STATISTICAL SPECTRAL ANALYSIS OF TIME SERIES
ARISING FROM STATIONARY STOCHASTIC
PROCESSES!

By ULr GRENANDER AND MURRAY ROSENBLATT

Unaversity of Chicago

Summary. We consider time series which are realizations of a stochastic
process. From the time series we construct various estimates of the spectral
distribution function of the process (Section 3) and we study the sampling dis-
tributions of some functionals. of these estimates (Sections 4-7). We then obtain
confidence regions for the spectral distribution function and various tests of
hypotheses in the normal case (Sections 8-10).

1. Introduction. Let us consider a real discrete parameter stochastic process’
that is, a sequence of stochastic variables z,,¢t = ---, —1,0,1,---.> We
introduce the quantities Ex; = m,, the mean value sequence, and the covari-
ances ps,: = E(x, — m,)(x; — m.). The process y; = x; — m, is said to be sta-
tionary in the wide sense if p,,; = p,—¢:. Then it follows from a theorem

of Herglotz [10] that p, = [ ¢! dF(\) where F(\) is a bounded and nonde-

creasing function in (—, ). F(\) is called the spectral distribution function of
the process as it can be said to describe the distribution of the spectral energy
of the process (see Wold [22], p. 16). As z; is real, p; = p_; and the distribution
of the spectral energy is symmetric about zero.

Since knowledge of the distribution of the spectral energy is equivalent to
knowledge of the covariance sequence, it is a matter of convenience which to
choose in analyzing the process. The reduced process y. can be written as

(1.1) Yo = [ e™dzZ(\)

[3] where Z(\) is an orthogonal process such that
EZ(A\) =0

(1.2) )

E|ZON) —ZW|*=|FN) — F) |.

(For a discussion of stochastic integrals used in this paper see J. L. Doob,
Stochastic Processes, John Wiley and Sons, 1953.) Hence dF(\) can be inter-
preted as the variance of the stochastic amplitude dZ(\) corresponding to the
harmonic ¢'® in the Fourier expansion of y;. F(\) seems to be more directly
related to the structure of the process than the covariance sequence. Later on
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538 ULF GRENANDER AND MURRAY ROSENBLATT

we shall find other reasons for preferring to deal with the spectrum instead of

the covariances.
We can decompose F()\) into three parts, F(\) = F.(\) + F.(\) + F.,(\),

where F,(\) = f F) dl, Fa(\) = D a0 AF(N,), and F,(\) is constant except

on a set of Lebesgue measure zero. Here f(\) = F'()), the spectral density, is a
nonnegative integrable function and the \,’s are the points of discontinuity of
F(\) with associated jumps AF(A,) > 0. We are going to deal with the absolutely
continuous case, but will make a few remarks later on concerning possible dis-
continuities of the spectral distribution function.

A model of some practical interest is the following one. A linear filter § can
be characterized by its output a. at time ¢ generated by a unit input at time 0.
It is not necessary for our purpose to demand that a, = 0 for ¢ < 0. Suppose
we feed independent random impulses £, , identically distributed with mean 0
and standard deviation 1, into the filter. Following Tukey we shall call a process
of the type £, “pure white noise” as contrasted with a more general process 7,
with En, = 0, Ensn, = 8, (called “white noise”’), but where the n’s are not nec-
essarily independent. Note that in both cases one has a uniform spectrum,
F’'(\) = (2x)". The resulting output at time ¢ is then

0

(1.3) Y = E An§tn.

If >, a; < o, this sum converges with probability 1 (see Levy [15], p. 139~
142). If the 1nput had been 7, we would only be able to state convergence in
the mean square. In both cases the spectrum is absolutely continuous with
spectral density (see Karhunen [12], p. 71)

0 2

Z an e—in)\

n=—00

1
f(>\) = 2—

More restrictive conditions will be imposed on the process later. A process of
the type (1.3) is called a linear process.
On the other hand, if a real stationary process ¥ has an absolutely continuous
A

spectral distribution function F(A) = f f() dl, Doob (see Proceedings of the

Berkeley Symposium on Mathematical Statistics and Probability, University of
California Press, 1949, p. 327) has shown that

(1.4) Ye= D, GuTi—ns

N==—00

where we can choose a, = f e"™Vf(\) d\ and En, = 0, Eqm, = 8. The

n’s are elements of the real Hilbert space spanned by the 3’s and an appropri-
ately chosen set of real random variables (see [12], p. 42). They are then real
and so are the a’s. In the present paper we shall deal only with the linear proc-
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esses. It would be interesting to extend the domain in which our results are
valid to a more general class of processes.

A normally distributed process with an absolutely continuous spectrum is
clearly linear as the n’s appearing in (1.4) are then automatically independent
and identically distributed.

9. Some methods that have been proposed for time series analysis. An im-
portant group of statistical problems arise in the following way. We observe a
sample 1, 2, -+ , Ty (a time series) from the stochastic process z: and want
to make inferential statements concerning the covariances, or equivalently the
spectrum of x; . There has been a long history of work aimed at answering such
problems. A considerable part of the literature has been devoted to testing the
independence of the observations, usually in the case of normal time series (for
a list of references see [14]). Other statisticians have studied what one could
call finite parameter schemes. Two important schemes of this type are the auto-
regressive scheme (2.1) and the moving average (2.2)

(2.1) 2 baYen = &
n==0
(2~2) yt = ; ﬁnf:—n

where the b’s and the 8’s are constants. Specifying a priori an order p for the
process, they have given estimates for the coefficients and have devised tests
for various hypotheses (for a list of references see [14]). Whittle [21] has gone
further and has given tests for discriminating between finite parameter schemes
of different orders without specifying the coefficients a priori.

Any linear process can be approximated as closely as is desired by a finite
parameter scheme of sufficiently high order. In most practical situations, how-
ever, it does not seem realistic to take the order of the scheme as some number
p, usually small, given a priori.

A great deal of the older literature has been devoted to the so-called periodo-
gram analysis (see Kendall [13] for references). This was originally devised to
deal with processes of the type

= > (A,sin \,t + B, cos M, t) + &

=1
where m, A, , B,, and \, are unknown. Clearly z; has a spectrum with a dis-
crete component. To estimate the frequencies A, the following statistic called
the periodogram

Z z.e —1iv\
ll

v=1

I\ = 2—7r]—v

= 5% [(Z x, cos V)\) (g x, sin v)\Y]
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has been used. A rationale for this method is that Ix(\) can be shown to diverge
to infinity as N — o if A coincides with some frequency A, . Hence if Iy(\)
is large we suspect that \ is one of the frequencies A, of the scheme. For a corre-
sponding test of significance see Fisher [6].

Periodogram analysis is not immediately applicable to the case of an ab-
solutely continuous spectrum. However, some work of the last few years has
indicated that when it is properly modified, it is the most powerful method
that has been found to work without very special assumptions concerning the
covariance structure of the process. We would like to mention especially Bart-
lett [1], [2], and Tukey [20].

A brief discussion of some of the results of this paper can be found in [9].

3. Some preliminary considerations. Consider a process
Y = f eNAZON) = D Z, e 4y

where ¥} is the component of the process with a continuous spectrum and the
other term is the one with a discrete spectrum. If we observe a complete realiza-
tion y;, — o < ¢t < o, we can specify the sample value of any Z, with proba-
bility one. However, we cannot estimate E | Z, |* = AF(),) consistently unless
| Z,| is constant with probability one. We note in passing that the model of
random phases in which Z, = A,e’’, where the ¢,’s are independent and uni-
formly distributed in (—, =) and the A,’s are constants, has this property and
is not without interest (see Lévy [16], p. 114).

Although the periodogram is a legitimate tool for estimating the frequencies
A, of a discrete spectrum as has been remarked above, it cannot be used to esti-
mate the spectral density of an absolutely continuous spectrum consistently
[7]. Still the periodogram plays a fundamental role in our paper as our estimates
are closely related to it.

Let y. be a linear process and let the £'s used in constructing the process have
a fourth moment u, . We set

6=[l.4'—'3.

Note that e is the fourth cumulant of the random variables £. The periodogram
Iy(\) of the process y; then is

2

Iv(\) = 7~ ; yte_m\
0 N-—-1
=5 3 Z C, cos vA
. v=l

where C, = D3 y/sv - We are interested in statistics of the form

3.1) oy = [ L)
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where ¢(1) is bounded, symmetric about zero, and has at most a finite number
of discontinuities. Let

(32) b = [ Q) di.

TuEOREM 1. Let ®y , ® be defined as in (3.1), (3.2) and let Yy , ¥ be defined
analogously with weight function . If the spectral density f(I) is continuous

lim E®y = &, lim E¥y =¥
N—o0 N>
and
3.3) lim N cov (@, ¥2) = 0¥ + 4r [ FOROS0 dl.
N0 -

Proor. By definition of ®x
3.4) Bay = [ EL0e0) d

But using (1.1)

N

2

1 il 1 T oep 1 — VP 12
and hence from (1.2)
1 ("] sap 1 — eV 2
EIN(l) = 21!’—1’\/—; .[w e -1——6'()‘_—[)— dE l Z()\) i

1 ,sin2]§\r(>\—l)
~ox Lo
sin ——

2
which tends to f(I) as N — «. But the integrand in (3.4) is bounded by
| &(A) | maxy f(A)
so that we have Edy — ® as N — o,

Let us now consider N cov @y, ¥y). We have

1 d N (a—f) —zp (y—
N cov I\, In(w) = 5 2, €OV (Yalp, yyysle™ O 7%,
47N o8 75=1
But
Eyayﬂy‘/y'S = Z Qoa—yy Of—vy Qy—spy aﬁ—uEfvl«Em Svs Su

71,9273,V =00

o0 0
= (te —3) D GasOps Oy Gimy + D0, GayOayGyiGiy

V=20 P, h==—00

0 0
+ Z Qs Oy Oy By + Z Qv Of—p Qy—y sy

»h=—00 V=00
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so that

o0
oV (Ya¥s, Yy ¥s) = (s —3) D oy oy Oy @iy + Pas Pa—y + Pay Ps—s-

V=—00

The fourth moments of Y, can be shown to exist and the operations that have
been carried out can be justified by a repeated application of Schwarz’ inequality
and Fatou’s lemma. Hence

1

N cov (q)Ny\I’N) = m’

N 0
. { Z l:(,u"i - 3) Z Aoy Ag—y Qy—y Q5—p + Pa—5 PB—y + Pa—y pﬁ—ﬁjl ¢a—ﬂ \Zy«&}

a,B,v.6=1 y=—00

=8+ 8+ S;
where ¢, = f ‘ ¢”¢(\) d\ and ¥, is defined analogously.
We first deal with S; . Note that
N A N .
g =3 f f ;l Qs s N D Ay, a5, ¢ PN Y () AN di

4m2N yi=1
2
Po
Z Qoye'”

4: 2N [n [w V=—00 | a=1

First we consider the special case

$0) =, Y) =

1 SO () dN dp.

The function

Cnm(\) = Z QG € Z G Qm €

k=—o0 l=—o0

is continuous. We have

1 L] e )
Q— c"ﬂ"()\)e i) d\ = Z Qog—y Cq—n—y Ay—p By—m—y
™ T

Vy=—c0
so that
) ) min (N,N4m) min(N,N+4n) 1 x (A
Sl(e-zn.\e—mm) - 4 2V (2”_) Z Z L c"’m()\)e i(a—y d)\

a=max(l,l4+m) y=max(l,14n) 27T

But then

¢ m i(n—m)h sin N ; "\ sin N ; LY
—in\ _—imp - _° - — dA
‘gl(e € ) 211_]\[ L. (2 Cn,m()\) Sin? l
\ 2
T i(n—m)
—Z—:J—V e 2 cam(N)

7

l-sin2 N ; BN e sin (N — n)\ sin n g BN

n—m 1
Y cos 5 )\+«2— .Y

dx.

9

&

.2
Sin 5 sin” —
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Using [5] we see that the second term is dominated by constant (log N)/(N) — 0
as N — . The first term tends to ec,, m(0) = epnpm . Now let us consider a
finite trigonometric polynomial

P . .
RO ) = D hame ™em

n,Mm=—p

in place of (\)¢(\) in S, . Then

lim S0 1) = 55 3 humpnpn = ¢ [ [ A0, IO/ X di

N> nm=—p

Now given any ¢(\) and l//(p.), we can choose two finite trigonometric poly-
nomials (A, u), h2(\, ) such that

O, 0 = 600 = k0w, [ [ w) — mO, ]k < e

Then Si(¢(\)y¥(u)) lies between Si(hi(N, 1)), Si(he(\, 1)) and hence
hl_i?x , im - Sy (M) ()

lies between ¢ | jo "l )OS () A\ du and e jo ’ /0 O, ) OF () d d.

On letting ¢ — 0 we see that

lim SG0G) = ¢ [ 070) i [ ¥ du

To evaluate the remainder S; + S; of cov (®x, ¥x) we note that it would be
the actual covariance if the process were normal. But in this case the limiting
covariance has been evaluated in [7] when ¢ and ¢ are even, although under
the restriction that the spectral density has a continuous derivative. However,
an argument similar to that just carried out above indicates that the result in
[7] is valid for continuous f(A). This proves (3.3).

One should note that as the periodogram is an even function, it is sufficient

to consider estimates of the form ®y = f In(N)p(N\) d\ corresponding to the
0

weight function 3[¢(A) + ¢(—2A)]. Expression (3.3) then becomes
lim N cov (&, ¥y) = ed¥ + 2r | fDe(y(D) d.
N —o00 -0

The following theorem gives an estimate of the speed with which E®, con-
verges to .
TurEOREM 2. Suppose that f(\) has a bounded derwative. Then

E®y = & 4 0(log N/N).
Proor. By the proof of Theorem 1

. sin® = )
o= f_,%\ S ———— [f0) = fN)e(\) dN dl.
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But we have uniformly f(I) — f()\) = O — ) so that

2r SiD° 2 x Kloz N
Boy — @ .%N[ —2 0(a)vaer - |2]) s s T8N
2

according to [5].

We remark that if the function f(A) defined on the real line with period 2«
has a bounded second derivative everywhere we getinstead E®&y — & = O(1/N).

We now prove three elementary lemmas that are required in the develop-
ment of the main results of the paper. These results have been proved under
conditions that are probably far from necessary. But we believe these condi-
tions give an idea of the practical domain of applicability of the results.

In the remainder of the paper we shall assume that E | £, [° < <.

Lemma 1. Consider the covariances ¢, = 9 et Entnsisl . Then if v, u 5% 0

AN if uwuFvw
(3.5) | Ecycopicucuts| S

A N? of b= v
The reader should notice that C, refers to the y-process and ¢, to the -process.

Proor. It is clear that (3.5) is made up of terms of the type E] % £a, . If

one of the indices n; is different from the rest this term vanishes. As each of the
terms is bounded by E | &|°, it is sufficient for our purpose to enumerate the
nonvanishing terms. But we have restraints, say

ny = n; + a, ng = n3 + b, ne = ns + ¢, ng = ny; + d,

where we do not yet specify the integers a, b, ¢, d except that they should all
be different from zero. We can then treat the eight variables in a completely
symmetric way. Let us fix n; . As ny % ny, np has to be equal to some other #;,
say ns .

Now we separate two cases. As ns 5 ng, it has to be equal to one of n, , n2,
73, na OF to one of n7, ng . Let us consider the first alternative. Then n; has to
be equal to one of ny, n2, n3, 14, ns , ne and whichever we choose, we have

(3.6) n; =m + a;, =23, -

As1 £ n; £ N this gives us at most NV possibilities.

In the second alternative let us take ns = ny . If any of n; , n2 , n3 , 74 is equal
to any of ns , ne , n7, ns we have again a system of restrictions of type (3.6) and
hence again at most N possibilities so we can exclude this case. But n; = nz % m
and ng % ny = ns so that the only other way of getting a nonvanishing term is
ne = M4, Mg = Mg, which requires that ¢ = b, ¢ = d. If that is the case we clearly
get at most N’ possibilities. The result now follows easily.

Lemuma 2. The distribution of the variables (co — N)/N/N,ci/NN, -+, e/ /N
tends to the distribution of k + 1 normal and independent variables with mean
zero and variances ¢ + 2, 1,1, .-+ 1.
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Proovr. Introduce

2i =t — 1) 4+ kit + -0 + bEikin

so that
1 !
\/N ‘/_; Zj = \/N [tolco — N) + t161 + o ek
iz
where
, N
Cy = € + Z EJ'EH-M v > G.
j=N—v+1

It is evident that (¢, — ¢.)/(v/N) — 0 in probability as N — «. But z; is a
stationary (¢ + 1)-dependent sequence of random variables. Applying a theorem
of Hoeffding and Robbins [11] we see that Uy is asymptotically normal with

. 2 k ,2
mean zero and variance & (e + 2) + Zl t, . Hence
’
—3[ 28 (e+2)+2%¢2]

iUN ., Co __N . k Cy
Ee™? = E’exp{zto ‘*-*\/N + zzl:t, “\/N — €
which proves the lemma.

LemMa 3. If y; 18 a normal process with a positive spectral density having an
integrable second derivative, then a, can be chosen so that a, = O(1/ ).

Proor. Choose a, so that a, = f e”V/f(\) d\ and integrate by parts
twice. The result follows immediately.

4. Treatment of pure white noise.

TuroreM 3. Consider the empirical spectral distribution function

A
Fi i) = jo In() dl

where
2

M=

s e—i 23
v

1.
IN.E()\) = m

]
—

14

Then the limiting probability distribution of

max \/—‘F E(X)—%'

0<AEw
as N — o is the same as that of

max | ¢\ |

0SAs ™
where ¢(\) s a normally distributed process with mean zero and covariance

eM s + 1 min (A, u).

B0s() = 55 + 5
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Proor. We have
A )\ ¢, sin v
VN [FN () — ] (2 e x/N> + E
v

= Sn.,k ()\) + TN,k ()\)

where sy x(\) consists of the first term and the ¥ — 1 first summands of the
sum. We shall show that with probability close to one, for sufficiently large F,
| 7xx(\) | is small uniformly in N, X.

Let us consider
i

X %

‘ Z c sm VA

| v=m

where 0 < m < [ < N. But

i I=—m | l—j

- Cv Cytj
4 < 2 S M
. gn \/N v E Erz Nv(w +7)|°
To get a bound for this sum we consider
= = Ec,coij cuCuts

Cy Cytj ? _
N+ ) =

We know by Lemma 1 that

(4.1) E

Z;m N + Dulu + )"

A, N*if = u

| By CopsCuCuts | =
AN if v & u.

Thus the expression in (4.1) is bounded (use the Schwarz inequality) by
= 1 A4, I 1 o As
A -+ o = =< 3.
? Z;n Vv + )" TN vizm v+ PDulp 4+ 7) = Z';n V(v + )
Now we choose m = 2° and I = 2", Then again using the Schwarz inequality
we get

2p+1 . 2P o9p+l_s 1/2
¢, Sin vA J 1 /
E max | = —| =< 4 TS _]
0=\sT v=z~zﬂ \/]\/ 4 ‘ jgo [ gp VQ(V + .7)‘y

2P 1
< 45 s = As/2°,

=0

Let k = 2". Then with probability greater than 1 — A4;/2?"*

T |2§‘ ¢ sinw\| 1
P 0?)\&;# y=2P VN 14 < 21’/4.
Consequently
[log¥ ]+1
)| S 2 T, < 4 2n/4

p=n



SPECTRAL ANALYSI- IN TIME SERIES 547

with probability greater than 1 — Ag/2"*. Choosing n sufficiently large | ry.+(\) |
is uniformly small.
We want to find the limiting value of

P(max VN |Fr:(\) — %‘—’ < a).
™

0<AZ T
But from what we have just shown, we see that for any ¢, § > 0

P (max |syi(\) | <a~e)~6§P<max VN

[Fe¥-<4 0 <

Fye\) —

=k
fa
2r

= P(Olgazi sy W) | <a4e 48

for k sufficiently large, uniformly in N > N (e, 8). But

G A
e () = 2 \/N N4t Z s1nv

and we have shown in Lemma 2 that the joint distribution of (c, — N)/+/N,
e/ VN, -+, e/N/N (k fixed) converges to the distribution of k independent
normal variables with common mean zero and variances e + 2, 1, 1, ---, 1,
Consider the related process

07 —_— : sin A\
80) = 2 Ve 4 DA
v 1 ™ 14

where the y’s are N(0, 1) and independent. It is easily seen that
lim P(max [sys(\)| = = P(max |0\ | = «
0N

N—=>w0 0< <=

as the relevant point set in (kK 4 1)-space is closed [18]. But on letting & tend
to infinity s;(A) converges uniformly to

IOV P SR
(see Paley-Wiener [17], p. 148—151). But then

P( max |§'()\)l<a——e)-—6<P<max VN

0SAE ™ 0N ™

FieO) — 2%] < a)
< P(max |[{QN) | <a-+¢€ +6
0SAZ™

and if N — « we can let §, ¢ — 0. Since the distribution function of max<r <
| ¢(A) | is continuous (see Section 7), this completes the proof.

by
6. Reduction to pure white noise. Let G(\) = j 72 di.
0

TueoreM 4. Let f(\) be a nonnegative absolutely continuous function. Then

lim P{ max /¥ I Axf(l){QwIN,g O — 1} di

N—w O0SALZ ™

ga} = P{max_[10)] < af
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where n(\) is the normal process with, En(\) = 0, En(\)n(u) = eFQO\)F(u)

+ 27 G (min (A, w)).
Proor. Integrating by parts we have

fo fO{2rly @) — 1} dl = 2xf(\) [F:,E O — 2%]

- fo x 2f'(1) [Fz"i,s O 2%] dl

Given ¢ > 0, by Theorem 3 we know that
- A

VA (7500 = 57) = s )
T

with probability 1 — e uniformly in N > N(e) for k sufficiently large. But then

50 [V (P 00 = 2) = v |
~ [ro[va(ro - L) - s ]a| < Bie

0 T |

with probability 1 — e. However,

max
0SAS T

max
[

P{mas [50000a00 = [ 70500 @] 5 o}
T N
— P{org‘a;x FN)s(\) — fo F(Ds:@ dl! = a}

as N — o« as the relevant set is again closed in (¢ + 1)-space. We know that
forany e > 0

ax [s) — ¢ | <e
with probability 1 — e for sufficiently large k. Let
a0 = S0 — [ £
In summary

P{Omax [ (%) I<a—e\g— 8 < P{ma.x \/N'/:‘f(l) {271y, (1) —l}dll ga}

<A<ZTm 0N ™

<P{max |20 | < a4+ }-I—&
0<A<T

and on letting N — o« so that ¢, § — 0 we obtain the desired result. Note that
the event maxo<a<~ | 7(A)] £ « has a well defined probability since 7(\) is a
process with continuous sample functions with probability one.



SPECTRAL ANALYSIS IN TIME SERIES 549

TuroreM 5. Let a, = 0(°) where 8 < — 34. Then given any ¢ > 0

|

VN max [ 10 - 200 | < e

osAgrw ! Jo

with probability 1 — e for N > N..
Proor. We have

61)  2VN / [Ix0) — 20/ s O] dI = \/N > wad.

Ty 8=""00
where
t(n-—m))\ 1 i(n—m)N\
e -1
L; Encr Ene o Ty ,.=1§.N+, brmr s S
m=1+438,N+s

The coefficients of the terms when n = m should be interpreted as >. ‘.‘-,'e:-. note
that there may be a lattice rectangle R of points (n, m) cor . o both
sums. Let us call the complement of R with respect to the set consisting of
all the lattice points in both summations C%% . Then we have

E max I dr,s ' = zC(N) g(’ﬂ/ - m)
0SAET mmEC, s
where
—2— fzs#0
g(z) =l
r ifx = 0.

It is easily verified that

[2N log Nif |r| > Nor|s|> N

"mze:(}(N) gn —m) = 1 .
mec t4(s + 7) log N otherwise.

The expression in (5.1) is then bounded by

2 & 8 &
\/_JT’—Z > la,as[2NlogN-[-W >, > |aras | rlog N

|r| >N —=-—00 7| SN
8 log N

5 (Z1e)(svFoen 2 e+ 58 rlal).

§==0C

Under the assumption made above, this expression tends to zero as N — «
which proves the theorem.

A
6. Treatment of the general case. Let Fy(\) = f Iy() dl.
0

TaeEOREM 6. Let
1. f(\) be absolutely continuous
2.4, =00°),8< —
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Then
im P{ max VN |Fy(\) — F\) | £ o} = P{max [7(\) | £ «}
0SAET

N> 0SAE
where n(\) is the process defined in Section 5.
The proof follows immediately from Theorems 3, 4 and 5. An important
special case is contained in the following corollary.
CoroLLARY 1. When y, ¢s a normal process with a positive spectral density with
an integrable second derivative, Theorem 6 reduces to the following statement:

lim P{max \/N | Fyx(\) — FO\) | £ a}

N> 0N~
(6.1) w
= 2 (=D[®(2k 4+ De/z) — &2k — Da/z)] = Ale/z)
where ®(u) is the normal distribution function and x =~/27G(r).

Proor. Lemma 3 implies that the assumptions of Theorem 6 are satisfied.

As e = 0 the process n(\) reduces to the Wiener process with the following
changed scale of time: { = 2rG(\), 0 £ N = 7. The reader may note that (6.1)
is the probability that a particle in Brownian motion on the line is not absorbed
by the barriers @, —a in the time interval 0, 27G(7), given that the particle
starts from 0 at time 0 (see Sommerfeld [19], pp. 74-79).

7. The limiting distribution in the case of pure white noise. When the process
y: is pure white noise (so that f(\) = constant, say 1) the limiting probability
we are interested in is given by

(7.1) P{o’ﬁi", [¢O) | £ o}

where {(\) is the normal process with
E¢(\) =0
Er(\)i(u) = ey + 27 min (), ).

Now (7.1) has been explicitly evaluated when ¢ = 0 (see 6.1). However, the
limiting distribution can still be evaluated when e 5 0.

THEOREM 7.
P{max [{(\) | £ a) = D (—1)feetmna=0)
0ZAZ™ ) —,

o+ o - )]
where vy = e + 2.

Proor. Let + = A\/7. Let X be a normal random variable with mean zero and
variance one. Let X (r) be a normal process with

EX(r) =0
EX(T)X(T,) = min (Ty T/) - TT,:
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that is, X (7) is the Wiener process conditioned so that X (1) =0 X and X(7)
are independent. Consider the process u(r) = v/yrrX + 7w1/2X(r). The proc-
ess u(7) has the same probability distribution as {(\) so that

P{()Iln)a(x,r e | £ o} = P{Olgafl [u(r) | £ a}.

But
P{ max | u(r) | £ «a}
071
(7.2)
f —a—\/'ym'xéX(T) =a—\/'y7r7'x’ 0<r< 1}¢(x) dz
1 ™2

where ¢(z) is the normal frequency function. Let
- <
YY) = (t+1)X(t+1> 0=t< oo.

Then Y (¢) is the Wiener process (see [4]),0 < { < «. We have then to consider
(7.3) Pl—a— (a@a+bt=ylt) Sa+ (@a—0b)t;0 <t < o}

wherea = a/mV/2, b = V/y2/V/2. The integrand in (7.2) is clearly zero unless
| Vvz | £ a/m. But supposing this inequality to hold, Doob [4] has evaluated
(7.3) as

i { e—2 [(2m—1) 2a2— (2m—1)ba] +e—2 [(2m~1) 2a 2+ (2m—1)ba] _ e——2[(2m) 2a2—2mba) _ e—2 [(2m) 2a 2+4-2mba] }

m=1

=22 (—=1)""e ™" cosh 2nba.

n=1

Thus (7.1) is equal to
J— /,,\/— »\/_
._a___ _ ___q_ _ n+1 —(nzazlwz) ‘[ yo
® (W\/7> ® (WW) 2 nE=1 (=1) e o(x) cosh n —zde

o —a & —1 —(n2[(a2/r2)—(ya2/272)])
=p{—=)—@(—=) — —1)" 13 n2[(a2/r2)—(val/
<7"\/’Y> <7"\/ ) nE=1( )

fo (s ) o (R0 - ) pa (T )

—® (__ nx/'Y“ _ a ~>} —_ Z (_l)ne—(n2a2/7r?)(1—('y/2))
™ 7r\/'y na=—c0

(o028~ 3)

This expression parallels (6.1) and will be used in a later publication in which
we will study some applications of the theory.

8. Statistical applications. The corollary of Theorem 6 lends itself to impor-
tant statistical applications. First, however, we will have to estimate G(x) which
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is in general unknown. We note that G(r) = (47)™" .2 p» . Of course the C\,/N
are consistent estimates of p, . It is natural to consider an estimate of the form
(8.1). One reason for this particular choice is that in practice one will try to
avoid the cumbersome calculation of all the lagged product sums C, .

LemMa 4. If a, = 0(°), B < —1, the statistic

[EN*]

(8.1) G*(w)—-—2[00+2 0], 0<a<l, K>O0,
4 N v=1
1s a consistent estimate of G(w).
Proor.
% (-l RS 2
(8:2) G*(r) = 4N2 Co+2VZ_‘{c -|-,,N2 Z .

But we see using (3.5) that the last sum is less than or equal to

[EN®] N 0

Z { ] Aj—py Qjtv—By Ak—By Atv—8, [ + [ Qj—8y Cjtr—By Uk—B; Ukv—B, :
v=m+1 jk=1 f183=—c0

—+ [aj.gl QAjtv—By Ak—Lg Aict-v—B, l} (4 -+ M4) = (Zl + 22 + Zz) (4 -+ ﬂd):

Let the 7, be understood to be the covariances of the process 2 5w | @ns | &
The spectral density =)™ |2 | a, | ¢ | of this process is continuous and hence
quadratically integrable, so that Z_w r, < %.But then

| 22 = TN S

v=m-+41 v=m+1

so that | 2.1 |/N® < e for m sufficiently large uniformly in N. Also we get

[KN2] N [ENe] 20
as N — o, The third sum is handled in almost the same way but using Schwarz’
inequality. We now choose m so large that the last sum in (8.2) is less than §
with probability larger than 1 — . The term in brackets in (8.2) consists of a
fixed number of terms each of which converges in probability to the correspond-
ing term in the expression for G'(r). This proves the lemma.

The corollary of Theorem 6 shows that in the normal domain the asymptotic
distribution of maxy VN | Fx(\) — F(\) | depends only on one parameter G(r).
This together with Lemma 4 enables us to construct confidence bands for F(A).

TuEOREM 8. Suppose that y, is a normal process and that its spectral density is
positive and has an integrable second derivative. Then

83)  FiN) —a 1/ 216X (™) < o) < F0) + a 4/ 2mG*(m)

holds with a probability tending to Ae) as N tends to infinaty.
The proof follows immediately from Lemma 4 and Corollary 1 as A(«) is

continuous.
Clearly Theorem 8 also gives a test of significance for the simple hypothesis
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of a completely specified spectrum. A more interesting case, however, is the
following.

TrEOREM 9. From a stochastic process salisfying Theorem 8 we observe two
independent time series of length N1 and N». Compute the corresponding estimates
FN‘()\), Fr,(\), Gi(x), G5 (x). Then, assuming that Ni/Ns — ¢ > 0 and putting

= 2N,Ny/(N1 + No),
max VN | Fy,(\) — Fx,(0) |
(8.4) = — > o,
VGi() + GEx)
holds with a probability tending to 1 — A(a) as N tends to infinity under the
hypothesis F1(A\) = Fa(\).

Theorems 8 and 9 are somewhat restricted in their applicability as they stand,
since in many contexts m, = Ez, is not identically zero. We shall consider the
case

= diof" + dool® + -+ + dyol?,
where oV, 02, -+, o are given sequences and the regression coefficients d,
are unknown. To avoid unnecessary complications we will confine ourselves to
the case p = 2, which illustrates the general situation. We have to introduce
the following condition which prevents the two regression variables ¢ and ¢{*
from becoming linearly dependent in the limit

N 2

(o)

(8.5) R = lim ——o
D IS RS

We will use the least square estimates di , dy of dy , ds as they have been shown
to be asymptotically efficient [8].
TrEOREM 10. Under the condilions of Theorems 8 and 9 and (8.5), formulas

<L

(8.3) and (8.4) remain valid if Fi(\) is compuled using x; — diet” — die'® in
place of y, .
Proor. It is sufficient to prove that
2
(1) k(2 —ivl
el VA = N / | & o = dig )| dl
] o s —ivl ’2
N Q—WW /0 1 ve { dl

tends to zero in probability as N — . The expression inside the absolute value
sign is

1 N
— 2 [=2(df — d)es"y, — 2(dF — d)ePy, + (dF — d)oP eV
21I'N v u=1

+ (d — &)’ +20dE — d) (@ — d)es o] - sine — wh

V=

=E1+Zz+23+24+25,
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where the same convention as before is used in interpreting the terms with
v = u. The least square estimates di , di are unbiased linear estimates with
coefficients depending only upon the ¢!"’s and ¢\>’s. A simple argument using
the fact that the spectral density is bounded shows that

3 L@
(86) vardi < 2r max f(\) =

osxse T 3T o 3T 0P (0 oPeP)?

2 oga;r F\) 1
=" 1-R 2‘:’; o
Now
VN Joax [ 2] \/N 1' di — di| p2_1 ; Yo orip
bl d—d o +|di‘—d11__i l;» mp}
But we have
(8.7) E [A:Z:Zj ymﬁ.l,.)p] 2 OI<1184<X,r ) Z w2,

We know from (8.6) that with as large a probability as desired | df — d | is
less than k/ \/Z,._l 2%, Then it follows from Schwarz’ inequality and (8.7)
that with large probability

VN max | 2| < K’ log N/A/N — 0.

0N ™

> 2 can be handled in the same way. Now

% 2 N
ZW\/A—Y max I 23 I — ) j (1) zvll dl (d - dl) - Z ¢51)2
0<A ™

VN 1
and the expectation of this tends to zero as N2 24 and ) _s can be treated in a
similar manner which proves the theorem.

An important special case is ¢, = 1, which corresponds to a constant unknown
mean value of the process. Another situation of some interest arises when the
spectrum of the process has a discrete component with frequencies Ay, Az, =+« , Ap.
There we take the ¢,’s as trigonometric functions with these frequencies.

9. Alternative estimates of the spectral distribution function. It is clear that
Theorems 6, and 8-10 are still valid if the estimate Fx(\) is replaced by a trun-
cated estimate

_ C'o)\ sinwh _ 1 sin (hy 4+ (1 —
FN e(\) 2w N + W ; C, f ./_.,r L sin (I — #/2) dl du
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where hy — «© as N — «, as they can be proved in exactly the same manner
since the weighting factors are 1 from » = 0 up to » = hy and 0 from that point
on. Note that the estimate Fy,.-(\), in general, is not nondecreasing with preb-
ability 1 which may at times be an unpleasant feature. We can choose hy = [kN°]
as in Lemma 4. This reduces the computational work considerably as one then
only needs to compute the C,’s for » < [kEN?].

We shall now consider a class of estimates of the spectral distribution func-

A
tion with nondecreasing weight functions. Let Wy(\) = f wy(l) dl where

wy() = 0in (=, 1), [ ww() dl = 1 and

N =»00

{0 if A<0

1 if A>0.
Let

P, W) = [ LW — D) dl

FO, W) = L T WO — D) dl.

We prove the following theorem.
TrEOREM 11. Under the conditions of Theorem 6

lim P{ max /N |Fx(\, Wy) — FO\, Wy) | £ a} = P max [200) | £ af-
0<Agw

N> [F e 4

Proor. On integrating by parts we have

VNIFX(\, Wy) — FO\, Wi)] = /N { ’ Ix@) — fO] AWK\ — 7)
9.1) ] ,
+ [ vw fo In(e) — )] duwn(n — 1) dl.

By Theorem 5 we can replace (9.1) by

VA [ T 2Ly l) — 1] AW s(h — )
(92) ] l
+ [ VE [ ) — 1156 duos — D) d

committing an error of at most ¢ > 0 uniformly in A with probability 1 — e.
However, on integrating by parts twice we obtain

VRIPL () = W0 — ) = | V/Fer | P - £ ]

<0

(9.3)
& W~ D) @
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But

\/N max )\

0<AE ™

Fr) = 2 — s < o

with probability 1 — e where m is a large but fixed number. We can then replace
(9.3) by

/ FOWrA — Dslen) dl =

n 117 YIZ“, ]0 ) \—jﬁ cos WfOWx(\ — 1) dl

with an error of at most ¢ uniformly in A. But then reasoning as in Theorem 4
we get

forf(l)WNO\ — Dstn(d) dll < a}

lim P[ max
N—ooo 0N T™

ma\{
0SAE T

[ FDsL) dz] < a}

making use of the fact that

max {/” cos vifWa(x — 1) dl — ]0) cos »If(l) dli

0sA<7 i Y0

< max f(x){ _0 W) dl + f W) — 1]dl}—>

0SAE ™

as N — «. But

max
0N T

| s i — nm] <e

with large probability if m is sufficiently large and the theorem follows imme-
diately.

We are usually more interested in estimating F(\) than F(\, W). The follow-
ing corollary enables us to do this.

COROLLARY 2. Theorems 6, 8-10 remain valid when Fy(\) is replaced by
Fx(\, Wy) if

(9.4) [ w o+ | T = WA = oV,

Proor. The proof follows immediately as
max VN |F(\) — F(\, Wy) |

0SAg T

< V/N max f(\) {[} Wa(\) d\ + fow [1 — Wx\)] d/\} = o(1)

[
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It is clear from the comment above that the time series analyst has a large
class of estimates of the spectral distribution function at his disposal. At present
we are not able to claim that certain estimates are preferable to others. We
hope to investigate such problems in a later paper.

It is worthwhile noting that the Fejér kernel

sinzlli")\
2rhy . , A "
s '2—

satisfies (9.4) if log hx/hy = o(N?), so that we can choose the truncation point
hy as by = [kN°], § < a < 1. Note that the estimate corresponding to this
kernel is
% Co 1 ¥ _ sinw\ ( v >
A =20 4 - L - 2,
Fxh W) 2WN+WN§C 7\ T
This estimate of the spectral distribution function is closely related to an esti-
mate of the spectral density given by Bartlett [1]. It is nondecreasing and does
not require the computation of all the C,’s.

10. Alternative statistics and the corresponding limit theorems. In some in-
stances one might prefer to consider statistics other than maxo<a<-| Fy(\) — F(\) |
in analyzing time series. We shall therefore consider some alternative statistics
in this section.

Consider the linear space consisting of continuous functions ¢ = ¢(\) on
0 = X = = with the norm || ¢ || = supo<a<« | ¢(A) |. Consider a functional ¢(c)
uniformly continuous in this topology.

TrareorEM 12. Under the conditions of Theorem 6 we have

lim P{o(V/NIF3(\) — FOV)]) £ ,0 A = 7} = P{p(n(\)) £ 0,0 < \ < =}.

Proor. Writing
VN [Fx\) — FQ)] = swi(\) + roix())

as before we note that || rxx(\) || < eif & is chosen sufficiently large. Hence we
commit only a small error by considering instead the probability of the event

{o(svk(N) £ 2,0 =\ = 7}
which is a closed set in (k + 1)-space. This probability converges to

Plo(si(0) = a,0 =\ =7}
as N — «. But we can choose k so large that || sc(\) — n(\) || < & with prob-
ability 1 — §. This together with the uniform continuity of ¢(c) proves the
theorem.

As an example we can choose
1/p

A
¢<c)={]0 e\ lpdu()\)} . pz 1,
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where p(\) is bounded and nondecreasing. This will give a statistic of the von
Mises type.

11. Acknowledgement. We are indebted to J. L. Doob who suggested the
problem that led to the investigation resulting in this paper.
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