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STABILITY OF THE OVERSHOOT FOR LEVY PROCESSES

BY R. A. DONEY AND R. A. MALLER1
University of Manchester and University of Western Australia

We give equivalences for conditions like X (T'(r))/r — 1 and X (T*(r))/
r — 1, where the convergence is in probability or almost sure, both as
r — 0 and r — 00, where X is a Lévy process and 7T (r) and T*(r) are the
first exit times of X out of the strip {(t,y) : ¢ > 0, |y| < r} and half-plane
{(¢,y) :t >0, y <r}, respectively. We also show, using a result of Kesten,
that X (T*(r))/r — 1 a.s. as r — 0 is equivalent to X “creeping” across a
level.

1. Introduction. Our Lévy process has exponent W (6), so that Ee!/X(®) =

e YO where

W(O) =100 —iyo + (1 — €% 4+ i0x 1y <1)) T1(dx),

(—00,00)
(1.1)
0 elR,

and IT is a measure satisfying
(1.2) / (x2 A 1MI(dx) < oo.
(—00,00)

We use the functions (all on x > 0)
N(x) = TI((x, 00)), M (x) =TI((—00, —x)),
L(x)=N(x)+ M(x), D(x)=N(x)— M(x),

1
AW =y + D)~ [ Dydy=y +/( | yAD() +xD)
and
Ukx) = o’ +2/X yL(y)dy.
0

As is explained in Doney and Maller (2002), A and U play the rdles that the
truncated mean and truncated variance do in the random walk situation.

We assume throughout that L(0+4) > 0; in the contrary case X is either a pure
drift, or a Brownian motion, and our results are essentially trivial.
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OVERSHOOT IN LEVY PROCESSES 189

2. Stability of X at 0. We begin with weak stability. Define the “two-sided”
exit time

(2.1) T(r)=inf{t >0:|X(t)| > r}, r>0.

THEOREM 1. We have

(2.2) M B asrio,
if and only if
(2.3) X € Dg(N)URS (at0).

To explain (2.3): Do(N) (at 0) is the domain of attraction of uncentered X
to normality, as t | 0; precisely, X € Do(N) (at 0) if there is a non-stochastic
(measurable) function b(¢) > 0 such that X (¢)/b(¢) g N@,1)asz | 0.

RS (at 0) is the class of processes relatively stable at 0; X € RS (at 0) if
there is a non-stochastic b(¢) > 0 such that X (¢)/b(t) —P> 41 as ¢t | 0. Equivalent
analytic conditions for Do(N) and RS (both at O and at oo) along with further

discussion are in Doney and Maller (2002). In particular under our assumption
that L(0+) > 0, we have that X € Do(N) (at 0) if and only if

Ux)

RN
x2L(x) + x|A(x)|
and when this happens U (x) is slowly varying as x |, 0. Also X € RS (at 0) if and
only if 0> =0 and

|A(x)] x|A()]

— 00 or, equivalently,
xL(x) U(x)

2.4)

00 asx | 0,

(2.5)

— 00 asx | 0,

and in this case A(x) is slowly varying as x | O.

Do(N) (at oo) and RS (at co) are defined in an exactly analogous way, and we
have X € Do(N) (at oo) if and only if (2.4) holds (with x — oo rather than x |, 0),
and X € RS (at 0o) if and only if (2.5) holds (with x — oo rather than x | 0).

We mention a result related to Theorem 1 which crops up during the proof of
the theorem:

THEOREM 2.
(2.6) w istightasr | 0,
if and only if
2.7) lim lim sup LGk

oo Lor XA +U®)
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The next theorem characterizes a.s. stability.

THEOREM 3. We have

[ X(T (r))| as.

—_—
,

(2.8) 1 asr |0,

if and only if

1
29) ¢2>0 or 62=0, /L(x)dx<oo and 8= lir(r)1+A(x);é0.
0 X—>

REMARK 1. It should be noted that the two situations in which (2.9) hold are
completely different. In the first case the probability that X exits the interval at the
top tends to 1/2, whereas in the second case X has bounded variation, § is its drift

coefficient, and X (T'(r))/r 231if8>0and 23 —1if 8 < 0.

Now define the “one-sided” exit time
(2.10) T*(r):inf{t>0:X(t) >r}, r>0.

Let Z be the upward ladder height subordinator associated with X, and let 1 be
its drift. (Similarly Z_ will be the ladder height process for —X, and §_ its drift.)
Define

(2.11) Ti(r)=inf{t >0: Z (t) > r}, r>0.
Then clearly
(2.12) X(T*(r)) = Z4(T5 ().

THEOREM 4. We have

X(T*(V)) a.s.

_—
,

(2.13) 1 asr |0,

if and only if 5+ > 0.

REMARK 2. The process X is said to creep across the height ro > 0 if its
overshoot X (T*(rp)) — ro at rg is zero with positive probability, that is,
(2.14) P{X(T*(ro)) =ro} > 0.

Millar [(1973), Corollary 3.3] shows (under some basic assumptions) that X
creeps across (some) rg > 0 if and only if

(2.15) P{X(T*(r))=r}—1 asr |0

[and then (2.14) holds for all ro > 0]. This suggests a connection of creeping with
the (weak) stability of X (7*(r)). In fact, the connection is closer with strong
stability, as Kesten (1969) showed that X creeps (at some, hence all, r > 0) if
and only if 64 > 0. Thus we have:
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COROLLARY 1. X creeps if and only if (2.13) holds.

So far we do not have an analytic equivalence for (2.13), but one is conjectured
in the next section.

REMARK 3. The above discussion suggests saying that the modulus creeps
across the level rg > 0 if

(2.16) P{|X(T (r0))| =ro} > 0.

An interesting problem is that of finding a necessary and sufficient condition,
in terms of the characteristics of X, for (2.16) to hold. In view of the one-sided
results, it is tempting to think that (2.16) is equivalent to (2.8). However there
are examples of Lévy processes which have infinite variation and no Brownian
component [so that (2.9), and hence (2.8) fail] which have § > 0, and then (2.16)
holds.

3. Stability of X at co. The next three results parallel Theorems 1-3 of
Section 2; their proofs are merely sketched in Section 6.

THEOREM 5. We have

@3.1) M—’ll asr — oo,

if and only if

(3.2) X € Dp(N)URS (at c0).
THEOREM 6.

3.3) w is tight as r — 00,

if and only if

(3.4) lim limsup L)

0o xome XA+ UGX)

THEOREM 7. We have

| X(T ()] as.
e ﬁ
,

(3.5)

1 asr — o0,

if and only if
(3.6) EX’<o00o and EX=0 or 0<|EX|<E|X|< oo.
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REMARK 4. It should again be noted that the two situations in which (3.6)
hold are completely different. In the first case the probability that X exits the

interval at the top tends to 1/2, whereas in the second case X (7T (r))/r 1if
EX>0and > —1if EX <0.

Finally we consider one-sided stability at co.

THEOREM 8. Assume X oscillates as t — 00. Then the following are equiva-
lent:

X(T*() as. ]
r

3.7)

asr — oo;

(3.8) X(T*(r)) —r istight as r — oo;

(3.9)  X(T*(r))—r has a (proper) limiting distribution as r — 00;

(3.10) E(Z4+(1)) < o0;
(3.1D) E(X(T*(r))) < o0 forallr > 0;
(3.12) E(X(TT*(}’))) — 1 asr — oo,

EIX()| <00, E(X(1)=0 and

(3.13) 7 __/ xN(x)dx o
T ooy fy dy [T M(2) dz

Alternatively, if X () — oo a.s. as t — 0o, then (3.7)—(3.12) hold if and only if
0<EX(1)<E|X(1)| < o0.

REMARK 5. Note that when X oscillates M (0+) > 0, so the denominator
in (3.13) is positive. The oscillatory behavior of X as t — oo is well understood.
Rogozin (1966) shows that lim;_, o, X; = 00 a.s., lim;_, oc X; = —00 a.s., or

—oo =liminf X; < limsup X; = +o00 a.s.
=00 t—00

Integral tests for these [based, essentially, on results of Bertoin (1997)], are in
Doney and Maller (2002).

REMARK 6. We conjecture that a variant of the integral in (3.13) is the right
one to test for “creeping,” that is, a.s. stability of X (T*(r))/r, as r | 0; namely
/1 N(x)dx

0

(3.14) — <0
[ M(y)dy
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4. Preliminary results for the proofs. Our first result is similar, in content
and proof, to Proposition 2 of Bertoin [(1996), page 76]. Let

U,(dy)z/oooP{ sup |X(u)|§r,X(t—)€dy}dt.

O<u<t
LEMMA 1. For0<|y| <r < |z| we have

(4.1) P{X(T(r)—)edy, X(T(r)) edz} = U,(dy)l1(dz — y).

PROOF. Write A; = X(t) — X(¢—) for the jump in X at time ¢ [we will
sometimes write A(z)]. We proceed as in Bertoin, using the “compensation
formula” [Bertoin (1996), page 7] to get, for Borel functions f(-) and g(-), and
r>0,

E(f(X(T(r) =))g(X(T (1))
= E(Zf(X(t—))g(X(t))l{T(r) = t})

t>0

= E(Zf(X(t—))g(X(t—) +A)

t>0

X 1{ sup | X(m)| <r, | X(t—)+ A/ > r})

O<u<t

:/()ooth(f(X(t—))l{ sup |X(u)|§r}

O<u<t

X /Oo g(X@t—)+s){|X@t—) + 5| > r}l'I(ds))
= [ ar[ gy + )TI(ds)
0 lyl<r s:|y+s|>r

xP{ sup | X(w)| <r, X(t—)edy}

O<u<t

:/| . f(y)g(z)rl(dz—y)fo P{ sup |X(u)|§r,x(t_)edy}dt
ylsr Jz|>r

O<u<t
= FO@TEz — y) Uy (dy).
lyl<r Jlz|>r
and the result follows. [
COROLLARY 2. For|z|>r >0,

4.2) P{X(T(r)) edz}=/| M(dz — y)U,(dy).
yi=r
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COROLLARY 3. Forallx>0, r >0,

P{X(T(r)|—r>2r}

(4.3) = {(A +7 —y,00) + (=00, —=(h +r + )} U, (dy)

lyl<r

:/| {[NO+r—y)+ MO +r+y)}U(dy).

Corollary 3 generalizes Proposition 3.1 of Griffin and McConnell (1992).

COROLLARY 4. Forallr >0, A > 1,

)< {|X(7;<r>>| >A}

4.4) L((A+Dr)E(T(r) <P < L((. = Dr)E(T(r)).

PROOF. Replace A by (A — 1)r, where A > 1, in Corollary 3 to get

P{X(T(r))| >Ar}:/| (NAr —y) + M(r + y))Ur(dy)
yIsr

< (N(()» — 1)7‘) + M(()» — l)r))Ur([—r, r])
=L((x —Dr)E(T(r)),

because

0

U, ([-r.r]) P sup |X(u)|§r,|X(t)|§r]dt
0<u<t

0
4.5) :/ P{ sup |X(u)|§r}dt

0 O<u<t

_/ {T(r)>t}dt=E(T(r)).

Similarly,

P{X(T ()| > A} = L((x+ Dr)E(T(r)),

and the result follows. [

The next lemma is based on inequalities of Pruitt (1981). Let

X(1)= sup [X(s)]

0<s<t

and write

4.6) k(x) = x_llA(x)H—x_zU(x), x> 0.
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LEMMA 2. There are positive constants c1, ¢, c3, ¢4 such that, for all r > 0,
t>0,

@4.7) P{X(t)>r} <citk(r),  P{X(t) <r}< tkc(zr)
and
c3 c4
Moreover,
4.9) % < k]:?x);) <3 forallx>Oand i > 1.

PROOF. Pruitt gives (4.7), but using a certain function 4(x) in place of our
k(x), and he also takes o2 = 0; assume this for the moment. A straightforward
calculation shows that Pruitt’s £ (x) is, in our notation,

|A(x) —xDx)|  Ux) v+ [oqydDOD)|  Ux)
= + = + 7

h(x)

X X X
Since [D(x)| < N(x)+ M(x)=L(x) < U(x)/xz, we have immediately that

|A(x)] + U(;C)) 2k (),
X

h(x) 52(

Also
[A(x)|  Ux)
+ )

D
< ly +f(x,1]yd I xL() + U(x)
X

k(x)=

x2

+ Jx.11ydD 2U
< ly f( 11ydD()] + gx) <2h(),
X

X

In other words, for all x > 0,
k() < h(x) < 2k(x).

Thus indeed (4.7) holds, provided we can insert o2 in the definition of U (x), as
we have it. A perusal of Pruitt’s proof shows that we can do this (just replace his
process X' by X! 4+ o2 B, where B is an independent BM). Hence (4.7) holds.
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Now for A > 1,
kOux) = [A(xA)|  U(xh)
XA (xA)?2
A (=1 Ux) (*—1L(x)
(4.10) < ") + ; L(x)+ )2 Iy
< [A(x)] 3U(X) < 3k(),
X x
Also
k() < 'A(j 2Ly )+L
[AAx)] A—=DUKx) U(x)
=4 AX + x2 + x2
AIA;);X)I A3U(zxz) <33k0w0).
This gives (4.9).

The proof of (4.8) is essentially the same as that of Pruitt’s Theorem 1. First
note that for y > /2, X(y) = X(y) — X(¢/2) is independent of X(¢/2), so for
r>0,

P{X(t)<r}= P{Y(t/Z) <r, sup |X(1/2)+ )?(y)\ < r}
t/2<y<t

P{X(t/2) < r}P{ /2sup X)) —X@/2)| < 2r}
t/2<y<t

P{X(t/2) <r)P{X(t/2) <2r) < (P{X(1/2) <2r})".

So, for any N > 0,
E(T(r))—/oo {T(r)>t}dt= /OOOP{Y(z) <r}dt
<N+/ X(t) <r dt

<N+/ P{X(t/2) <2r})dt

=N 2/ P{X(t)<2r})"dt <N +2 S —
+ ® r}) =N Ny2 12k2(2r)

4c2
Nk2Q2r)




OVERSHOOT IN LEVY PROCESSES 197

Now choose N = 1/k(2r) and use (4.9) to get

1+4c3

4.11) E(T(r)) < Ko Sk

For a lower bound, note that t < {2c1k(r)}_1 implies P{X(t)>r}<1/2 by (4.7),
SO

BT {2c1k(r)}~! pI% p {2c1k(r)}~! 1d 1
> 1)< > —dt = ,
( (r))—/o X =rl —/o 2T dek(r)
which together with (4.11) gives (4.8). U
For the one-sided case, let
o0
U (dy) :/ P{X(t—) edy, X*(t—) <r}dt,
t=0

where

X*(t)= sup X(u).

O<u<t
Similar working to Lemma 1 gives:
LEMMA 3. Suppose U}((—o0o,r]) < oo for all r > 0. Then for —oo <y <
r<z,
(4.12)  P{X(T*(r)—) edy, X(T*(r)) edz} =T1(dz — y)U} (dy).

COROLLARY 5. Suppose U} ((—oo,r]) < oo for all r > 0. Then for z>
r>0,

(4.13) P{X(T*(r)) € dz} =/ [(dz — y)U}(dy)
y=r

and

(4.14) P{X(T*(r))>z}= N(z—y)U(dy).
y=r

5. Proofs for Section 2.

PROOF OF THEOREM 1. From (4.4) and Lemma 2 we see that there are
constants ¢3 > 0, ¢4 > O such that forall A > 1,7 > 0,

2 2 _
c3r“L((A+ Dr) < P{ | X (T (r))| >A} < carL((A 1)r)'
rlA(r)|+U(r) rlA(r)|+U(r)

(5.1)

r
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Hence we obtain using (4.9): | X (T'(r))|/r —P> 1 asr | Oif and only if

rlA(r)|+U(r)

—_ > 00
r2L(r)

The next lemma, based on Proposition 3.1 of Griffin and McConnell (1995) [see

also Lemma 2.1 of Kesten and Maller (1998)] allows us to break (5.2) up into
component parts [cf. Griffin and Maller (1998)].

(5.2) asr | 0.

LEMMA 4. In the following, (5.3) implies (5.4) and (5.5), and (5.5)
implies (5.3):

x|A(x)|+ U(x) N

(5.3) 2L asx | 0;
5.4 AW —0 asx |0 or liminfxlA(x)| > 0;
U (x) xl0 - U(x)
(5.5 A —>0o0 asx |0 or v) —> o0 asx|O0.
xL(x) x|A(x)| + x2L(x)

PROOF. Let (5.3) hold. Suppose (5.4) fails, so

A A
(5.6) imsup 2 0 and timine A o,
o U) xJ0 Ux)

Then, by the continuity of A and U, we can find ¢ > 0 and r¢ | 0, s¢ | O with
rr < S such that

A A

5.7) Aol slAGw)l e

U(re) UG) 2
and

YIAQ)|
(5.8) < for all y € [rg, si].
Uy
Take a further subsequence if necessary so that
(5.9) % aell ool
Tk

Choose a constant D > 1 as follows: if A < oo take D = A + 1, otherwise D > 1
is arbitrary. Then choose n = n(e, D) > 0 so that
1+ ne + ne?

(5.10) ———————— <D A3)/2.
1—n—ne
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By (5.3) we can assume ry so small that

U
5.11) mL(m)s%( i”") +|A<rk>|).
Take any y € [rg, Dri]. Then
1 y
AG)| = \y +D) = [ D@ dz| 214601 - | [ Do dz
y Tk

> |A(ri)| — yL(ri) = |A(ri)| — DriL(ry)
ne (U (k)
> |A(rk>|—5( :

+|A<rk>|) [by (5.11)]
> JAGY| = nelAGI(1/e + 1) [by(5.7) and D > 1]
— (1= n—ne)lAGD.

Next,
) y y
U =0 +2/0 zL(z)dz=U<rk>+2/ L(z)dz
Tk

S U@+ y* L) U ) + D*riL(ry)
S U@ +ne(U i) +relAGrp)|) - [by(5.11)]
= (14+ne+neHU@r) [by 5.7)].
Consequently, for y € [ry, Dry],
AW (1) (I —n—ne)nl Al _ (1) d—n—ne)
U(y) re/) (14 ne +ne2)U (rg) /) (14+n+ne?)
If A < oo take y = s in (5.12) to get [by (5.7)]

But by (5.10) the last quantity exceeds 2¢/3, giving a contradiction. If A = oo take
y = Dry in (5.12) to get

DrklA(Drk)|> (1—71—7)8)8
UDry) ~—  (+n+ns?)

But since Dry < sy for large k (since si/ry — 00), Dry € [rg, Sk], so (5.8) implies
that the left-hand side of (5.14) is no greater than e. Again this is a contradiction.
Hence ( 5.3) implies (5.4).

If (5.3) holds then x|A(x)| = o(U (x)) from the left-hand side of (5.4), which
together with (5.3) gives the right-hand side of (5.5), or else U (x) = O(x|A(x)])

(5.12)

(5.14) >¢€ [by (5.10)].
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from the right-hand side of (5.4) which together with (5.3) gives the left-hand side
of (5.5). Finally, (5.5) obviously implies (5.3).
Theorem 1 is now immediate from (5.2), Lemma 4 and (2.4)—(2.5). 0

PROOF OF THEOREM 2. This is immediate from (4.4) and (4.8). [
Next we aim to prove Theorem 3. The following results are needed.

LEMMA 5. We have

1
(5.15) /0 xL(x)dx

— <
x|Ax)|+ U(x)
if and only if

1
(5.16) 62>0 or o*=0, /L(x)dx<oo and 5=11%A(x)7eo.
0 X

PROOF. Clearly (5.16) implies (5.15). Let (5.15) hold. If 02 > 0 then (5.16)
holds, so suppose o> = 0. Our first step is to show that (5.3) holds. To this end
note that, by (4.9), y < x implies k(x) < 3k(y), thus, given ¢ > 0, we can choose
y so small that

8>/2Y L(x)dx/x
Ny JAWI/x +U(x)/x?

- 1 /2y L(x)dx - L(2y)log2 g L(2y)‘
3k(y) Jy x 3k(y) k(2y)

[We use f(y) < g(y) to mean that f(y)/g(y) is bounded away from 0 and oo for
all sufficiently small (or large) y.] Hence (5.3) holds.

Now (5.3) implies, by Lemma 4, that (5.5) holds. If the right-hand side of (5.5)
holds, so that x|A(x)| = o(U (x)), and since o2 =0, (5.15) gives

/UcL(x)dx_ I xL(x)dx
o U  Jo2ffyL(y)dy’

which is impossible. Thus the left-hand side of (5.5) holds, and 02 =0, so
U(x) =o0(xA(x)) by (2.5). Then (5.15) gives

L L(x)
(5.17) /0 AG] < 00

Suppose fOIL(x) dx = 0o. Then

1 1
]A(x)\f]y—FD(l)\—F/ L(y)dyfv/ L(y)dy as x | 0.
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But this is impossible, according to (5.17). Hence folL(x) dx < oo and so § =
lim, oA (x) exists. If 6 = 0 then
X X X
awi=|s+ [ Doar|=|[ Dora| < [ Loy,

which again is impossible by (5.17). Thus § # 0 and again (5.16) holds. [J

LEMMA 6. Forr >0and0 <¢ <2,

(5.18) P{|A(T ()| > er} < L(er)U, (-1, r]).
Forr>0andn > 2,

(5.19) P{A(T ()| > nr} = Lnr)Us([—r, 7).

PROOF. By Lemma 1,

P{A(T(r))| > x}
=P{X(T(r)) > X(T(r) =) +x}
(5.20) + P{X(T(r)) < X(T(r)—) —x}

_ (f +f )mdz—y)Ur(dy).
lyl<r \Jz>@+x)vr 2<(y=x)A(=r)

By evaluating the inner integral we check the obvious fact that if x > 2r,
P{A(T ()] > x} = MU, (I=r.71) + N@)Ur (=1, 7])
= L(x)U,([~r,1]),

which establishes (5.19). When 0 < x < 2r, the same calculation gives

PUAT@)| > x) = | NG — WU, dy) + N Uy ((r — x. 7))

—r<y<r—x

+ M) U, ([—r, —r +x]) + M(r + y)U,(dy).

—rtx<y<r
Now put x = er, 0 < & < 2. Then the right-hand side of this does not exceed
N(EerUr([—r, (1 = &)r]) + M(er)U,((—(1 — &)r, r])
+ N(er)U,((1 —e)r,r]) + M(er)U, ([—r, —(1 — &)r])
= L(er)U,([-r,r]),
which establishes (5.18). [
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PROOF OF THEOREM 3. Let (2.9) hold, so by Lemma 5,
/1 L(x)dx /‘1 xL(x)dx
= <0
0 xk(x) 0 x[AX)|+U(x)

Choose 0 <A <land0<e < 1.ByLemma?2, U,([—r,r]) = E(T(r)) < 1/k(r),
and by (4.9), k(er) < k(r). So by (5.18), for some ¢ > 0,

(5.21)

Ler) _ M L(ey)dy
P{|A(T O A<
o PIATOM)[ > e} <c )] k(exn) — Z 1 =X Jant1 k(eA™)
n>0 n>0
_3a7 /*" L(ey) _3ch™> (1 L(ey)dy
- 1_)\’ antl yk({-jy) y_ 1—)L 0 yk(g)’)

B 3cr3 /5 L(y)dy
1= Jo yk(y)
Thus
AT (A"
(5.22) % — 0 a.s.,asn— o0.
It follows that, for all large n,
< |X(TAM)|=|X(TA") =)+ A(TAY)| <A +0o(") as.,
SO
|X(T(™M)|/A" -1 as.,asn— 0.
Then, given r > 0, choose n = n(A, r) such that At < < A7 This gives
X(T X (T 1
1 < X(T )l < X(T A — — as.,asr—>0+.
r antl A
Then let A 1 1 to get (2.8).
Conversely, let (2.8) hold. Then, as n — oo,

AT @) _ [XTE™) = X(T 2] a

SU+e)+1=2+e

2—}1 2 n
Thus
(5.23) P{A(T2™)| > (2+¢&)27"i0.} =0.
Suppose we have
(5.24) Y P{A(T@™)] > 24)27"} < .

Then, using (5.19) and the same sort of manipulations as in the first part of the
proof, we get

1
(5.25) /(‘) xL(x)dx

—_— <00
x[A(x)|+ U (x)
hence, via Lemma 5, we have (2.9).
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So we need to deduce (5.30) from (5.23). We do this using a version of
the Borel-Cantelli lemma, modifying the working of Griffin and Maller (1998).
With ¢ > 0 fixed put r, =27", x, = 2+ &)r, and B, = {|A(T (ry))| > xn}, so
that (5.30) is Y_ P(B;) < o¢. Then for 1 <m <[ < oo we have P(B,, N B;)
=0 + Oy, where

(5.26) @1:E< > 1{T<rl)=z,T<rm)=u,|A,|>x,,|Au|>xm}>

0<t<u<oo

and

(5.27) ®2=E< Z 1{T(r1)=t,T(rm)=t,|At|>xm}>.

0<t<oo

To estimate ©, note that on the event {T (r;) =t, T (r,,) = u} we have X (t—) <1y,
and sup,_,_, | X(z) — X(#)| < 2ry. Thus O is not bigger than

E( > {Xaor=n. sup |X<z>—X<r>|szrm,|At|>xz,|Au|>xm]),

<z<
0<t<u<oo I=z<u

and this equals

3 P{Y(r—)srz,|A,|>xz}P{ sup |X<z>|szrm,|Au_,|>xm}

0<t<u<oo 0<z<u—t

(5.28) = (/Ooo P{X(t—) <rj}dt L(xl))</ooo P{X(v—) <2rp}dv L(xm)>
= E(T(rl))L(xl)E(T(Zrm))L(xm).

Similarly, on the event {T (r;) = T(r,,) =t} we have X(t—) < r;, and |A;]| >
Fm — i, SO

®; < E(Z WX =) < | A > X A (i —n)})
t>0

(5.29)
< E(T(r))L(rm/2).

Since E(T(r)) < 1/k(r) as r — 0 by (4.8), we can find bounds for (5.29). In fact
we have, for some ¢ > 0,

- cL(x;)L(xp)

©-30) O = k()

= P(By)P(B)) [by (5.19)].
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At this point we note that (2.8) implies the weak stability of | X (7' (r))| at O,
so by Theorem 1, X is in RS (at 0) or in Do(NV) (at 0). In the first case A(x) is
positive (say) and A(x)/x dominates U (x) /x2 (by (2.5)), while in the second case
U(x) /x2 dominates A(x)/x at O (by (2.4)). In other words k(x) is asymptotically
equivalent to A(x)/x or to U (x) /x2 as x | 0. Now, as mentioned in Section 2, in
the first case A(x) is slowly varying and in the second case U (x) is slowly varying,
so k(x) is regularly varying with index —1, or regularly varying with index —2, as
x | 0. So, for A > 0,

k(Ax)
k(x)

Thus by well known uniform bounds for regularly varying functions, certainly
there is a ¢ > O such that forall A > 1, x > 0,

—rtora™2 asx | 0.

k(Ax) c
531 <
63D k)~
From this it follows that
(532 Lm/D __cLUw/2D € pp by (5.19)]

k(ri) = k(rp/2)N/2l-m — 2l-m
Combining (5.29), (5.30) and (5.32) gives

P(ByNB) =01 + 0y <c1P(By)P(By) + \/2—P(Bm)
Thus, for N > 1,
N-1 N
> Y. P(Bu.NBy
m=1Il=m+1

(5.33)

N
= P(Bm)> + P(By)
(Eroo) ragrom &

The second term on the right-hand side of (5.33) is O(Zmzl P(B,,)). Thus if we
assume )_,~; P(B;;) = 0o we have

N-1 N 2

(5.34) > > PBuNB) = (c1+o(D) (ZP(Bm)>

m=11l=m+1

By Spitzer [(1976), page 317] this implies P (B, i.0.) > 0, which is impossible if
(5.23) holds. Hence ), P(By) < oo and we have (5.30). [J

PROOF OF THEOREM 4. Simply use (2.12) to see that (2.13) is equivalent to
Z+(Tjﬁ(r))/r — 1 a.s. Since Z, () >0 as., Tjj(r) is also the two-sided exit time
for Z4(-), so (2.9) holds for Z_ (-), and conversely. This is only possible if 6+ > 0.
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6. Proofs for Section 3.

PROOF OF THEOREMS 5-7. These proofs are very similar to corresponding
results for random walks given in Griffin and Maller (1998), and can be obtained
by modifying the results in Section 2 of the present paper. In fact, (5.1) shows that
(3.1) holds if and only if (5.2) holds with r — oo rather than r | 0; then similar
working as in Lemma 4 gives the equivalence of (3.1) and (3.2). Theorem 6 is
immediate from (5.1). For Theorem 7, we need a variant of Lemma 5 which shows
that

@ | s ==
if and only if

U(x)<oo and A(oc0) =0,
6.2) or /IOOL(x)dx<oo and  A(00) 0.

This shows that (6.1) is equivalent to (3.6). Its proof proceeds using (3.2) and
similar working as in Lemma 5. The equivalence of (3.5) and (6.1) is proved as in
Theorem 3 and Griffin and Maller (1998). [

Next we turn to the proof of Theorem 8. Using (2.12) we can reduce most of
the proof to a result concerning subordinators. Thus, let S be a subordinator with
infinite lifetime. Let [15(-) be the Lévy measure and §; the drift of S and put

Tr(ry=inf{t > 0: S(t) > r}, r>0.

LEMMA 7. The following are equivalent:
S(T(r))
_— %

(6.3) . 1 as.asr— oo

(6.4) S(T}(r)) —r istight asr — oo;

(6.5) S(T}(r)) — r has a (proper) limiting distribution as r — o0,
6.6) E(5(1)) < 00

(6.7) E(S(T}(r))) < o0 forall r >0,

(6.8) w—)l as r — 0.

r



206 R. A.DONEY AND R. A. MALLER

PROOF. We first prove that (6.3) holds if and only if (6.6) holds. Let u; =
E(S(1)) € (0,00]. Let tg = 0 and 7, n > 1 be the times at which S jumps by at
least 1 [i.e., S(t,) — S(t,—) > 1] [assume L(1) > 0,where L(x) = Il((x, 00))]
and let J,, = S(1,) — S(tr,—) > 1 be the corresponding jumps. Let A,, = S(7,—) —
S(t,-1),n=1,2,.... Then:

(1) Ji, Jo,...areiid. with P{J; > x}=Lx)/L(), x>1;
(i1) (tx)n>1 are the points of a Poisson (L (1)) process, independent of the J’s;
(iii) Ay, Ag, ... are i.i.d. with the distribution of SV (), where S is a
subordinator which results from eliminating the jumps bigger than 1 in S, and
closing up the gaps. SV is independent of 7.

Thus the Laplace exponent of SV is
&A+/ (1 — e ™), (dx) (1> 0).

0,1]

Then
E(sV0) =e(5+ [ am@n) =,
0,1]

say, and hence

E(A) =pP/L() < oc.

Now

(6.9) sup (

S(t)<x <S(fn+l -)

— 0 a.s.,

S(T () — x) _ 1

X — S(t)

because no overshoot in [S(t,), S(t,+1—)) can exceed 1. Also

(S(T;“(X)) - X> _ Jng1
X Z:'lill A; + Z:‘l:p]i

If us < oo then E(J;) < 00 so Jy41/> 11 Ji = 0 as. by the strong law. Then
(6.9) and (6.10) show that (6.6) implies (6.3).

Conversely, if uy = oo then Q7 A +>7  Ji)/>iJi— 1 as. by the
strong law, since >/ | A;/n — EA; < 0o a.s. Thus the right-hand side of (6.10)
has limsup equal to oo a.s. by Kesten (1970). Thus (6.3) cannot hold. So we see
that (6.3) and (6.6) are equivalent.

Again let (6.6) hold. Write the Laplace exponent of the subordinator S as

(6.10) sup

S(Tn+1-)=<x<S(tp+1)

W) =8, + / (1 — )T, (dx).
(0,00)
Let

mmm:ﬁmpmmedqm
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be the potential measure of S. This is in fact a renewal measure, see Bertoin and
Doney (1994). Now by (6.6) and Wald’s lemma,

E(S(t) = E(S())E(t1) = s/ L(1) < 00,

so we have from Bertoin [(1996), Proposition 2, page 76] and the renewal theorem
that

P{S(T}(x)) —x > A} = o )l'ls()\—i-x—y)Us(dy)

1 o0 1 00
—>—/ Ls<x+y>dy=—/ Ly(y)dy.
lu“S 0 ,Uvs A

Thus S(7*(x)) — x converges in this case to the distribution with density

Lg(y)
ds + f()ooLs () dy

on (0, c0)

and with mass
Js

at 0.
O + f()ooLs () dy

Consequently (6.5) holds.

Clearly (6.5) implies (6.4). Next we show that if (6.6) fails, i.e. uy; = oo, then
(6.4) also fails. First note that the process {S(t,),n > 0} is a renewal process
with E{S(tr1)} = us/L(1) = oo, by assumption. Thus if {O,,x > 0} is the

corresponding overshoot (or unexpired lifetime) process, we know that O, £~
as x — o00. [See, e.g., Feller (1971), Section XI.4.] Now S(7,*(x)) —x = O
whenever

n—1 n n n
ZJi+ZAi§x<ZJi+ZA,~ for somen > 1,
1 1 1 1

and since E (A1) < oo it is easily seen that the probability of this event converges

to 1 as x — o0o. In other words S(7,*(x)) —x £> 00 as x — 0o, contradicting (6.4).
Thus (6.4) implies (6.6).

Finally (6.6) and (6.7) are equivalent by Wald’s lemma, and (6.8) is equivalent
to (6.6) by the renewal theorem. [J

PROOF OF THEOREM 8. When X either oscillates or — +00 a.s. as t — 00
the ladder height process Z. is a subordinator with infinite lifetime, and so the
equivalence of (3.7)—(3.12) follows directly from Lemma 7, using (2.12). In the
case of drift to +oo the ladder height process Z_ has finite lifetime, and it is an
easy deduction from the Wiener—Hopf factorization of the exponent W [see Bertoin
(1996), page 166] that (3.10) holds if and only if 0 < EX (1) < E|X(1)| < co. In
the oscillatory case Z_ has infinite lifetime, and now the factorization shows that
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(3.10) implies E|X(1)| < oo, and hence that E(X (1)) = 0, since otherwise X
drifts to 00 as t — oo.

It remains only to show that, when E|X (1)| < oo and E(X (1)) =0, then (3.7)-
(3.12) hold if and only if the integral J in (3.13) is finite. Let o,, be the nth time
at which X has a jump whose absolute value exceeds 1, and put op = 0. Let the
random walk Z = (Z,,, n > 0) be defined by

Zp = X(0n), n=0,

and let H be the first (strict, increasing) ladder height in this walk. We start by
showing that J/ < oo & E(H) < oo. To see this note that we can write

n n
Zn:ZYj=Z{Wj+Vj}»
1 1

where the W; and the V; are each i.i.d. sequences, independent of each other and
with Wi = X (01—) and V| = X (01) — X(01—). Note that the o; form a Poisson
process (independent of the V) with parameter L(1), and the distribution of the
V; is given by
[T(dx)
L(1)
With this notation, J < 00 is equivalent to I < oo, where
I /00 (1 = Fy(2))zdz

0 Jo [y Fy(—x)dxdy’

Fy(dx)= P{V; edx}= x| > 1.

(6.11)

The denominator in (6.11) can be written as
Z o0
©12) [yFvwdy+z [T Fvendy= [ yoaoldFr-pl,
0 z [0,00)

and hence is positive for z > 0, since M (0+) > 0 when EX (1) =0.

Also, E|X(1)| < oo implies EV] < oo, and, since W is the value at the
exponential time o7 of a Lévy process with no jumps exceeding 1 in absolute
value, it is easily seen that E (le) < 00. It follows that 0 < E|Z1| < o0, and,
since o1 is a stopping time, E(Z;) = E(X(01)) =0.

Next note that if we fix zg with w = P{W; € (0, z9)} > 0, and write Fy for the
distribution function of Y| = V| 4+ Wy, for z > z9 we have

20
1= Fy(@) = P{Vi + W) > z) z/o P{W) €dy}P(Vy >z — y)

>wP{V| >z} = a)(l — Fv(Z)).
Also
1—Fy(z)=P{Vi+ W >z} <P{V|>7z/2}+ P{W| > z/2},
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and fooozP{Wl > z/2}dz < oo. It follows that we can replace 1 — Fy(z) by
1 — Fy(z) in the numerator of (6.11). Similarly, using the fact that

o0 o0
/ / P{W| <x}dxdy < o0,
0 Jy

we see that we can replace Fy(—x) by Fy(—x). Thus we conclude that / < oo if
and only if / < oo, where
- /"O z(1 = Fy(2))dz

J5 I Fy(—x)dxdy’

(6.13)

Using the same kind of representation as in (6.12), it follows from Chow (1986)
that E(H) < oo if and only if 7 < 00. Thus J < oo if and only if E(H) < o0.

Introduce the overshoots in X and Z by putting O, = X(T*(r)) — r, and
0 = Z(T) — r, where T =min{n:Z, > r}. Now assume E(H) < oco. Since
any overshoot in X which exceeds 1 is automatically an overshoot in Z, then for
any A > 1,

P{O, > A} =P{O, = O,, O, > .} < P{O, > A}.

But a standard renewal theoretic result is that, when E(H) < oo, O, has a non-
degenerate limiting distribution, and hence is tight as » — oo. Thus (3.8) holds,
and hence (3.7)—(3.12) hold.

Suppose now that E(H) = oo, and write H = H and H; + H> + - - - + H,, for
the nth ladder height in Z. Then the H's are i.i.d., so by the strong law and Kesten
(1970) we have

H+Hy+- -+ Hy_1 .,

. a.s.
lim = 00
n—oo n
and
H, as.
lim sup = 00.

n—oo Hy+ Hy+---+ Hy
So given any A € (0, oo) with probability one there exist random integers n; 1 oo
with
Hy, > @AAY(H +Hy+ -+ Hy, 1)
and
Hi+Hy+---+ Hp—1 > (14 A)n,, i>1.
Consequently if r; = Hy + Hy +---+ H,,_1 we have r; > An; and r;y1/r; 2% 0.
Putting 7; = r; (1 + %A) we will show that this implies that a.s.
(6.14) Oy, > T7;

for all sufficiently large i, and hence that (3.7) [and hence also (3.8)—(3.12)] fails.
To see this put Ng = 0 and for i > 1 let N; denote the ith ladder index in Z, so that

H1+H2+"'+Hi=ZNi:X(GN[)’ i=1
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Also introduce the 1.i.d. variables

M; = sup  {X () — X(on,_ D}

ON;_q §f<f7N,«

and assume for the moment that E(M;) < oco. Then Y {° P{M; > iA/2} < oo,
and so a.s. there exists i* < oo such that M; <iA/2 for all i > i*. Put M* =
sup,,;+ M; and note that for n > i*

sup X(¢) < mai(nX(o*Nj_l)-l—M*—i— max M;

0<t<ow, 1=j i*<j=n

. NA
<H+H+ ---+H,_ 1+ M +7.

Applying this with n = n; and taking A > 1 shows that for all large enough i
* niA 3rl~ *
sup X)) <r+M" + <—4+M

0§t<0Nn,« -2
3A -
< <1+7)r, =Tri.

X(on,,) = Z(Ny;) =ri + Hy, > (1 +4A)r; > 273,

Since

we have established (6.14), and, noting that 8 := M (1) + N (1) = 0 is incompatible
with E(H) = oo, the proof is concluded by the following.

LEMMA 8. Whenever E|X(1)| < o0, E(X) =0 and B > 0 it holds that
E(M)) < 0.

PROOF. We prove a stronger result, namely that P{M; > x} < coe "0 for
some cg, Ao > 0 and all x > 0. To see this we write
X, =xP+x? >0,
where X® is the compound Poisson process defined by
xX?=27,=X@,) fortelonont1), n=0,1,....

Of course XV is a Lévy process, independent of X®, whose characteristics
are the same as those of X, except that its Lévy measure is the restriction of IT to
[—1, 1]. Introduce

mj= sup X(1), j>1,

0j_1=I<0j
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and note that since X (0;_1) <0 for j < Ny we have

My < max m;.

1<j<N;
Here m,my, ... are 1.i.d., and we can write
mip= sup X(l)(t),
0<t<o

where o1, being the time of the first jump in X, is independent of X1, and has
the Exp(p) distribution. Also X ,(1) =X ,(O) + yt, where X(© has Lévy exponent

o202 1 -
v @)= — +/ (1 — €% +iox)(dx).
-1

Thus X @ is a martingale whose moment generating function exists, and is given
©
for all real A by E(eMXi) = ¢ ) where

0,2)\‘2 1
dQ0) =—vO i = 5 +/ (e —1— ax)II(dx).
-1
By a standard martingale inequality

)
P{ sup X(O)(s)>x}§e_)‘xE(e)‘Xf )s A>0,x>0,

0<s<t

and hence

P{ sup X(l)(s)>x}§P{ sup X(O)(s)>x—t|y|}

O<s<t 0<s<t

< ¢ MV )FIY 1A

Since ¢(0) (A) = 0 as A | 0, we can choose A¢ such that ¢(0) (Ro) + lyIro < B/2
to conclude, by conditioning on o1, that

o0
P{m1 > _X} < / ﬂe_ﬂle_)‘()xetﬁ/z dt = ze—K()x'
0

Finally, it is clear that
Ny
P{M, >x|Ny,Zi,i <N\} <> P{mj>x—2Z;_1}.
j=i
Using the duality lemma [see Feller (1971), Section XV.3], we conclude that

P{M, > x) < /Ooo Pimy > x +2)G—(d2).

where G is the renewal function in the weak increasing ladder process of —Z. It
follows that

o0
P{M|>x}< / 2e MEHI G (dz) = coe 0%,
0

and we are finished. 0
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