SYNOPSIS OF ELEMENTARY MATHEMATICAL
STATISTICS*

By
B. L. SHOOX

SecrioNn 1. 'ELEMENTARY STATISTICAL FUNCTIONS

1. Variates. Practically all statistical data’is obtained as the
result of observations that endeavor to establish the magnitudes of
certain variables. The individual magnitudes that are recorded are
termed variates. Thus in computing the average annual rainfall of
a’region, the variable is rainfall, and the amount of rainfall for any
single year is a variate. Likewise, if the bank clearings for the City
of New York be under consideration, then the variable is bank clear-
ings, and the clearings for any specified interval is a variate.

2. The aritlunctic mean of a series of variates is equal to the
sum of the variates divided by the number of variates in the series.
Tf M, designates the arithmetic mean of the M variates v,, Ve
Vas * - s Vo
M) Mg )= 5 3

3. The ~th moment of a series of variates is defined as the
arithmetic mean of the nth powers of these variates and is repre-
sented by the symhol . , . Thus

/ /
(2) pn~ 7V_( VAV 4y VN:’)=N_ v’

That is
wi=wEv
pa=NZv?
Hay= Ve

* An abstract of a series of lectures on elementary statistics given by the
mathematical statistical staff at the University of Michigan.

1. Observe that the number of variates in a series is denoted by Y, whereas the
smaller italic » is employed as an ordina] number.
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B. L. SHOOK 15
Obviously, by definitions (1) and (2)
3) Hiv=M,
4. The deviation of a variate from the arithmetic mean will be
designated by the symbol v , i e
4) Vi =vi-M,
S. The nth moment about the mean* is defined as the arith-

metic mean of the nth powers of the deviations of the variates from
the mean, and is represented symbolically by »y. Thus

(5) e =55 27" so that
(52) fow =jEV=0

(5b) sw =3 EV*

(5¢) Koy =N V°

The fact that g,., = 0, is demonstrated as follows:

i;l = V’—M'
Ve = v—M,
Vi = Va-M,
v =2 v-NM,
po=E0= &V M, =M~ M, =0 Q. E. D.

The numerical example of Table I illustrates the definitions of
the preceding paragraphs. The data consists of thirteen variates,
which represent the number of even numbers found in consecutive
blocks of 100 numbers, drawn to determine the order of call for draft-

* For convenience the arithmetic mean is frequently referred to as the mean.
When referring to geometric or harmonic means, the adjectives geometric or
harmonic must therefore be specified.
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ing United States soldiers in 1918. These variates were obtained from
the first 1300 drawings made.

The most obvious conclusion to be drawn from Table I is that
the use of fractions in determining the values of ., is cumbersome.
if M, is a whole number, then the values of v, v?and 7?are integers,
and the procedure is simple. Generally, however, M, will be fractional,
and consequently awkward expressions for ¥, r?and v? will result.
On the other hand, the computation of values of x;,, is relatively easy,
and hence it is expedient to express .., and u,, in terms of the mo-
ments ., . This may be done as follows:

Since by definition,

Vi=v; -M,, it follows that

vil=vi-2v, M+ M} , and
V=’ -3viM, + 3y, M- M
Consequently
fevi-eMyy M 7=y, =30 M+ S M- M)
Vi=vi-2M, v,+M} Vo=v2-3viM+3nMI-M7
Vy=vi-2M, v+ M? 3= v]-3viMa3y, M- M7
v’ = —Z/\{ +M‘ 17,,’= v3 3V,,M,+.3V,M M"’

Zv*=Lv-2MSv+NM! Lv=Ev®-3M, EvsMLv-NM,

Dividing both sides of these equations through by N yields,
respectively

Zvi_ Xv® 2

———g A M, M,+ M,

Zv Zv _Zv s

v =N JM + JM -M,-M,
Hence

(6) /uZ:V =#;:V—Myz
HMsz:v= ,u.;:y ‘5Myﬂ;,‘,+ ZM;?
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18 ELEMENTARY MATHEMATICAL STATISTICS

These formulae are perbaps the most important in our work, since
they enable us to obtain the moments about the mean without requir-
ing that we actually determine the deviations. Applying these for-
mulae to the numerical example of Table I,

- 34314_(@@ _ 252
He= 13 \13/ = 160

o SN 2 (T - 57

The results thus obtained by this indirect method are identical with
the results obtained in Table I by employing the direct method.

7. Standard Deviation. The second moment about the mean,
Mz, is @ function of the variability of the data, since its essential
elements are the deviations of the variates from the mean. But if the
original variates happen to be measured in inches, then since .., is
the average of the squares of the deviations, it follows that the unit
of u,., is square inch. Nevertheless, by extracting the square root
of pz:,we would obtain a function which would in general measure the
variability of, and possess the same unit as the original data. This
function is known as the stendard deviation and is denoted by the
symbol o, . Thus

(7) O.V=Vﬂ2:y

Verbally we may say that the standard deviation is defined as the
square root of the mean of the squared deviations of the variates from
their mean.

Actually o, is rarely computed directly from the squared devia-
tions, but rather by employing the relationship given in formula (6).
For the data of Table I

_ [2526 _ 502593 _
o, -\/ 2% = S5 - 378018

8. Standard Units. 1f we assume that the arithmetic mean and
the standard deviation of the weights of adult males are 150 Ibs. and
20 Ibs. respectively, then we may say that a man weighing 190 Ibs. is



B. L. SHOOK 19

40 Ibs. or 2 standard units above the average in weight. Likewise an
individual weighing 120 lbs. may be considered as being 30 Ibs. or
1.5 standard units under average weight. ‘Conversely, if the arith-
metic mean and the standard deviation for heights be 67 inches and
2.5 inches respectively, then an individual who is 2 standard units above
the average height must be five inches above the average stature, or
in other words must be 72 inches tall. The magnitude of an observa-
tion expressed in standard units is therefore defined as follows:

®) 4= UM Y
lx% oy

It will be observed that these standard variates, £;, are abstract
numbers. For example, if the original variates be expressed in. the
unit inch then the unit of M,, v and o, is also inch, and it follows
that if both the numerator and denominator of a fraction be expressed
as inches the quotient must be an abstract number, independent of the
unit employed in the measurements. For instance, one series of vari-
ates would result if the height of each of a group of individuals were
recorded in inches. However, if their heights had been recorded in
centimeters, each of the resulting set of variates would be numerically
about 2.54 times as large as the corresponding variate expressed in
inches. Nevertheless, the standard variates obtained by both methods
would agree in the case of each individual. Thus, if

M, = 67ins.= 67(2.54) cms.,
and

gy = "2.5ins.= 2.5(2.54) cms.,

then for an individual 6 feet tall

72 ins. = 72(2.54) cms.,
= Sins. = 5(2.54) cms,,

5 ihs. _ 5(2.54) cms.
25ins. 2.5(2.54) cms. ’

= 2 = 2

o

(9 8 o~ <|(
|

With the aid of a computing machine, the series of standard vari-
ates corresponding to any observed series of variates may be com-
pleted very rapidly by means of a so-called continuous process. To
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illustrate, we found that for the data of Table I, page 17,

M,

oy

"

51.230769
3.86610

By formula (8), then

v, = 51.230769 _

t; =—‘—W = —13.2513 +..258659 v;

In using this equation one should first subtract out 13.2513 from
the machine, and then set up .258659 as a muttiplier. The product
of this multiplier by 51 will cause the value ¢ = - .059691 to appear
on the machine. By merely subtracting the multiplier two times, the
value # =-.577009, corresponding to ¢ = 49, appears. Continuing
this “build-over” method, the following set of standard variates is

readily obtained:

TABLE 11 .

i Vi t;
1 51 .06
2 49 .58
3 60 2.27
4 53 46
5 48 .84
6 51 .06
7 42 2.39
8 50 32
9 51 .06
10 52 20
11 54 72
12 53 46
13 52 .20
Total 666 0.00

It is scarcely an exaggeration to state that the theory of mathe-
matical statistics hinges on standard units. Although in many prob-
lems this might not appear on the surface, yet we shall see that the
fact is nevertheless true.

9. The properties of the moments of standard variates are both
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interesting and important. Thus

) Mg =M =0

since

(see formula 5a)

Referring to formula (6) we see that

He = pd - M .

’ ’ 3

pis= 145 - 3u M +2M
But since M, has already been proven equal to 0,

,u;:i = #t:!

ﬂ.‘:t = /ud,:f

Which is an important simplification in the moments of the stand-
ard variates.

(10) Map =1

_ 2t Iy (y-MNL 1y e
for Mt T N 2 o, )“a‘fzjv

= __.gv_ =/ (>ee formula 7)
v, p
o Moy _ Hsw

(ll) /L‘: ¢ 0‘,’ #zwal
for

We see, iherefore, that although the values of ./, and 4, . are
always O and 1 respectively, the value of L., will possess an abstract
value depending, nevertheless, npon the variates themselves. The ex-
pression, 3., is known as the coefficient of skewness and is denoted
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by the symbol &, i. e.

#J:V #jnv
12 = =
(2) W= T2 Lew O,

Summary of Section I. From the viewpoint of Elementary Math-
ematical Statistics, we characterize a series of variates by its

(a) number, N,

(b) mean, M, ,

(¢) standard deviation, o, , and
(d) skewness, %,

The moments about the mean, u,, , are introduced solely to facilitate
the determination of o, and «,,,. Other moments, u,,, are used to
simplify the numerical calculation of the moments about the mean, ws.v.

Verbally, we may state that the mean serves as a convenient aver-
age, and the standard deviation measures the concentration of the vari-
ates about their mean.

A thorough discussion of the significance of the coefficient of
skewness must be slightly deferred. We may say at this time merely
that the value of o,, depends obviously upon the value of ., and
that a glance at the last column of Table I will lend weight to the
statement that a positive or negative skewness indicates a weighted
preponderance of those variates which are considerably greater than,
or less than the mean, respectively.

Finally, the operations of mathematical statistics, and even cer-
tain comparisons in descriptive statistics, require that we introduce
the notion of a standard variate, defined as follows:

ti - VI—MV

gy

SecTioN II.
InpIRECT METHOD 0F OBTAINING ELEMENTARY FUNCTIONS

10. One of the fundamental theorems of moments states that if
a constant be added to, or subtracted from each variate of a series,
the moments computed about the mean for the revised series will be
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identical with the corresponding moments of the original series. By
way of a simple example:

The mean of the following five variates is 138, consequently the
values of 7 are as given below:

~
<
<t

133 -
142
138
141
136 -

Total 690

[T, 0 VN )

O INWO LWt

1f:we subtract, say, 130 from each of the variates, then for the
revised series x,, X,, &L,, Xgand x,,

M, =130
x;

3 -5

12 4

8 0

3

2

~

&)
1
x|
]

2

11
6 -

Total 40 0

Ut SN

M=E=r M =130+8 =138

——
—

The value subtracted, 130, is termed the provisional mean, and ia
géneral is designated by the symbol, M, . It follows, therefore, that

(13) r,= v;-M,
(14) M, = M+M,
(15) - Zx”
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( 16) t‘l):v== /“‘n:x

It is understood that the functions of .z are defined in precisely

the same manner as corresponding functions of v , that is

etc.

-2=x
=N

X; = x;- M,
_Zx”
Hoz™ N
x‘ll

Hns 77

11. Formula (13) follows from definition, although (14)-—

seemingly self-evident—needs proof. Thus by (13)

V/'=M+x/
v, = M,+x,
v, =M+,
Vo =M+,
Zv = NM,+Jx

Dividing both sides through by Ayields, by definition,
M, =M+M, Q.E.D.
Formula (15) is proved by means of (13) and (14) as follows:
Z. =x;-M, (Definition)
=(v;~ M)~(M,~ M)(Formulae 13 and 14)
=vi-M,
=V Q.E. D.

Since

2 -
Mav™ N and Iuﬂw— N
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and we have just shown that always for corresponding values

vV, = X;
the truth of (16) is apparent.

12. A comparison of tables 111 and I will reveal an advantage
of the indirect over the direct method of calculation.

TABLE III
I Vi M;fo 'z'il x!'a
1 51 1 1 1
2 49 |- l‘ 1 -1
3 60 10 100 1000
4 53 3 9 27
5 48 |- 2 4 |- 8
6 51 1 1 1
7 42 |- 8 64 -512
8 50 0 0 0
9 51 1 1 1
10 52 2 4 8
11 54 4 16 64
12 53 3 9 27
13 52 2 4 8
Total 16 214 616
_ 16
M. =13
. 214 ’ 2_ 2526
/“2.‘8 = Ts_ #2.*.__‘”‘::... M-t = 132
, _616 . .. 21240
Max™= '1—3— Mex= M2 —j/-‘z::Mz +2 M-‘: B 13°
ou=BL = 378918

- Max - _ 21240  _ _
%™ oy pirn 2526y 253610730

= 16 _ _
M, =50 + 33 = 51 313

o, =0, = 378018
“’:y= “3-'3 =_.l67303
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It will be observed that the values

2526 —21240
Hax= Tz) and fdy.p= 13
agree exactly with those of Table I, namely
- 2526 --21240
Hav="go M Hev= Sz

The following will illustrate an important advantage of the in-
direct method of determining the moments, «,., . Let us suppose
that after computing the values of M,, o, and &, for the 13 variates
of Table I we desire to delete the 13th variate, v,, = 52, and compute
the values of M, o and «, for the remaining twelve variates.

By the direct method of Table I, the revision would be quite
laborious, but by the indirect method of Table III, revisions are made
easily, as follows:

N =13-1=12, Jr=16-2=14, Jr¥t214-4=210;
Jx’=616-8=608
Consequently

-4
M =13

_ 210 _ _ 581
/u:’:.r T 12 HMi.x™ Moz~ A{.: N

‘ 608 , , . _ 1600
Kiue =g Hre=Hia= IpeMet@ M= - "5

LS

o = -é- 581 = 4.01732

=—=1600 _— _
531 /581 114250

Mls.t

M= 50+ % = 511/6

9, = 0r = 4.01732

Oy.y= By, 2 = — 114250
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13. In a word, revisions of series arising from

(a) increasing or fecreasing the number of variates,
(b) combining two or more series, or
(c) correcting the original variates

together with the resulting smaller numbers that result by employing
the indirect method, lead us ordinarily to avoid using the direct method
of section I in computing the fundamental functions, mean, standard
deviation and skewness.

In practice, one continually faces the problem of revision. Thus,
in Business statistics, publications serving as sources of data frequently
are obliged to present revisions for estimates made in previous issues.
Moreover, monthly and annual endeavors to bring statistics up to date
require the addition of variates to series. 'In problems arising in the
field of psychology and education, it may develop after preliminary
calculations have been made that one or more observations of the
original series must be deleted due to the presence of factors such as
unusual physical or mental impairment at the time of examination,
cheating, etc. Again, we may desire to combine the statistics for sev-
eral distinct intervals, for several classes, or for various schools of a
city or state, etc.

In the numerical examples above, calculations were made in
terms of fractions, rather than decimals, in order to emphasize the
fact that the direct and indirect methods will yield identical results.
Ordinarily, decimals are employed, and the results will consequently
differ slightly.

Section TI1

FrEQUENCY DISTRIBUTIONS

14. In dealing with large groups of quantitative data, the com-
putation of the elementary statistical functions and an appreciation of
the variation in the magnitudes of the series of measurements -is
greatly facilitated by systematically presenting the data in.the form of
a frequency distribution. Such a distribution may present in tabular
form

(a) each different variate ohserved. and
(b) the number of times that each different variate was observed
in the investigation.
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Tt is evident at the very outset, therefore, that if a frequency distribu-
tion merely reproduces precisely the same data that might otherwise
have bgen listed serially, the values of M, o and &, computed from
such a frequency distribution must correspond exactly with the values
of M, o and &, that would have been obtained by the serial method.
This serial method has been considered in the two preceding sections.

15. As an illustration. suppose that we consider the comnlete
table from which the 13 variates, nved in earlier computations, were
taken. Since, according to the regulations. 17,000 numbers were with-
drawn, we shall have 170 groups of one hundred numbers each, con-
sequently 170 variates. These are listed below.

We shall see that one can comipute the fundamental functions from
the frequency distribution more readily than from Table IV. Again,
certain phenomena are apparent at a glance at Table V, though by no
means evident from a short inspection of Table IV. Thus the range
of the variates is immediately observed in Table V, and the degree of
symmetry in the distribution can be guessed rather accurately by one
accustomed to computing the coefficient of skewness from distributions.

TABLE IV

Number of even numbers in 170 samples of 100 numbers each.

U. S. Order of Call, 1918

51 42- 49 53 49 46 47 51 57 48
49 51 35 50 46 53 46 47 46 54
60 59 42 42 58 43 33 49 54 53
53 46 47 50 55 50 48 47 44 51
48 57 49 52 57 56 45 64 37 58
51 53 51 49 39 54 51 56 44 41
42 46 50 36 42 54 50 45 47 58
50 52 53 55 52 48 50 53 45 48
51 55 47 45 55 51 47 54 48 46
52 60 52 53 49 52 46 62 43 48
54 S0 51 50 50 53 44 54 31 45
53 47 44 48 55 45 55 45 55 50
52 55 54 56 42 49 45 55 45 55
44 37 44 53 52 50 51 47 56 44
54 56 50 53 49 52 60 48 50 51
56 45 50 51 53 44 47 54 46 54
42 44 49 43 57 46 48 48 49 48
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The frequency distribution for Table IV may be obtained readily

by means of the ‘“cross-five’” method as follows:

16.

TABLE V
Frequency Distribution for Data of
Table IV

v Tabulation vd
37 [l 2
38 0
39 I 1
40 0
41 | 1
42 H ] 7
43 i 3
4 i 1l 9
45 HH HH 10
46 +HH HH 10
47 HH HH 10
48 HH HH 12
49 HH HH | 11
50 HH HH HH 15
51 HigHigi 14
52 B 1] 9
53 HH HH 1 14
54 HH HH 11
55 HH HH | 11
56 HH ] 7
57 Hil 4
58 lil 3
59 | 1
60 Il 3
61 0
62 | 1
63 0
64 | 1
Total 170

The above type of distribution should be differentiated {-om
wthers-in which it has been found advantageous to combine the variates
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into classes and likewise to group together the corresponding frequen-

cies. A distribution of grades will serve to illustrate this second type
of distribution.

TABLE VI

Distribution of Examination
Grades of 168 Students

Class Frequency
0- 10 0
11- 20 2
21- 30 , 3
31- 40 5
41- 50 7
51- 60 16
61- 70 39
71- 80 45
81- 90 41
91-100 10
Total 168

Such a table does not represent c.ractly the original data in which
the grades were recorded for each student as an integral number of
per cents; nevertheless, it gives a very good idea of the general form
of the distribution and enables us to compute the fundamental func-
tions with a considerable degree of accuracy.

17.  Discrete ariates.  The distribution of Table V is obviously
one in which the variates can, from their very nature, be expressed
only as integers. A distribution of this type is termed one of discrete
wariates, or one of a discrete variable.  Common illustrations of this
type are to be found in distributions of the number of individuals in
a family, the number of petals on a flosver, the number of coins turning
up heads, etc.
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I8 Continnwous Variates. In the majority of distributions the
variates by their nature may differ by infinitesimals, and the observed
values, as recorded, are merely more or less accurate estimates of the
truc values, which never can be established with absolute accuracy by
any method of measurement. Thus the variates in the case of heights
may be correct to the nearest inch, one-hundredth of an inch, or even
the one millionth part of an inch, etc., but theoretically it can be shown
that the chances that any measurement of a continuous variable is exact
is about one in infinity. A frequency table for the distribution of con-
tinuous variates must always, therefore, be one of grouped frequencies.

19. The fundamental differences between distributions which
may be classified as

(a) discrete
(b) grouped discrete, and
(c) continuous

are of vital importance whenever the accurate determination of the
mean, standard deviation, or skewness, is concerned. We shall now
illustrate in detail and by numerical examples the procedure which
should be followed in each case.

20. Frequency Distributions of Discrete Variates.

1f 180 dice were thrown, and a throw of a six spot counted a suc-
cess, then the expected frequencies of successes that would be obtained
in one thousarid such trials are as follows:
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TABLE VII
M, =30
% / z x? x3
15 1 -15 225 -3375
16 1 -14 190 2744
17 2 -13 169 -2197
18 4 -12 144 1728
19 6 -11 121 -1331
20 10 -10 100 -1000
21 16 -9 81 - 729
22 23 - & o4 - 512
23 31 -7 49 - 343
24 41 -6 36 - 216
25 | 51 | <5 25 | - 125
26 61 - 4 16 - 64
27 69 -3 9 - 27
28 75 -2 4 - &
29 79 -1 1 - 1
30 &0 0 0 0
31 77 1 1 1
32 72 2 4 8
33 64 3 9 27
34 56 4 16 64
35 46 5 25 125
36 37 6 36 216
37 29 7 49 343
38 22 & 64 512
39 16 9 81 729
40 11 10 100 1000
41 8 11 121 1331
42 5 12 144 1728
43 3 13 169 2197
44 2 14 196 2744
45 1 15 225 3375
46 1 16 236 4096
= 1000 M, = 30
= 2 M, = -.027
= 24687 Moo = 24687
= 11239 e = 11259
= 24.6863 ox = - 496853
= 13.2586 O s 122,655

®y.p= 108097

M= 29973, o, = 490853,  d,,, =.108097
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Explanation. Since this distribution of discrete variates is an
exact reproduction of the original data listed serially, we know that
the moments obtained by the frequency distribution method must be
identical with those which would have resulted had the serial method
been employed. In fact

2f =N,

(17) Zxf = 2x,
Sxf=x* and
Zx’f=2x?

Numerically, 2 a”f is absolutely equivalent to S x*. However,
Z xf implies more: it indicates a brief and systematic method of
attaining a total in which multiplication replaces repeated additions.
Thus, in the serial method the value & = 5 would be added 46 times
during the numerical determination of J a . In the frequency distribu-
tion method one multiplication, 5 X 46, represents likewise the con-
tribution of this variate to the total Sxf = S .

If a computing machine be not available, the headings of Table
VII should be

v f x xf xy x¥f

and the totals S x"f obtained by a detailed process. With the aid of
a computing machine the values of J x7f may be obtained readily by
a continuous process, and it is necessary to record only the totals.

Since

(c+/)= x2+3x2+3x+/

it follows that

(18) YlxiN¥ =XxhFxf+3Lxf+) f

Formula, (18) is known as Charlier’s check. By associating with
cach value, £ the value of x®appearing on the next lower line, the
value of ¥ (x+ /)3 may be obtained as readily as that of Jaf .
Then if equation (18) be satisfied we may assume with a considerate
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degree of confidence that «ll five summations have been accurately
determined.

It follows that we may now write, employing (17),

2.

X 4
(19) !#M 57

Lptge= &5

and observe that here, as in the serial method,
Has® poe= My
Hya = Poe= SMppt ¥ ZM]
M, =M, + M,
Me™ Ma:x

etc.

21 The Grouping of Discrete Variates. Occasionally frequency
distributions of discrete variates contain so many different variates
that some sort of grouping must be employed. Thus, the distribution
of Table VII and the numerical calculations may be abbreviated as in

Table VIIIL

Explanation. The class mark of a class is defined as the rith-
metic mean of the greatest and least variates that can ocer within
that class. In Table VIII we might have used the class marks as
values of v, but the use of a provisional mean, as has already been
demonstrated, saves a large amount of labor.



B. L. SHOOK 35

TABLE VIII (Unadjusted)

Class M,=30, A=3
Class Mark f x
14-16 15 2 -5
17-19 18 12 -4
20-22 21 49 -3
23-25 24 123 -2
26-28 27 205 -1
29-31 30 236 0
32-34 33 192 1
35-37 36 112 2
38-40 39 49 3
41-43 42 16 4
44-46 45 4 5
2f = 1000 M, = 30, A=3
2xf = -9 M, = -.009
Xa¥= 2817 Hae = 2817
Sx¥= 405 e = 405
HMaw 32.81692 o, =1.67837
Kgx = 481058 Opplpe= 4.72783
%, = .101750
M, = 20973, g = 503511, Fse = 101750

The class interval is defined as the common difference between
iwo consecutive class marks. In the example of Table VIII, the class
inferval has been chosen as the unit of &, consequently M, and o,
are expressed in class units. If A denotes the class interval for a

distribution, then
(20) M=M,-AM,, and

(21) o,= Ao,

Thus in Table VIIT we had

M, = 30+ 3(-009) = 29.973
o, = 3(1.67837) = 5.03511
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Since the skewness is an abstract nuraber, completely independent
of the unit employed

(22) Ghsiy= Wsx

22. Table IX shows in the second, third, and fourth columns the
values of M, g, and «,, which are obtained by various groupings
of the data of Table VII. The grouping employed in Table VIII is
listed as D (3:2) in Table 1X, the 3 denoting the number of different
variates 4n each group, and the 2 designating the position of the first
observed variate (i. e. v =15) in the first grouping. Thus the classes
of the grouping svmbolized by D (6:4) would be

12-17

18-23

24-29
etc.

From Table IX it may be observed that, although all of the values
of M, agree to a rather remarkable extent, nevertheless the unadjusted
values of g reveal the fact that an increase in the class interval is as
a rule accompanied by an increase in the associated standard deviation
and a decrease in the corresponding skewness.

23. In computing the moments ¢/, , isx,and g5 for
distributions of grouped frequencies, the assumption is made that each
variate in a class may be treated as being numerically equal to the class
mark. A mathematical investigation that lies beyond the scope of an
elementary course shows that in the computation of M, and 14, it
is entirely legitimate to treat each variate after this manner, but the
demonstration also reveals that grouping tends to introduce a system-
atic error into the value of 4, .. To eliminate this systematic ten-
dency we find that one should introduce a correction and write

/= /_é 2
T2

23) Maz = Myx= My

where 4 denotes the number of different variates that are grouped
together in each class. Thus, in Table VIIT we should have intro-

duced as a correction

ol o2 074074
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TABLE IX

Comparison of Adjusted and Unadjusted \alues of o and o,

(D (2) (3) (+) (%) (6)
Grouping M, Unadjusted Adjusted
a’V “J:V a-V dB.‘V

D(1:1) 29.973 4.969 .108 4.969 .108
D(2:1) 29.972 4.992 100 4.967 108

D(2:2) 20974 | 4.993 107 | 4970 | .108
Avg. D(2) | 20073 | 4.935 106 | 4968 | .10R
D(3:1) 29974 | 5.030 | .109 | 4963 | .113
D(3:2) 29973 | 5035 | .102 | 4968 | .106
D(3:3) 20972 | 3.041 101 | 4974 | .105
Avg. D(3) | 29973 | 3035 | .104 | 4968 | .I0%

D(4:1) 29.968 5080 | 096 | 4964 | .103
D(4:2) 29976 | 5004 | .104 | 4970 | .112
D(4:3) 20976 | 5078 | .04 | 4970 | .112
D(4:4) 29972 | 5096 | 098 | 4970 | .105
Avg. D(4) | 20.973 5080 | .100 | +968 | .108
D(5:1) 29.975 5160 | .105 4962 | .118
D(5:2) 29.975 5170 | 097 | 4972 .109
D(5:3) 29970 | 5.167 094 | 4970 | .105
D(5:4) 29970 | 5.163 085 | 4966 | .09
D(5:5) | 29975 5170 | .100 | 4972 112
Avg. D(5) | 29.973 5166 | 096 | 4968 | .I0R

D(6:1) 29.974 5.247 .107 4.961 126
D(6:2) 29.976 5.256 .099 4.971 A17
D(6:3) 29.972 5.259 .087 4974 .102
D(6:4) 29.974 5.250 085 4.965 .100

D(6:5) 29970 | 5.251 080 | 4966 | .094
D(6:6) }29972 | 5259 | 091 | 4974 | .108

Avg. D(6) | 29.973 5.254 092 | 49068 108
D(7:1) 29977 3347 F 097 | 4959 121
D(7:2) 29.971 5.347 093 4.958 117
D(7:3) 29.972 5.358 087 | 4971 109
D(7:4) 29.966 5.354 070 | 4966 | .087
D(7:5) 29.974 5.361 088 | 4974 110
D(7:6) 29.975 5.360 086 | 4.973 1108

D(7:7) 29.976 5.365 .084 4.978 .105
Avg. D(7) | 29.973 5.356 .086 4.968 108
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This would have resulted in the following revision:

fgy = 274285 o = 165616
Aye = 481058 e trs= 4.54260
Fpe = 105899
M= 29973, 0,=496848, @, =.105899

Again, for & =7 we would use

-, 7P-1 _ 4
o i Mo 1‘{:- —1—2.72 = /1":‘_— }41@

When the simple adjustment of formula (24) is made, Table IX

shows that the svstematic errors in the values of o, and @&,, , caused ™ °

by grouping, are eliminated. Thus in columns 5 and O the averages
for cach group are constant, consequently the c¢rrors remaining are
accidental variations. which, due to a complete lack of compensation,
still remain, but such discrepancies are not serious.

Tt should be noted that for distributions of discrete variates in
which no grouping occurs, as in Table VII, the torrection vanishes.

since for k=1

(24) WEY// S

74

24, Frequency Distributions of Continuons Imariaies. The fol-
lowing will serve as an illustration of the method of obtaining the
fundamenta) functions for a distribution of continuous variates.
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TABLE X

Weights of 1000 Female Students
(Original Measurements Made to Nearest 1/10 1b.)

1
Class Class | M, =//4.95
( Pounds)) Mark f |
A=/0 £
70- 79.9 74.95 2 —4
80- 89.9 84.95 16 -3
90- 9.9 94.95 82 -2
100-109.9 104.95 231 -1
110-119.9 114.95 248 0
120-129.9 124.95 196 1
130-139.9 134.95 122 2
140-149.9 144.95 63 3
150-159.9 154.95 23 4
160-169.9 164.95 5 5
170-179.9 174.95 7 6
180-189.9 184.95 1 7
190-199.9 194.95 2 8
200-209.9 204.95 1 9
210-219.9 214.95 1 10
Total 1000
Zf = 1000 M, =114.95
Sxf= 379 M, = 379 class units
S x¥= 3089 Mae = 3089
Sx¥- 8131 Mhe = 8131
Mao.x = 286203 ox = 169175
Mz = 472769 Op Mzr  4,84184
Ryx = 976424
M, =11874 Ibs,, o, =169175" Ibs., Oy, =.976424

Explanation: The class mark has previously been defined as the
mean of the greatest and least variates that can be included in a class.
Since the original measuremtns were made to the nearest tenth of a
pound, the true limits of the 150-159.9 class are 149.95-159.95, and
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therr mean is 154.95, which accordingly is the class mark in this in-
stance. If the original measurements had been made to the ncarest
pound, then the classes would be written

150.0-159.0
160.0-169.0

and the true limits of the 150.0-139.0 class would be 149.5 and 159.5
pounds respectively, and the corresponding class mark would be 144.5
Ibs. It is apparent, therefore, that a table of continuous variates
should specify clearly the accuracy with which the original measure-
ments were made, for the values of the class marks and consequently
that of the mean, hinges on thiy point.

It will be noticed that in this example the class interval has again
been taken as the unit of 2. and this fact must be taken into consid-
eration in determining the value of M, and o, .

Since the assumption is also made that the class mark may repre-
sent the magnitudes of all variates occurring in that class, the ques-
tion of correcting: the second moment, ¢, again arises.” Since in
each class of a distribution of continuous variates an infinite number
of different variates may occur, the correction is in this case

7 A
/12 /2

Therefore, corresponding to formula (24 ). we must write, in order
properly to adjust the second moment of a distribution of continuous
variates

’ /
(25) Hax™ pax= Maj7

As before, neither the values of My nor g, require adjustiment.

Summary of Section 111, The frequency distribution is a device
for presenting an extensive scries of variates in a systematic and com-
pact form. Not only are the phenomena of aggregation more. readily
perceptible by this method of presenting the data, hut the calculations
of the fundamental functions are facilitated.

The formulac for obtaining the mean, standard deviation and
skewness are, with the exception of a single adjustment that may
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arise, identical with those employed in the serial method. One need
only observe that

N =Jf
2x=Jaf
Sx*= Y xf
Lat= S
The adjustment referred to is that we should in general regard

M:_ /-!Z/kl

Max = ,U;,;" x 12

For ungrouped distributions of discrete variates this correction
vanishes, since in this instance /& = 1. For distributions of continu-
ous variates, since here 4 would equal infinity, the correction is
-numerically equal to 1/ 12.

These corrections will remove systematic errors in the standard
deviation and skewness that arise from the phenomenon of grouping
complete frequency distributions.

Editor's Note: This abstract of Elementary Mathematical Statistics will be con-
tinued in the May issue of the ANNALS.



