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STRICT POSITIVITY OF THE DENSITY FOR SIMPLE JUMP
PROCESSES USING THE TOOLS OF SUPPORT THEOREMS.
APPLICATION TO THE KAC EQUATION WITHOUT CUTOFF

By NICcOLAS FOURNIER

Institut Elie Cartan

Consider the one-dimensional solution X = {X};¢[0,7] of a possibly
degenerate stochastic differential equation driven by a (non compensated)
Poisson measure. We denote by M a set of deterministic integer-valued
measures associated with the considered Poisson measure. For m € M, we
denote by S(m) = {S; (m)};¢[0, 1 the skeleton associated with X. We assume
some regularity conditions, which allow to define a sort of “derivative”
D S;(m) of S;(m) with respect to m. Then we fix t €]0,T], y € R, and we
prove that as soon there exists m € M such that S;(m) =y, DS;(m) # 0
and AS;(m) = 0, the law of X; is bounded below by a nonnegative measure
admitting a continuous density not vanishing at y. In the case where the
law of X; admits a continuous density p;, this means that p;(y) > 0. We
finally apply the described method in order to prove that the solution to a Kac
equation without cutoff does never vanish.

1. Introduction. Consider the following one-dimensional stochastic differen-
tial equation on [0, T']:

t t
(1.1) X, = xo + /0 /Omxs_, DN (ds, dz) + /0 g(Xy)ds

where O is an open subset of R, N is a Poisson measure on R* x O with intensity
measure v(ds, dz) = ¢(z)dsdz. The C! function ¢: O — R is supposed to be
strictly positive.

The problem we study in the present paper is the following: at which points
y € R is the law of X; (for some fixed ¢t > 0) bounded below by a measure
admitting a continuous density 0 satisfying 6(y) > 0? In other words, if L£(X;)
admits a continuous density p;, we would like to characterize the set { p; > 0}.

In [8], a partial answer is given in the more general case where the Poisson
measure is compensated: under a strong non-degeneracy assumption, the law of X,
is bounded below by a measure admitting a continuous strictly positive density
on R. This result is not optimal. First, it allows to consider almost only the case
where X has infinite variations: the non-degeneracy assumption is very strong.
Furthermore, we obviously cannot, with such a method, study the case where X;
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is increasing, or a.s. nonnegative: either the density is positive everywhere, or the
method used in [8] fails.

This method was adapted from a work of Bally and Pardoux [2], who were
dealing with the strict positivity of the density of Wiener functionnals, and from the
work of Bichteler, Gravereaux and Jacod [4], who were interested in the stochastic
calculus of variations for Poisson functionals.

We now would like to transpose to the Poisson context the ideas of Ben Arous
and Léandre [3]; see also Aida, Kusuoka and Stroock [1] and Millet and Sanz [19].
Considering the solution Y; of a Gaussian stochastic differential equation, they
characterize the set of the points of strictly positive density of Y; by using the usual
tools of support theorems. Indeed, they consider the associated “skeleton” S;(h),
for h in an appropriate Cameron—Martin space. Then, instead of “differentiating”
Y; (w) with respect to w, they “differentiate” S; (k) with respect to 4. Then they just
have to deal with deterministic objects: they prove that the density p; of Y; does not
vanish at y € R if and only if there exists /& such that y = S;(4) and %S, (h) #£0.

We will see that in the Poisson context, the transposed method is quite
convincing, since it drives to natural assumptions, and no non-degeneracy
condition is needed. We will use the Malliavin calculus for jump processes
developped by Bichteler, Gravereaux and Jacod [5] and [4], and the main ideas of
Simon [22], who deals with support theorems for jump processes (see also [12]).

We consider here processes with finite variations for two reasons: first, it drives
to easier computations, and second, the case with infinite variations is often
contained in [8].

Let us mention that to our knowledge almost all the works about lowerbounds of
the density for Poisson functionals concern asymptotically small time: see Léandre
[17], Ishikawa [14] and Picard [20].

The only known result is that of Léandre [18], who deals with the simpler case
where the process X can be written as the sum of its jumps. He also assumes a non-
degeneracy condition, which implies that the law of X; admits a smooth density.
However, our method follows the same scheme.

The main motivation of this work is the study of spatially homogeneous
Boltzmann equations. Tanaka [23], showed an ingenious way to relate the
solution f(¢,v) of a Boltzmann equation to the solution V; of a Poisson driven
(nonclassical) S.D.E.: the law of V; is given by f (¢, v)dv. Using this approach
and the Malliavin calculus for jump processes, Graham and Méléard [13], have
recently proved some existence and regularity results for the solution of a Kac
equation, which is a one-dimensional “caricature” of the Boltzmann equation.
These results have been extended to the 2-dimensional case in [9].

Analysts and theoritical physicists are interested in the strict positivity of f. In
particular, it allows them to deal “rigorously” with the entropy of f, and it seems
to be usefull for proving the convergence to equilibrium. Pulvirenti and Wennberg
have proved in [21] a Maxwellian lowerbound for f, by using analytic methods,
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under a cutoff assumption corresponding to the case where the process V; has a
finite number of jumps a.s. But this assumption is not physically reasonnable, and
the method used in [21] breaks down in the non-cutoff case. We have applied,
in [10] and [11], the method of [8] in order to prove that when V; has infinite
variations, f does never vanish. Thus a case is still open: what does happen when
V; has finite variations, but an infinite number of jumps? The present method will
apply.

This paper is organized as follows. In Section 2, we state our assumptions and
main result, and we deal with remarks and examples of applications. In Section
3, we introduce some notations and definitions. Then we state a “support type”
proposition, and we prove our main result. The “support type” proposition is
proved in Section 4. In Section 5, we use the described method, in order to prove
the strict positivity of the solution to a Kac equation without cutoff. Finally, a
“jump” version of Gronwall’s Lemma is stated and proved in the Appendix.

2. Statement of the main result. First of all, let us state our hypothesis.

ASSUMPTION (H). The function g is C 3 on R, and its derivatives of order
1 to 3 are bounded. The function A(x, z) is of class C3 on R x O. The partial
derivatives hi’ﬁ?f) (with n + g < 3) are bounded as soon as g > 1, and there exists

a function n € L'(0, ¢(z) dz) such that
2.1 |h(0, 2)| + I (x, 2)| + |y (x, 2)| + |y (x, 2] < 1(2).

Under Assumption (H), equation (1.1) clearly admits a unique solution
X = {Xt}ie[0,77, adapted, belonging a.s. to the set of cadlag functions Dy =
D([0, T'], R), and satisfying

(2.2) E(sup |X,|> < 00.
[0,7]

We now would like to build a skeleton associated with equation (1.1), by
following the ideas of Simon [22]. By “skeleton,” we mean a family {S (m)}memn
of solutions to ordinary differential equations with jumps, obtained by replacing
the Poisson random measure N by deterministic integer-valued measures m € M
in equation (1.1). This way, we will obtain a rigorous version of the following
assertion: let # > 0 and y € R be fixed:

there exists w € 2 such that X;(w) =y

(2.3) if and only if there exists m € M such that S;(m) = y.

This will allow us to know where the law of X; (for ¢ fixed) may be bounded
below.

We first consider an increasing sequence of open subsets O, C O, such that
Up=1 Op = O and such that for each p, fopgo(z) dz < oo. (If [,e(z)dz < o0,
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then we simply set O, = O.) For each p, we consider the set of deterministic
integer-valued measures

n

2.4) QMP:{Z(S(E,ZI,)’IQEN,O<t1<---<tn<T, 7i € 0p
i=1

with the convention Y9 = 0, and we set

(2.5) M= M,
P

For each m = Y%, 8(;,.z;) € M, we denote by S;(m) the unique solution of the
following deterministic differential equation on [0, T']:

t t
S, (m) =xo+[) /‘Oh(Ss_(m),z)m(ds,dz)—i-/(; g(Ss(m))ds
(2.6)

n t
=xo+Zh(Sti_(m),z,~)1{,2;i} +/(; g(Ss(m))ds.
i=1

Under Assumption (H), one can prove that this equation admits a unique
solution belonging to D, by applying standard arguments on each time interval
[0, 1L, [t1, 02, ..., [0, T

In order to deal with the density of X;, we have to introduce a sort of derivative
of S;(m) with respect to m. This will replace the usual “derivative” of X;(w) with
respect to w (see [5], [4], [8], etc.). To this aim, we introduce some “directions”
in which we will be able to “perturb” S;(m), and then to differentiate the obtained
expression.

NOTATION 2.1. 90 denotes the boundary of O in R =R U {—o00, +00}.

DEFINITION 2.2.

1. Let a(z) be a C! positive function on O, going to 0 as z tends to 9O, and
such that |a’| < 1. Then the following functions are well-defined on O:

$a(z) = i x sup{le’(w)]; |w —z| < |a(2)]},

£a(2) = o' (D] + 3l () ¢a(2).

2.7

We say that o belongs to the class D if for some contant ¢ < 1,

28)  |al+& eL'(0,9(2)dz)NL®(0,9(z)dz); & (2) <c.
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2. If x € D, we set, foreach A € [—1, 1],
(2.9) Vi (z) =z + ra(2).

One easily deduces from the supposed properties that for all A € [—1, 1], the map
z > y2(z) is an increasing bijection from O into itself. This allows us to define,
for each m € M, the new integer-valued measure y.(m) € M by

T
(2.10) Y (m)(A) = /0 /0 La(s. v (2))m(ds, d2).
In other words, if m = Y"1, 8, -;), then y2(m) = Y1, Sty (zi))-

We will see in the next section (see Proposition 3.4) that under Assump-
tion (H), for all m € M, all @ € D and all ¢ > 0, the map A S,(yo’} (m)) is twice
differentiable on [—1, 1], thanks to Assumption (H). In particular, D, S;(m) =
E%St(yo? (m))|r=0 satisfies the linear deterministic equation

t
Dy (m) = fo /0 1. (S (m). z) D Ss— (mym(ds, dz)
(2.11) +/0, g (Ss(m)) Dy Ss(m) ds

+ /0 /0 h(Ss—(m), z)a(z)m(ds, dz).

We now can state our main result.

THEOREM 2.3. Assume (H), and let tg €10, T], yo € R be fixed. Assume that
there exists mg € M such that, for some @ € D,

(2.12) Yo = i, (mo); mo({to} x O) =0; Dq Sy, (mo) # 0.

Then the law of Xy, is bounded below by a nonnegative measure admitting a
continuous density 0y, (y) on R, satisfying 0y,(yo) > 0.

In the case where L(X,,) admits a continuous density py,, this means that
Piy(y0) > 0.

Let us comment on this result. First notice that, for #y > 0 fixed, the only points y
which may be some points of positive density for X;, are those y which belong to
the interior of the support of the law of X,,. We will prove [see Proposition (3.5)]
that the support of the law of X is the closure, in D7 endowed with the Skorokhod
topology, of the set {S (m), m € M}. But we will only deduce that the support
of the law of X, contains {S;,(m), m € M, m({tp} x O) = 0}. This comes from
the fact that the application #y — x(#g), from D7 into R, is not continuous on D7,
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except at the points x € D7 not jumping at #y. The condition m({tp} x O) =0
implies that AS;,(m) = 0. This explains the two first conditions in (2.12).

Roughly speaking, the last condition in (2.12) implies the existence of some
¢ > 0 and of a neighborhood V of mg in M such that the map m — S;,(m) is a
submersion from V into [yy — &, yo + €]. More and more heuristically, in view
of (2.3) this implies that w > X, () is a local submersion into [yg — €, yo + €].
Hence, for all n < ¢, the quantity P(|X;, — yo| < n) will be (at least) of order n,
which implies that the density of X, at yo, obtained as the limit of %P(|X 0 —Yol <
n), is strictly positive.

Let us now deal with remarks which might allow to apply easily Theorem 2.3.

REMARK 2.4. Let #tp > 0 be fixed, and let Ja,b[C R (a and b may be
infinite). Assume that for each yg € ]a, b[, the assumptions of Theorem 2.3 are
satisfied. Then the law of X, is bounded below by nonnegative measure admitting
a continuous density 6,(y) on R, never vanishing on ]a, b[.

PROOF. Let us write ]a, b[=J,, K,, where K, is an increasing sequence of
compact subsets of Ja, b[. Then it is not hard to deduce from Theorem 2.3 that
for each n, there exists a constant ¢, > 0 such that L£(X;,)(dy) > ¢, 1k,(y)dy.
The sequence ¢, may be chosen decreasing to 0. Then one can build a continuous
function 6;, on R, such that for y € K,,/K,,_1, 604, (y) € [cnt1,cn] and 0;)(y) =
0 for y outside of ]a, b[. Then £L(X;))(dy) > 64 (y)dy, and the remark is proved.

O
The second remark shows a simple way to choose the “directions” o € D.

REMARK 2.5. Leta be a C! function on O, such that suppa C " ;[a;, b1,
where [a;, b;] are disjoint compact subsets of O. Then there exists a constant ¢ > 0
such that e¢ belongs to D.

The last remark deals with an explicit computation of D, S;(m), and the proof
is contained in Jacod [15], Jacod and Shiryaev [16] (who consider much more
complicated equations).

REMARK 2.6. Let m = )" 8¢.z) € M. Consider the following linear
(deterministic) equation:

t t
A(m)=1 +/(; /0 h;(Ss_(m),z)As_(m)m(ds,dz)+/(; g (Ss(m))As(m)ds.

Then

t

(2.13) Af<m>=exp(/0 g/(Ss<m>)ds)><1‘[(1+h;(sfi_<m>,zi)1{tzzi}).
i=1
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Assume now that for all i € {1,...,n}, I + k' (S;,—(m), z;) # 0. Then A(m) does
never vanish, and the solution of (2.11) can be written as

_ ! h(Ss—(m), 2)
(2.14) Dy S;(m) = At(m)./o '/0 Ao (1 (Se ), Z))oe(z)m(ds,dz).

In particular, if for some i € {1, ..., n},

R(S;—(m),zi) #0 and Vj#i, zj#z

then there exists o € D such that D, S;(m) £ 0 for all ¢ > ¢;. [It suffices to choose
any a € D such that a(z;) # 0, but a(z;) =0 forall j #1i.]

We now give some examples of applications.

EXAMPLE 1. We consider the following SDE:

t 1
2.15) X, = xo + /0 /0 a(X,_)zN(ds. d7)

with ¢(z) = Z#, for some B>—-2,0on0=]0,1[.Ifa is Cg on R, Assumption (H)
is clearly met. Assume now that for some ag > 0, a(x) > ag for all x. Then for all
t > 0, the law of X, is bounded below by a positive measure admitting a continuous
density 6; on R, such that 8; does never vanish on ]xg, +o00o[. This result is optimal,
since for all ¢ > 0, X; > xg a.s.

Indeed, let #yp > 0 and yg > xo. Then it is clear, since a(x) > ag > 0 and
since O =10, 1[, that there exists mo = Y.7_ 8(;.z,), such that 0 <7} < --- <
ta < fy, such that the z; are distincts, and such that yy = S; (mg). Of course,
m({to} x O) =0. We thus just have to check that there exists @ € O such that
D¢ S, (mg) # 0. Since the z; are distincts, there exists ¢ > 0 such that for all
ie{l,....n—1}, z; ¢ 1z, — &, 2, + €[ and such that ]z,, — €, z,, + e[C]0, 1[. We
choose a € P in such a way that «(z,) # 0, and supp o C [z, — /2, z, + €/2].
This way,

n—1

S (Ve (mo)) = xo 4 Y _ a(S;,—(mo))n(zi) + a(Sy,— (mo)) x (zn + rar(zn))
i=1

which implies that
(2.16) Dg Siy(mo) = a(S,,—(mo))er(z) # 0.

Remark 2.4 allows us to conclude.
EXAMPLE 2. We consider the case of the following SDE:

t t
(2.17) X,=x0+/0 X ds—l—/(; /Oa(XS_)n(z)N(ds,dz);
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h(x,z) = a(x)n(z) is supposed to be nonnegative and to satisfy Assumption (H).
We assume that a(xg) > 0, that n’ does never vanish, and that {n(z); z € O} =
10, +oo[. Then for each ¢ > 0, the law of X, is bounded below by a nonnegative
measure admitting a continuous density 6; on R, never vanishing on ]xge™, 4+o00[.
This result is optimal, since for all # > 0, X; > xpe’ a.s.

Let o > 0 and yp > xe” be fixed. One can easily check thatif m = §, ;) € M,
with #; < tg, then

(2.18) S, (m) = x0€™ + a(xpe™)n(z1)e®™".

Since a(xp) > 0, since a is continuous, we can choose #; €]0, o[ small enough,
in order to obtain that a(xpe’!) > 0. We thus can choose z; € O such that
n(z1) = (yo — x0e™)/(a(xpe)e™"). Then, if mg = 8¢,.z,)» Siy(mo) = yo and
mo({to} x O) = 0. Furthermore, one can easily check that if « € D, with

a(z1) #0,

(2.19) Sio (Ve (o)) = x0e" 4 a(xoen(z1 + ra(zy))eo™"
and thus
(2.20) Dy Sy, (mo) = a(xoe™)e® "y’ (z1)a(z1) #0.

Remark 2.4 allows to conclude.

Of course, in every of these particular cases, there may exist simpler arguments,
but Theorem 2.3 unifies the proofs.

3. Framework. First we introduce some notation.

NOTATION 3.1. Let o belong to D, and A € [—1, 1]. Recall that the map yo’}
was defined by (2.10). For each w € 2, we define the new integer-valued random
measure ya){‘ (N(w))on [0,T] x O by

T
G.1) mﬂM@XM=AtéUGJﬂMN@JLM)

We denote by T: Q> Q the shift defined (and entirely defined) by N o 7.} =
A
vy (N).

We will use the following criterion of positivity.

THEOREM 3.2. Let X be a real-valued random variable on 2 and let yg € R.
Assume that for some o of class D, the map ) +— X o T, is a.s. twice differentiable
on [—1, 1]. Assume that there exists ¢ > 0, § > 0, and k < 00, such that for all
r€]0,1],

(3.2) P(A(R) >0
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where
0 A
Ar)y=1IX—yol<r, | /=X o7} >c,
oA A=0
(3.3)
Hax T +‘82X T*}<k
su — o —_— o .
amsLlan ™ ° 7 | T g o=

Then there exists a continuous function 0y,(.): R — R such that 0y, (yo) > 0 and
such that for all f € C; (R),

(3.4) E(f(X)) > /R F3Oy () dy.

This result is a particular case of Theorem 3.3 in [8]. Let us however give an
idea of the proof.

PROOF. Thanks to the definition of the class &£, one can check, using the
Girsanov Theorem for random measures (see Jacod and Shiryaev [16]), the
existence, for each A, each o € D, of a Doléans—Dade martingale le > 0 such
that (G%.P) o (Tw’\)_1 = P. Furthermore, G)% is a.s. continuous in A. Let f > 0 be
a continuous function on R. Then

1
(3.5) E(f(X))=E(f(XoT}HG}) > %E(/_lf(XoTak)G§dk1A(r)>.

Using a “uniform version” of the local inverse theorem, one can check the
existence of 8 > 0, R > 0 (as small as we want) such that for each w € A(r), the
map A +— 'J‘OlA (w) is a diffeomorphism from V (@) C ]-R, R[ into | X o ‘J‘ao(a)) - B,
Xo Tao(a)) + Bl=1X(w) — B, X(w) — B[. We choose r > 0 in such a way that
r < B. This way, using the substitution y = X o Ta’\(w) for each w € A(r), we
obtain

1
E(f(X)) > 5E(/V f(X o THGh dxr 1A(r)>

] Xip (TXom-'@)
3.6 ~E dy 1a(
(3.6) = (/X_ﬁ F(y) x %[Xo%]((xo%)_l(y» y1a( ))

> /Rf(y)G(y) dy

where, if ¢ is a continuous function on R such that 19 ,] < ¥ < 10 4],

(XoT) ™' ()

1
37) 60 =<E|¥(X —yDil . }1 ’]'
G760 =3 [wu y|>{ N X e T (X 0T 1) 7
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It is clear that 6(yg) > 0, and one can prove that 6 is continuous by using the
Lebesgue theorem. [J

Our aim is of course to apply this result to the solution X; of equation (1.1).
We thus have to check that for all @ € D, all ¢ € [0, T], the map A — X, o T} is
sufficiently regular.

PROPOSITION 3.3. Assume (H). Let X be the solution of equation (1.1),
and let a« € D. Then for all t € [0, T], the map I — X?" = Xt o Ja is a.s.
twice differentiable on [—1, 1]. For each A fixed, the processes x} i aiX and

aaﬂ X'\ “ belong a.s. to D7, and satisfy the following S.D.E.s:

t
(3.8) X+ _x0+/ / X% vy (z))N(ds,dz)Jr/O g(X;%)ds,
“:f / WXy @) 55 X“‘N(ds dz)
(3.9) +/ X”ds

+/ f h'z(X?’_“,Vo?(z))a(z)N(ds,dz),

82

X / / i ﬁ_“,ya(z))—xﬁ_“zv(ds d7)

A,
+/ S wX ads

9 2
+/ / h// S_’y(i»(z))(a_kxgv_a> N(ds,dz)
! /" A 0 A ?
X2 —X2%) d
+ oo (srxie) as

+2 f l f h;/x(Xﬁ;“,yo?(z))% sa(z)N(ds, dz)

(3.10)

+ / / R (X2, v (2))e()N (ds. dz).

This proposition is quite easy to check, using the positivity of the measure N.
If N is a finite Poisson measure, that is, if [, ¢(z) dz < oo, then one can prove,
using Assumption (H), Lemma A.1 and equations (3.8), (3.9), (3.10), the existence
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of a.s. finite random variables A(w) and B(w) such that for all ¢ € [0, T'], all
MA+upel[-1,11:

9
(3.11) \X?*“’“—X?’“—uﬁx,*’“ < Axu?
0 atpa 0 i 9* 2
3.12 — X xk x| < B ,
(3.12) o o Har s

which allows to conclude. If N is infinite, one has to approximate N with a
sequence of finite Poisson measures, and to prove the convergences. See [8] for
a similar (but more difficult) problem.

We also have to differentiate the skeleton.

PROPOSITION 3.4.  Assume (H). Let m € M and o € D be fixed. Then for all
t €10, T], the map » — S;(y (m)) is twice dlﬁerentlable on [—1, 1]. For each A

fixed, the functions S;(y’(m)), St(yk(m)) and 2 2 S,(y (m)) belong to Dy and
o BN o I o
satisfy the following equations:

S (y(m)) = x0 + / f (v ). v @)m(ds, dz)
(3.13)
+ / _(y2m)))ds
9
St (vd(m)) // —(yim)), VQ(Z))HSS—(VQ(m))m(ds,dz)
(3.14) +/ ya(m))—S (va (m))ds
+/ / _(yrm), vl (@)a(x)mds, dz),
2
axZ (Ve (m)) / / ~(vi(m), vi (Z))aﬂ _ (¥4 (m))m(ds, dz)
2
+/ s (v (m) )a/\Z (Vo (m)) ds
9 2
(3.15) + / / WY (S5 (v-om). y3<z>)<875s_(y£<m)))
x m(ds,dz)

2

+/ Ss(vg (m ))(aa/\ s(Va (m)))
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0
+2 / / (o (12 0m), 72 (D) =S5 (i m)er(2)
x m(ds, dz)

+ / / 0 (Se— (v (m)). 2 @) (@ym ds, dz).

The proof of this proposition is quite easy: it suffices to use the definition
of the differentiability, and to show inequalities as (3.11) and (3.12), by using
Assumption (H) and Lemma A.1.

As a final tool, we recall the definition of the Skorokhod distance on Dy . First,
the set of the changes of times is defined by

={y () € C([0, T1,[0,T1) | ¥(0) =0, ¥(T) =T, ¥ is strictly increasing}.
The norm on A is defined by

(3.16) ¥Ill= sup

0<s<t<T

ln<1/f(t)—1ﬁ(S)>‘.

t—s

Finally, if x and y belong to D7, the distance between x and y is given by
(3.17) 80x.3) = jint fsup 1x(0) = y o w ) -+ 1w 1}
YeEA [0,7]

Our main result will be proved as a consequence of Theorem 3.2 and of the
“support type” proposition below, that will be checked in the next section.

PROPOSITION 3.5. Letm € M and o € D be fixed. For all € > 0, the set

Qy(e) = { sup 8(X*%, S(yl(m))) <e;

[Al<1
(3.18) su 8( 0 xper, 2 S(yg( )))
. _— m
HEEN o2 Ve

|Al<1 A2 e

0 0
sup 5<—X‘ “ —S(Vi(m))) < 8}
has a strictly positive probability.

Assuming for a moment that this proposition holds, we prove our main result.
In order to apply Theorem 3.2, we need two lemmas. The first one is probably a
well-known fact about the Skorokhod distance, and can be easily proved.

LEMMA 3.6.

(1) Forallx,y in Dy, [[x|loc < [¥lloo +8(x, y).
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(2) Lety € D7 be fixed. Assume that for some tg € [0, T], Ay(ty) = 0. Then for all
& > 0, there exists r(¢) > 0 such that for all x € Dr satisfying 5(x,y) <r(e),
the following inequality holds:

(3.19) lx(to) — y(t0)| <.
The second one deals with a technical property of the skeleton.

LEMMA 3.7. Assume (H). Forallm e M, o € D,

(3.20)  sup H\St(ya(m)\—i-‘—S; ya(m)‘ ‘a)\Z

Sy ya(m) H < 00.
[A|=1, 0=t<T
PROOF. We will only prove that sup, , |- o S,(y’\(m))l < 00, because the other
cases can be checked similarly. We thus use equation (3.14), an we write m as
Y718,z Our aim is to apply Lemma A.1 for each A.
First of all, notice that thanks to Assumption (H) and (2.9), forallx e R, z € O,
all |A| <1,

W (x, 2 @) < |, )|+ ve @) — 2] < 1R, lloo

(3.21)
<K{n@ +la@)l}.
Hence, for alli € {1, ..., n},
(3.22) W (x, y2 @) <K sup {n(zx) + le(z)|} < C
ke(l,....n)
Thus
’—Sz Yo (m) ’ —St, )/a (m))ll{tzzi}
+ ||g/||oo/0 ‘a—kss(ycé(m)) ds + nll, o ot loc
(3.23)
<K1+K2/ ‘ Va(m))‘ds

—S._ » ‘1 .
|97 i~ (Ve (M) | Lir=1)

where the constants K; do not depend on A. Applying Lemma A.1, we deduce the
existence of a constant C, not depending on A, such that

(3.24) sup
[0,T]

9
a—ASt(y(?(m))‘ <C

This concludes the proof. [J
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We finally prove our main result.

PROOF OF THEOREM 2.3. We consider 79 €]0,T], mg € M, and yg =
S, (mo). We assume that mo({ro} x O) = 0. We know, by assumption, that

d
(3.25) co= Ha—)\s,o(y;(m)) A:OH >0

for some o € D, which we now consider. Thanks to Lemma 3.7,

2
St(yo?(mo))]}

0
ko= sup {]S,(ya (mo))| + ’—S; (Ve (mo))’ ‘ 2
[A|<1,0=t<T A
(3.26)

< Q.

Our aim is to prove that for all r > 0, there exists € > 0 such that

a
| Xty — Yol <73 { X?:)a } >co/2;
IA 2=0
o
(3.27) 2, (8) C § )2
o
v e el RO

where Qf‘no(s) is defined in Proposition 3.5. This will suffice, thanks to Theo-
rem 3.2 and Proposition 3.5.

Let us now check (3.27). Let w € Q%O (¢), for some & > (. Since
mo({to} x O) =0, it is clear from equations (3.13) and (3.14) that the cadlag func-
tions t +— S;(mg) and t %St(ya){‘ (mp)) =0 are continuous at fy. We thus deduce
from Lemma 3.6(2) and the fact that w € Q9 , (&) the existence of a decreasing to 0
function ¢ (¢), such that

(328)  [Xy, — ol =1 X5y — Sy (mo)| = [Xp:* — Sy (v (mo))| < ¢(e)

and
A—O}

On the other hand, thanks to Lemma 3.6(1), since w € Q¢ o (e), it is clear that for
all [A] <1,

d
> H Sl m) A:0” () = co— £ ().

0]

d Ao
3.29 — X
(3.29) HM

0 Ao 0 Ao ]
— X+ |5 X
les[g’pT]Ha)\‘ t a)\‘Z t
(3.30) < sup H—Sz Yo (m)) ‘ ‘ St (Ve (m))H+28
1€[0,T] dA
<ko+ 2e¢.

We now choose ¢ €]0, 1/2] small enough, in order that ¢(e) <r A (co/2). This
way, (3.27) is clearly satisfied, and this concludes the proof. [J
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4. Proof of the “support type” proposition. Our aim in this section is to
prove Proposition 3.5. Thus, in the whole sequel, p, m =}/ 8;,.z;) € M, and
a € D are fixed, and Assumption (H) is assumed. For simplicity, we denote
y)‘ = yoi‘ (see (2.9)), X,’\ = X,A’a, and S,’\ = St(y)‘(m)). All the constants C and
K below will depend only on the functions g and #, onm, o and T'.

Wesettg =0, t,41 =T and
4.1) So=_ inf [ty —1]; do =

{0,....n}

1
i€{0,..., iefl,...,

We also set N, = N|jo,1]x 0p> which is a finite Poisson measure,by 0 < 71 < T» <

-+ < T, <T its successive times of jump, and by Zy, Z>, ..., Z, € O, the size
of its jumps. In other words,

w(w)
(4.2) Np(@)= ) 81, Zi))-
i=1
Finally, we denote by X%, %X P-* and BB—;X P-* the solutions of equations (3.8),
3.9 aznd (3.10),2Where N has been replaced by N, X* by X*P, a%XA by %lep,
0 A il A,
and 75 X" by 75X P,
We begin with a lemma.

LEMMA 4.1. Let a €]0,¢y/10[, b €]0,do/2[ and ¢ > O be fixed. Consider
the sets

(4.3) Ti(a,b)={weQ|n=n, andVi,t; —a <T; <t;,|z; — Z;| < b},

T
4.4) I (c) = {a) € Q ‘ / / (n(2) + la(2)|)N(ds,dz) < c}.
o Jojo,
Then the set I'1(a, b) N T'2(c) has a strictly positive probability.

PROOF. First of all, notice that I';(a, b) € 0(N),) is clearly independent of
I'2(c) € 0 (Nljo,11x(0/0,))- On the other hand, it is well known that I'; (a, b) has
a strictly positive probability. We thus just have to check that P(I'2(c)) > 0.

Consider, for g > p, the following random variables:

T
z] =/0 /Oq/op(n(z)+Ia(z)l)N(ds,dz),

4.5) )
Zy :/0 /O/Oq (n(z) + |“(Z)|)N(ds, dz).

We see that Z, = Z?, + Z, for any g. For all g, P(Z?, = 0) > 0, because
Nlo.11x0,/0, is a finite Poisson measure. When ¢ goes to infinity, Z, goes to
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0in L' (and thus in probability) because 1 + |a| € L'(0, ¢(z) dz). But clearly,
ZZ is independent of Z, for all ¢ > p. Hence for all g,

(4.6) P(C1(0))=P(Zp <) > P(Z4 =0)P(Zy < ).

Choosing g large enough, we obtain P(Z,; < ¢) > 0, and the lemma follows. []

The following lemma proves Proposition 3.5 in the case where N is a finite
Poisson measure.

LEMMA 4.2. Forall ¢ > 0, there exists a; €10, ¢o/10[ and b, €10, dy/2[ such
that

4.7 ['y(ag, be) C Ai(e)

where

0 0
A1(e) = | sup 8(XP*, §*) <e; sup 5<—X"”A —SA> <e;

<l a<t \dA T 9A
(4.8)
02 02
sup 8(—2Xp"\, —ZS)‘) <el.
|Al<1 oA oA

PROOF. Let a €]0, ¢y/10[ and b €]0, dy/2[ be fixed. We consider y € ]2a,
Zo/5l, to be chosen later. The element w € I'{(a, b) is now fixed.
First of all, we consider the polygonal change of time i € A defined by

¥ (0) =0,
49 Vie{l,...,n}, v(Ti—y)=Ti—y, vT)=t, vTi+y)=Ti+v,

v(T)=T.
Simple computations show that
(4.10) sup |y (1) — 1| <a, Il =2a/y

[0,7]
and
T

(4.11) /0 Ly )#syds <2ny =Cy.

This change of time will allow us to prove the lemma. Indeed, we will check the
existence of a constant K < oo, not depending on a, b, on w € I'{(a, b) nor on
A € [—1, 1], such that

A
(4.12) sup | X" =Sy Kb +y),
t€[0,T]
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d
—xP*

4.13
(4.13) sup |

te[0,T]

- ﬁsa(l) <Kb+vy),

82 oA 82

A

te[0,T]

<Kb+y).

This way, we will obtain, for all € I'{(a, b),

sup | §(X P Sk)+5< 0 XPH isk>+5<a—zxﬂ isk)
<1 ’ GYY GYY N2 GYY

<3K(b+y)+6a/y.

Choosing b, < (¢/3K) A (dp/2), y < (¢/3K) A (¢o/5) and a, < (ey/18) A
(¢€0/10) A (y/2), we will obtain (4.7). We thus just have to prove (4.12), (4.13),
and (4.14). Since the three proofs are similar, we will only check (4.13). We

thus assume that (4.12) is proved. Then we set AA = aa)L X, pA %S?. A direct
computation, using equations (3.9), (3.14) and the fact that 1y )>4) = ly>7)s

shows that for all w € I'{ (a, b),

0 a

n
WA
|A?|s§yh;(xﬁ_,yk<zg)\ x| - Si-

n
0
+ 2|55 W(XEE M (Z0) = (ST M (Z0) | X =
"|a
+Z S| H(Sh_ vH(Z0) = Ho(Sh—, v @)| % Ly
- A
+ 2 |RLXEE v (@0)| e Z) — 2@l x Ty

+ ) la(zi)] x

i=1

W (XEE yM(Z0) = HU(Sh— v (Z0)| % u=ty
(4.15)
n
+ ) oz x

i=1

+/ 15(5M)] x

W(St_ v (Z0) = hy (87—, VA(Zi))‘ X (=1

clds

! 0 0
A A A A
A g/(Sw(s))ﬁSw(s)_g/(Ss)ﬁSs ds
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0 A 0 A
HSWS) — ﬁXp ds

N

t
+ /0 1§/ (XPH)| x

t a N
+/0 TR

<AM4+ B+ TN

x |8/(S) () — & (XPM)|ds

We study these terms one by one. First notice that thanks to Assumption (H), since
a belongsto D and w € I'1(a, b), forall x in R, all i in {1, ..., n},

W (e, y™(ZD)| < Il (e, 2] + IR Nlooly ™ (Z0) = zi

(4.16)
<supn(zk) + K(1Zi — zil + llelloc) <K + K(b+ K) <K.
k

This way, we obtain, since t; = ¥ (T;),

n
(4.17) AP <K Y |A% | x Ly
i=1
Using Lemma 3.7, we know that for some ko < oo,
82
4 \—

A
A2 St

(4.18) sup[lS)‘I—f— iSA
' il ! !

]fk().

Furthermore, one can check as previously [see (4.16)] that for all x in R, all i in
{17 DR} n}9
(4.19) R (e, v (ZD) < K.
Since t; = Y (T;), we deduce that
n

(4.20) B} <koK Y |IXPh =S4 | % L=

i=1
Finally, using (4.12), we obtain
4.21) B <K®b+7y).

It is clear that

n
Cl <kollh!llso > _|¥*(Zi) — v* ()|
i=1

n
<K>{1Zi —zil + &'l Zi — zi|} < Kb
i=1
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and that

n
(4.22) D} <Ml Y ' lloolZi — zil < Kb.

i=1

Using (4.12) again, we see that
n
A
(4.23) E} < lalloollh! oo Y IXPL = Sh gy | < Kb+ ).
i=1
One can also check that

n
(4.24) Fl < llolloollh? lloe Y _|¥*(Zi) — y*(z0)| < Kb.
i=1

Using (4.18) and (4.10), we obtain
(4.25) G} <18 lcckolyr (1) — 1] < Ka.
Due to (4.18) and (4.11), we see that

(4.26) HE < 2)1gllooko /0 Ly ds < K.
It is immediate that

(4.27) I < ||g/||oo/0t |AYds.

We finally obtain, thanks to (4.12) and (4.18),

(4.28) T} <koT 8" locK (b +y) <KD+ ).

We thus have proved, since 2a < y, that

t n
(4.29) IAM < Ki(b+y)+ KQ/O |AYlds + K3 ) |A} =1
i=1

where the constants K; do notdependon A € [—1, 1] noron w € I'1(a, b). We now
apply Lemma A.1,which yields the existence of a constant K4, such that

(4.30) sup [A}] < Ka(b+ ).
[0,T]
Hence, for all w € "1 (a, b), all > € [—1, 1], (4.13) holds, and the lemma is proved.

O

Our aim is now to establish the following result, which will allow to conclude
the proof of Proposition 3.5.



154 N. FOURNIER

LEMMA 4.3. Forall ¢ > 0, there exists c. > 0 such that for all a €10, £o/10],
all b €10, dy/2],

(4.31) [i(a,b) NT2(ce) C Aa(e)
where
Ax(e) = | sup [X* — XPH|o <61 sup | x*— 2 xpt| <
A<l T m=iloa A o
4.32)
32 92

SUP'——ZXA—-—gx”’A <et.
A<l dA oA 00

In order to prove this result, we have to begin with a technical lemma.

LEMMA 4.4. There exists Ko < 00 and cy > 0 such that for all a €10, £o/10],
all b €]0,dy/2[, and all ¢ < cop,
A } =< Ko}.

PROOF. A direct computation, using equation (3.8), shows that for all A €
[—1,1],al w € T'1(a,b) N T (c),

82
—X
i

3
(4.33) Ti(a,b)NTy(c) C sup [|X?| - ‘—X?
[A<1,0=t<T oA

n
X < Ixol + Y |h(X5 . v (Z) [ y=13)
i=1
(4.34)
t t
[ e @)V s da) + [ Jexdlds.
0o Jojo, 0
Using Assumption (H), and the fact that w € I"1(a, b), one easily checks that for
alli e{1,...,n},
(4.35) \h(X5_ v*(Zd)| < K(1+|XT,_)).

It is also clear, thanks to Assumption (H) and (2.9), that

@.36)  |h(X_, ()| < |h(X_, )|+ |y*(2) — 2| sup|hL(X_, w)],
(4.37) <K(1+1X}1)(n@) + la2))
and

(4.38) le(X2 )| < K(1+|X2_)).
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Hence

|XA| <K+KZ|XT_|1 ,>T}+K/ |Xk|ds

+ K/ / (1) + e @I)N ds.d)

t
+Ksup|X?|><// (n(2) + ()N (ds, d=).
[0,7] 0 Jojo,

But, since the left hand side member is increasing, and since w € I'>2(c), we
deduce that if ¢ <1,

t
(4.39) suplXA|<K+KZ|XT 1(e>7;) +K/ |X*ds + Kc x sup | X?|.

[0,7] i=1 0 [0,7]

Thus, if c(l) = (1/2K) A 1, we deduce that as soon as ¢ < c(l),

t
(4.40) 2sup|XA|<K+KZ|XT_|1{;>T +K/0 | X%\ ds.
i=1

Lemma A.1 allows to conclude the existence of a constant K&, not depending on
a €]0,/10[, b €]0,dp/2[, c < c(l), Ae[—1,1]noronw e I'i(a,b) NT7(c) such
that

(4.41) sup | X}| < K.
[0,T]

One can check in the same way the existence of c(Z) > 0 and Kg < oo such that if
¢ <cj, forallAe[—1, 1] and all w € Ty (a, b) N T2(c),

]51(3.

Choosing cg = c(l) A cg and Ko = Ké + Kg concludes the proof of the lemma. [

—X)‘

4.42 — X+
(4.42) sup [ 912

[0,7]

We are now able to prove Lemma 4.3.

PROOF OF LEMMA 4.3. First, we consider a €10, ¢o/10[, b €10, do/2[, and
c €10, ¢o[. We work with an element w of I'1 (a, b) NT"2(c). We have to check that

(4.43) sup  sup IXZ)‘ — Xf’xl <Kec,
re[—1,117€[0,T]

a a
(4.44) sup  sup X)‘ Pr < Kec,

re[—1,1]te[0,7]1 A o
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(4.45)
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92 %
sup  sup —ZX;\——ZX}D’ <Kec.
rel—1,1]ref0,771 04 oA

As usual, the proofs of the three inequalities are similar, and we will only check
(4.44). We thus assume that (4.43) holds. From now on, A € [—1, 1] is fixed, and
we set Vt)‘ = %X? — %X{M. One obtains, since w € I'1(a, b) N T2 (c),

V<>

(4.46)

n

0
X (XM Z0) = WXL M) < Ly

i=1

n
+3
i=1
t
v
0 Joyo,
a9
—XxX*
+/0‘8)» 5

t
+f0 g/ (XPM)| x |V} ds

HAXER M (Z0)| < Vi x ey

0
—Xﬁ‘_

N(ds.d
N (ds, dz)

h;()(ﬁ_,yk(z)ﬂ x

x |g/ (X)) — g/ (XP*)|ds

n
+ 3 10(Z0)] x |BL(XG . vH(Z0) = KLXD M (Z0)| X Ly

i=1
t
y/
0 Joj/o,

WX, v*(@)| x la(2)IN (s, dz)

<A+ B} +---+G}.

Let’s compute. Thanks to Lemma 4.4, using Assumption (H), the fact that
w €T'(a,b) NT1(c), and (4.43), one easily checks that A;\ < Kc, and that

(4.47)

n
Bl <K ) IVi_| x ly=r).
i=1

For the same reasons, we obtain

(4.48)

and

C} + D!+ F + G <Kc
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t
(4.49) E} <K / Vil ds.
0

We finally can write, for all w € I'1(a, b) N I'2(c), with a < §,/10, b < dy/2,
¢ < o,

t n
(4.50) |V}|§Kc+1</0 \Vids + K Y IVi_| x ly=1

i=1

where K does not depend on w, A, a, b nor c. Using Lemma A.1 allows to conclude
that (4.44) holds, and the lemma is proved. [J

We finally are able to conclude.

PROOF OF PROPOSITION 3.5. It is a simple association of the previous
lemmas. Let ¢ > 0 be fixed. Then, thanks to lemmas 4.2 and 4.3,

(4.51) L1(ags2, bep2) NTalces2) C A1(e/2) N Aa(e/2) C 2, (e).

Thanks to Lemma 4.1, we deduce that P (€25 (¢)) > 0, and the proposition is
proved. [J

5. Strict positivity of a solution to a Kac equation. The Kac equation deals
with the density of particles in a gaz, and is a one-dimensional “caricature” of
the famous spatially homogeneous Boltzmann equation. We denote by f (¢, v) the
density of particles which have the velocity v € R at the instant # > 0. Then

s Law= e s - rasalp@dodv,

where
(5.2) v/ =vcosf — v, sinb, v, = vsin® + v, cosH

are the post-collisional velocities. The “cross section” 8 is an even and positive
function on [—m, w]\{0} exploding near O because of an accumulation of “grazing
collisions,” but satisfying the physically reasonable assumption

(5.3) /On 0%B(0) do < .

We are interested in the strict positivity of the solution to (5.1). In the case with
cutoff, namely when [ B(6) d® < oo, the analysts Pulvirenti and Wennberg have
proved in [21] a Maxwellian lowerbound for f. It is also proved in [10] that f
does never vanish if féT 0B8(0) dO = oo. We now would like to study the case where
Jo B(0)dO = oo, but [ 68(0)db < co.
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First, we will consider solutions in the following (weak) sense, which is
obtained by using a standard integration by parts.

DEFINITION 5.1. Let Py be a probability measure on R that admits a moment
of order 2. A positive function f on ]0, +0o[ xR is a weak solution of Eq. (5.1)
with initial distribution Py if for every test function ¢ € C}% (R),

/ 6 ) f (1, v)dv = / 6 (v) Po(dv)
veR veR

(5.4) +/0 ./eR/ eIR{/— {¢p(vcosh — v, sinh) — @ (v)}
X f(s,v) f(s,ve)B(0)dO dv,.dvds.

We now state our assumption.

ASSUMPTION (K). (1) The initial distribution Py admits a moment of order 2,
and [jf 0B8(0)do < .

(2) Py is not a Dirac mass at 0. The cross section splits into 8 = By + 81, where
B1 is even and positive on [—m, w]\{0}, and there exists kg > 0, 6y €]0, = [ and
r €11, 2[ such that Bo(0) = (ko/160|") 1{-a,,6,1(0)-

Following Graham and Méléard [13], we build the following random elements.
NOTATION 5.2. We denote by Ny and N; two independant Poisson measures
on R4 x [0, 1] x [—m, ], with intensity measures
(5.5) wvylds,da,dd)=By(0)dsdado, vi(ds,da,df) = p1(0)dsdado.

We will write N = No + N;. We consider a real-valued random variable Vj
independant of No and N, of which the law is Py. We also assume that our
probability space is the canonical one associated with the independent random
elements V, Ng and Nj:

(97 ?, {J(t}}, P)
= (@, F (F)P)e (@ F'UF)L P o (@, F(F). P
We will consider [0, 1] as a probability space, denote by do the Lebesgue measure

on [0, 1], by E4 and £, the expectation and law on ([0, 1], B([0, 1]), da).

The following results are proved by Desvillettes, Graham and Méléard [6],
Theorem 3.6 and Graham and Méléard [13], Theorem 1.6 and Corollary 1.8.
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THEOREM 5.3. (i) Assume (K)(1). There exists a cadlag adapted process
{Vi(w)} on Q2 and a process {W,(a)} on [0, 1] such that

t pl pm
Vi (@) = Vo(w) +/0 /(; /_ [(cos® — 1) Vi_(w) — (sin@) W,_(a)]

(5.6) xN(w,ds,da,dd),

Lo(W)=L(V) and E(sup Vtz) < 0.
[0,7]
The uniqueness in law holds, in the sense that L(V) = Ly (W) is unique.

(ii) Assume (K). Then for each t > 0, the law of V; admits a density f(t,.) with
respect to the Lebesgue measure on R. The obtained function f is a solution to the
Kac equation (5.1) in the sense of Definition 5.1.

(iii) Assume, furthermore, that Py admits some moments of all orders. Then for
each t > 0, the function f(t,v) is of class C*° in v € R.

The result we will prove in this section is the following.

THEOREM 5.4. Assume (K), and consider the solution f in the sense of
Definition 5.1 of equation (5.1) built in Theorem 5.3. Then there exists a strictly
positive function g(t,v) on 10, +00o[ xR, continuous in v, such that for all t > 0,
f@t,v)dv>g(t,v)dv.

If (¢, v) is continuous in v (e.g., if Py admits some moments of all orders), this
means that f(t,v) does never vanish.

In the sequel, we will sketch the proof of this result by applying the method
described in the previous sections to the solution process {V;} as constructed of
equation (5.6) in Theorem 5.3(i). We will always work on the finite time interval
[0, T], for some T > O fixed, which of course suffices. In a first subsection, we
will introduce the skeleton associated with {V;}, we will define the “directions”
associated with N, and state an intermediate result, looking like Theorem 2.3. We
will sketch the proof of this result in a second subsection. Finally, we will conclude
in the last subsection, by studying the skeleton.

We give the following lemma that will be frequently used.

LEMMA 5.5. Assume (K)(1). For all t > 0, supp Py C suppL(V;) =
supp Lo (Wp).

The main idea of the proof is very simple. If N were a finite Poisson measure,
it would be immediate. One thus has to approximate N with a sequence of finite
Poisson measures N”. Then, V; will be close to V{; on the set where N” =0
(of which the probability is strictly positive), and N — N” will go to 0 in a
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certain sense. One concludes by using the independence, for each p, of Vy, N?
and N — N?. See [11], Lemma 1.6 for the rigorous proof of a very similar lemma.

5.1. An intermediate result. First of all, we introduce the skeleton associated
with {V;}. Notice that instead of one random element [in the case of equation (1.1)],
we have to deal with three: Vj, Ng, N1. Inspired by Lemma 5.5 and the form of
equation (5.6), we consider

(5.7 Vo = supp Po; Mo =M My =M
p p
where

n
‘Mg = {m = Zé(fi,wi,ei)
i=1

neN, O<fq<---<t, <T,
w; € Vo, |6:| €11/p, ol ’

n
‘Mf = {q = Z‘S(li,wi,el‘)

i=1

neN, O<ty<---<t, <T,
w; € Vo, 16| €suppBiN1l/p,w[ |

Then, for vy € Vo, m € My and g € M1, we denote by S(vg, m, g) the unique
solution of the deterministic equation

S,(vo,m,q)=vo+/0/R/_ {Ss—(vo, m, q)(cos6 — 1) — wsinb}
(5.8)
X (m+q)(ds,dw,do).

We also introduce the following directions in which we will “differentiate”
S(vg, m, q) with respect to m.

DEFINITION 5.6.
1. Let & be a C! function on [—6y, 6y]. We say that o belongs to D if |« (0)| <

101/2, if @ (—0) = a(6p) =0, if £(0) < 1/2, and if & € L' (By(6)d0), where

0
(5.9) £(0) = |o'(0)] + 3r x 2’“%.
2. If o € D, we set, for each A € [—1,1], y&(@) = 6 + Aa(f), which is an
increasing bijection from |6y, 69[\{0} into itself. For any m € My, the new
integer-valued measure yO? (m) still belongs to M.

REMARK 5.7. If @ € D, then the assumptions of Definition 2.2 are satisfied
in the particular case where O = |-y, 6g[/{0}, and ¢ (6) = Bo(6).
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PROOF. First, it is clear that o goes to 0 when 6 goes to 40 = {—6p, 0, 6p}.
Thanks to (5.9), one can check that |&’| < 1/2. Then, for example, for 6 €10, 6|,

sup 1B6(@)
Bo©) Geto—1w®)].0-+12®)]

0" rko
(5.10) <— sup Y
ko Geto—ja(@)).0+ @) f
ro’” p2rtl
< <
T@—la@Dt T 0

ba(0) =

where the last inequality comes from the fact that |« (6)| < |0|/2. Hence,
(5.11) £a(0) < 1o/ (O)] + 3la(®)r2"F! /0 < £(6)
where £ is defined by (5.9). O
One easily checks that for all vg € Vg, all m € Mo, all g € My, and each

t > 0, the map A — S;(vo, ya’}(m), q) is twice differentiable on [—1, 1], and that
Dy Si(vg, m, q) = %St(vo, yO? (m), q)|»=o0, satisfies the following linear equation:

t g
Dy St (vg, m, q) =/ / / Dy Ss—(vg, m, g)(cosf — 1)
0 JRJ—m
(5.12) X (m+q)(ds,dw, dd)

t T
—/// {Ss—(vo, m, q) sin6 + wcosH}
0 JRJ—m
x a(z)m(ds,dw,db).

The following result will be proved by following the method described in the
previous sections.

THEOREM 5.8. Let t > 0, and y € R be fixed. Assume that there exists
vg € Vo, m € Mo, g € My and o € D, such that

y = St (vo, m, q); m+q)({t}) xR x [-m,7]) =0;
(5.13)
D(XSI‘(UO’m, q) #0.

Then the law of V; is bounded below by a nonnegative measure admitting a
continuous density not vanishing at y.
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5.2. Sketch of the proof of Theorem 5.8. We first give a criterion of strict
positivity. As usual, we define for all A € [—1, 1], ¢ € D, w € 2, the perturbed
Poisson measure yo? (Ng). Then we consider the shift To[A on 2 defined by

(5.14)  VooT}=Vo:  NooT)}=y No);:  NioT)=Ni.

In this situation, Theorem 3.2 still holds (this is a particular case of Theorem 2.3
in [10]). Furthermore one can check (see [10]) that for all + > 0, the map

t— V,A * — V, 0T *is a.s. twice differentiable on [—1, 1]. The following equations
are satisfied:

VA=, +/ // [(cos v (0) = 1)V = siny @)W (@)]
(5.15) x No(ds, der, d6)

t 1 T A
+/ / / [(cose I sinGWs_(a)]Nl(ds, da., d6),
0JO J—m

yie /// (cos 7 ©) = 1) v“No(ds,da,de)

+/ / / (cos@—l)—V“‘Nl(ds de, )

(5.16) 1
! r. A Ao A
— [ [ [sinvi@vi +cos pi@)ws- )]
x a(0)No(ds,da, d),
_ o Yy
a)\z, /// (cosy2(6) 1) V No(ds,do, dB)
A,
—I—/// (cos@—l) V Ni(ds,da, dO)
_ . A e Ao
(5.17) 2/0 /0 /_n siny,, (9) o Vi"a(@)No(ds, do, dO)

[ [ [eos i@V —sinyzow, @)
0JO J—m
x a%(0)No(ds, da, dB).

The skeleton is also regular enough. For each A € [—1, 1]. the cadlag functions
St (vo, vy (m) q), 3% S,(vo 24 (m) q) and 2 32 S,(v(), 24 (m) q) satisfy equations as
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(5.15), (5.16) and (5.17), where Vj, Ng and N; have been replaced by vy, m and ¢q.
It thus suffices, as in Section 3, to prove the following proposition.

PROPOSITION 5.9. Letvg € Vo, m € Moy, g € M| and o € D be fixed. Then
forall ¢ > 0, the set

ng,m,q(s) = { sup S(V)"“, S(vo, yo?(m), q)) <&

[Al=<1
(5.18) sup 8<1VA’“ iS(”Uo Vo (m) CI)) =&
' <1 \OA Toa e )

5( 82 V)\a 82 S( )»( ) )) <
su — VY —S(vg, v (m), <eg
e\ 922 92> \V0s Va ), 4

has a strictly positive probability.

We now would like to give an idea of the proof of this proposition. We thus fix

ni

no
(5.19) wvg e Vy, m= Zg(t?,w?ﬁio) € Mg, q= 25(%1’1”1_1’@1) € Mf
i=1

i=1

and o € . For simplicity, we denote V* = VH and S,’\ = S; (vg, ya’} (m),q). We
also consider the finite Poisson measures N? = Né’ + N7, where

o
(5200 Ng = Nolio.71x10.11x([-60.601~1/p.1/p1 = D 8(70.40,40)-

i=1
i
(5.21)  N{ = Nilo.71x10.11x{supp B\ =1/p.1/p1 = D871 ol g
i=1
We denote by VP the solution of equation (5.15) where Np and N; have been

replaced by N(‘;j and N f . Then we consider the following sets:

To(e) ={we Q| |Vo— vl <€},

M, b,o)={weQ|pmo=no,

Vi, 1) —a<T? <1t

Wo(e?) —wf| <bs |¢f — 60| <cl,

ri@bo={weQp=n,

Vi, t! —a<T' <t

WTil (oeil) — w1| <b;

i

¢, _9i1| fc],
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T 1 ,l/p
@ =foeel [ [*[ @01+ le@)+ @)

X No(ds,da,dd) < d},

i) = {we Q| /OT/OI /_11//,; 1011 + [ Ws(@)])

XNi(ds,da,dd) < d}.

Then one can check that forall e > 0,a>0,b6>0,¢>0,d >0,a’ >0,b" >0,
¢’ >0,d >0, small enough,

(522)  P{To(e)NTY(a,b,c)NTi(, b, )yNTAUd) NTI@d)} > 0.

It suffices to use the some independence arguments, Lemma 5.5, the same argu-
ments as in the proof of Lemma 4.1, and the facts that (|0]| 4 |« (8)) (1 +|Ws(@)]) €
L'(Bo(0)dO dads) and |0|(1+|W,(a)]) € L'(B1(0) d0 da ds). Indeed, for exam-
ple,

T 1 T
/0 /0/_ (18] + 1ee(0)]) x (1 4+ |Wy()])Bo(0) dO da ds
(5.23)

< T(l + Ea<sup |W;|)) /n (18] + e (8)]) Bo(0) dO < 0.

[0,7] -

This shows the way to prove Proposition 5.9: following the ideas of Lemma 4.2,
one can check that for 8 > 0 fixed, then for ¢ > 0, a >0, b > 0, ¢ > 0 small
enough,

To(e) NTV(a, b,c)NT](a,b,c)

C : sup 8(V*7, S(vo, yg (m), q)) < B;
<1

(5.24)

9 9
8 _V}L’p’_S ) 5 ’ )< ;
sup (m o (vo, v, (m). q) ) < B

su — VP —S(vg, ¥ (m), <Bt.
b 922 92> \V0: Ve ) 4
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Then, following the ideas of Lemma 4.3, we see that for ¢ > 0 fixed, we obtain, if
e>0,a>0,b>0,c>0andd > 0 are small enough,

To(e) NT%a, b,c)NT{(a,b,c)NTId)NT1(d)

C { sup [|[V* — VAP < ¢;

[A=1
(5.25)
0
sup —Vr——VhP| <y
IA|<1 oA oA 00
2 82
sup —V)‘——ZVA” 5;‘}.

This concludes the proof of Proposition 5.9.
The sketch of proof of Theorem 5.8 is complete. [J

5.3. Proof of Theorem 5.4. We now have to study the skeleton, in order
to check that under Assumption (K) every y in R satisfies the assumptions of
Theorem 5.8. Thus (K) is assumed. Hence Vg contains (at least) one point vy 7 0.
Since the support of 8; might be the empty set, and since the support of Py might
contain only vg, we will only study the skeletons of the form S(m) = S(vg, m, 0),
for m € My, where N is the following subset of M :

n
(5.26) No={m= 8, v0.00 € «MO}-
i=1

We will prove the following proposition:

PROPOSITION 5.10. Lety € R, and let t > O be fixed. There exists m € Ny,
and a € D, such that

(5.27)  Si(m) =y; m({t} x R x [0, 6p]) = 0; Dy Si(m) #0.

This proposition, composed with Theorem 5.8, drives immediately to Theo-
rem 5.4. Thus, the whole sequel is devoted to the proof of this proposition.

We will assume that vg = 1. We may do so. Indeed, assume that vy 7 1. Then we
notice that (V /vg, W /vg) satisty (5.6) with initial condition V/vg. The support of
the law of Vy/vg contains 1. One concludes easily by using the uniqueness in law
for (5.6).

We now consider the set

(5.28) E={n,01,....600) |neN, 6; €]-60,6[\{0}}
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and the function F from & into R, defined recursively by

FO)=1; Fn+1,01,...,6,,6,41)=F(n,01,...,6,)co80,+1 —sinb,4.
The main idea is that we have to prove that F is surjective. Indeed, for any
t > 0 fixed, choosing m = Y"1 8¢, 1., € Mo, With 0 <11 < --- <1, <t, we

see that S;(m) = F(n, 0y, ...,0,). We first prove a lemma showing that F' can go
to infinity.

LEMMA 5.11. There exists a sequence (p,? in 1-09,0[U]0, 6yl such that the
sequence F(n, (p?, e, (p,?) increases to infinity as n tends to infinity.

PROOF. First notice that for any u# > 0, the function g, (6) = u cosf —sinf on
[—7, ] reaches its maximum at % = — arctan 1 /u, and that g, (6%) = +/1 + u?2.
Assume first that 8y > /4. We define recursively, for n > 0,

1
F(n,¢0,....09)

(5.29) P 41 = —arctan

We also set u,, = F(n, qo(l), e (p,?). Then u,, grows to infinity, because uy = 1 and
Upt1 =41+ u% We thus just have to prove that for all i > 1, (p? € -6, B[\ {0}.
But (p? = —arctan 1 = —m /4 €]-6y, 0[, and, since u, increases to infinity, we
deduce from (5.29) that (p,? increases to 0, which allows to conclude that for all
i, ¢ €160, 0L

Assume now that 6y < /4, and consider the sequence u,, = F(n, —6p/2, ...,
—60/2). Then ug =1, and u,, | = (cos6/2)u,, + sinfp/2, from which we deduce
that for all n > 0,

sin90/2

5.30 " = (cosbBy/2)" + ——————(1 — (cosby/2)").
(5.30) i, = (cosb/2) +1—00590/2( (costlp/2)")
Hence u), increases to (sinfp/2)/(1 —cos6p/2) > 1/ tan 6y, and there exists ng > 0
such that arctan 1 /u/, o < 6o. We thus set (p? =...= (p,?o = —6y/2, and recursively,
for n > ny,
(5.31) 0 arctan !

. ) 1= .

" F(n,¢),....00)

One concludes, as in the case where 6y > w/4, that F(n, (p?, . ..,gog) goes to

infinity, and that for all i, ¢? € 1-69,0[. O
A second lemma, shows that F' can reach —1.

LEMMA 5.12. There exists mg € N, w?, ... ,1//,910 in 10, 6o, such that for all
nef0,...,mo—1}, Fin,y{, ... ¢ > Fon+ 1y, ..., v0, ) and

(5.32) F(mo, ¥y, ..., ¥p,) =—1.
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PROOF. Notice that the sequence F(n,6y/2,...,60/2) goes to —sin(6p/2)/
(1 —cos(6p/2)) < —1 (because 6y < ). We denote by mg € N the first n € N such
that F (mg, 69/2,...,60/2) < —1. Then

F(mno—1,600/2,...,00/2)cos0—sin0
(5.33)
>—1>F(my—1,6p/2,...,00/2)cos6y/2 — sinBy/2.

Thus there exists ‘ﬁ;?u) €]0,60/2] such that —1 = F(mg — 1,6p/2,...,
6o/2) cos wo — sin wo = F(mg,6p/2,...,00/2, w,g)m). We conclude by setting

mo mo

Yp=-=yp _ =6/2. O

PROOF OF PROPOSITION 5.10. We break the proof into several steps.

Step 1. We first prove that F is surjective. Let y > 1. Thanks to Lemma 5.11,
there exists n € N such that F'(n, (p?, e, gog) <y<Fn+1, go(l), e 902“). This
can also be written

F(n, (p?, . ..,gog)cosO— sin0 <y < F(n, (p?, . ..,gog)cosgogﬂ
(5.34) 0
—sing, ;.
Thus there exists 6 € [(p,?H, O[ such that y = F(n, (p?, . ..,(p,?) cosf — sinf. In

other words, y = F(n + 1, (p?, e, gog, 0) and F reaches y.

If y € [0, 1], one can use the same argument, using Lemma 5.12 instead of
Lemma 5.11.

Assume now that y < 0, and consider n € N, 61,...,8, in -89, 6p[\{0}, such
that —y = F(n, 601, ..., 6,). One can check, using Lemma 5.12, that

(5.35) y=F(@mo+n ), ..., ¥, —01,....,—0p)

and F reaches y.

Step 2. Let now y € R be fixed, and let n € N, 0y,...,6, in]-6y, 6p[\{0}
such that y = F(n, 6, ..., 0;,). One can easily check the existence of ¢ €]0, 6],
¢’ €10, 6[, as small as we want, such that

(5.36) y = (ycos¢ + sing) cos¢’ — sing’.

We choose ¢ and ¢’ small enough, in order to obtain ¢’ < inf{|6], ..., |0,]}, and
such that y # —1/sin¢’.
Then it is clear that

(5.37) y=Fn+2,01,....6,,—¢.,¢").
We consider any 0 < ] < --- < t,42 < t, and we set

n
(5.38) m="8;.1.6) * 8(tys1.1.-¢) + 8(t32,1.6"
i=1
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which belongs to Ny. Then, y = S;(m), and m({t} x Rx ]-6p, 6p]) = 0. Further-
more, choosing any @ € D in such a way that a(¢’) # 0, but a(—¢) = «(0;) =
<. =w(0,) =0, we see that

9
D, S;(m) = a—)\[(y cos ¢ + sin) cos(¢p’ + A (¢) — sin(¢’ + A (9))]],—,
(5.39)
= —a(¢)[(ycosp + sing) sing’ + cos ¢’].

Thus Dy S;(m) # 0, exceptif ¢’ = — arctan 1/(y cos ¢ +sin¢). But if so, y cos¢ +
sing = —1/tan¢’, and we deduce from (5.36) that

(5.40) y=—cos¢’/tang’ —sing’ = —1/sin¢’

which was supposed to fail. Hence Dy S; (m) # 0, and this concludes the proof. []

The proof of Theorem 5.4 is complete.

APPENDIX

We give in this Appendix an extended version of Gronwall’s lemma.

LEMMA A.1. Let f be a positive cadlag function on [0, T]. Assume that for
somea>0,b>0,¢c>0,and some0<t1<th<---<t, <T,

t n
(A1) fO=a+b [ fe)ds+e Y fEo i,
i=1
Then there exists a constant K, depending only b, c, n, T, such that
(A2) sup f(t) <K xa.
[0,T]

A somewhat more general version of this lemma can be found in the Appendix
of Ethier and Kurtz [7]. We, however, give an idea of the proof.

PROOF OF LEMMA A.1. Thanks to Gronwall’s Lemma, it is obvious that for
all t € [0, 11,

(A.3) f@)<axe’ <axe.

Hence f(11—) < aePT | and thus, for all ¢ € [0, 5[,

(A.4) () < (a+cae®T)+b /0 t f(s)ds
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which implies, thanks to Gronwall’s Lemma again, that for all ¢ € [0, #[,

(A.5) F @) < (a+cae’Te?2 <a x (1 + ce’T)eT.

Iterating the method, we obtain the result. [J
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