NOTES

TABLES FOR A NONPARAMETRIC TEST OF DISPERSION
By S. ROSENBAUM
Directorate of Army Health, London

1. Introduction. Two samples are known to come from populations with the
same mean (or median). Without reference to the form of the distribution
function, we want to test the hypothesis that the populations are identical, and
we simply count the number of points in one sample which lie outside the ex-
treme values of the other sample. The device owes its origin to S. S. Wilks [1],
who derived the basic formulas in a classic paper on tolerance limits. In the
absence of the prior knowledge that the two populations have the same location,
the test becomes merely a two-sample test of identity of the populations and
rejection may imply difference in location as well as shape. (A one-sided modifi-
cation of the test would, of course, be more appropriate for a specific test of
location.)

2. Test that the samples come from the same population. We draw a random
sample of n points and a random sample of m points from a population with a
continuous distribution function. The probability that » points of the sample
of m will lie outside the end values of the sample of n is [1]

P, = nn —1) m!  (r+Dn+m—r—2)!

) (m — r)! (n + m)!

n(n—l)(yf)B(n+m—1—r,r+2),

where B is the complete Beta function.
For rp = m,

(2) gPr=gn(n—1)<T'>B(n+m—1—r,r+2)

is the probability that the value of r is not greater than r, . Otherwise stated,
one minus this quantity is the probability that the value of 7 is o 4+ 1 or greater.
We can therefore fix a probability level e¢ and arrive at an 7, such that
Y P < e < 2P

Tables of » = 7y + 1 are given for ¢ = 0.95 and ¢ = 0.99 over the range
n=1---,50,m=1,---,50.

It may be worth pointing out that when 7, = m, the hypothesis cannot be
rejected whatever value r takes in the sample. Also a certain symmetry arises
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for n = m, where P, = n(n — 1)/2n2n — 1), P, = n(n — 1)2n/
2n(2n — 1)(2n — 2), so that P, 4+ P; = %. This is equivalent to saying that for
equal samples of any size from the same population, whatever the form of its
distribution function, the chances are even that not more than one point of the
second sample shall lie outside the range of values of the first.

For large and approximately equal values of m and n, say m = n = N > 0,
P, is approximately equal to N°(r 4+ 1)N'/@2N)™** = (r + 1)/2"*%. Then the
critical values of 7o + 1 turn out to be,

at e = 0.95, o+ 1 7,
at e = 099, 7 4+ 1 = 10.
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5% values of r
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The probability is less than 5%, that r or more points of a sample of size m lie outside
the extreme values of a sample of size n if the samples are drawn randomly from the same

population, whatever its distribution.




5% values of v

" \i 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
2 | - - — — — — — — — — 40 | 41 42 43 44 45 | 46 47 48 49 50
3124252627 28 |29 29 30 31 32 | 33 34 35 35 36 | 37 38 39 40 41 | 41 42 43 44 45
412122232424 | 2526272728 |29 30303132 33 33 34 35 36 | 36 37 38 39 39
5119202021 2212223 24 24 25 | 26 26 27 28 28 | 29 30 30 31 32 | 32 33 33 34 35
6 | 17 18 18 19 19 | 20 21 21 22 22 | 23 24 24 25 25 | 26 26 27 28 28 | 29 29 30 31 31
7 11616 17 17 18 | 18 19 19 20 20 | 21 21 22 22 23 | 23 24 24 25 25 | 26 27 27 28 28
8 | 14151516 16 | 17 17 18 18 19 | 19 19 20 20 21 | 21 22 22 23 23 | 24 24 25 25 26
911314141515 (1516 16 17 17 | 18 18 18 19 19 | 20 20 21 21 21 | 22 22 23 23 24
10 (1213131414 | 1415151516 | 16 17 17 17 18 { 18 19 19 19 20 | 20 21 21 21 22
11 11212121313 | 1314141415 {1516 16 16 17 | 17 17 18 18 19 | 19 19 20 20 20
12 1111121212 | 1313 13 14 14 | 14 15 15 15 16 | 16 16 17 17 17 | 18 18 18 19 19
1311011111112 1212131313 | 141414 1415|1515 16 16 16 | 17 17 17 18 18
14 1101010 1111 | 1112121213 | 13 13 13 14 14 | 14 15 15 15 15 | 16 16 16 17 17
15| 919101010 | 11 11 11 1212 | 121213 13 13 | 14 14 14 14 15 | 15 15 16 16 16
16| 9 9 91010101111 11 11 | 12121212 13 | 13 13 13 14 14 | 14 15 15 15 15
1719 9 9 910110101011 11 | 1111121212 | 1213 13 13 13 | 14 14 14 14 15
18| 8 99 9 9] 910101010 | 11 11 11 11 12} 12 121213 13 | 13 13 14 14 14
191 8 8 89 9| 9 9101010101111 11 11|11 121212 12} 13 13 13 13 13
20 8 8 889|999 910}101010 11 11 |11 11 11 1212 |12 12 13 13 13
2101 7 8 88 89999 9(10101010 10 | 11 11 11 11 11 |12 121212 12
22|77 88 8| 88 9 9 9|9 91010101010 11 11 11 |11 11 12 12 12
23| 777 88 8889 9|99 910101010 10 11 11 | 11 11 11 11 12
241 7777 8, 8888 919999 91010101010 (1111111111
2| 7777 7,88 88 88999 9 910101010 101011 1111
26| 7777778888/ 8899.9, 99 9101010101010 11
2016 7777|7788 8| 88899999 9101010101010
2816 6 77 77777 8| 88 8838|9999 9| 910101010
2916 6 67 777777 8888889999 9 9101010
30| 6 6 6 6 7| 7777778888 88999999 910
31| 6 6 6 6 6, 7777 777888 8888999999
32| 6 6 6 6 6, 67 77 777788 88883899999
33| 6 6 6 6 6, 667 7 7| 77778 888 838|899 99
4| 56 6 6 6,66 67 777777 88888 88899
36| 56 6 6 6 6| 6 6 6 6 7777777888 8| 88889
3, 556 6 66 6 66 6|7 7777|7788 8| 88838 8
37, 5655 66| 6 6 6 6 6/ 67 777777728 888288
38| 5655 56| 6666 6| 6677777777 888288
39| 555566 666 6| 66 7 7777777782888
0 565 5 5 5| 6 6 6 6 6(6 6 6 7 7777777782838
41| 555 5 5| 56 66 6| 6666 7| 7777777788
42| 5 5 555 56 6 6 6| 6666 67777777778
43| 5 5555, 556 6 6|/ 6666 6| 6777777777
4| 5 5555|555 66| 6666 6| 6677777777
%! 5 5555|5555 6| 66666 6667777777
6| 555555555 6| 6 6 66 6| 666 6777777
471555 55| 55555 6 6 66 6| 6 66 6 6| 77777
81 45555, 55555 56666| 66666 67777
9 45555 565555 56666 6 666 6| 66777
4 4555 55555556166 66666 666 77

50

The probability is less than 5% that r or more points of a sample of size m lie outside
the extreme values of a sample of size n if the samples are drawn randomly from the same
population, whatever its distribution.
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1% values of r
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The probability is less than 19, that » or more points of a sample of size m lie outside
the extreme values of a sample of size n if the samples are drawn randomly from the same

population, whatever its distribution.




1% values of r

\"1\n\ 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
2 - | - — — — | — | — |
3 |26 27 28 29 30 | 31 32 33 34 35 | 36 37 38 39 39 | 40 41 42 43 44 | 45 46 47 48 49
4 |24 252627 28 | 29 30 30 31 32 | 33 34 35 36 37 | 37 38 38 40 41 | 42 42 43 44 45
52223242526 | 2627282929 | 30313233 33|34 3536 37 37 | 38 39 40 40 41
6 | 21 21 22 23 24 | 24 25 26 26 27 | 28 29 29 30 31 | 31 32 33 33 34 | 35 36 36 37 38
711920 20 21 22 | 22 23 24 24 25 | 26 26 27 28 28 | 29 30 30 31 31 | 32 33 33 34 35
8 |18 1819 20 20 | 21 21 22 23 23 | 24 24 25 26 26 | 27 27 28 29 29 | 30 30 31 31 32
9 1717 1818 19 | 19 20 21 21 22 | 22 23 23 24 24 | 25 25 26 27 27 | 28 28 29 29 30
10 |1 16 16 17 17 18 | 18 19 19 20 20 | 21 21 22 22 23 | 23 24 24 25 25 | 26 26 27 27 28
11 | 15 15 16 16 17 | 17 18 18 19 19 | 20 20 21 21 21 | 22 22 23 23 24 | 24 25 25 26 26
12 | 14 15 15 15 16 | 16 17 17 18 18 | 19 19 19 20 20 | 21 21 22 22 23 | 23 23 24 24 25
13 | 13 14 14 15 15 | 16 16 16 17 17 | 18 18 18 19 19 | 20 20 21 21 21 | 22 22 23 23 23
14 | 13 13 14 14 14 | 15 15 16 16 16 | 17 17 18 18 18 | 19 19 20 20 20 | 21 21 21 22 22
1511213 13 13 14 | 14 15 15 15 16 | 16 16 17 17 18 | 18 18 19 19 19 | 20 20 20 21 21
16 | 121213 13 13 | 14 14 14 15 15 | 15 16 16 16 17 | 17 17 18 18 19 | 19 19 20 20 20
17 | 1112121213 | 13 13 14 14 14 | 15 15 15 16 16 | 16 17 17 17 18 | 18 18 19 19 19
18 | 111112121213 13 13 14 14 | 14 15 15 15 15 | 16 16 16 17 17 | 17 18 18 18 19
19 | 1111111212 | 12121313 13 | 14 14 14 15 15 | 15 16 16 16 16 | 17 17 17 18 18
20 11011 111111 | 12121213 13 | 13 14 14 14 14 | 1515 15 16 16 | 16 16 17 17 17
21 (1010111111 11112121213 1313131414 [ 1414151515 | 16 16 16 16 17
2211010101011 |11 11121212 {1213 1313 13 | 141414 1515 | 15 15 16 16 16
23] 910101010 | 11 11 11 1212 | 121213 13 13 | 13 14 14 14 14 | 15 15 15 15 16
241 9 9101010101111 1111 | 1212121213 | 131313 14 14 | 14 14 15 15 15
25| 9 9 91010101011 11 11 |11 12121212 |13 1313 13 14 | 14 14 14 15 15
26199 9 910|101010 11 11 | 11 11 1212'12 |12 1213 13 13 | 13 14 14 14 14
27019 9 9 9 9110101010 11 | 11 11 11 11 12| 121212 13 13 | 13 13 14 14 14
2861 899 9 9] 910101010 | 11 11 11 11 11 |1212121213 |13 13 13 13 14
29 88 99 9| 9 91010101011 11 11 11 | 1112121212 |12 13 13 13 13
301 8 8 89 9| 99 91010101011 1111 |1111121212 121213 1313
31| 8 8 889 99 9 910(1010101011 {11 1111 1112|1212 1212 13
32| 8 8 8 88, 9999 91010101010 |11 11 11 11 11 |12 12 12 12 12
331 8 888 8( 9999 9 910101010 |10 11 11 11 11 |11 12121212
34| 7 8 8 8 8/ 8999 9|9 91010101010 11 11 11 |11 11 121212
35| 7 7 8 8 8| 8899 9| 99 91010101010 11 11 | 11 11 11 11 12
36 77 8 88| 8889 9| 99 9 91010101010 11 |11 11 11 11 11
3717 7 7 8 8/ 8 88 89999 9 91010101010 | 11 11 11 11 11
38| 7 7 77 8/ 88 888|999 9 91010101010 |10 11 11 11 11
39| 77 7 7 8| 88 88 89999 9| 9101010101010 10 11 11
40| 777 7 7| 88888 8999 9| 9 91010101010 10 10 11
41,7 7 7777888 8| 8899 9| 99 9101010101010 10
42|\ 7777 7|7 8 88 8| 88899999 9101010101010
4316 77 7 7|77 88 8|/ 888899999 9[1010101010
416 7777|777 88| 88888, 9999 9| 910101010
45| 6 6 77 77777 8| 8888899999 9 9101010
46| 6 6 7 7 7| 7777 8| 888 88| 89999 99 91010
47| 6 6 6 7 7| 77 7 7 7| 8 8888, 88999999 910
481 6 6 6 77| 7777778888 88899| 99999
49| 6 6 6 6 7|7 7777|788 88| 8888999999
50| 6 6 6 6 6/ 77 77 7|77 888, 88888999909

The probability

is less than 19, that r or more points of a sample of size m lie outside

the extreme values of a sample of size n if the samples are drawn randomly from the same
population, whatever its distribution.
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