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0. Summary. This paper deals with the order statistics from the normal dis-
tribution. Equations are obtained for the percentage points and the modal
values of the kth order statistic in a sample of size n. Table I gives some per-
centage points for selected values of k and n. In Table IT the modal values of the
largest order statistic are given. Appropriate symmetry relations which enable
one to obtain certain missing values in Tables I and IT are mentioned.

1. Introduction. Let x;, z2, -+, %, be n independent observations from a
normal distribution with probability density function

o(z) = (2r) " exp (—2°/2)

and cumulative distribution function ®(z): Suppose the observations are ar-
ranged in order of increasing magnitude so that we have

(1) Ty Srxe S STw S S T

then we shall denote the kth order statistic by z) . In this paper we use the
same symbol for both a random variable and an observation on it.

2. Percentage points of the order statistics. The probability density function
(p.df.) of y = zy is given by

! f—1 n—k
(2) W) = e ® @ L= 2@ ),

and its cumulative distribution function (c.d.f.) F(y) is

1 v k—1 n—k
@) FQ) = ey L 37 1 = 2@ (@) da,

which can be written as
(4) F(y) = Isgy(k,n — k + 1),

where I.(p, ¢) denotes the ratio of the incomplete Beta function to the com-
plete Beta function with arguments p and ¢ and which is tabulated in [4]. Thus
the o percentage point of the kth order statistic is given by

(5) Isgy(bym — k+ 1) = a.

The percentage points of the Beta distribution with parameters p and ¢ are
tabulated in [3] for selected values of p and ¢ respectively.

Received October 20, 1960; revised April 10, 1961.
888

@/i]
y
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to @% )z

The Annals of Mathematical Statistics. KOS ®
WWw.jstor.org



NORMAL ORDER STATISTICS 889

The following symmetry relation enables one to obtain other values of the
percentage points of the Beta distribution

(6) L(p,q) = 1 — Ii-.(q, p)-

Other missing values can be obtained by inverse interpolation in the Table of
the Incomplete Beta Function [1]. -

It should be noted that, in the particular cases when & = 1 and k = n, equa-
tion (4) reduces to simple forms, and hence the percentage point of the smallest
order statistic is the solution of

(7) e(y) =1—(1—a)"

and the percentage point of the largest order statistic is the solution of
(8) ®(y) = o™

By putting y = —z and @« = 1 — v in (5) and using (6) we obtain
(9) Isy(n — k + 1, k) =,

which implies that the a percentage point of the kth order statistic in a sample
of size n is the negative of the 1 — « percentage point of the (n — k 4 1)th
order statistic, and vice-versa.

Using (7), (8) and (5), the upper percentage points of these order statistics
were computed for n = 1(1)10, £ = 1(1)n and « = .50, .75, .90, .95 and .99.
Also, the same upper percentage points for n = 11(1)20 for the smallest, largest
and median order statistics were computed. All these values are given in Table I.

It should be pointed out that (1)-(8) are generally applicable to any con-
tinuous distributions when ®(y) and ¢(y) are replaced appropriately; for ex-
ample, these equations are used to obtain the percentage points of the order
statistics from the gamma distributions in [2].

3. Modal values of the order statistics. The mode or modal value = of the kth
order statistic satisfies the equation

n! d {

k—Dln — k)! dz
which simplifies to
(11) (k= D1 — &(2)le(x) — (n — k)2(2)e(z) = B(z)[1 — &(2)].
The equation (11) remains unchanged if we substitute —z forxandn — k + 1
for k. This shows that the modal values of the kth and (n — k + 1)th order
statistics are equal and opposite in sign. In particular, the modal value of the
median i.e., the (m + 1)th order statistic in a sample of size n = 2m + 1 is
equal to zero. Also, from the above symmetrical relation, it follows that for any
order statistic which is above the median the modal value is a positive number.
For the particular case k = n, the equation (11) reduces to .

(12) (n = De(z) = &(x)z,

(10) 3 ()1 — 8@)]" Fe(z)} =0,



TABLE I

Percentage Points of the kth Order Statistic in a
Sample of Size n from the Normal Distribution

a .50 75 .90 .95 .99
1 0.0000 0.67h5 1.2816 1.6k4ko 2.3263
1 -0.5450 0.0000 0.4783 0.7601 1.2816
2 0.5450 1.1078 1.6322 1.9545 2.5750
1 -0.8193 -0.3317 0.0900 0.3361 0.7877
2 0.0000 0.4500 0.8567 1.1015 1.5640
3 0.8193 1.3319 1.8183 2.1212 2.7119
1 -0.9981 -0.5450 -0.1569 0.0681 0.4783
2 -0.2905 0.1097 0.4664 0.6789 1.076k4
3 0.2905 0.6966 1.0689 1.2953 1.7279
N 0.9981 1.4803 1.0432 2.234%0 2.8058
1 -1.1290 -0.699L -0.3344 -0.1238 0.2582
2 -0.4851 -0.1151 0.2119 0.kosk 0.7652
3 0.0000 0.3600 0.6851 0.8806 1.2501
i 0.4851 0.8641 1.21k7 1.hk29L 1,8428
5 1.1290 1.5900 2.0365 2.3187 2.8769
1 -1.2313 -0.8193 -0.4713 -0.271k 0.0900
2 -0.6297 -0.2807 0.0259 0.2065 0.5408
3 -0.1983 0.1338 0.4311 0.6088 0.9421
L 0.1983 0.5333 0.8384 1.0230 1.3739
5 0.6297 0.9897 1.324k9 1.5313 1.9307
6 1.2313 1.6765 2.1105 2.3862 2.9339
1 -1.3149 -0.9166 -0.5819 -0.3903 -0.0450
2 -0.7438 -0.4105 -0.1192 0.0519 0.3675
3 -0.3475 -0.0348 0.2435 0.4090 0.7182
4 0.0000 0.3085 0.5870 0.7543 1.0702
5 0.3475 0.6649 0.9556 1.1323 1.4698
6 0.7438 1.0895 1.4130 1.6130 2.0016
7 1.3149 1.7476 2.1717 2,401 2.9814
1 -1.3852 -0.9982 -0.67h41 -0.4892 -0.1569
2 -0.8376 -0.5167 -0.2372 -0.0736 0.227h
3 -0.4662 -0.1682 0.0960 0.2525 0.5440
iy -0.1506 0.1395 0.3999 0.5556 0.8481
5 0.1506 0.4kos5 0.707h 0.8673 1.1703
6 0.4662 0.7702 1.0500 1.2206 1.5478
T 0.8376 1.1719 1.4862 1.6809 2.0609
8 1.3852 1.8078 2.2237 2.4898 3.0220

This table gives the values of y for which
n-k

(i:i7?‘%é:§77 M/y o1 (x) [1-¢ (X)] P(x)ax = o,

where ¢ (x) and ¢ (x) refer to the p.d.f. and c.d.f. of a standard
normal chance variable, respectively.
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TABLE I {€ONT'D)

.50 .75 .90 .95 .99
.n k
1 -1.4457 -1.0680 -0.7530 0.5736 -0.2520
2 -0.9168 -0.6060 -0.3362 -0.1786 0.1106
3 -0.564k -0.2779 -0.0249 0.1248 0.ko2k
L -0.2713 0.0050 0.2518 0.3990 0.67k4L
9 5 0.0000 0.27h2 0.5216 0.6702 0.9503
6 0.2713 0.5505 0.8050 0.9591 1.2521
7 0.5644 0.8579 1.1288 1.2946 1.6132
8 0.9168 1.2418 1.548L4 1.7389 2.1117
9 1.4457 1.8598 2.2689 2.5312 3.0575
1 -1.4988 -1.1290 -0.8215 -0.6468 -0.33L4L
2 -0.9852 -0.6828 -0.k211 -0.2685 0.0109
3 -0.6477 -0.3707 -0.1267 0.0173 0.2839
L -0.3716 -0.1062 0.1300 0.2705 0.5327
10 5 -0.121k 0.1395 0.37%0 0.5142 0.7778
6 0.121% 0.3835 0.6209 0.7640 1.0345
7 0.3716 0.6407 0.8869 1.0363 1.3212
8 0.6477 0.9325 1.1961 1.3578 1.6695
9 " 0.9852 1.302L 1.6024 1.7894 2.1560
10 1.4988 1.9055 2.3087 2.5679 3.0889
1 -1.5459 -1.1830 -0.8821 -0.711k4 -0.4068
11 6 0.0000 0.2493 0.4741 0.6090 0.8633
11 1.5459 1.9462 2.3443 2.6007 3.1171
1 -1.5882 -1.2313 -0.9362 -0.7691 -0.4713
10 6 -0.1017 0.137% 0.3524 0.4811 0.7228
7 0.1017 0.34%16 0.5587 0.6894 0.9361
12 1.5882 1.9829 2.3764 2.6303 3.1k27
1 -1.6265 -1.2750 -0.9850 -0.8210 -0.5293
13 7 0.0000 0.2301 0.4375 0.5620 0.7965
13 1.6265 2.0163 2.4056 2.65Th 3.1660
1 -1.6615 -1.3149 -1.0294 -0.8682 -0.5819
1 7 -0.0875 0.1345 0.33k2 0.4537 0.6783
8 0.0875 0.3101 0.5113 0.6323 0.8606
1k 1.6615 2.0468 2.4325 2.6822 3.1875
1 -1.6937 -1.3514 -1.0700 -0.911k -0.6300
15 8 10.0000 0.21k47 0.4083 0.5244 0.7430
15 1.6937 2.0749 2.4573 2.7052 3.207k
1 -1.7235 -1.3852 -1.1075 -0.9512 -0.67k2
16 8 -0.0768 0.1313 0.3185 0.4306 0.6L12
9 0.0768 0.2853 0.4738 0.5870 0.8005
16 1.7235 2.1010 2.4803 2.7265 3.2259
1 -1.7512 -1.4165 «1.1k423 -0.9880 -0.7150
17 9 0.0000 0.2021 0.3843 0.4935 0.6991
17 1.7512 2.1253 2.5018 2.7464 3.2432
1 -1.7771 -1.4457 -1.1746 -1.0223 -0.7530
18 9 -0.068L 0.1282 0.3050 0.4108 0.6098
10 0.068k 0.2653 0.4431 0.5499 0.7511
18 1.7771 2.1480 2.5219 2.7651 3.2595
1 -1.8013 -1.4731 -1.2048 -1.0543 -0.788%4
19 10 0.0000 0.191k4 0.3640 0.4675 0.6621
19 1.8013 2.1694 2.5408 2.7826 3.2748
1 -1.8242 -1.4988 -1.2332 -1.08L43 -0.8215
20 10 -0.0617 0.1250 0.2930 0.3936 0.5826
11 0.0617 0.2487 0.4175 0.5188 0.7097
20 1.8242 2.1895 2.5586 2.7992 3.2892
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TABLE 1I

Modal Values of the Largest Order Statistic in a Sample
of Size n from the Standard Normal Distribution

n Modal Value n Modal Value
1 0.0000 19 1.7173
2 0.5061 20 1.7398
3 0.7653 21 1.7611
L 0.9359 22 1.7812
5 1.0615 23 1.800L
6 1.1602 24 1.8186
7 1.2412 25 1.8359
8 1.3095 30 1.9123
9 1.3684 35 1.9754
10 1.ko02 To) 2.0290
11 1.h662 45 2.0756
12 1.5076 50 2.1167
13 1.5452 60 2.1866
1k 1.57% 70 2.24k46
15 1.6113 80 2.29%40
16 1.6%06 90 2.3369
17 1.6679 100 2.3749
18 1.693k

This table gives the value of x for which

(n-1) ¢ (x) = x ¢ (x)

where ¢ (x) and ¢ (x) refer to the p.d.f. and the c.d.f.
of the standard normal chance variable, respectively.

" which was solved for n = 1(1) 25(5) 50(10) 100 to give the values of the mode
of the largest order statistic in a sample of size n from the normal distribution.

These values are given in Table II.
It should be noted that with obvious changes the above text, up to and includ-
ing (12), can be applied to any continuous variable distributed symmetrically

about zero.

4. Description of the tables. Table I gives the a percentage points of the kth
order statistic in a sample of size n from a standard normal distribution. Values
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of & chosen are .50, .75, .90, .95, and .99, which correspond to the upper 50, 25,
10, 5 and 1 per cent points of the distribution. The percentage points correspond-
ing to @ = .25, .10, .05 and .01, viz., the lower percentage points of the kth order
statistic, can be obtained from Table I by changing the.sign of the corresponding
upper percentage point of the (n — k 4 1)th order statistic. For values of
n = 1(1)10, percentage points are given for all £ = 1(1)n. For values of n =
11(1)20, the percentage points are given only for k = 1, 3(n + 1), n for odd
values of n and for k = 1, in, 3n 4+ 1, n for even values of n.

The values given were computed by using Newton’s method on an IBM 650.
The values of the percentage points of the median then were checked against the
available values in [1] and were found to be in agreement. Other independent
checks indicate that the percentage points are correct to within one unit in the
last decimal place.

Table II gives the values of the modes of the largest order statistic for n =
1(1) 25(5) 50(10) 100. The modal values of the smallest order statistic for a
given n are obtained from this table by changing the sign of the corresponding
value. These values were also obtained by using Newton’s procedure and are
correct to four decimal places. ‘
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assistance in computing Tables I and II and Mr. H. Leon Harter for helpful
comments, including corrections to the entries in Table II.
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