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where
a; = 2(0’2\+ )\id”z)

The distribution of such a quadratic form has been derived by Herbert Rob-
bins [3], and Herbert Robbins and E. J. G. Pitman [4] (Theorem 1).

For a design, the dual of which is a balanced incomplete block design, all the
non-zero latent roots of D are equal and the distribution of u reduces to a chi-
square distribution.

When the design is not a connected one, some of the X’s will be zero and the
necessary changes can be easily made to suit that situation.

I am indebted to Prof. M. C. Chakrabarti, Mr. B. V. Shah of the Bombay
University and the referee for valuable suggestions in the preparation of this
paper.
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A SERIES OF SYMMETRICAL GROUP DIVISIBLE INCOMPLETE
BLOCK DESIGNS

By D. A. SerorT
Waterloo College, Ontario, Canada

Introduction. A balanced incomplete block design (BIBD) is an arrangement
of v elements in b blocks of k different elements each, so that each element occurs
in r blocks and each pair of elements occurs in A blocks. If v = b(r = k), the
design is said to be symmetric; it is well known that any two blocks of a sym-
metric BIBD have exactly A elements in common.

It has been shown [1] that the subspaces of dimension ¢ of PG(m, p™) form
a BIBD. It is also known that the PG(m, p") contains PG(m, p") if k is a factor
of n (see [2]). In particular, the lines of PG(2, §") form the design
v=b=s+s+1,r=k= & 4 1, = 1, which therefore contains the de-
signv =b=¢8+s+ 1,r =k =284 1,\ = 1, (the lines of PG(2, s)), where
s=7p".
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A group divisible incomplete block design (GD design) has been defined [3]
as an arrangement of v elements in b blocks of k different elements, in which
the elements can be divided into m groups of n elements each, so that two ele-
ments belonging to the same group occur together in A; blocks and two ele-
ments belonging to different groups occur together in A; blocks. It will be shown
that a series of GD designs can be obtained from the preceding series of BIBD’s.

Series of symmetrical group divisible designs. Consider the BIBD (a):
v=b =544+ 1,rn="F=s41\=1. Let set I be the set of blocks
of (a) that contains the blocks of the BIBD (b): v, = by = & + s + 1,7, =
k, = s + 1, A = 1. Let set II be the remaining blocks of design (a); let set
III be the set of blocks remaining in design (a) when all blocks and elements
of design (b) have been deleted. Thus set I contains b, = s’ 4+ s 4 1 blocks,
set II contains b, — b, = s' — s blocks, and set III contains b = v = s* — s
blocks and elements.

LemMA 1. Every element of set II1 occurs in exactly 8 blocks of set I11.

Proor. Since (b) is a symmetric BIBD, any two blocks of set I have exactly
one of the v, = & + s + ] elements in common. Thus the remaining (k; — ks)
b, = §' — selements of set I are all different, and they are also different from
the v, elements of design (b). Since s* — 8 = v, — v, = v, where v is the number
of elements in set III, each such element must occur in exactly one block of
set I, and so must occur in exactly r, — 1 = s* blocks of set III.

LemMma 2. Every block of set 11 contains exactly one element of design (b).

Proor. Every pair of elements of design (b) occurs once in set I, and so cannot
occur at all in set II. Therefore all elements of design (b) occur in different
blocks of set II, each occurring r, — r, = & — s times. Thus the number of
blocks of set II containing exactly one element of design (b) is va(r, — 73) = §* — s,
which is the total number of blocks of II.

Combining these lemmas, it can easily be seen that set III contains v = s' — s
elements in b = s* — s blocks, where each block contains k = k; — 1 = s* ele-
ments and each element occurs » = r, — 1 = §° times.

Since any element of set III occurs once in set I with k; — k; — 1 other ele-
ments of set III, it will not occur again with any of these elements and will
occur once in set III with each of the remaining elements. Thus set III is a
regular GD design with parameters,

v=>b=2¢s"—3 r=k=24g, M=0,
=1, m=g¢+s+1, n=g—s

Ezample. The lines of PG(2, 4) form a BIBD that contains the design formed
by the lines of PG(2, 2). These designs have parameters

(@):v=b=21,r=%k=5 A= 1,and

®):v=b="71r =%k =3,\ =1 as shown below.
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The lower left hand group of blocks constitutes the design (b), and the lower
right hand group of blocks is the GD design with parametersv = b = 14, r =
Ek=4Xx =0 x=1m = 7 n = 2. The groups are (D, E), (N, R), (P, U),
Q, T, (L, M), 0, S), and (H, I). Thus, for example, D occurs zero times with
E in the GD design and once with N, R, P, U, Q, T, L, M, O, S and I.

A design with these parameters was obtained in [4] using the method of dif-
ferences and is listed as number R24 in [5]. For s = 3 the resulting design has
parameters,

v=b=78r=k=9,M=0,N=1,m=13,n = 6.
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ALTERNATIVE PROOF OF A THEOREM OF BIRNBAUM AND
PYKE

By NicorLaas H. Kuiper

Landbouwhogeschool, Wageningen, Netherlands

Let Uy, U;, -+, U, be an ordered sample of a random variable (r.v.) X
having a uniform distribution (0, 1). If 7* is the value of ¢ = 1,2, - - - , n at which
i/n — U, is maximized and U* = U, then U* is a r.v. with values (0, 1). The
probability that the sample cannot be ordered or that ¢* is not uniquely defined
is zero, and hence these possibilities are neglected. Theorem 3 [1] states that U*
has a uniform distribution (0, 1). Another proof of this fact was given in [2].
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