A NOTE ON CONVERGENCE OF SUB-MARTINGALES'

By Dax CHAzAN

University of California, Berkeley
A number of conditions for convergence of sub-martingales are known today.
The earliest of these in Doob’s theorem [2] which requires an upper bound on the
expectations of z, . Snell [4] then generalized Doob’s result by conditioning the
expectations. Chow [1] proved a different generalization based on random times.
It was suggested by Logve that the two results could be combined to yield a
further generalization. The theorem presented here is of this nature. The proof

adheres very closely to Chow’s approach. C
LEMMA. Let (T, n = 1, @) be a sub- martmgale sequence. Then for all k, n, m,

E=n=m: i

E(I(Ckn—pnm)xm l a" 2 P(Ckn I ak), a.s.

where Cii = {x; = 1 for some ¢ such that k g i < n} and Dis = {z: < 0 for some
tsuchthatk < 1 < n}.
Proor. Define t; and ¢, by

t = inf {¢:2; = 1} ’ on Cin
=n : on Cin ,
t, = inf {¢: z; < 0} on D,,,.Cin
=n on Cin
=m v . on Cku — DpnCin

Then ¢, and ¢, are (@,)-times and m = &, = n = t 2 k, hence E(x:, | Q) =
E(zy, | Gy) or E(xtz | Gi) = E(E(z4y | Q) | Gk) = E(x4, | i), since @ C
Gy, . Also Ip,,x:, < 0, therefore -

E(I(clm—pnm)cknxm l G’k) = E(IDkuxtz I G’k) - E(IDnmclmxtz I G‘k)
2 E(Ic,&i | Gr) 2 E(Igy, | Q) = P(Cin | G).
DerFiNiTION. A random variable is called an (@,)-time (martingale time,
stopping time) iff {¢ = n} ¢ @, (Lodve [3], p. 530).

THEOREM. Let [2, , @, , n = 1) be a sub-martingale sequence. Let F be a measur-
able set such that for each (Gn)-time t there exists {n;} ;= such that

limy, > P({E(I[n§t<wlx-t‘- | Ga;) = w}F) = 0.

Then lim z, exists a.e. on F.
Proor. It will be shown that if lim x, does not exist there exists an (@, )-time
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¢ such that P({E(Im<i<®i | Ga) = ©} N F) > a > 0 for some « and for all
n. Let V = {lim sup Zn = 1 >0 = lim inf 2,}. If lim 'z, does not exist on F we
have P({lim sup z, = b > a = liminf z,}F) > O for some a, b. Since it is always
possible to normalize the z, without affecting their sub-martingale property, we
may assume without loss of generahty that if {z,} does not converge on F,
P(VF) > 0. Also let ¢; be such that P{P(VF | @;) = er} =1-234.

‘Since P(VF | G:) — Iw as., ‘We may assume inf ¢ ='¢ > 0. We may also
requlre e < P(VF).

“We define n;, m; and ‘A, R B 80 that the followmg relatlons hold with Cin
and Dy, as definied above:, ;

(1) mo=1, By=. Ai= BisCoens, Bi= A;D,,.,,;., G = {Q, ¢},
(2) P{P((VFB: — VFBCuenss) | @) > ¢/27} < 3/2, 1=0,1,2, mi,
P{P((VFd i — VFAswiDaeymirs) | G1) > /27 < /2%,
(3)
1=0,1,2, - ,m,

H b
[ .

where 71 and m;y exist since Upam; Cnip D V and U=n; Dnip: D V for all
ms , n; , and the requirement that this be true foralll < m, involves only a finite

minimization. Let
Ji= N {P((VFB; — VFBCnn;,,) | C1) = e/2i+3}’

(imgzl)

H; = ” ngl){P((VFAiﬂ — VFAisiDaypimiyy) | G1) S /277,

Gz =J1Hz P(VFIG;) g ejvp}.

Then PG@) =21—46— 2> %08/2° = 1 — 55. Thus, noting that B; & Gu;
we have for all &k > j:

P(Aklam) P(VFB | Gm;) — P((VFB; — VFAju) | Gmy)
— eos = P((VFBis — VFAL) | Gn;) = Ivwnje — ¢/27
— e/2.""3:_ cee — 2¢/2%7 = /2
on Gn;B;VF . Also .
P(VFB;) = P(VF) = P(VF — VFA;) — -+ — P(VFA; — VFB,)
: ' > P(VF) — ¢/2 = P(VF)/2.

5 may be selected such that 5 < P(VF)/4 and hence P(GVFB;) > P(VF)/4.
Applying the lemma we obta.m for k > j:

E(I (Bk—-l—'Bk)xmlc l am ) 2 E (L (Ak—Bk)xmk | Gm;)
= E(IBk—"lE(I(ka__lnk“cmk_lnankmk)xjn.k l amk—l) I ami)
= E(IBk_l P(ka_lnk l G'mk_l) I am,) = P(Ak l G»mi))
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so let t = my on Biy — By : E(&i tmysicor | Gmy) = Doizi P(Ai] Quy) 2
> €/2 = « on B,Gn,FV. Also:

(B(Ingca®i | G1) = ©} D {EIm;gtcor®s [Gm;) = @} forl < m;.

So P({E(I[lst<eo]x-t'- l Q) = =}F) = P({E(I[mi_s_t<ao]x-: l @mi) = wo}Ff) =
P(BiGn;FV) = P(VF)/4 for all I. C

REMARK. It may be noted that since the sets {E (I [,,SKw]xt |@s) = o} O F
are decreasing, the condition in the theorem may be replaced by

inf, [E(I[nst<oo)xt | @) r <

a.s. It is a simple matter to check now that this theorem nnphes both Snell’
and Chow’s.
" CorOLLARY 1. (Chow). E(27jicy) < o = lim z, exists a.s.

This is immediate from the statement of the theorem, since (x,, , Quym = 0)
form a sub-martingale with @, = {¢, Q}.

CoroOLLARY 2. (Snell). lim z, exists a.e. and zs ﬁmte on the set

{limy sup, E(z% | @) < ‘w} = F.

Proor. Let F, = {sup, E(z\|G) < oo} Then F = U Fy . and it is
enough to show convergence on F), for all k. But forn < m: E(Iy <, S,,]x, an | @) < <
E(zil k<t<n] | Gn) since ¢ A n and m are (@®,)-times or taking the condltlonal
expecta,tlon of both sides with respect to @ : E(Iy<¢ é,,lxt an | @) S E(ar | @k) =<
sup E(zh | i), 80 :

E(Ipgicar®t | @) = sup E(lpgism@im | Q) =< Supm E(x | 6x),

and existence of the limit on F} is proved by the hypothesis and the theorem.
Finiteness is easily checked using Snell’s proof.

Both Snell’s and Chow’s theorems are strictly contained in the theorem stated
above as is shown in the following

ExampLE. Let z, be defined as follows:

)

T =2 on (3, 1]

- 4 on (4, }

= 2" on[—1, 3"].

@, = F([—1,0], (", 3", ---, (% 1)) with uniform distribution on [—1, 1].

Zn = a1 hence {z,} forms a sub-martingale. Also lim z,, = won [— 1, 0]. Therefore
Snell does not hold on [—1, 0] and if ¢ is defined as ¢ = n + 1 on (4", 1",
t = o on[—1, 0]

=~ 1
E(xz I(z<°°)) = Zf xn = §
{t=n} n=1

n=1
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We may conclude that Chow’s condition is not satisfied as well.
But

[ BT @) dP = sHdP < k/2 < .
(3%,1] (3%,1] [¢< ]

Also on [—1, 0] either ¢ = £, in which case

f E(xTI[Kw] | @1) = / $k+ dP < «
[—1,0] [—1,0]

ort = o and
f E(xfI[Kw] | @1) dP = 0.
[—1,0]

Thus, let F, = (0, "°. Then E({ I <o) | Gx) <  a.e. on F, and UF, = &,
so the conditions of the theorem are satisfied.

The author wishes to express his gratitude to Professor Loéve whose sugges-
tion led to this work, and whose encouragement was invaluable.
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