The Annals of Mathematical Statistics
1968, Vol. 39, No. 1, 242-245

A TREE COUNTING PROBLEM!

By J. W. Moon
University of Alberta

1. Introduction. If n, k, and m are fixed integers satisfying the inequalities
l1=k=nand0=m=n—1Fkletp = (p,p, -, ) ande = (e, ez,

-, e) denote partitions of n and m into % integers with the property that
0=<e¢ =<p;— 1for7v=1,2, ---, k. Suppose that n labelled points are split
into k classes with p; points in the 7th class and that a tree T, is formed on these
n points such that e; edges join points in the 7th class to each other. (Since the
tree has n — 1 edges, it follows that there will be n — 1 — m edges of the tree
joining points in different classes. For definitions not given here, see [13].) Na
and Rapoport [12], in their study of random graphs, recently derived the follow-
ing formula for T'(p, e), the number of labelled trees T, that can be formed in
this way.

TuroreM. T(p, ¢) = n*7 [ia (P H)pi(n — ps

Their proof was based on a result due to Kirchoff [8] that has been rediscovered
by several people. Kirchoff’s theorem states that the number of trees contained
as subgraphs of a given graph G is equal to the determinant of a certain matrix
whose entries depend on (. Certain classes of graphs have a simple enough
structure for the determinant to be evaluated explicitly and several formulas for
counting trees with different properties have been obtained in this way (see [10]).

A different approach is taken in [11]; it is shown that the various formulas
derived by evaluating these determinants may also be derived, frequently with
less effort, by direct and straightforward arguments based on little more than
properties of multinomial coefficients and the method of inclusion and exclusion.
Our object here is to give a derivation of the formula for T'(p, ¢) based on this
approach.

)m—l—es

2. Two lemmas. A forest is a graph that has no cycles; its connected compo-
nents are trees. Let 71, ja, -+, j: denote the number of points in the [ trees
making up a given forest F, with n = j; + j. 4+ -+ 4+ i labelled points. The
following result is proved in [9] and [11].

Lemma 1. The number of trees T, with n labelled points that conlain a given
forest F, is equal to jijs - - - jm' ™

Notice that if ] = nandj; = --+ = j, = 1, then Lemma 1 reduces to Cay-
ley’s formula, n™"?, for the total number of trees 7', .

The following identity is essentially a multionomial extension due to Hurwitz
of Abel’s binomial identity; an elementary proof has been given by Riordan [15]

recently and Rényi [14] has also given a proof.
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LemMaA 2.
2 (pYpl - G T = NPT
where the sum s over all solutions sn positive integers to the equation ji ~+ jo + -+
+ 5= p.
3. Proof of theorem. Suppose the tree T, is such that &; of its edges join points
belonging to the 7th class of p; points. These h; edges determine a forest F;

consisting of I; = p; — h; trees. The number of ways of forming a forest Fp, of
{, trees is

DI R RV AR )Y
where the sum is over all solutions in positive integers to the equation ji + 72
+ -+ 4 ji; = p: . This may be seen by considering the number of ways of split-
ting the p; points into I; subsets and then forming a tree on the points of each

subset.

If we now apply Lemma 1 to each forest F,, = U%4 F,, , we conclude that the
number of trees T, containing (at least) h; edges joining points of the sth class
of points is equal to

P T ™ X (pal/ial -+ g )™ - 7Y,

where (here and elsewhere) < varies from 1 to k in the product and the first sum.
(If there are ¢ admissible forests F, that are contained in a given tree T', , then
the tree T, will be counted ¢ times in this expression.) With the aid of Lemma
2 this expression simplifies to

,nk—2 H (pi';-l) p?in(Pi—l)—hi.

It now follows by the method of inclusion and exclusion (see, for example,
[6], p. 96) that the number of trees T'» containing exactly e; edges joining points
in the 7th class is given by the formula

T(p, e) = 0 2 AT (=D CEH NP0,
where the sum is over Ay, hy, -+, by such that hi=e;,e; + 1, .-+ , p; — 1

for each <. If we let t; = h; — e; then ¢; runs from 0 to p; — 1 — e; and the formula
may be rewritten as

T(p, ¢) = n* TT P98 T (737 (=p) 00
= 2 [T (Pp¥(n — 9P
This completes the proof of the theorem.
4. Special cases. We conclude by mentioning a few special cases and easy
consequences of the theorem that have been proved separately.
Let T(n; py, p2, -+ , pu) denote the number of trees 7', that are contained in

a graph G, the complement of which consists of & disjoint complete graphs having
p1, P2, * - , Dx Points, respectively. The formula
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(1) T(n;py, e, o> p) =0 II (n = p)™™
is obtained by setting e, = --- = e = 0 in the theorem. This formula was first

proved by Austin [1].
When k = 2 and p; = a and p; = b, where a + b = n, then formula (1) re-

duces to
(2) T(n;a,b) = a0

This formula was also proved by Scoins [16], Glicksman [7], and others.

Let W(n, j) denote the number of trees T’ contained in a graph G, the comple-
ment of which consists of j disjoint edges and n — 2j isolated points. Weinberg
[17] proved that

(3) W(n,j) = n"(1 — 2/n)’.
This formula may be deduced from formula (1) by setting & = n — jand p; =
oo =pj=2andpin =" =P =1

Let F(n, 1) denote the number of forests F, of [ trees such that [ given points
all belong to different trees of the forest. If welet k = n — 1 + 1,p = (L 1,
.--,1),ande = (I — 1,0, - -, 0), then it is not difficult to see that

I"?F(n,1) = T(p,e) = "1
or
(4) F(n,1) = In™ "

This formula was first stated by Cayley [4]; Rényi [14] gave a proof based on the

identity in Lemma 2.
Let C(n, t) denote the number of trees T’ in which a given point, say the first,
is joined to exactly ¢ other points. It is easy to show (see Rényi [14]) that

Cln, t) = ("THF(n — 1,8);

hence

(5) C(n,t) = () (n — )"

This formula was first proved by Clarke [5] (see also de Bruijn [3] and Bedrosian
[21).

Other results can be derived in a similar fashion. We leave it as an exercise for
the reader to show that Lemma 1 may also be deduced as a direct consequence of

the theorem.
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