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ON THE DISTRIBUTION OF A MULTIPLE CORRELATION
MATRIX: NON-CENTRAL MULTIVARIATE BETA
DISTRIBUTIONS

By M. S. SRIVASTAVA

University of Toronto

Summary. Of several possible versions of multiple correlation matrix be-
tween two sets of variables x and y (see, e.g., Khatri, 1964 ), we derive using the
techniques of A. T. James (zonal polynomials), the non-null distribution of one
version when (i) one of the two sets of variables is fixed, i.e., multivariate analysis
of variance and covariance case (MANOVA), and when (ii) both sets of vari-
ables are random variables, i.e., canonical correlations case. These distributions
are non-central multivariate g-distributions in much the same way as the two
cases of multiple correlation commonly known as the multiple correlation of the
second and the first kind respectively.

1. Introduction. There are several ways of defining multiple correlation
matrix between the two sets of variables X' = (x1, 2, ---, ,) and
y = (y1, -+, yq) such that for ¢ = 1 it is the square of the multiple correlation
of y on the x-set, and for ¢ = 1, the roots of the matrix are the cannonical cor-
relations between the y-set and the x-set. In the case of M ANOV A (multivariate
analysis of variance and covariance), Khatri (1964), gave several versions of
it as follows:

Let X = (zir):p X nand Y = (yj,):¢ X n be n independent observations on
the two vectors x and y. Considering the variables of x as fixed, we have the usual
multivariate linear regression analysis of y on x-set in the following table.

Source df Matrix of order ¢ X ¢ of s.s. and s.p.
Linear regression coefficients of P YX'(XX")'XY' =B
y-set on x-set
Residual n—p YY' — YX'(XX')"'XY'=A — B
Total due to y-set n YY' = A.
Let A = TT' be any nonsingular factorization (including triangular and
positive definite). Then the matrix L defined by
B = TLT'

is a version of multiple correlation matrix. Khatri (1964) considered yet another
version of multiple correlation matrix (see Equation 3.4 of this paper) and
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derived its non-null distribution in the linear case. The object of this paper is to
derive the non-null distribution when the matrix of non-centrality parameters is
of full rank and also for the case when x is not fixed. These distributions are non-
central multivariate 8-distributions. The method of attack is that of A. T. James
(1960, 1961a) and rests heavily on some integrals evaluated by him and Con-
stantine (1963) in terms of zonal polynomials. The zonal polynomials of any
symmetric and positive definite m X m matrix S are certain homogeneous
symmetric polynomials in the characteristic roots of S.

2. Some results on integration. We shall write O(m) for orthogonal group of
m X m orthogonal matrices H, d(H) for the invariant Haar measure on the
orthogonal group normalized to make the volume of the group manifold unity
and Z,(s) for the zonal polynomial (in the characteristic roots of m X m p.d.
and symmetric matrix S) of degree m corresponding to the partition
p = (fi,f2, -+, fm) of the integer f into not more than m parts, where f; = f, =

- Z2fmz0,fi + - + fn = f. R(t) means the real part of {. We shall denote

(21) Tu(t,p) = o™ P IraT(t + fi — 36 — 1)),  R(t) > 3(m — 1).

In the present investigation, we need the following results on integration:
Lemma 2.1.

fo(m) Zp(AHBH,) d(H) = ZP(A)ZP(B)/ZP(Im)i

where A and B are m X m symmetric matrices, and Z,(In), the value of Z,(A)
at A = 1, is a polynomial of degree f in m.

For proof, refer to James (1960).

LemMmA 2.2. Let W be a k X m matriz, k < m, then

f()(m) (tr WH)zj dH = Zpel’(f,k) Xp(l)Zp(WW,)/Zp(Im)»

where P(f, k) s the set of partitionsp = (fi,fa, - -+, fx) of the positive integer f into
not more than k parts, and x,(1) is the dimension of the representation [2f,, 2f,,
-+, 2fs] of the symmetric group.

For proof, refer to James (1961b).

LEmMA 2.3. Let R be a complex symmetric matrix whose real part is positive
definite, and let T be an arbitrary complex symmetric matrix. Then

foso (etr — RS)(det 8) *"*™VZ,(ST)dS = Twu(t, p)(det R)"'Z,(TR™),
the integration being over the space of positive definite m X m matrices, and valid
for all complex numbers t satisfying R(t) > 3(m — 1). The constant T'n(t, p) has

been defined in (2.1).
For proof, refer to Constantine (1963).

3. Distribution of a multiple correlation matrix in Manova.
Let each column vector of the p X n matrix X be independently normally
distributed with nonsingular p X p covariance matrix =, and let

(3.1) E(X|Y) = BY,
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where Bisa p X ¢, ¢ £ p, regression matrix and Y is a ¢ X » matrix of known
constants, i.e., Y is fixed. Hence the pdf of X given Y fixed is given by

(32) (2m) "2 etr = 327X — BY)(X — BY)’).
It is known (see, e.g., Roy, 1958) that ¥ can be written as
Y =TM,,

where T is a ¢ X ¢ triangular matrix with positive diagonal elements (hence
unique) and M; is a ¢ X n semi-orthogonal matrix; MM, = I,,I,isthe ¢ X ¢
identity matrix. Completing the matrix M; by a n — ¢ X n matrix M, such that
M = (M), M)) is an orthogonal matrix and making the transformation
XM’ = (U, Uy), Upip X gand Us:p X (n — q), we find that the joint pdf
of U, and U, is given by

(33) (2m) 2™ etr — $27H(Ur — BT)(Uy — BT) + UUS}).
A version of multiple correlation matrix is
(3.4) R = U/(UU, 4+ UU,)'U,.

Note that R is invariant under the transformations U; — X7:U; and
Us — 27U, , where =% is any nonsingular factorization of Z. Hence instead of
(3.3), we may take the joint pdf of U; and U,

(3.5) (2m)#Metr — (U, — Z78T)(U, — =78T) + U.UY}.

In (3.5), we first use Hsu’s theorem (Anderson, 1958, Lemma 13.3.1, page
319) for deriving the distribution of S; = U,U, and then use the transformation

(3.6) S =28+ U U/ and W = S'U,.

The Jacobian of the transformationis J(8S:, Uy — 8, W) = J(S; — 8)J (U, — W)
= |S[*. Hence, the joint pdf of S and W is

(3.7) c-(etr — 2uu)[SI" PO, — WWF TP D (etr — 18)(etr STWY),
where

= 37T,
¢ = (20 POV TR Tl (0 — ¢ 4+ 1 — 4)]).

Since R is invariant under the transformation W — HW, where H isap X p
orthogonal matrix, we find that the joint pdf of R and S is

(3.8)

(3.9) c¢-(etr — %l‘ﬂ/)ISP(n_p_l)lRF(p_q—l)qu — RI%(n—p—q-l)
“(etr — 38)( o etr (Wu'S'H) dH),

where dH stands for the invariant measure on the group 0(p) of p X p orthogonal
matrices H normalized so that f dH = 1. Using Lemma (2.1), the joint pdf
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of R and 8 is given by
(3.10) c-(etr — 3w (etr — 38)|RFPV|I, — RPTPTY
+ 2070 (1/(2) D) Xoreri.0 (D Zo(WSuR) /Z4(1),

since the matrix Wu'S* is a p X p matrix of rank g.
Since n > p + ¢ — 1, we find from Lemma 2.3, that the pdf of R is

(3.11) ¢ (2)"P(etr — 38'278TT")|R}® |1, — R P07,
- 2270 (1/(2)Y) Zreris.0 (1) Z(2RT' 27T ) / Z,(I,)ITo( (n — p)/2,7),

(n — p) > (¢ — 1), where c is defined in (3.8). This may be called the non-
central multivariate 8-distribution.

4. Distribution of a multiple correlation matrix of the first kind (canonical
correlations case). In the preceding section we derived the distribution of the
correlation matrix R defined by (3.4) under the assumption that Y is fixed.
In this section we drop this restriction and assume that (x, y) are jointly normally
distributed with covariance matrix

_(Zu Zp
(4.1) 2 = (2{2 222) .

Without any loss of generality, we may assume that the means are zero.
The sample may then be represented by the (p 4+ ¢) X n partitioned matrix

(3), where X and Y are p X n and ¢ X n matrices, respectively. The sample
covariance matrix is then

(42) (XX' XY’) '

Yx' vy

The joint density of X and Y can be written as the product of the condi-
tional density of X given Y, and the marginal density of Y. The conditional
density of X given Y is normzlzl with mean matrix 2,55 Y = AY, and covariance
matrix Zns = Zn — Z1Zn .

Proceeding exactly as in Section 3, and making an orthogonal transformation
XM’ = (U, Us), we find that the conditional (given Y) joint pdf of U; and
U, is given by
(4.3) (21r)‘*"”|2n.2|_5 etr — 7}21—112[( U1 - AT)(Ul - AT)I + UzUz,],
where Y = TM,, M’ = (My, M)), T is a ¢ X q triangular matrix and M, is a
semi-orthogonal matrix. We wish to find that distribution of the multiple cor-
relation matrix R defined by

R = U/(UUY + UUY) Uy,

where ¢ < p and Y is not fixed. The case where ¢ > p can be considered similarly.
It is clear that R is invariant under the group of transformations G of p X p
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non-singular matrices ¢ operating as Uy — qU; and U, — gU,. Hence, we may
take the conditional density of U, and U, as
(44) (20)™" etr —3{(Ur — ZAT)(Ur — ZibAT) + UUY).

Making first the transforma‘.vi(;h S: = U,U, and then
(4.5) S =8, + U,UY, W = 87U,
we find that the conditional joint pdf of S and W is
(4.6) ¢ SFP O (etr — 38)|(T, — WW)[Fe
-(etr — 3AZTRATT) (etr STWT'A'S 1)
where ¢ has been defined in (3.8). Following Section. 3, we find that the condi-
tional density of B given Y is
(4.7) -2 RPV|(I, — R)F™ P V(etr — JA'ZILATT')
270 (1/(20) 1) 2Zorerri Xr(1) Z(2RT'A'E15AT)
‘To((n —p)/2,7)/Z,(1})

Sinece, R is invariant under the triangular group of transformations operating
on T, we can write the joint density of R and T as

(4.8) k2 RFT*I, — R (et — 3T 4+ Q)TT)(2°Iati)
+ 2570 (1/(26) D) Zrerctior Xo(1) 2 ZRT'RT)T5(0/2, 1)/ Z,(1),

where

(4.9) k= 2t ORI T(n + 1 — 4),
and

(4.10) Q = S 21 i Ze 52,

S5 is the triangular factorization =y = S5 Saf .
Letting B = TT’, we find that the joint pdf of R and B is
FYRP**|L, — R (etr — 4, + QIB)
(4.11) BT 00 (1/(2) 1) rerro Xe(1)To(( = ) /2, 7)/Z(Ip)
- fow Z(2RHB*QB*H) dH,

where k*mis given by (4.14), and where dH and 0(q) have been defined before;
H is a ¢ X g orthogonal matrix. Using Lemma (2.1), we find that the joint pdf
of R and B is

(4.12) E¥R[" |1, — R}MP ™ (etr — I + QIB)|B|" V23 201/(2) !
’ D rerr ol (VT(n = 2)/2, 1)/ Z(1,)Z(1,))Z.(R)Z.(20B).
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Hence from Lemma 2.3, the pdf of R is given by
k*’R’%(p-q*l),Iq _ R’%(n*p*q—l)[det (%(I + 9)]-—(n—p)/2
(413) 2270 (1/(21) D) Xrerirp X(1)To((n — p)/2, #)To(n/2, 1)Z(R)/
ZA1)Z(IDZ,(49(1, + 2)7))

where
(4.14) k*—l = 2 QRQT%PIG‘F%(ZJ—U](H,};]. F[%(n _ q + 1 _ i)])rq(q..l)u
(TT8aTB(n + 1 = 5))).
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