RELATIONS AMONG THE BLOCKS OF THE KRONECKER
PRODUCT OF DESIGNS

By MANOHAR NARHAR VARTAK
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1. Summary and Introduction. In the case of some incomplete block designs,
interesting relations among their blocks have been discovered. For example,
Fisher [1] has shown that in the case of a symmetrical BIB (Balanced Incomplete
Block) design with parameters v = b, r = k, A, any two blocks have exactly A
treatments in common. Similarly, Bose [2] has shown that in the case of an
affine resolvable BIB design with parameters

v =nk =n{(n — 1)t + 1}, b=nr=n{nt+n+1, rx=nt+1,

the blocks can be divided into sets of n blocks, such that each set is a complete
replication and any two blocks have (k*)/» = (nt — t + 1) or O treatments
in common according as they belong to different groups or the same group. Also
see Connor [3] and Bose and Connor [4] for similar results.

Confining our attention to PBIB (Partially Balanced Incomplete Block)
designs with two or three associate classes, we wish to see how this type of in-
formation for blocks of BIB designs can be used to obtain similar information
for the blocks of their Kronecker product.

In the next section are given a few general properties of the Kronecker product
of designs. In Section 3 the main theorems of the paper are proved and their
important particular cases are discussed. Some observations on the interconnec-
tion between these results and the theorems on inversion of designs (cf. Roy
[5], Shrikhande [6]) are made in Section 4.

2. Some general properties of the Kronecker product of designs. We shall
always denote the Kronecker product of matrices A and B by A X B (cf.
Vartak [7]); and the ordinary product of A and B, whenever it exists, will be
denoted by A-B or AB. The Kronecker product of designs was defined in [7]
as the design whose incidence matrix is the Kronecker product of the incidence
matrices of the given designs.

We shall consider throughout this section two designs N; and N, with v; and
vy treatments and b, and b, blocks respectively. The design N 1 whose incidence
matrix N7 is the transpose of N, is said to be the design obtained from N, by
inversion [5], or dualization [6]. Similarly for the design N. » . Since the Kronecker
product of matrices satisfies the law

(2.1) (AXB)Y =A"XB

we get the following result for the inversion of the Kronecker product of designs.
TurEOREM 2.1. The design obtained by the inversion of the Kronecker product of
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two given designs is the same as the Kronecker product of the inversions of the given
designs. Thus if Ny and Na are both symmetric (or self-dual), their Kronecker
product s also symmetric (or self-dual).

In many cases we are interested in the matrix NN’ where N is the incidence
matrix of a given design. Let N = N; X N:, where N; and N, are the given
designs. Clearly the Kronecker product of matrices satisfies the relation

22) (AB) X (CD) = (4 X C)-(B X D)

where A, B, C and D are matrices of orders m X k, k X n,p X jandj X ¢
respectively. Both sides of (2.2) are then mp X ng matrices. Hence we get

TuEOREM 2.2. The matrix NN’ for the Kronecker product N = N, X N of two
given designs is the Kronecker product of the corresponding matrices for the given
designs; similarly for the matrix N'N.

Finally, we need the following two results from [7].

2A. The Kronecker product N = N;(BIB) X N,(BIB) of two BIB designs
N1(BIB) and N.(BIB) defined by the respective sets of parameters

(2.3) U1, by y T, ky M
and
(2.4:) V2, b2 y T2y k2 ) Az

is a PBIB design with at most three associate classes.

The three associate classes of the design N defined above are all distinct if
iNe # To\1. .

In any case, the parameters of the design N can be expressed in terms of those
of the BIB designs given by (2.3) and (2.4) by the following equations

2)' = V102, b, = b1b2 , T, = Iire, k, = klkz ,
(2.5) ny = vy — 1, Ny = vy — 1, ny = nima ,
)\; = T\, As = T2\ , >\:I$ = Nz,
Pz -2 0 0 i
| 0 n—1 (v —1)(v —2)
) [ 0 0 v — 1 7
(pyz) = 0 v — 2 0 ,
vv—1 0 (vr — 2) (v — 1)
0 1 vy — 2 T
(3 =] 1 0 0 — 2
(02 —2 v —2 (v —2)(v; — 2) |

where 3,z = 1, 2, 3.
As a direct consequence of 2A and Theorems 2.1 and 2.2, we get the following

corollary
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CoRroLLARY 2.1.1. If a symmetrical PBIB design (i.e., one with v = b and hence
r = k) with three associate classes and parameters (2.5) is the Kronecker product
of two symmetrical BIB designs, then with respect to any block B in it, the other
bloclcs fall into three groups (a), (B) and (v) such that the group (o) contams
n1 blocks each h,avmg A1 treatments in common with B, the group (B) contains s
blocks each having Az treatments in common with B, and the group (v) contains
ns blocks each having s treatments in common with B.

Proor. Let the given symmetrical PBIB design N be the Kronecker product
of the symmetrical BIB designs N;(BIB) and N,(BIB) with respective sets of
parameters

n=b, rn==k, M
and
vy = by, re = ks, s
By the well known result in [1], it follows that
N1(BIB)-Ny(BIB) = (r1 — M)y, + MEyy,

where I, is the identity matrix of order v, and E,,,, is the matrix of order v; X v,
with all elements equal to 1. Similarly for the design N»(BIB). Since

N = Ni(BIB) X N.(BIB),
it follows from Theorem 2.2 that
N'N = {(r1 — M), + MEooy} X {(r2 — Ne)Loy + NeEoyoy},
which, in virtue of (2.5), simplifies to

A B --- B
e B
B B - A
where
A = (r = M), + ME,,,
and

B = (k; - )\;)Ivz + A(;E'vzvz .

The result of Corollary 2.1.1 follows from the fact that the element in the 7th
row and the jth column of NN equals the number of treatments common to the
7th and the jth blocks.

2B. A set of necessary and sufficient conditions for the Kronecker product
N of the two BIB designs given by (2.3) and (2.4) to have only two distinet
associate classes is given by

(2.6) v = v =0 say, and k; = ks = k say.



KRONECKER PRODUCT OF DESIGNS 775

If these conditions are fulfilled, then it follows that
(2.7) be/by = ro/r1 = Ne/NL = u, say

where p is a positive fraction; and in this case the parameters of N can be ex-
pressed in terms of those of the BIB designs by the equations

v = 02, Y = I-‘b% , v = #ri , K = kz’
n = 2(v — 1), ne = (v — 1)%
(2.8) M o= urh, A= A,

ny  [v—2 v—1 oy 2 20 —2)
Pux) = [v —1 -1 - 2)]’ (Pus) = [2@ ~2) - 2)2]'
where y, z = 1, 2.

Both the results 2A and 2B are particular cases of a general result, Theorem
4.2 of [7].

3. The Main Theorems. Let N be the incidence matrix of a given design with
parameters v, b, r, k. Then the matrix

(3.1) N'N = (ni;); 4,5=1,2,--,b;

is such that its general element ni ; gives the number of treatments common to
the 7th and the jth blocks of N. If N; and N; are two designs with parameters
v, bi, i, ki and vy, by, 72, ke respectively, then the matrix N’N for the Kro-
necker product N = N; X N:is given by

(3.2) N'N = (NiN1) X (N:No).

From this we get the following theorem.

TaEOREM 3.1. If in the design N, there exists a pair of blocks having m; treat-
ments tn common and in the design N» a pair of blocks having ms treatments in
common, then in their Kronecker product N = Ny X N, there exists a pair of blocks
having mymg treatments in common.

Proor. It is clear that m; will be an element of NiN, and ms of N:N» ; SO
that by (3.2) N’N will contain m;m. as an element. This proves Theorem 3.1.

Now consider a block B® of the design N; and let b of the totality of the
blocks of N; have each ¢ treatments in common with B®;¢ =0,1,2, -+, k; .
Clearly Z'{Lo b = b,. Let B® and b}z’ have similar meanings for the design
N. so that D52, b5® = b, . Remembering that the blocks of N, are of size &, and
those of N, are of size k, we get the following theorem.

TaEOREM 3.2. If there exist blocks B® and B® in the designs Ny and N re-
spectively having the above properties, then there exists a block B in the Kronecker
product N = Ny X N, such that b blocks of N have each u treatments in common
with B, where b\” is the coefficient of {u} in the expression

(3.3) (Zoe)(S o)
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where the symbols {u} obey the ordinary laws of algebra, viz.,
afu} + b{u} = (a + b){u},

(34) {uf{o} = {o}{u} = {w},
(af{u})(b{v}) = ab{uv}.

Proor. From the conditions satisfied by the block B® of N, we find that the
matrix N 1N 1 contains a row of the form

(35) o= (0,0,---,0, 1,1, ,1, -+, ki ki, , k),

where the integer 7 is repeated b{" times; ¢ = 0, 1, , k1. Slmllarly from the
properties of the block B® of N, we ﬁnd that the matrlx NN, contains a row
of the form

(36) P2=(OO"' 07 171)“'711"'; k2’k27"'7k2)7

where the integer j ocecurs b{® times;j = 0, 1, , ks . The matrix N'N for the
Kronecker product N = N; X N, will clearly contain arowp=p X p2.

Now pick out the integer 0 in p. It arises b, times when each of the b zeros
in p; is the coefficient of p; in p, and also b, times when each of the b? zeros in
p2 multiplies the elements of p; . But in this enumeration of zeros, the multiplica-
tion of zeros of p; and p; has been counted twice, so that actually the number
of zeros in p is b§® = b§’b; + b§’b, — b§bS?, which is exactly the coefficent
of { } in (3.3) when expanded according to the properties (3.4).

Similarly, the integer 1 occurs only in those places where one of the biP
1’s of p; multiplies one of the b{” 1’s in p. . Hence we must have b = b b
which is exactly the coefficient of {1} in the expression (3.3) when expanded
according to the properties (3.4).

In the same way, it is easy to verify that the integer u occurs in p by times
where b is the coefficient of { } in (3.3). This proves the theorem.

From the block structures of affine resolvable BIB designs [2] and symmetrical
BIB designs [1], we can easily deduce the following corollaries of Theorem 3.2.

CoroLLARY 3.2.1. If a PBIB design with three associate classes and with param-
eters (2.5) s the Kronecker product of the affine resolvable BIB design with param-

eters
37) v = nky = n*{(n — 1)t + 1},
' by = nr = n{n’t + n + 1}, M=nt+ 1,

and the symmetrical BIB design with parameters
(3.8) Uy = bz y T = kz 5 )\2 )

then with respect to any block B in it, the other blocks fall into four groups (o), (8),
(v), and (8) such that the group (o) contains ny = by — 1 = v, — 1 blocks each
having ke treatments in common with B, the group (B) contains by — n blocks
- each having mry treatments in common with B, the group (v) contains nl( b —n)
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blocks each having mM; treatments in common with B, and the group (8) contains
be(n — 1) blocks each having zero treatments tn common with B, where

m = (k)*/v. = (n — 1)t + 1.

The groups (o), (8), (v), (8) are all distinct if nhs 5 ks .

CoOROLLARY 3.2.2. If a PBIB design with three associate classes and with param-
eters (2.5) s the Kronecker product of the two affine resolvable BIB designs with
parameters.

v o= mk, = nf{(nl — Dt + 1},

(3.9) .

by = mry = minity + m + 1}, Mo=mb + 1
and
(3.10) vy = Noke = ng{(nz — 1)t + 1},

by = ngry = nz{ngtz + n. + 1}, A2 = mals + 1,

then with respect to any block B in 1t, the other blocks fall into four groups (a), (8),
(v) and (8), such that the group (a) contains by — ng blocks each having mqk, treat-
ments in common with B, the group (B) contains by — my blocks each having miks
treatments in common with B, the group (7y) contains (by — m1)(by — ne) blocks
each having myms treatments in common with B, and the group (8) contains

bi(ne — 1) 4+ bo(ny — 1) — (ng — 1)(ny — 1)
blocks each having zero treatments in common with B, where
my = (k)’/vy = (mg — )ty +1 and ma = (k)*/v2 = (n2 — 1)ty + 1.
The groups (), (B), (v), (8) are all distinct if ny 5= nq.

4. Concluding remarks.

(i) A similar analysis can be carried out for the PBIB designs with two asso-
ciate classes which are Kronecker product of BIB designs (cf. 2B above).

(ii) It is easy to see that a PBIB design which is the Kronecker product of
a resolvable BIB design and another BIB design is also resolvable.

(iii) It is interesting to note clearly the connection between corollaries to
Theorem 3.2 on the one hand and Theorem 2.1 on the inversion of designs on
the other. For example, from Corollary 3.2.1 one may gather the false impres-
sion that the Kronecker product of an affine resolvable BIB design and a sym-
metrical BIB design would lead on inversion to a PBIB design with four asso-
ciate classes. Remembering, however, that an affine resolvable BIB design gives
on inversion a PBIB design with two associate classes and that a symmetrical
BIB design is self-dual, we find from Theorem 2.1 and Theorem 4.2 of [7], that
the dual of the Kronecker product under consideration is, in fact, a PBIB de-
sign with five associate classes all of which are distinet. This apparent contradic-
tion is resolved if we observe that the number of distinet associate classes in a
PBIB design depends not only on its A parameters but also on the matrices
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(piu) of its secondary parameters, the exact relation being given in Lemma 4.1
of [7], whereas for finding relations among the blocks of the inverted design we
are concerned only with the number of different N parameters of the PBIB de-
sign. Thus in the example under discussion, the PBIB design with five distinct
associate classes has two of its N parameters equal to zero, and therefore there
are only four different A parameters which determine the four types of relations
among the blocks of the inverted design.

Similar remarks apply to the PBIB designs obtained in 2B and their duals.

Further work of this type applicable to PBIB designs in general is under
progress and the author hop.s o publish a separate paper dealing with it.
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