ON DISTRIBUTION-FREE STATISTICS!
By Z. W. BirnBauM AND H. RuBIN
University of Washington and Stanford University

1. Introduction. Let X,, X;, -+, X, be a sample of a one-dimensional
random variable X which has the continuous cumulative probability function
F. It has been observed [1] that, to the authors’ knowledge, all distribution-free
statistics considered in the past can be written in the form ®[F(X;), F(X,),
-+, F(X,)] where ® is a measurable symmetric function defined on the unit-
cube {U:0 = U; = 1,7 =1,2, ---, n}. It is the purpose of this paper to study
the relationship between the class of statistics which can be written in this
particular form and the class of distribution-free statistics.

2. Distribution-free statistics and statistics of structure (d). Let Q and Q' be
two families of cumulative probability functions. A real quantity W = S(X,,
Xz, -+, Xa, @) will be called a statistic in Q with regard to Q' if, for any G ¢
QFe@,and X, , X,, ---, X, in the n-dimensional sample-space for a random
variable X which has the cumulative probability function F,

@) SXy, X5, -+, X,, @) is defined almost everywhere in the sample-
space X1, X», -+, X, (i.e. with the possible exception of a set of probability
zero), and

@) W = S(X1, X,, -+, X., @) has a probability distribution; this prob-
ability distribution will be denoted by ®(W; F) = ®[S(X,, Xz, ---, X., Q);
F]

For example, Kolmogorov’s statistic

2.1) D, = sup |F.(2) — G(x)]|,
—00LZ L0

where F, is the empirical cumulative distribution function determined by the
sample X, Xy, -+, X,, satisfies (i) and (ii) when @ = @' = Q,, the class of
all nondegenerate cumulative probability functions’, hence D, is a statistic in
Q, with regard to Q; .

If for a statistic S(X1, X,, ---, X, , @) in Q@ with regard to Q' there exists a
function & defined on the n-dimensional unit cube and symmetric in its argu-
ments, such that for any G ¢ Q, F ¢ Q' we have

SX1, Xs, o+, Xa, @) = 2[G(XY), G(X2), -+, G(Xa)]
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2 The notations for various classes of cumulative probability functions are those in-
troduced by Scheffé [2].
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almost everywhere® in the sample space Xy, X;, - -+ , X, for the random varia-
ble X which has the cumulative probability function F, then we shall say that
SX:, Xa, -+, Xa, Q) is a statistic of structure (d).

Kolmogorov’s statistic (2.1) is an example of a statistic of structure (d),
since it can be written as

where X1, X3, -+, X, are the numbers X;, X,, --+, X,, ordered increas-
ingly.

If @ = Q' and the statistic S(X;, X;, -+, X,, @) has the property that the
probability distribution ®[S(X;, X., ---, X., @); G] is independent of G for
G ¢ Q, we shall say that S(X1, X», -+, X,, G) is a distribution-free statistic
n Q.

Let us now assume @ = Q' = Q,, the class of all continuous cumulative prob-
ability functions. Denoting by R the rectangular distribution in (0, 1) and by
Uy, -+, U, a sample of size n of a random variable with distribution R we
have

1'—1 7
n

D, = max {max [G(XZ) —

T=1l,e00,m

3

C{R[G(XY), -+, G(XW)]; G} = @{@(Uy, -+, Un); B}

It follows that if a statistic in Q. with regard to Q. has structure (d) then it s dis-
tribution-free in Qs .

All distribution-free statistics considered in literature happen to have struc-
ture (d), with @ = @’ = @, . Nevertheless the conjecture that every distribution-
free statistic, symmetric in X;, X,, -+, X,, with @ = @ = Q,, must have
structure (d) is not true. This can be seen from the following counter-example.

Let w; and w, be nonempty, mutually exclusive subsets of Q, such that w; u

= ;. Denoting by F, again the empirical cumulative distribution function
determmed by a sample of size n, we define

{ sup [F(x) - F,.(x)] = Sl, if F€w1
—RLTLD

S =
t sup [F.(z) — F(z)] = S, if Feow.
—00LZLWD

Since S; and S, are distribution-free statistics with the same probability dis-
tribution, S is a distribution-free statlstlc It is, however, clearly not a statistic
of structure (d).

3. Strongly distribution-free statistics. Let Q* be the family of all continuous
cumulative probability functions such that if G ¢ @* then G is strictly increasing
at all z for which 0 < G(z) < 1. Clearly if G ¢ Q* then the inverse function
G is defined on the open unit interval.

3 The exceptional set of probability zero may depend on G.
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We now consider a statistic S(Xy, Xz, + -+ , X, G) in Q* with regard to some
family @' of cumulative probability functions. This statistic shall be called
strongly distribution-free in Q* with regard to Q' if the probability distribution
®S(Xy, X2, -+, Xa, @); F] depends only on the function r = FG™™ for all
GeQ¥ Feq.

It is easily seen that, for @' = Q*, a strongly distribution-free statistic vs dis-
tribution-free. For if ®[S(X1, X;, -++, Xa, G); F] depends only on FG™ for
all F, G ¢ Q% then in particular ®[S(X1, X, , ---, X., G); G] depends only on
GG = I, hence is independent of G. One also verifies immediately that if a
statistic in Q* with regard to Q* has structure (d) then it is strongly distribution-free,
since then ®{®[Q(X1), G(Xs), - - - , G(X.)); F} = @{@[Uy, Us, - -+, U,; FG™}.

Since all practically important distribution-free statistics are symmetric in
X1, X., -+ -, X, and strongly distribution-free, as well as of structure (d), one
again may conjecture that under some fairly general assumptions these two
properties are equivalent. This conjecture is found to be correct for @ = Q' =
Q*. We have already seen that if a statistic has structure (d) it is strongly dis-
tribution-free; it remains only to prove the converse statement:

TaroreM. If a statistic W = S(X1, Xz, -+, Xu, G) in Q* with regard to Q¥
1s symmetric in Xy, Xa, + -+, X, and strongly distribution-free, then it has struc-
ture (d).

The proof of this theorem makes use of a lemma which will be presented in
the next section.

4. LemmAa. Let H be a strictly increasing continuous function on the closed
unit-interval, such that H(0) = 0, H(1) = 1; px the measure defined by H on the
unit-interval I, ; ups™ the corresponding product-measure on the n-dimensional
unit-cube I, . Then, for any set M < I, with ps” (M) > 0 and any ¢ > 0, there
exist sets @1, Q2 , - -+ , Qn 10 I such that

(1) @, Q, -, Q. are disjoint, ug-measurable, with ur(Q;) > 0 for i =
17 2’ MR (3

(i) for Qo = Compl. _Gl Q: we have pr(Qo) > 0;

(i) 4f Q: is placed on the yi-axis, © = 1, 2, --- | n, then the product-set @ =
Q1 X QX -+ X Quin I, has the property

BP@a M)/ @ > 1 — e

Proor. It may be assumed without loss of generality that H(y) = y, so that
pr and pi™ are Lebesgue measures. Let C, ... 4, denote the cube | ¥ — y; | <
nin the (Y1, Ya, - -+, ¥,) space, with center (31, ¥z, - - - , ¥) and volume pS”

(Cﬂ.yx."-.un) = (277)”-
It is well known that

(4.1) lin; @) (M 0 Cpyyrng) = 1
—
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for almost all points in M (see e.g. [3] p. 129). The subset of those points of M
for which no two coordinates are equal and none is O or 1 has the same measure

as M. Let M, be the set of all points of M for which (4.1) holds and which have

no two coordinates equal and no coordinate 0 or 1. Then u$” (M,) = ps” (M) >

0. Let y7, - -+, y% be a point in M, , and let

A = min {min »?, min (1 — y9), min |y} — y7]}.
[6) g

() 3
Clearly 0 < X\ < %, and for 0 < 5 < A/2 the intervals
(4-2) Qi: (y? - M y(: + 77)) 1= 1, 2’ M)

are all in 7; and satisfy (i) and (ii). If Q, is placed on the Y ;-axis then the prod-
uct-set @ = Q; X @ X -+ X @, is the cube C,,°....,0. According to (4.1)
there exists an 7, > 0 such that

@n) "us" (M 0 Cpyln ) > 1 — €

for n < 7. Choosing n < min (5, A/2) and constructing the intervals (4.2)
one obtains the Q; required by the lemma.

5. Proof of theorem. When the random variable X has the cumulative prob-
ability function F, the random variable ¥ = G(X) has the cumulative prob-
ability function H = FG™. Setting Y; = G(X) we, therefore, have

W=8Xi, ,Xn, G = SGW), -+, G(Y.), G]
and
®{SIGT (YY), -+, GO (Y., G; FGT}
= @{SIG(Yy), -+, G (Ya), GI; H}.

G)[S(Xl"";Xﬂ’G);F]

By assumption, this last probability distribution depends only on the cumula-
tive probability function H, and not on G. From this and the symmetry assump-
tion we wish to conclude that S[G“™" (YY), -+, G (Y,), G] can be written in

the form of a function (Y3, ---, Y,), independent of G except on a set of H-
measure zero.
To prove this, we assume that for some G, , G» ¢ @* we have SIGSP (YY), -,

G§_l)(Yn)’ Gl] # S[Gg—l)(yl)’ ] Gé—l)(Yn)’ G2] on a set of pOSitiVB H-measure.
Without loss of generality we may assume

6nw>k>wﬁmwmﬁmww
' — SIGSP (YY), -+, GOV, G > 7 > 0

on a set M in the unit cube I,, where M is symmetric and has positive
measure. For any H, continuous and strictly increasing in I;, and any ¢ > 0,
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we construct sets @1, @z, - - -, Qa according to the lemma in Section 4 and have

(5.2) pe” (@ n M)/ui”(@) > 1 — e

For any

(5.3) @;>0, 1=0,1,---,n and a + 2 a =1
1==1

we define rthe set function

_ i ﬂH(TnQ))
Koy pooora(T) ,;o @)

for any measurable T' C I, . This clearly is a probability measure in I, . Taking
for T the interval (0, y) we obtain a strictly increasing continuous cumulative
probability function which will be denoted by Ku,....,a, -

Without loss of generality, S may be assumed bounded, since otherwise we
could consider S/(1 4 | S|). This assures the existence of the mathematical
expectation of S. Since S[G{ (YY), ---, G{P(Y,), Gi] and S[G(_l)(Yl), cee,

G (Y,), G have the same probablhty dlstrlbutlon if Yi,Y5,---,Y,area
sample of a random variable ¥ with the cumulative probabllity function
Ke,,..-,qa, , their mathematical expectations are equal

E{S[GT" (YY), -+, G{T(Y,), Gi]

- S[Gg—”(yl), oo, GV(Y), Gols Kay,eoovay) = 0.
Using the abbreviations

SETPW), -+, (YW, G = 8i(Y, -+, ¥a), i=12,
we write the left-hand side of (5.4) explicitly ‘

1 1 n
[ [ s, e, 70 = 80, o Y T dB (7
Y 1=0 Y p=0 i=1

(54)

n

. S [ I8, V) = S, )
,,._o ”1‘071 YneQy,

“=0

n

(5.5) I dK.,.... o, (V2)

de=1

5 = Qjy * Ay,
:‘12=:0 :',.E=o pa(Qir) - ua(Qi,)

‘L "'f [SI(YI:"')Yn)—82(Y17"',Yn]dH(Yn)"'dH(Y!)-

i Qin

Since Si(Y1, -+, Ya), Se(¥Y1, -+, Y,) and M are symmetricin ¥y, ---, ¥,,
all the terms of the sum which correspond to different permutations of the same
n subscripts ji , - - -, j» (out of the n 4 1 possible values 0, 1, - - - , n) are equal.
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Collecting these equal terms, we obtain a polynomial in ey, @1, - , an, which
according to (5.4) vanishes identically under the restrictions (5.3). It follows
that each of the integrals in the last term of (5.5) must vanish, and in particular

[ [ 80, ey, V) = (03, Yoy - ¥ AV, dYa Yy = 0;
Q1 YQ2 Qn

which, for e sufficiently small, contradicts (5.1) and (5.2).
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