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AN EXTENSION OF THE BOREL-CANTELLI LEMMA

By StaniLEy W. Nasu
University of British Columbia

1. Introduction. Consider a probability space (2, &, P) and a sequence of
events {A,}, A, ¢ F,n = 1,2, --- . The upper limiting set of the sequence is
defined to be

lim sup 4, = N U 4,.

n—ow k>n A=l kemn
It is the event that infinitely many of the A, occur. The purpose of this paper is
to find necessary and sufficient conditions for P(lim sup 4.) = 1.

The general problem of finding the probability of an infinite number of a
sequence of events occurring was considered by Borel [1], [2] and Cantelli [3].
In what follows we shall use the following notations. Let a, = I(4,), the indi-
cator of the event A, (or characteristic function of the set 4,), that is

1 when A, occurs
Op =
0 when A, fails to occur.

Let P(A, | ais -+ - as—y) denote the conditional probability of the event A, ,
given the outcomes of the previous n — 1 trials. When n = 1, the expression is
taken to represent the unconditional probability P(4,). The 1912 Borel criterion
stated:
If0 < pp < P(An| a0z -+ - any) < pn < 1 for every n, whatever be a1,
Qg, c, Ono1, then D sy pj < o implies that P(lim sup 4.) = 0, and
2.1p; = o implies that P(lim sup 4,) = 1.
Cantelli proved that > 31 P(4;) < o always implies that P(lim sup 4.) = 0.
Paul Lévy [4] clarified the general problem by proving the following theorem.
The subset K (or K’) of the sample space Q for which

D miPAjlaas + -+ ajq) < o (or =w)

and the subset H (or H') of @ for which lim sup A, fails to occur (or occurs)
differ at most by a set of probability 0. In other words P(KH’) = P(K'H) = 0
and P(KH) + P(K'H’) = 1. The hypothesis of the theorem proved in the next
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section ensures that KH is a null set, so that P(K’H’) = 1. However, the proof
given is direct and independent of Lévy’s result.

Logve [5] found necessary and sufficient conditions for P(lim sup 4,) = O.
Let por = P(Ax | an = @np1 = + & oy = 0) for k > n, and let pa, = P(4.).
The criterion states:

If limp e D mn Puk = O, then, and only then P(lim sup 4,) = 0.
Chung and Erdos [6] mentioned the sufficiency of the following criterion for
P(lim sup 4,) = 1. '
If Zl?n:n Pk =

2. A necessary and sufficient condition for P(lim sup 4.) = 1.
CrrteRION. If D 51 P(A; | auaz -+ - @j1) = o for every sequence

w for every n, then, and only then, P(lim sup 4,) = 1.

g * Oy ¢t

of outcomes of trials for which only finitely many a, = I(4,) = 1 and no
P(ayos * -+ az) = 0, then, and only then, P(lim sup 4.) = 1.

Proor. The class H of sequences A\ = ooz * - an + -+ , for which only finitely
many o, = I(4,) = 1is denumerable, for its members can be put into one-to-one
cotrespondence with rational numbers between 0 and 1, say with those whose
binary expansions have the corresponding sequences of zeros and ones. It fol-
lows that, if P(\) = 0 for every A ¢ H, then and only then, Saer PQA) = 0,
that is P(Only finitely many A.) = 0, and consequently P(Infinitely many

4,) = 1.
Consider first those sequences A ¢ H for which P(oaz - -+ a, asin X) = 0 for
some finite n. For such sequences P(\) < P(aua - -+ a, as in ) = 0, since the

event \ is a subset of the event that the outcomes of the first n trials are the
same as they are in A, an infinite sequence of trials. Restrict further consideration
then to those sequences A & H for which P(aos -+ a,) > 0 for every n. For
such sequences all conditional probabilities P(a, as in \ | azp +++ a1 88 in N
are defined and positive. Accordingly

PQ) = [171Pe;asin A | auaz - -+ @j1 asin )
= ]I {1 — P(ajnotasin \ | asas - -+ @jg as in M)},
The infinite Product\for P()) is zero if, and only if
> 2iP(ajnotasin N\ | ogey +++ @j188ind) = .
For any X € H all but ﬁnitely many a, = 0. Thus the series
> 21 P(ajnotasin N | ones + -+ ;g asin A)
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% 11n a communication to the referee of this paper, Chung and Erdés point out that the

statement given in their paper is wrong. There the condition ‘“for every n” is omitted.
Also, the proof should not have been attributed to Borel.



BOREL-CANTELLI LEMMA 167

and > 5y Plaj = 1|oay -+ ajq as in ) differ in only finitely many terms, -
hence converge or diverge together. Therefore, P(\) = 0 if, and only if,

Zﬁ,lP(A”alag cec @1 a8 in X) = oo,

But D aex P(\) = P(Only ﬁnitély many A,) = 0 in this case, and so P(lim
sup 4,) = P(Infinitely many 4,) = 1. Q.E.D.

3. An application. Borel’s criterion for P(lim sup A4,) = 1 is easily seen to be
a special case of the criterion of Section 2. To show that the generalization
achieved is not trivial consider the following example. Two urns each contain
a red and a black ball at the beginning of the experiment. A ball is drawn at
random from the first urn, its color noted, and the ball is returned to the urn.
This is repeated until a black ball is drawn. Each time a red ball is drawn from
the first urn, the number of balls in the second urn is doubled by putting in as
many red balls as there were balls of either color in the urn before. Once a black
ball has been drawn from the first urn, all further draws are at random from the
second urn with replacement after each draw. No further change is made in the
composition of the contents of the second urn. Let A, designate the drawing of
a black ball in the nth trial. Consider the sequences of trials for which the
(k — 1)st trial is the first time a black ball is drawn. Then a1 = 1 but a» = 0
for h < k — 1. The second urn will contain 2* balls at the kth trial and there-
after, 28 — 1 red and 1 black. Thus

Lforn <k
P(As| arag -+ an) = . &k >1)
2" forn = k.

Then p, = infy P(A, | cnas +*+ ang) = 277> 0. But D1 p; = D52 =1
converges, so the hypothesis of Borel’s criterion does not hold and its conclusion
can not be inferred. But D51 P(A; | onas - - ;) diverges for every possible
sequence A. In particular it diverges for every A ¢ H, where only finitely many «a,
are ones. Thus, by the criterion of Section 2, P(Infinitely many A,) = P(Black
drawn infinitely often) = 1.
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