aF

PROPOSITION 29. Let V!, ..., V" € s, and F(t,x1, ..., x,) of class C14.
Then

F@, V', .. ,VHY=F©,Vy,...,V}

=L [1OF ! .
@7 3 [ el vy
im1 0 axi

— Vi ovmydrvi, v
Z/ ax,axJ(S § s)dl ls

where the brackets exist by Proposition 7, and the forward integrals exist by
Proposition 21 (the integrators belong to Aj, the integrands to A by the
previous remark). Moreover, as in the case of semimartingales, we can make the

substitution in the forward integrals:
TOF
o VL VhdT v

(28) _Z / ta—F( v vk (s)dN!

[ —(s Vi Vs d AL
where aF and y* are the coefficients of V¥ in a representation of the form (26).

The Itd formula (27) is an application of the classical It6 formula of Remark 4:
the process (V!, ..., V") has all its mutual brackets and the forward integrals exist.
Equation (28) is a consequence of (26) and Corollary 23.

5. On a SDE driven by a finite quadratic variation process and a semi-
martingale. We are interested in the well posedness of the following SDE:

t t
(29) X;=x+/ o(Xs)d_As+/ b(s. X,) dN,
0 0

where N is a ¥ -semimartingale, A is a continuous F -adapted process such that
(A, N) has all its mutual brackets. We make also the following assumptios on o
and b:
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(i) o € C*(R), o/, ¢” bounded;
(1) b: Ry x R x © — R is a.s. continuous and Lipschitz continuous in the
second argument, and ¥ -adapted.

The main result of this section is the following theorem.
THEOREM 30. There is a unique ¥ -adapted solution in A to equation (29).

We only give an outline of the proof, since it is rather classical as soon as the
previous stochastic calculus is established. The main tool in the proof is the so
called Doss—Sussman transform as in [22]. Let F: Ry x R — R be defined as the
unique solution to

oF
N U,y = F ) )
o (r,x) =0 (F(r, x))
FO,x)=x.

We have that F(r, .) is a C*-diffeomorphism on R. We set
H(r,x)=F~'(r,x),

the inverse being taken with respect to the second variable x. H is again of
class C4.

The basic idea of the proof of uniqueness in Theorem 30 is the application of It6
formula to H(A;, X;). This will involve mutual brackets between A and X where
X is a solution to (29).

LEMMA 31. If X € A satisfies (29), then

t
(X, X]; = fo o2(Xy)d[A, Al
t t
12 / o (X,)b(s, X,) d[A, N1, + / b2(s, X,) d[N, N1,
0 0
t t
(X, Al, = fo o (X;)d[A, Al + fo b(s. X,) d[A, N1;.

PROOF. In Section 4.3 we showed that X admits a suitable decomposition
(26). In particular, since X solves equation (29), we use the decomposition given
by the right-hand side of (29). Then the claims follow easily from Lemma 18 and
Lemma 19. [

Let us outline the proof of uniqueness. Let X be a solution to (29) and let
Y; = H(A;, X;). By the classical It6 formula (remark 4), lemma 31, and direct
computations on the partial derivatives of H, it is not hard to prove that



290 F. FLANDOLI AND F. RUSSO

Cb(s, F(As, Y,)) I [100'(F(A,Y))
Y, =Y ——— " dN; — = —— " d[A, A
’ 0/0 Ty T2k TGy A
, o' (F (A, Y,))
(30) — | bs, Feay, Y) T A, N,
/o 8E (As. Yy)

1 rt Ag . bz(s, F(Ag, Yy))
! Fu, Yy)d dIN, N1,.
2 0</0 o (F . 1) ”> @A, yoe N

Therefore Y solves a classical semimartingale driven SDE, treated for instance in
[18]. Equation (30) admits a unique adapted solution and therefore uniqueness for
(29) is established.

Existence follows through similar arguments applying It6 formula to X, =
F(A;, Y;), Y being the unique solution to equation (30). This completes the proof
of Theorem 30.

REMARK 32. The result of Theorem 30 can be extended to equation (29)
generalized to the case when there is a finite number of semimartingales, say

t noopet .
Xo=x+ [o(X)d A+ Y [ (s Xp)an.
0 —=Jo

An important particular case is given in the affine case: o(x) =x, N' = N,
Nt2 =1, bl(s,x) = x, b*(s,x) = ¥s, where y is a given continuous ¥ -adapted
process.

Next result is directly used in [6], and it can be derived from Theorem 30,
according to the previous remark. However, with the rules of stochastic calculus
proved above, a proof of this theorem can be given along the lines of the proof for
the semimartingale case.

THEOREM 33. Consider the linear (or more precisely affine) SDE

t t
31) Xl=x+/ xsd—Ys+/ g5 ds
0 0

where Y = A + N, with N a continuous ¥ -semimartingale and A a continuous
F -adapted process such that (N, A) has all its mutual brackets, and g is an
adapted process with integrable paths. Then there is a unique solution in A3, given
by

t

(32) X, = U, <x + f U g ds)
0

where

(33) U, =exp(Y; — Yo — 5[Y1,).
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